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Preface

We study proper surjective morphisms by using singular Hermitian metrics and
applications of singular Hermitian metrics of vector bundles.

In Chapter 2, we study the following Fujita-type conjecture proposed by Popa and
Schnell.

Conjecture 0.0.1 ([PS14] Conjecture 1.3). Let f : X → Y be a surjective
morphism of smooth projective varieties, with Y of dimension n, and L be an ample
line bundle on Y . For any a ≥ 1, the sheaf

f∗(K
⊗a
X )⊗ L⊗b

is globally generated for all b ≥ a(n+ 1).

We give a partial answer of this conjecture and we obtain an effective bound on the
global generation of a direct image of a pluri-adjoint line bundle on the regular locus.

Theorem 0.0.2. [Iwa17] Let f : X → Y be a surjective morphism of smooth
projective varieties, with Y of dimension n, and L be an ample line bundle on Y . If y
is a regular value of f , then for any a ≥ 1 the sheaf

f∗(K
⊗a
X )⊗ L⊗b

is generated by the global sections at y for all b ≥ n(n−1)
2

+ a(n+ 1).

We also obtain an effective bound on the generic global generation for a Kawa-
mata log terminal Q-pair. We use analytic methods such as m-Bergman type metric
on mKX/Y , relative Ohsawa-Takegoshi type L2 extension theorem, L2 estimates, and
injective theorems of cohomology groups.

In Chapter 3, we study a Nadel-Nakano type vanishing theorem of a vector bundle
with a singular hermitian metric.

Theorem 0.0.3. [Iwa18a] Let (X,ω) be a compact Kähler manifold and (E, h)
be a holomorphic vector bundle on X with a singular hermitian metric. We assume the
following conditions.

(1) There exists a proper analytic subset Z such that h is smooth on X \ Z.
(2) he−ζ is a positively curved singular hermitian metric on E for some continuous

function ζ on X.
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6 PREFACE

(3) There exists a positive number ϵ > 0 such that
√
−1ΘE,h − ϵω ⊗ IdE ≥ 0 on

X \ Z in the sense of Nakano.

Then Hq(X,KX ⊗ E(h)) = 0 holds for any q ≥ 1.

E(h) is a higher rank version of multiplier ideal sheaf. We also obtain a gener-
alization of Griffiths’ vanishing theorem and a generalization of Ohsawa’s vanishing
theorem.

In Chapter 4 we give complex geometric descriptions of the notions of algebraic
geometric positivity of vector bundles and torsion-free coherent sheaves, such as nef,
big, pseudo-effective and weakly positive, by using singular hermitian metrics.

Theorem 0.0.4. [Iwa18b] Let X be a smooth projective variety and E be a
holomorphic vector bundle on X.

(1) E is nef iff there exists an ample line bundle A on X such that Symk(E)⊗ A
has a Griffiths semipositive smooth hermitian metric for any k ∈ N>0.

(2) E is big iff there exist an ample line bundle A and k ∈ N>0 such that Symk(E)⊗
A−1 has a Griffiths semipositive singular hermitian metric.

(3) E is pseudo-effective iff there exists an ample line bundleA such that Symk(E)⊗
A has a Griffiths semipositive singular hermitian metric for any k ∈ N>0.

(4) E is weakly positive iff there exist an ample line bundle A and a proper Zariski
closed set Z such that Symk(E)⊗ A has a Griffiths semipositive singular her-
mitian metric hk for any k ∈ N>0 and the Lelong number of hk at x is less than
2 for any x ∈ X \ Z.

As an applications, we obtain a generalization of Mori’s result by using the result
of [CMSB02].

Corollary 0.0.5. [Iwa18b] Let X be a smooth projective n-dimensional va-
riety. If the tangent bundle TX is big then X is biholommorphic to CPn.

In Chapter 5, we develop the theory of singular hermitian metrics on vector bun-
dles. As an application, we give a structure theorem of a projective manifold X with
pseudo-effective tangent bundle. This is a joint work with Genki Hosono and Shin-ichi
Matsumura.

Theorem 0.0.6. [HIM19] Let X be a projective manifold with pseudo-effective
tangent bundle. Then X admits a (surjective) morphism ϕ : X → Y with connected
fiber to a smooth manifold Y with the following properties :

(1) The morphism ϕ : X → Y is smooth.
(2) The image Y admits a finite étale cover A→ Y by an abelian variety A.
(3) A general fiber F of ϕ is rationally connected.
(4) A general fiber F of ϕ also has the pseudo-effective tangent bundle.
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Moreover, if we further assume that TX admits a positively curved singular hermitian
metric, then we have:

(5) The standard exact sequence of tangent bundles

0 −→ TX/Y −→ TX −→ ϕ∗TY −→ 0

splits.
(6) The morphism ϕ : X → Y is locally trivial (that is, all the fibers are smooth

and isomorphic).

To summarize, it is as shown in this table.

[Mor79] TX is ample ⇒ X ∼= CPn +3

��

[CP91][DPS94]
TX is nef

⇐

∃ finite étale cover X̃
∃ submersion X̃ → A

s.t. A is Abelian variety,
fiber is Fano.

��

[Iwa18b] TX is big ⇒ X ∼= CPn +3

[HIM19]
TX is pseudo effective
⇐

∃ finite étale cover X̃
∃ submersion X̃ → A

s.t. A is Abelian variety,
fiber is rationally connected.

In Chapter 6, we prove a few result. In 6.1, we study a Lelong number of singular
hermitian metric on vector bundle and apply to augmented base locus. In 6.2 we give
an example of a rationally connected manifold with a hermitian metric with negative
scalar curvature. This is a counter-example in [NZ18, Conjecture 1.6]. In 6.3 we
show an existence of a higher Fujita’s decomposition of a direct image sheaf of relative
pluri-canonical line bundle.





Acknowledgement

まず初めに指導教官である高山茂晴先生に感謝いたします. 高山先生には数学の研
究や論文・学振の文章の書き方などいろいろ教わりました. 深く感謝しております, あ
りがとうございました. かなり迷惑をかけた部分もあり, その点に関しては深くお詫び
申し上げます. 申し訳ございませんでした.

2つ目に東北大学の松村慎一先生に感謝いたします. [HIM19]の結果は私が松村先
生に相談したことによりできた結果です. 松村先生との共同研究をしていく中で, 私は
修士博士で行っていた研究の仕方は全て間違いだと感じました. 今もなお, 松村先生に
は感謝し尽くしてもしきれないぐらいお世話になっております. ありがとうございます.

3つ目に高山研究室の小池貴之様, 細野元気様, 稲山貴大様, 井上瑛二様に感謝いた
します. 論文執筆の際にわからなかったところを教えていただきました. ありがとうご
ざいます. また小池貴之様, 權業善範先生, 松村慎一先生には集会のオーガナイズを手
伝っていただき (そして今も手伝っていただき)ありがとうございます. 数少ない経験な
ので, できて嬉しく思います. 2020年 3月までよろしくお願いいたします.

4つ目に家族に深く感謝いたします. 両親には, 私がよくわからない修士課程博士課
程に行くことを了承してくれました. おかげで私は自分がやりたいことを最大限できた
と思います. ありがとうございます. 姉 (夫婦)に関しましては, 家族旅行など企画して
くれましてありがとうございます. またいつも暖かく見守ってくれてありがとうござい
ます.

5つ目に高校の同級生に深く感謝いたします. 学部 4年から博士課程の間, 長期休暇
のたびにあらゆる神社仏閣を旅行しました. 長時間電車に乗り続けた思い出は今でも忘
れらません. 博士課程では述べ２週間に及ぶゲーム合宿, 月一回のボードゲーム, 博論
提出２週間前に行くドイツ旅行など遊んだ思い出しかありません. 修士課程博士課程は
学部時代より遊んだ５年間でした. 私の人生がより一層面白くなったのは高校の同級生
たちのおかげです. ありがとうございます.

6つ目に数学科の人々に感謝いたします. 特に院生室 318の皆様にはお世話になり
ました. 自分の院生室以上に院生室 318には出入りしました. いろいろ遊んだり, プロ
グラミングの勉強をしたりしました. ありがとうございます.
最後に, この謝辞に書いていない方々にもお世話になりました. 深くお礼申し上げ

ます. ありがとうございました.

9





CHAPTER 1

Preliminary

1.1. Notations

• N>0 is a set of positive integers.
• For any compact Kähler manifold X, KX := det(TX)

∨ is a canonical line
bundle, where TX is a holomorphic tangent bundle of Y .

• We regard Cartier (Weil) divisors as line bundles when the base space is a
smooth projective manifold. In particular, a canonical divisor is regarded as
a canonical line bundle. We regard locally free coherent sheaves as vector
bundles.

• We denote Hom(E ,OX) by E∨ for any torsion-free coherent sheaf E .
• For any line bundle L, we also denote L∨ by L⊗−1. For any integer m, we
denote L⊗m by Lm or L⊗m.

1.2. Singular hermitian metrics on line bundles.

Let X be a connected complex manifold. A function φ : X → [−∞,+∞) on X is
said to be quasi-plurisubharmonic if φ is locally the sum of a plurisubharmonic function
and of a smooth function. Let L be a line bundle on X. Fix some smooth metric h0
on L. h is a singular hermitian metric if h = h0e

−φ for some quasi-plurisubharmonic
function φ.

For any quasi-plurisubharmonic function φ on X, the multiplier ideal sheaf J (e−φ)
is a coherent subsheaf of OX defined by

J (e−φ)x := {f ∈ OX,x;∃U ∋ x,

∫
U

|f |2e−φdλ <∞},

where U is an open coordinate neighborhood of x, and dλ is the standard Lesbegue
measure in the corresponding open chart of Cn, and the Lelong number ν(φ, x) at x ∈ X
is defined by

ν(φ, x) := lim inf
z→x

φ(z)

log |z − x|
.

We define the multiplier ideal sheaf J (h) of a singular hermitian metric h on L by

J (h) := J (elog(hh
−1
0 )) and the Lelong number ν(h, x) of h at x ∈ X is defined by

ν(h, x) := ν(− log(hh−1
0 ), x). We point out J (h) and ν(h, x) do not depend on the

choice of h0. We define the curvature current of h by
√
−1ΘL,h := ΘL,h0 +

√
−1∂∂φ.

11



12 1. PRELIMINARY

1.3. Algebraic positivity of line bundles

We define notions of algebraic positivity of line bundles.

Definition 1.3.1. Let X be a smooth projective manifold and L be a line
bundle.

(1) L is ample if there exist an m ∈ N>0 and a basis s0 · · · sN ∈ H0(X,L⊗m) such
that

Φ|L⊗m| : X → CPN
x 7→ (s0(x) : · · · : sN(x)).

is closed embedding.
(2) L is nef if L.C ≥ 0 for any curve C ⊂ X.
(3) L is big if lim supm→∞ dimH0(X,L⊗m)/mdimX > 0.
(4) L is pseudo-effective if there exists an ample line bundle A such that L⊗m⊗A

is big for any m ∈ N>0.

We have the following theorem by Kodaira and Demailly.

Theorem 1.3.2. [Kod54] [Dem92] Let ω be a Kähler form on X.

(1) L is ample iff L has a smooth metric with positive curvature.

(2) L is nef iff for any ϵ > 0 there exists a smooth metric hϵ such that
√
ΘL,hϵ ≥

−ϵω.
(3) L is big iff there exist an ϵ > 0 and a singular hermitian metric h such that√

ΘL,h ≥ ϵω in the sense of current.
(4) L is pseudo-effective iff L has a singular hermitian metric with semipositive

curvature current.

We have the following implications.

ample +3

��

big

��
nef

+3 pseudo-effective

1.4. Singular hermitian metrics on vector bundles.

Next, we review the definitions of singular hermitian metrics. We adopt the defini-
tions of singular hermitian metrics of vector bundles in [HPS18].

Definition 1.4.1. [HPS18] A singular hermitian inner product on a finite di-
mensional complex vector space V is a function | − |h : V → [0,+∞] with the following
properties:

(1) |α · v|h = |α||v|h for any α ∈ C \ 0 and any v ∈ V .
(2) |0|h = 0.



1.4. SINGULAR HERMITIAN METRICS ON VECTOR BUNDLES. 13

(3) |v + w|h ≤ |v|h + |w|h for any v, w ∈ V .
(4) |v + w|2h + |v − w|2h = 2|v|2h + 2|w|2h for any v, w ∈ V .

Definition 1.4.2. [BP08][HPS18] Let X be a connected complex manifold
and E be a vector bundle on X. A singular hermitian metric on E is a function h that
associates to every point x ∈ X a singular hermitian inner product |−|h,x : Ex → [0,+∞]
on the complex vector space Ex, subject to the following two condtions:

(1) |v|h,x = 0 ⇔ v = 0 for almost everywhere x ∈ X.
(2) |v|h,x < +∞ for any v ∈ Ex and almost everywhere x ∈ X.
(3) For any open U and any s ∈ H0(U,E),

|s|h : U → [0,+∞] ; x→ |s(x)|h,x
is measurable.

Definition 1.4.3. [BP08] [PT18][HPS18] Let h be a singular hermitian met-
ric on a vector bundle E.

(1) h is Griffiths seminegative or (semi)negatively curved if log |u|2h is plurisubhar-
monic for any local holomorphic section u.

(2) h is Griffiths semipositive or (semi)positively curved if a metric h∨ := th−1 on
E∨ is Griffiths seminegative.

If h is smooth, h is Griffiths semipositive in above definition is same as usual one.
These definitions are well-defined even if E is a line bundle. In particular, for any
singular hermitian metric h on a line bundle L, h is Griffiths semipositive iff h has
semipositive curvature current.

We recall the definition of a singular hermitian metric on a torsion-free coherent
sheaf. Let E ̸= 0 be a torsion-free coherent sheaf on X. We will denote by XE the
maximal Zariski open set where E is locally free. We point out E|XE is a vector bundle
on XE and codim(X \XE) ≥ 2.

Definition 1.4.4. [PT18, Definition 2.4.1] [HPS18]

(1) The singular hermitian metric h on E is a singular hermitian metric on the
vector bundle E|XE .

(2) A singular hermitian metric h on E is Griffiths seminegative or (semi)negatively
curved if h|XE is Griffiths seminegative.

(3) A singular hermitian metric h on E is Griffiths semipositive or (semi)positively
curved if there exists a Griffiths seminegative metric g on E∨|XE such that
h|XE = (g|XE )

∨.

These are well-defined definitions (see [PT18, Remark 2.4.2]). About a Griffiths
semipositive singular hermitian metric, Păun and Takayama proved the following The-
orem.
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Theorem 1.4.5. [PT18, Theorem 1.1] [HPS18, Theorem 21.1 and Corollary
21.2] Let f : X → Y be a projective surjective morphism between connected complex
manifolds and (L, h) be a holomorphic line bundle with a singular hermitian metric
with semipositive curvature current on X. Then f∗(KX/Y ⊗ L⊗ J (h)) has a Griffiths
semipositive singular hermitian metric.

Moreover if the inclusion morphism

f∗(KX/Y ⊗ L⊗ J (h)) → f∗(KX/Y ⊗ L)

is generically isomophism, then f∗(KX/Y ⊗L) also has a Griffiths semipositive singular
hermitian metric.

1.5. Algebraic positivity on vector bundles

We summarize the notions of positivity of vector bundles and torsion free coherent
sheaves. In this thesis, we will denote by π : P(E) → X the projective bundle of rank
one quotients of E and by OP(E)(1) the universal quotient of π∗E on P(E).

Definition 1.5.1 ([BDPP13, Definition 7.1],[DPS94, Definition 1.17], [DPS01,
Definition 6.4], [Nak04, Definition 3.20]). Let X be a smooth projective manifold.

(1) A vector bundle E is ample if OP(E)(1) is a ample line bundle on P(E).
(2) A vector bundle E is nef if OP(E)(1) is a nef line bundle on P(E).
(3) A vector bundle E is numerically flat if E is nef and c1(E) = 0.
(4) A vector bundle E is almost nef if there exists a countable family of proper

subvarieties Zi of X such that E|C is nef for any curve C ̸⊂ ∪iZi.
(5) A torsion free coherent sheaf E is weakly positive at x ∈ X if, for any a ∈

N>0 and for any ample line bundle A on X, there exists b ∈ N>0 such that
Symab(E)∨∨ ⊗ Ab is globally generated at x.

(6) A torsion free coherent sheaf E is pseudo-effective (weakly positive in the sense
of Nakayama) if E is weakly positive at some x ∈ X.

(7) A torsion free coherent sheaf E is weakly positive (weakly positive in the sense
of Viehweg) if there exist a non empty Zariski open set U such that E is weakly
positive at any x ∈ U .

(8) A torsion free coherent sheaf E is big (V-big, dd-ample, ample modulo double
duals) if there exist a ∈ N>0 and an ample line bundle A on X such that
Syma(E)∨∨ ⊗ A−1 is pseudo-effective.

(9) A torsion free coherent sheaf E is generically globally generated if E is globally
generated at a general point in X.

The definition of ample (resp. nef, big, or pseudo-effective) vector bundles coincides
with the usual one in the case E being a line bundle. Relationships among them can
be summarized by the following table:
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��

ample

��ow hhhhh
hhhh

hhhh
hhhh

hhhh
hhhh

hhhh
h

hhhh
hhhh

hhhh
hhhh

hhhh
hhhh

hhhh
hh OP(E)(1) is big

nef

&.UU
UUUU

UUUU
UUUU

UUUU
UUUU

UUUU
UUUU

U

UUUU
UUUU

UUUU
UUUU

UUUU
UUUU

UUUU
UUU big

��

+3

08iiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiii
weakly positive

(1)

qy kkkk
kkkk

kkkk
kkkk

kkkk
kk

kkkk
kkkk

kkkk
kkkk

kkkk
kk

E has a positively curved
singular hermitian metric

+3 pseudo-effective
(2)

+3

$,R
RRR

RRR
RRR

RRR
RRR

RRR

RRR
RRR

RRR
RRR

RRR
RRR

R
almost nef

��
E is generically

globally generated

KS

Symm(E) is generically globally
generated for some m ∈ N>0

KS

OP(E)(1) is
pseudo-effective

Even if E is a line bundle, the converse of (1) is unknown.1 When E is a line bundle,
the converses of (2) hold by [BDPP13, Theorem 0.2]. However, in a higher rank case,
the converse of (2) is unknown.

Example 1.5.2.

(1) OCP1 is nef (pseudo-effective) but not ample (big).
(2) We put E = OCP1(2)⊕OCP1(−1). By Cutkosky criterion ([Laz04a]), OP(E)(1)

is big (pseudo-effective) line bundle on P(E). However E is not nef (almost
nef) vector bundle on CP1 since the quotient sheaf OCP1(−1) of E does not
have semipositive degree.

(3) For any n ∈ N>0, we put En = OCP1 ⊕ OCP1(n). The Hirzebruch surface is
defined by Fn := P(En). We put ruling π : Fn → CP1, a general fiber F of π,
and L := OFn(1). By [Bea96] and [Laz04a], we have the followings for any
integers a, b.

• La ⊗ F b is pseudo-effective iff a ≥ 0 and na+ b ≥ 0.
• La ⊗ F b is nef iff a ≥ 0 and b ≥ 0.

Therefore L2 ⊗ F−n is big but not nef. F is nef but not big.
(4) Let C be an elliptic surface. For any n ∈ N>0 we put Sn := P(OC ⊕OC(np)),

where p is a prime divisor of C. The tangent bundle of Sn is pseudo-effective by
Proposition 5.3.2. But by computations, Symm(TSn) is not generically globally
generated for any m ∈ N>0.

1John-Lesiutre [Les14] proved that there exists a pseudo-effective R-divisor D such that D is not
weakly positive. However D is not Q-divisor.
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(5) Let C be an elliptic curve. E is defined by the nontrivial exact sequence of
vector bundles:

0 → OC → E → OC → 0.

E is nef (pseudo-effective) vector bundle by [DPS94, Example 1.7]. By [Hos17,
Example 5.4], E does not have a Griffiths semipositive singular hermitian met-
ric.

We review some of the standard facts of augmented base locus and restiricted base
locus of vector bundles.

Definition 1.5.3. [BKK+15, Section 2] Let X be a smooth projective variety
and E be a holomorphic vector bundle. The base locus of E is defined by

Bs(E) := {x ∈ X : H0(X,E) → Ex is not surjective},
and the stable base locus of E is defined by

B(E) :=
∩
m>0

Bs(Symm(E)).

Let A be an ample line bundle. We define the augmented base locus of E by

B+(E) =
∩

p,q∈N>0

B(Symq(E)⊗ A⊗−p)

and the restricted base locus of E by

B−(E) =
∪

p,q∈N>0

B(Symq(E)⊗ A⊗p).

We point out B+(E) and B−(E) do not depend on the choice of the ample line bundle
A by [BKK+15, Remark 2.7]. By [BKK+15], we have π(B−(OP(E)(1))) = B−(E)
and π(B+(OP(E)(1))) = B+(E)

We point out the relationship between algebraic positivity and base loci.

Theorem 1.5.4. [BDPP13, Proposition 7.2.] [BKK+15, Definition 5.1] The
following are equivalent.

(1) E is pseudo-effective.
(2) B−(E) ̸= X.

(3) OP(E)(1) is pseudo-effective on P(E) and π
(
B−(OP(E)(1))

)
̸= X

Theorem 1.5.5. [BKK+15, Definition 5.1] The following are equivalent.

(1) E is weakly positive.

(2) B−(E) ̸= X.

Theorem 1.5.6. [BKK+15, Theorem 6.4] The following are equivalent.

(1) E is big.
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(2) there exist b ∈ N>0 and an ample line bundle A on X such that Symb(E)⊗A−1

is globally generated at a general point.

(3) OP(E)(1) is big on P(E) and π
(
B+(OP(E)(1))

)
̸= X

(4) B+(E) ̸= X.

1.6. MRC fibrations

Theorem 1.6.1. [Cam92][KoMM92] Let X be a smooth projective manifold.
Then there exists a dominant rational map φ : X 99K Y onto a smooth projective
manifold Y with the following properties:

(1) There exists a Zariski open set Y0 ⊂ Y such that φ|X0 : X0 → Y0 is proper
holomorphic map, where X0 := φ−1(Y0).

(2) A general fiber F of φ is an irreducible rationally connected manifold.
(3) If a rational curve R meets a general fiber F , then we have R ⊂ F .

This rational map φ is called MRC (Maximally rationally connected) fibration. An
MRC fibration is unique up to birational map.

By Greb-Harris-Starr’s result [GHS03] and Boucksom-Demailly-Păun-Peternell’s
result [BDPP13], we have the following theorem.

Theorem 1.6.2. [GHS03][BDPP13] For any MRC fibration φ : X 99K Y , the
canonical bundle KY of Y is pseudo-effective.

1.7. Singular Foliations

Definition 1.7.1. [Lazi, Chapter 4] Let X be a smooth projective manifold
and E ⊂ TX be a coherent sheaf on X.

(1) E is a singular foliation if E is saturated (i.e. E and TX/E are torsionfree) and
E is closed by Lie bracket.

(2) A subset F is a leaf if F is a maximally connected locally closed set such that
TF = E|F

For any morphism f : X → Y between smooth projective manifolds, the kernel
ker df ⊂ TX of the differential df : TX → f ∗(TY ) is a singular foliation. A general fiber
F or f is a leaf of ker df .

The following theorems is used in Chapter 5.

Theorem 1.7.2. [Hör07, Corollary 2.11] Let E ⊂ TX be a singular foliation.
If E is locally free and a leaf of E is compact and rationally connected, then there
exists a smooth morphism f : X → Y onto a smooth projective manifold Y such that
E = ker df . Moreover all fiber F of f is compact and rationally connected.
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Theorem 1.7.3. [Hör07, Lemma 3.19] Let φ : X → Y be a smooth morphism
between smooth projective manifolds. If there exists a vector bundle V ⊂ TX such that
TX = V ⊕ TX/Y , then φ is locally trivial (analytic fiber bundle), i.e. for any y ∈ Y ,
there exist Euclid open set y ∈ V ⊂ Y such that φ−1(V ) ∼= V × F , where F is a fiber
of φ.



CHAPTER 2

On the global generation of direct images
of pluri-adjoint line bundles

Abstract. We study the Fujita-type conjecture proposed by Popa and Schnell. We
obtain an effective bound on the global generation of direct images of pluri-adjoint
line bundles on the regular locus. We also obtain an effective bound on the generic
global generation for a Kawamata log terminal Q-pair. We use analytic methods such
as L2 estimates, L2 extensions and injective theorems of cohomology groups.

2.1. Introduction

The aim of this paper is to give a partial answer to the following conjecture by Popa
and Schnell. This conjecture is a version of Fujita’s conjecture.

Conjecture 2.1.1 ([PS14] Conjecture 1.3). Let f : X → Y be a surjective
morphism of smooth projective varieties, with Y of dimension n, and L be an ample
line bundle on Y . For any a ≥ 1, the sheaf

f∗(K
⊗a
X )⊗ L⊗b

is globally generated for all b ≥ a(n+ 1).

In [PS14], Popa and Schnell proved this conjecture in the case when L is ample
and globally generated. After that, Dutta removed the global generation assumption
on L making a statement about generic global generation.

Theorem 2.1.2 ([Dut17] Theorem A). Let (X,∆) be a Kawamata log terminal
Q-pair of a normal projective variety and an effective divisor, and Y be a smooth
projective n-dimensional variety. Let f : X → Y be a surjective morphism, and L be
an ample line bundle on Y . For any a ≥ 1 such that a(KX +∆) is an integral Cartier
divisor, the sheaf

f∗

(
OX

(
a(KX +∆)

))
⊗ L⊗b

is generated by the global sections at a general point y ∈ Y either

(1) for all b ≥ a
(n(n+1)

2
+ 1

)
, or

(2) for all b ≥ a(n+ 1) when n ≤ 4.

On the other hand, Deng obtained a linear bound for b when a is large by using
analytic methods.

19
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Theorem 2.1.3 ([Deng17] Theorem C). With the above notation and in the
setting of Theorem 2.1.2, for any a ≥ 1 such that a(KX + ∆) is an integral Cartier
divisor, the sheaf

f∗

(
OX

(
a(KX +∆)

))
⊗ L⊗b

is generated by the global sections at a general point y ∈ Y either

(1) for all b ≥ n2 − n+ a(n+ 1), or
(2) for all b ≥ n2 + 2 when KY is pseudo-effective.

Now we state our results. First, we treat the case when X is smooth and ∆ = 0.
In [Dut17], Dutta proved that if K⊗a

X is relatively free on the regular locus of f ,
f∗(K

⊗a
X ) ⊗ L⊗b is generated by the global sections at any regular value of f for all

b ≥ a
(n(n+1)

2
+ 1

)
. In this paper, we can remove this assumption and obtain a better

bound for b.

Theorem 2.1.4. Let f : X → Y be a surjective morphism of smooth projective
varieties, with Y of dimension n, and L be an ample line bundle on Y . If y is a regular
value of f , then for any a ≥ 1 the sheaf

f∗(K
⊗a
X )⊗ L⊗b

is generated by the global sections at y for all b ≥ n(n−1)
2

+ a(n+ 1).

In this paper, Xy is a smooth connected variety for any regular value y ∈ Y . In

particular, if f is smooth, f∗(K
⊗a
X )⊗L⊗b is globally generated for all b ≥ n(n−1)

2
+a(n+1).

We give a partial answer to Conjecture 2.1.1.
Second, we treat a log case. In this case, we obtain the same bound as Theorem

2.1.4 about generic global generation even when X is a complex analytic variety.

Theorem 2.1.5. Let (X,∆) be a Kawamata log terminal Q-pair of a normal
complex analytic variety in Fujiki’s class C and an effective divisor, and Y be a smooth
projective n-dimensional variety. Let f : X → Y be a surjective morphism, and L be
an ample line bundle on Y . For any a ≥ 1 such that a(KX +∆) is an integral Cartier
divisor, the sheaf

f∗

(
OX

(
a(KX +∆)

))
⊗ L⊗b

is generated by the global sections at a general point y ∈ Y either

(1) for all b ≥ n(n−1)
2

+ a(n+ 1) , or

(2) for all b ≥ n(n−1)
2

+ 2 when KY is pseudo-effective.

Remark 2.1.6. After the author submitted this paper to arXiv, Dutta told the
author that she and Murayama obtained the same bounds as in Theorem 2.1.5 (1) in
[DM17, Theorem B] by using the algebraic geometric methods when X is a normal
projective variety. Also, in [DM17, Theorem B], they obtained the linear bound when
(X,∆) is a log canonical Q-pair. For more details, we refer the reader to [DM17].
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2.2. Preliminary

In this paper we will denote N := n(n+1)
2

. Angehrn and Siu proved the existence
of a quasi-psh function whose multiplier ideal sheaf has isolated zero set at y when we
pick one point y ∈ Y .

Theorem 2.2.1. [AS95] Let Y be a smooth projective n-dimensional variety,
and We fix m ∈ N such that m(N + 1)L is very ample. We choose a Kähler form ωY
on Y and a smooth positive metric hL on L such that

√
−1ΘL,hL = 1

m(N+1)
ωY , where

N = n(n+1)
2

. Then for any point y ∈ Y , there exist a quasi-psh function φ with neat
analytic singularities on Y and a positive number 0 < ε0 < 1, such that

(1)
√
−1ΘL⊗N+1hN+1

L
+
√
−1∂∂φ ≥ 1−ε0

m(N+1)
ωY

(2) y is an isolated point in the zero variety V (J (e−φ)).

By the following theorem, a relative pluricanonical line bundle K⊗a
X/Y has a semipos-

itive singular hermitian metric which is equal to the fiberwise Bergman kernel metric.

Theorem 2.2.2 ([BP08] Theorem 4.2 , [PT18] Collary 4.3.2). Let f : X → Y
be a surjective morphism of smooth projective varieties. Assume that there exists a
regular value y ∈ Y such that H0

(
Xy, K

⊗a
Xy

)
̸= 0. Then the bundle K⊗a

X/Y admits

a singular hermitian metric ha with semipositive curvature current such that for any
regular value w ∈ Y and any section s ∈ H0

(
Xw, K

⊗a
Xw

)
we have

|s|
2
a
ha
(z) ≤

∫
Xw

|s|
2
a

for any z ∈ Xw up to the identification of KX/Y |Xw with KXw . We regard |s| 2a as a
semipositive continuous (m,m) form where m = dimXw.

2.3. Proof of main theorem

In this section, we prove Theorem 2.1.4.

Theorem 2.3.1 ( = Theorem 2.1.4). Let f : X → Y be a surjective morphism
of smooth projective varieties, with Y of dimension n, and L be an ample line bundle
on Y . If y is a regular value of f , then for any a ≥ 1 the sheaf

f∗(K
⊗a
X )⊗ L⊗b

is generated by the global sections at y for all b ≥ n(n−1)
2

+ a(n+ 1).

Let us first outline the proof. It is enough to show that for any regular value
y ∈ Y , any section s ∈ H0

(
Xy, K

⊗a
Xy

⊗ f ∗(L)⊗b|Xy
)
can be extended to X. By taking an

appropriate singular hermitian metric on K⊗a−1
X ⊗ f ∗(L⊗b), we can prove there exists a

section SU near Xy such that SU |Xy = s by an L2 extension theorem. To extend SU to

X, we solve a ∂-equation with some weight.
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2.3.1. Set up. We fix a regular value y ∈ Y and a section s ∈ H0
(
Xy, K

⊗a
Xy

⊗
f ∗(L)⊗b|Xy

)
. We may assume s ̸= 0.

Let ωX be a Kähler form on X. We will denote by hL the smooth positive metric
on L and denote by ωY the Kähler form on Y as in Theorem 2.2.1. Since KY ⊗ L⊗n+1

is semiample by Mori theory and Kawamata’s basepoint free theorem (see [KM98,
Theorem 1.13 and Theorem 3.3]), there exists a smooth semipositive metric hs on
KY ⊗ L⊗n+1. We take the singular hermitian metric ha on K⊗a

X/Y as in Theorem 2.2.2.

We will denote by L := K
⊗(a−1)
X/Y ⊗ f ∗(KY ⊗ L⊗n+1)⊗a−1 ⊗ f ∗(L⊗N+1+b) and b :=

b−n(n−1)
2

−a(n+1) ≥ 0. Define hL := h
a−1
a

a f ∗(ha−1
s hN+1+b

L ), which is a singular hermitian

metric on L with semipositive curvature current. Note that KX ⊗L = K⊗a
X ⊗ f ∗(L⊗b).

2.3.2. Local Extension. We choose a coodinate neighborhood V near y and we
set U := f−1(V ). We may regard V as an open ball in Cn and y as an origin in Cn.
Since |s|2ha is bounded above on Xy by Theorem 2.2.2, we obtain

∥s∥2hL,ωX =

∫
Xy

|s|2hL,ωXdVXy ,ωX

= C

∫
Xy

|s|
2(a−1)
a

ha
|s|

2
a
ωXdVXy ,ωX

≤ C ′
∫
Xy

|s|
2
a
ωXdVXy ,ωX

< +∞,

(2.3.1)

where C and C ′ are some positive constants. Therefore by the L2 extension theorem in
[HPS18, Theorem 14.4], there exists SU ∈ H0

(
U,KX⊗L⊗J (hL)

)
such that SU |Xy = s.

2.3.3. Global Extension. We denote by φ the quasi-psh function on Y as in
Theorem 2.2.1 and denote by ψ := φ ◦ f . By Theorem 2.2.1, we can take a cut-off
function ρ near y such that

(1) supp(ρ) ⊂⊂ V ,
(2) supp(∂ρ) ̸∋ y,
(3)

∫
supp(∂ρ)

e−φdVY,ωY < +∞,

and put ρ̃ := ρ ◦ f . We solve the global ∂-equation ∂F = ∂(ρ̃SU) on X with the weight
of hLe

−ψ.
It is easy to check ∥ρ̃SU∥2hL,ωX < +∞ and ∥∂(ρ̃SU)∥2hL,ωX < +∞. Therefore ∂(ρ̃SU)

gives rise to a cohomology class [∂(ρ̃SU)] which is [∂(ρ̃SU)] = 0 in H1
(
X,KX ⊗ L ⊗

J (hL)
)
. Since |SU |2hL is bounded above on U by Theorem 2.2.2 ( if necessary we take
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U small enough ), we obtain

∥∂(ρ̃SU)∥2hLe−ψ ,ωX =

∫
U

|∂(ρ̃SU)|2hLe−ψdVX,ωX

≤ C

∫
f−1(supp(∂ρ))

|SU |2hLe
−ψdVX,ωX

≤ C ′
∫
f−1(supp(∂ρ))

e−ψdVX,ωX

< +∞,

(2.3.2)

where C and C ′ are some positive constants. Therefore ∂(ρ̃SU) is a ∂-closed (d, 1) form
with L value which is square integrable with the weight of hLe

−ψ, where d = dimX.
We put δ := 1−ϵ0

2(N+ϵ0)
. Then we obtain

√
−1ΘhL,hL

+ (1 + αδ)
√
−1∂∂ψ

=
a− 1

a

√
−1ΘKX/Y ,ha + (a− 1)f ∗(

√
−1ΘKY ⊗L⊗n+1,hs)

+ (N + 1 + b)f ∗(
√
−1ΘL,hL) + (1 + αδ)

√
−1∂∂ψ

≥ f ∗
(
(N + 1)

√
−1ΘL,hL + (1 + αδ)

√
−1∂∂φ

)
= f ∗

(
(1 + αδ)(

√
−1ΘL⊗N+1,hN+1

L
+
√
−1∂∂φ)− αδ

√
−1ΘL⊗N+1,hN+1

L

)
≥ (2− α)(1− ϵ0)

2m(N + 1)
f ∗(ωY )

≥ 0

(2.3.3)

in the sense of current for any α ∈ [0, 1]. Therefore by the injectivity theorem in
[CDM17, Theorem 1.1], the natural morphism

H1
(
X,KX ⊗ L⊗ J (hLe

−ψ)
)
→ H1

(
X,KX ⊗ L⊗ J (hL)

)
is injective. Since [∂(ρ̃SU)] = 0 in H1

(
X,KX ⊗ L ⊗ J (hL)

)
, we obtain [∂(ρ̃SU)] = 0

in H1
(
X,KX ⊗ L ⊗ J (hLe

−ψ)
)
. Hence we obtain a (d, 0) form F with L value which

is square integrable with the weight of hLe
−ψ such that ∂F = ∂(ρ̃SU), that is we can

solve ∂ equation.
Now we show that F |Xy ≡ 0. To obtain a contradiction, suppose that F (x) ̸= 0 for

some x ∈ Xy. We may assume there exists an open set W near x such that F (z) ̸= 0
for any z ∈ W and

∫
W
e−ψdVX,ωX = +∞ since y is an isolated point in the zero

variety V (J (e−φ)) by Theorem 2.2.1. Since there exists a positive constant C such



242. ON THE GLOBAL GENERATION OF DIRECT IMAGES OF PLURI-ADJOINT LINE BUNDLES

that |F |2hL ≥ C on W , we have

+∞ > ∥F∥2hLe−ψ =

∫
X

|F |2hLe
−ψdVX,ωX ≥

∫
W

|F |2hLe
−ψdVX,ωX

≥ C

∫
W

e−ψdVX,ωX

= +∞,

(2.3.4)

which is impossible.
Hence we put S := ρ̃SU − F ∈ H0

(
X,KX ⊗ L

)
, then S|Xy = (ρ̃SU − F )|Xy = s,

which completes the proof.

Remark 2.3.2. In [Fuj19], Fujino proved the following theorem.

Theorem 2.3.3. [Fuj19, Theorem 1.5] Let f : X → Y be a surjective morphism
of smooth projective varieties, with Y of dimension n, and L be an ample line bundle
on Y . For any a, s ≥ 1 and any b ≥ n2 +min(2, a) the sheaf

(⊗sf∗(K
⊗a
X/Y ))

∨∨ ⊗KY ⊗ L⊗b

is generic globally generated.

As stated in [Fuj19, Remark 1.6], we proved above theorem by same method in the
case of s = 1. More precisely we have the follwing theorem.

Theorem 2.3.4. Let f : X → Y be a surjective morphism of smooth projective
varieties, with Y of dimension n, and L be an ample line bundle on Y . If y is a regular

value of f , then for any a ≥ 1 and any b ≥ n(n+1)
2

+ 1 the sheaf

f∗(K
⊗a
X/Y )⊗KY ⊗ L⊗b

is globally generated at y.

Proof. We will denote by L := K
⊗(a−1)
X/Y ⊗ f ∗(L⊗b). Note that KX ⊗ L =

K⊗a
X/Y ⊗ f ∗(KY ⊗ L⊗b). Define hL := h

a−1
a

a f ∗(hbL), which is a singular hermitian metric

on L with semipositive curvature current. The rest proof of Theorem 2.3.4 is similar to
the proof of Theorem 2.1.4. □

2.4. On a log case

In this section, we prove Theorem 2.1.5.

Theorem 2.4.1 (= Theorem 2.1.5). Let (X,∆) be a Kawamata log terminal
Q-pair of a normal complex analytic variety in Fujiki’s class C and an effective divisor,
and Y be a smooth projective n-dimensional variety. Let f : X → Y be a surjective
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morphism, and L be an ample line bundle on Y . For any a ≥ 1 such that a(KX +∆)
is an integral Cartier divisor, the sheaf

f∗

(
OX

(
a(KX +∆)

))
⊗ L⊗b

is generated by the global sections at a general point y ∈ Y either

(1) for all b ≥ n(n−1)
2

+ a(n+ 1) , or

(2) for all b ≥ n(n−1)
2

+ 2 when KY is pseudo-effective.

Proof. The proof is similar to Theorem 2.1.4 and [Deng17, Theorem C]. Take
a log resolution µ : X ′ → X of (X,∆) we have a compact Kähler manifold X ′ such that

aKX′ = µ∗(a(KX +∆)) +
∑

aαiEi −
∑

aβjFj,

where aαi, aβj ∈ N+ and
∑

iEi +
∑

j Fj has simple normal crossing supports. Since

(X,∆) is a Kawamata log terminal Q-pair and ∆ is effective, Ei is an exceptional divisor
and 0 < βj < 1. We denote by f ′ := f ◦ µ, which is a surjective morphism between
compact Kähler manifolds. Since Ei is an exceptional divisor, the natural morphism

H0
(
X ′, µ∗(OX

(
a(KX +∆)

)
⊗ f ∗(L⊗b)

))
→ H0

(
X ′, µ∗(OX

(
a(KX +∆)

)
⊗ f ∗(L⊗b)

)
⊗OX′(

∑
aαiEi)

)
= H0

(
X ′, K⊗a

X′ ⊗ f ′∗(L)⊗b ⊗OX′(
∑

aβjFj)
)(2.4.1)

is isomorphism. Thus it is enough to show that for any general point y ∈ Y , the
restriction map

πy : H
0
(
X ′, K⊗a

X′ ⊗f ∗(L⊗b)⊗OX′(
∑

aβjFj)
)
→ H0

(
X ′
y, K

⊗a
X′
y
⊗f ∗(L)⊗b|X′

y
⊗OX′(

∑
aβjFj)|X′

y

)
is surjective.

In case (1), we choose the canonical singular hermitian metric hF on OX′(
∑
aβjFj)

as in [Dem12, Example 3.13]. We obtain J (h
1
a
F ) = OX′ since

∑
iEi +

∑
j Fj has

simple normal crossing supports and 0 < βj < 1. By [Cao17, Theorem 3.5], there
exists an a-th Bergman type metric ha,B on K⊗a

X′/Y ⊗ OX′(
∑
aβjFj). We note that

for any general point y of f such that J (h
1
a
F |X′

y
) = OX′

y
, and for any section s′ ∈

H0(X ′
y, K

⊗a
X′
y
⊗OX′(

∑
aβjFj)|X′

y
), we have |s′|

2
a
ha,B

≤
∫
X′
y
|s′|

2
a
hF
< +∞ on X ′

y by [Cao17,

Theorem 3.5].

We will denote by L := K⊗a−1
X′/Y ⊗OX′(

∑
aβjFj)⊗f ∗(KY ⊗L⊗n+1)⊗a−1⊗f ∗(L⊗b) and

b := b− n(n−1)
2

−a(n+1) ≥ 0. Define a singlar hermitian metric hL := h
a−1
a

a,B h
1
a
Ff

∗(ha−1
s hbL)

on L. If y is a general point in Y such that J (h
1
a
F |X′

y
) = OX′

y
, the restriction map πy
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is surjective since the same proof works as in Section 3. By [Laz04b, section 9.5.D],

J (h
1
a
F |X′

y
) = J (h

1
a
F )|X′

y
= OX′

y
for any general point y ∈ Y . Therefore πy is surjective

for any general point y ∈ Y , which completes the proof.

In case (2), since KY is pseudo-effective, K⊗a−1
Y ⊗L is a big line bundle. Therefore,

there exists a singular hermitian metric hY onK⊗a−1
Y ⊗L with neat analytic singularities

such that
√
−1ΘK⊗a−1

Y ⊗L,hY > 0 in the sense of current.

We will denote by L := K⊗a−1
X′/Y ⊗ OX′(

∑
aβjFj) ⊗ f ∗(K⊗a−1

Y ⊗ L) ⊗ f ∗(L⊗b) and

b := b−N − 2 ≥ 0. Define a singular hermitian metric hL := h
a−1
a

a,B h
1
a
Ff

∗(hY h
b
L) on L. If

y is a general point in Y such that y ̸∈ {z ∈ Y : hY (z) = +∞} and J (h
1
a
F |X′

y
) = OX′

y
,

the restriction map πy is surjective since the same proof works as in Section 3. Since
the set {z ∈ Y : hY (z) = +∞} is Zariski closed, then πy is surjective for any general
point y ∈ Y , which completes the proof.

□



CHAPTER 3

Nadel-Nakano vanishing theorems of vector bundles
with singular hermitian metrics

Abstract. We study a singular hermitian metric of a vector bundle. First, we prove
that the sheaf of locally square integrable holomorphic sections of a vector bundle with
a singular hermitian metric, which is a higher rank analog of a multiplier ideal sheaf, is
coherent under some assumptions. Second, we prove a Nadel-Nakano type vanishing
theorem of a vector bundle with a singular hermitian metric. We do not use an
approximation technique of a singular hermitian metric. We apply these theorems to
a singular hermitian metric induced by holomorphic sections and a big vector bundle,
and we obtain a generalization of Griffiths’ vanishing theorem. Finally, we show a
generalization of Ohsawa’s vanishing theorem.

3.1. Introduction

The aim of this paper is to study the vanishing theorem of a vector bundle with a
singular hermitian metric. Here is a brief history of a singular hermitian metric of a
vector bundle. A singular hermitian metric of a vector bundle is a higher rank analog of a
singular hermitian metric of a line bundle. The singular hermitian metric was originated
by de Cataldo [deC98], and was later defined in a different way by Berndtsson and
Păun [BP08]. We adopt the definition of a singular hermitian metric of a vector bundle
in [BP08]. They also defined the notion of a singular hermitian metric with positive
curvature, called positively curved. In [PT18], Păun and Takayama proved that a direct
image sheaf of an m-th relative canonical line bundle f∗(mKX/Y ) can be endowed with
a positively curved singular hermitian metric for any fibration f : X → Y . Recently
Cao and Păun [CP17] used this result to prove Iitaka’s conjecture when the base space
is an Abelian variety. For more details, we refer the reader to [Pau16].

Although a singular hermitian metric of a vector bundle has been investigated in
many papers (for example [BP08], [PT18], [Hos17], [HPS18], [Rau15], etc.), there
exist few results on vanishing theorems for vector bundles with singular hermitian
metrics. We explain the details of the investigations of a singular hermitian metric
of a vector bundle below. Let (X,ω) be a compact Kähler manifold and (E, h) be a
vector bundle with a singular hermitian metric. In [deC98], the sheaf of locally square
integrable holomorphic sections of E with respect to h, denoted by E(h), is defined as

E(h)x = {fx ∈ O(E)x : |fx|2h ∈ L1
loc} x ∈ X,

27
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which is a higher rank analog of a multiplier ideal sheaf. In this paper, we will denote
by O(E)x the stalk of E at x, defined by lim−→

x∈U
H0(U,E). We consider the following

problems.

Problem 3.1.1. (1) Is E(h) a coherent sheaf?
(2) Does there exist a Nadel-Nakano type vanishing theorem, that is, the vanishing

of the cohomology group Hq(X,KX ⊗ E(h)) for any q ≥ 1 if h has some
positivity?

We do not know if E(h), unlike a multiplier ideal sheaf, is coherent, In [deC98],
de Cataldo proved that E(h) is coherent and a Nadel-Nakano type vanishing theorem
if h has an approximate sequence of smooth hermitian metrics {hµ} satisfying hµ ↑ h
pointwise and

√
−1ΘE,hµ − ηω⊗ IdE ≥ 0 in the sense of Nakano for some positive and

continuous function η. However, h does not always have such an approximate sequence
(see [Hos17, Example 4.4] ). Therefore these problems are open.

Nonetheless, we can provide a partial answer to Problem 3.1.1. First we prove the
coherence of E(h) under some assumptions.

Theorem 3.1.2. Let (X,ω) be a Kähler manifold and (E, h) be a holomor-
phic vector bundle on X with a singular hermitian metric. We assume the following
conditions.

(1) There exists a proper analytic subset Z such that h is smooth on X \ Z.
(2) he−ζ is a positively curved singular hermitian metric on E for some continuous

function ζ on X.
(3) There exists a real number C such that

√
−1ΘE,h−Cω⊗ IdE ≥ 0 on X \Z in

the sense of Nakano.

Then the sheaf E(h) is coherent.

Next we study the cohomology group Hq(X,KX ⊗E(h)) for any q ≥ 1. We prove a
vanishing theorem and an injectivity theorem for vector bundles with singular hermitian
metrics under some assumptions.

Theorem 3.1.3. Let (X,ω) be a compact Kähler manifold and (E, h) be a
holomorphic vector bundle on X with a singular hermitian metric. We assume the
following conditions.

(1) There exists a proper analytic subset Z such that h is smooth on X \ Z.
(2) he−ζ is a positively curved singular hermitian metric on E for some continuous

function ζ on X.
(3) There exists a positive number ϵ > 0 such that

√
−1ΘE,h − ϵω ⊗ IdE ≥ 0 on

X \ Z in the sense of Nakano.

Then Hq(X,KX ⊗ E(h)) = 0 holds for any q ≥ 1.
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Theorem 3.1.4. Let (X,ω) be a compact Kähler manifold, (E, h) be a holomor-
phic vector bundle on X with a singular hermitian metric and (L, hL) be a holomorphic
line bundle with a smooth metric. We assume the following conditions.

(1) There exists a proper analytic subset Z such that h is smooth on X \ Z.
(2) he−ζ is a positively curved singular hermitian metric on E for some continuous

function ζ on X.
(3)

√
−1ΘE,h ≥ 0 on X \ Z in the sense of Nakano.

(4) There exists a positive number ϵ > 0 such that
√
−1ΘE,h−ϵ

√
−1ΘL,hL⊗IdE ≥ 0

on X \ Z in the sense of Nakano.

Let s be a non zero section of L. Then for any q ≥ 0, the multiplication homomor-
phism

×s : Hq(X,KX ⊗ E(h)) → Hq(X,KX ⊗ L⊗ E(h))

is injective.

Therefore we proved a Nadel-Nakano type vanishing theorem with some assump-
tions. If E is a holomorphic line bundle, these theorems were proved in [Fuj12]. We
point out we do not use an approximation sequence of a singular hermitian metric to
show these theorems.

Some applications are indicated as follows. First, we treat a singular hermitian
metric induced by holomorphic sections, as proposed by Hosono [Hos17, Chapter 4].
By calculating the curvature of this metric, we prove that we can apply Theorem 3.1.3
to Hosono’s example. Therefore we can apply a Nadel-Nakano type vanishing theorem
even if h does not have an approximate sequence such as [deC98]. Second, we generalize
Griffiths’ vanishing theorem. That is, Hq(X,KX⊗Symm(E)⊗detE) = 0 holds for any
m ≥ 0 and q ≥ 1 if E is an ample vector bundle. We treat the case when E is a big
vector bundle. If E is a big vector bundle with some assumptions, Symm(E)⊗detE can
be endowed with a singular hermitian metric hm satisfying assumptions such as those in
Theorem 3.1.3 (see Section 5.2). Therefore Hq(X,KX ⊗ (Symm(E)⊗ detE)(hm)) = 0
holds for any m ≥ 0 and q ≥ 1.

Finally, we generalize Ohsawa’s vanishing theorem.

Theorem 3.1.5. Let (X,ω) be a compact Kähler manifold and (E, h) be a
holomorphic vector bundle on X with a singular hermitian metric. Let π : X → W be
a proper surjective holomorphic map to an analytic space with a Kähler form σ. We
assume the following conditions.

(1) There exists a proper analytic subset Z such that h is smooth on X \ Z.
(2) he−ζ is a positively curved singular hermitian metric on E for some continuous

function ζ on X.
(3)

√
−1ΘE,h − π∗σ ⊗ IdE ≥ 0 on X \ Z in the sense of Nakano.

Then Hq
(
W,π∗(KX ⊗ E(h))

)
= 0 holds for any q ≥ 1.
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If h is smooth, this theorem was proved by Ohsawa [Ohs84].

3.2. Preliminaries

3.2.1. hermitian metrics on vector bundles. We briefly explain definitions and
notations of smooth hermitian metrics of vector bundles.

We will denote by (X,ω) a compact Kähler manifold and denote by E a holomorphic
vector bundle of rank r onX. For any point x ∈ X, we take a system of local coordinates
(V ; z1, . . . , zn) near x. Let h be a smooth metric on E and let e1, . . . , er be a local
orthogonal frame of E near x. We denote by

√
−1ΘE,h =

√
−1

∑
1≤j,k≤n, 1≤λ,µ≤r

cjkλµ dzj ∧ dz̄k ⊗ e∨λ ⊗ eµ

the Chern curvature tensor. For any u =
∑

1≤j≤n, 1≤λ≤r ujλ
∂
∂zj

⊗ eλ ∈ TxX ⊗ Ex, we

denote by

θE,h(u) =
∑

1≤j,k≤n, 1≤λ,µ≤r

cjkλµujλūkµ

and

θω⊗idE(u) =
∑

1≤j,k≤n, 1≤λ≤r

ωjkujλūkλ,

where ω =
√
−1

∑
1≤j,k≤n ωjkdzj ∧ dz̄k.

Definition 3.2.1. [Dembook, Chapter 7 §6] For any real number C, we write√
−1ΘE,h ≥ Cω ⊗ idE in the sense of Nakano if θE,h(u) − Cθω⊗idE(u) ≥ 0 for any

u ∈ TX ⊗ E.

We prove the following lemma of a positively curved singular hermitian metric.

Lemma 3.2.2. For any point x ∈ X, we take a system of local coordinate
(V ; z1, . . . , zn) near x and take a local holomorphic frame e1, . . . , er of E on V . Let
U ⋐ V be an open set near x. We assume there exists a continuous function ζ on X
such that he−ζ is a positively curved singular hermitian metric on E. Then there exists
a positive number MU such that for any u ∈ H0(V,E)

|u|2h ≥MU

∑
1≤i≤r

|ui|2

holds on U , where u =
∑

1≤i≤r uiei.

Proof. We may assume u = u1e1. By [HPS18, Chapter 16], we obtain

|u|he−ζ(z) = sup
f∈E∨

z

|f(u)|(z)
|f |(he−ζ)∨

≥ |e∨1 (u)|(z)
|e∨1 |(he−ζ)∨

=
|u1|(z)

|e∨1 |(he−ζ)∨
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for any z ∈ V . Since he−ζ is positively curved, |e∨1 |(he−ζ)∨ is a plurisubharmonic function
on V . Therefore |e∨1 |(he−ζ)∨ is bounded above on U . We take a positive number M1

such that |e∨1 |(he−ζ)∨ ≤M1, then we have |u|he−ζ ≥ |u1|
M1

. Since eζ is a positive continuous

function, we can take a positive number M such that eζ ≥M on X. We set MU := M2

M2
1

and we obtain

|u|2h = |u|2he−ζe
2ζ ≥MU |u1|2,

which completes the proof. □

3.2.2. L2 estimates and harmonic integrals on complete Kähler manifolds.
We need an L2 estimate on a complete Kähler manifold. Let Y be a complete Kähler
manifold, ω′ be a (not necessarily complete) Kähler form and (E, h) be a vector bundle
with a smooth hermitian metric. The L2 space L2

n,q(Y,E)ω′,h is defined by the set of

E-valued (n, q) forms with measurable coefficients on Y such that
∫
Y
|f |2ω′,hdVω′ < +∞,

where dVω′ := ω′n/n! is a volume form on Y .

Theorem 3.2.3. [Dembook, Chapter 7 §7 and Chapter 8 §6] [Dem82, Lemme
3.2 and Théorème 4.1] Under the conditions stated above, we also assume that there
exists a positive number ϵ > 0 such that

√
−1ΘE,h ≥ ϵω′ ⊗ IdE in the sense of Nakano.

Then for any q ≥ 1 and any g ∈ L2
n,q(Y,E)ω′,h such that ∂̄g = 0, there exists f ∈

L2
n,q−1(Y,E)ω′,h such that ∂̄f = g and∫

Y

|f |2ω′,hdVω′ ≤ 1

qϵ

∫
Y

|g|2ω′,hdVω′ .

We use a fact of harmonic integrals to prove Theorem 3.1.4. For more details,
we refer the reader to [Fuj12, Section 2] or [Dembook, Chapter 8]. The maxi-
mal closed extension of the ∂̄ operator determines a densely defined closed operator
∂̄ : L2

n,q(Y,E)ω′,h → L2
n,q+1(Y,E)ω′,h. Then we obtain the following orthogonal decom-

position.

Theorem 3.2.4. [Fuj12, Section 3], [Dembook, Chapter 8].

L2
n,q(Y,E)ω′,h = Im∂̄ ⊕Hn,q(Y,E)⊕ Im∂̄∗ω′,h

holds, where ∂̄∗ω′,h is the Hilbert space adjoint of ∂̄ and Hn,q(Y,E) is the set of harmonic
forms defined by

Hn,q(Y,E) := {f ∈ L2
n,q(Y,E)ω′,h : ∂̄f = ∂̄∗ω′,hf = 0}.

3.3. Coherence of E(h)

We prove Theorem 3.1.2.
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Proof. We may assume that X is a unit ball in Cn, E = X × Cr, and ω is a
standard Euclidean metric. Let e1, . . . , er be a local holomorphic frame of E on X. We
take an open ball U ⊂⊂ X. It is enough to show that there exists a coherent sheaf F
on U such that E(h)x = Fx for any x ∈ U .

We will denote by G the space of holomorphic sections g ∈ H0(U,E) such that∫
U
|g|2hdVω < ∞. We consider the evaluation map π : G ⊗C OU → E|U . We define

F := Im(π). By Noether’s Lemma (see [GR84, Chapter 5 §6]), F is a coherent sheaf
on U .

Claim 3.3.1. For any x ∈ U and any positive integer k,

Fx + E(h)x ∩mk
x · E(x) = E(h)x

holds, where mx is a maximal ideal of Ox.

We postpone the proof of Claim 3.3.1 and conclude the proof of Theorem 3.1.2. We
fix x ∈ U . By the Artin-Rees lemma, there exists a positive integer l such that

E(h)x ∩mk
x · E(x) = mk−l

x (E(h)x ∩ml
x · E(x))

holds for any k > l. Therefore by Claim 3.3.1, we have

E(h)x = Fx + E(h)x ∩mk
x · E(x) ⊂ Fx +mx · E(h)x ⊂ E(h)x.

By Nakayama’s lemma, we obtain E(h)x = Fx, which completes the proof. □

We now prove Claim 3.3.1.

Proof. It is easy to check that Fx + E(h)x ∩mk
x · E(x) ⊂ E(h)x; therefore, we

show that E(h)x ⊂ Fx + E(h)x ∩mk
x · E(x).

We take f =
∑

i fiei ∈ E(h)x. Then there exists an open neighborhood W ⊂⊂ U
near x such that fi is a holomorphic function on W and

∫
W
|f |2hdVω < +∞. Let ρ

be a cut-off function on W . We note that ∂̄(ρf) is an E-valued (0, 1) smooth form
such that

∫
X
|ρf |2ω,hdVω < +∞. We define the plurisubharmonic function φk to be

φk(z) = (n+ k) log |z − x|2 + C|z|2 such that
√
−1ΘE,h +

√
−1∂∂φk ⊗ IdE ≥ ω ⊗ IdE on X \ Z in the sense of Nakano,

where C is some positive constant. Since ρ is a cut-off function, we obtain∫
X

|∂̄(ρf)|2ω,he−φkdVω < +∞.

Since X \Z is complete by [Dem82, Théorème 0.2], there exists an E-valued (0, 0)
form F =

∑
i Fiei on X \ Z such that∫

X\Z
|F |2he−φkdVω ≤

∫
X

|∂̄(ρf)|2ω,he−φkdVω < +∞ and ∂̄F = ∂̄(ρf)
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by Theorem 3.2.3. Here we may regard ∂̄(ρf) as an (n, 1) form ∂̄(ρf)dz1 ∧ · · · ∧ dzn on
X with values in −KX .

Let G := ρf − F =
∑

iGiei, which is an E-valued (0, 0) form on X \ Z. We obtain∫
X\Z

|G|2hdVω < +∞ and ∂̄G = 0.

By Lemma 3.2.2 we have
∑

i

∫
U\Z |Gi|2dVω < +∞, and therefore Gi extends to the

whole of U and Gi is holomorphic on U by the Riemann extension theorem. Hence we
obtain G ∈ G and Gx ∈ Fx.

Let W ′ be the set of interior points in {z ∈ U : ρ(z) = 1}; then we have F = f −G
on W ′ \ Z. Then F extends on W ′ and F is holomorphic on W ′. It is obvious that
Fx ∈ E(h)x from fx ∈ E(h) and Gx ∈ Fx ⊂ E(h)x. By

∫
X\Z |F |

2
he

−φkdVω < +∞ and

Lemma 3.2.2, we have ∑
i

∫
W ′

|Fi|2e−(n+k) log |z−x|2dVω < +∞.

Therefore we obtain (Fi)x ∈ mk
x and Fx ∈ mk

x · E(x).
Thus we have fx = Gx +Fx ∈ Fx +E(h)x ∩mk

x ·E(x), which completes the proof of
Claim 3.3.1. □

3.4. Vanishing theorems and injectivity theorems

Let (X,ω) be a compact Kähler manifold and (E, h) be a holomorphic vector bundle
with a singular hermitian metric on X. We assume the conditions (1) – (3) in Theorem
3.1.2. We will denote Y := X \Z. By [Fuj12, Section 3], there exists a complete Kähler
form ω′ on Y such that ω′ ≥ ω on Y . We study the cohomology group Hq(X,KX ⊗
E(h)).

Theorem 3.4.1. Under the conditions stated above, we obtain the following
isomorphism:

Hq(X,KX ⊗ E(h)) ∼=
L2
n,q(Y,E)ω′,h ∩Ker∂̄

Im∂̄
for any q ≥ 0.

Proof. The proof will be divided into three steps.
Step 1 Setup.
Let U = {Uj}j∈Λ be a finite Stein cover of X. By Theorem 3.1.2, the sheaf coho-

mology Hq(X,KX ⊗ E(h)) is isomorphic to the Čech cohomology Hq(U , KX ⊗ E(h)).
If necessary we take Uj small enough, we may assume that there exists a Stein open set
Vj, a smooth plurisubharmonic function φj on Vj and a positive number Cj > 0 such
that

(1) Uj ⊂⊂ Vj,
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(2) C−1
j < e−φj < Cj on Vj, and

(3)
√
−1ΘE,h +

√
−1∂∂φj ≥ ω′ ⊗ IdE on Vj \ Z

for any j ∈ Λ. We set Ui0i1...iq := Ui0 ∩ Ui1 ∩ · · · ∩ Uiq , which is a Stein open set.
With the conditions above, it is easy to check the following two claims.

Claim 3.4.2. [Fuj12, Remark 2.19] For any E-valued (n, q) form u on Y with
measurable coefficients, |u|2ω′,hdVω′ ≤ |u|2ω,hdVω holds. If q = 0, |u|2ω′,hdVω′ = |u|2ω,hdVω
holds.

Claim 3.4.3. For any q ≥ 1 and any g ∈ L2
n,q(Ui0i1...iq \ Z,E)ω′,h such that

∂̄g = 0, there exists f ∈ L2
n,q−1(Ui0i1...iq \ Z,E)ω′,h such that ∂̄f = g and∫

Ui0i1...iq\Z
|f |2ω′,hdVω′ ≤ C ′2

∫
Ui0i1...iq\Z

|g|2ω′,hdVω′ ,

where C ′ := maxi∈ΛCi.

Since Ui0i1...iq\Z is a complete Kähler manifold and
√
−1ΘE,h+

√
−1∂∂φi0 ≥ ω′⊗IdE

holds on Ui0i1...iq \ Z, we can prove Claim 3.4.3 by Theorem 3.2.3.

Step 2 Construction of a homomorphism from Čech cohomology to Dolbeault coho-
mology.

We fix c = {ci0i1...iq} ∈ Hq(U , KX ⊗ E(h)). By the definition of Čech cohomology,
we have

(1) ci0i1...iq ∈ H0(Ui0i1...iq , KX ⊗ E(h)) and

(2) δc :=
∑q+1

k=0(−1)kci0i1...ǐk...iq+1
|Ui0i1...iq+1

= 0.

Let {ρi}i∈Λ be a partition of unity subordinate to U . For each k ∈ {0, 1, . . . , q− 1},
we define an E-valued form bi0i1...ik by

bi0i1...ik :=

{∑
j∈Λ ρjcji0i1...iq−1 if k = q − 1∑
j∈Λ ρj ∂̄bji0i1...ik otherwise.

Then, we have

δ{bi0i1...iq−1}i0i1...iq =
q∑

k=0

(−1)kbi0i1...ǐk...iq =

q∑
k=0

∑
j∈Λ

(−1)kρjcji0i1...ǐk...iq =
∑
j∈Λ

ρj

q∑
k=0

(−1)kcji0i1...ǐk...iq

From δc = 0, we have∑
j∈Λ

ρj

q∑
k=0

(−1)kcji0i1...ǐk...iq =
∑
j∈Λ

ρjci0i1...iq = ci0i1...iq .

Therefore, we obtain δ{bi0i1...iq−1} = c. Similarly we obtain δ{bi0i1...ik} = {∂̄bi0i1...ik+1
}

for each k ∈ {0, 1, . . . , q − 2}.
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Therefore we obtain ∂̄bi0|Ui0\Z , which is an E-valued (n, q) ∂̄-closed form on Ui0 \Z.
Since we have

δ{∂̄bi0} = 0 and

∫
Ui0\Z

|∂̄bi0|2ω′,hdVω′ ≤
∫
Ui0

|∂̄bi0|2ω,hdVω < +∞

by Claim 3.4.2, we can define α(c) := {∂̄bi0} ∈ L2
n,q(Y,E)ω′,h ∩ Ker∂̄. By the above

construction, we obtain the homomorphism

α : Hq(U , KX ⊗ E(h)) →
L2
n,q(Y,E)ω′,h ∩Ker∂̄

Im∂̄
.

Step 3 Construction of a homomorphism from Dolbeault cohomology to Čech coho-
mology.

We fix u ∈ L2
n,q(Y,E)ω′,h ∩ Ker∂̄ and define D :=

∫
Y
|u|2ω′,hdVω′ < +∞. By Claim

3.4.3, there exists vi0 ∈ L2
n,q−1(Ui0 \ Z,E)ω′,h such that

∂̄vi0 = u|Ui0\Z and

∫
Ui0\Z

|vi0 |2ω′,hdVω′ ≤ C ′2D.

We set u1 := δ{vi0}. From ∂̄u1 = 0, there exists vi0i1 ∈ L2
n,q−2(Ui0i1 \Z,E)ω′,h such that

∂̄vi0i1 = u1i0i1 and

∫
Ui0i1\Z

|vi0i1|2ω′,hdVω′ ≤ 2C ′2D

by Claim 3.4.3. We set u2 := δ{vi0i1} and we have ∂̄u2 = 0.
By repeating this procedure, we obtain vi0i1...iq−1 ∈ L2

n,0(Ui0i1...iq−1 \ Z,E)ω′,h and

uq = δ{vi0i1...iq−1}. By ∂̄uqi0i1...iq = 0, uqi0i1...iq is a holomorphic E-valued (n, 0) form on

Ui0i1...iq \ Z. Since we obtain∫
Ui0i1...iq\Z

|uqi0i1...iq |
2
ω,hdVω =

∫
Ui0i1...iq\Z

|uqi0i1...iq |
2
ω′,hdVω′ ≤ q!C ′2D < +∞

by Claim 3.4.2, uqi0i1...iq |Ui0i1...iq\Z extends on Ui0i1...iq and u
q
i0i1...iq

|Ui0i1...iq\Z is a holomor-

phic E-valued (n, 0) form on Ui0i1...iq by the Riemann extension theorem and Lemma
3.2.2. Therefore we can define β(u) := {uqi0i1...iq |Ui0i1...iq\Z} ∈ Hq(U , KX ⊗ E(h)). By
the above construction, we obtain the homomorphism

β :
L2
n,q(Y,E)ω′,h ∩Ker∂̄

Im∂̄
→ Hq(U , KX ⊗ E(h)).

It is easy to check whether α and β induce the isomorphism in Theorem 3.4.1. □
We finish this section by proving Theorem 3.1.3 and 3.1.4.

Proof of Theorem 3.1.3. By Theorem 3.4.1, we haveHq(X,KX⊗E(h)) ∼=
L2
n,q(Y,E)ω′,h∩Ker∂̄

Im∂̄
.

By Theorem 3.2.3, we have
L2
n,q(Y,E)ω′,h∩Ker∂̄

Im∂̄
= 0, which completes the proof.
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Proof of Theorem 3.1.4. By Theorem 3.1.2, KX ⊗ E(h) is a coherent sheaf on
X. Therefore, by the argument of [Fuj12, Claim 1], Theorem 3.2.4 and Theorem

3.4.1, we obtain Im∂̄ = Im∂̄, Im∂̄∗ω′,h = Im∂̄∗ω′,h and Hq(X,KX ⊗ E(h)) ∼= Hn,q(Y,E).
Similarly, we obtain Hq(X,KX ⊗ L ⊗ E(h)) ∼= Hn,q(Y, L ⊗ E). By [Fuj12, Claim 2],
the multiplication homomorphism ×s : Hn,q(Y,E) → Hn,q(Y, L⊗E) is well-defined and
injective, which completes the proof.

3.5. Applications

3.5.1. Hosono’s example. In this subsection, we study a singular hermitian met-
ric induced by holomorphic sections, proposed by Hosono [Hos17, Chapter 4].

In this section, we assume that E has holomorphic sections s1, . . . , sN ∈ H0(X,E)
such that Ey is generated by s1(y), . . . , sN(y) for a general point y. For any point x ∈ X,
we take a local coordinate (U ; z1, . . . , zn) near x and take a local holomorphic frame
e1, . . . , er of E on U . Write si =

∑
1≤j≤r fijej, where fij are holomorphic functions on

U . A singular hermitian metric h induced by s1, . . . , sN is given by

h−1
jk :=

∑
1≤i≤N

f̄ijfik.

By [Hos17, Example 3.6 and Proposition 4.1], h is positively curved and E(h) is a
coherent sheaf. Hosono pointed out that we can easily calculate the curvature of h in
the case N = r.

Lemma 3.5.1. In the case N = r, there exists a proper analytic subset Z such
that

√
−1ΘE,h = 0 on X \ Z. In particular we obtain

√
−1ΘE,h ≥ 0 on X \ Z in the

sense of Nakano.

Proof. We take a finite Stein open covering {Ui}i∈Λ. Under the conditions
stated above, an r × r matrix A(i) on Ui is defined by

A
(i)
jk = fjk.

Set Zi := {z ∈ Ui : rankA
(i)(z) < r} and W = {z ∈ X : h is not smooth at z}. We

have h = (h−1)−1 = h̃−1

deth−1 , where h̃−1 is a cofactor matrix of h−1. Since the (i, j)

element of h̃−1 is a smooth function on X for any 1 ≤ i, j ≤ r, we have W = {z ∈
X : deth−1(z) = 0}. By [Hos17, Lemma 4.3], we have

deth−1 =
∑

1≤i1<i2<···<ir≤N

| det(si1 , si2 , . . . , sir)|,

and therefore W is a proper analytic subset. We write Z := ∪i∈ΛZi ∪W , which is a
proper analytic subset.

By an easy computation, we have
√
−1ΘE,h =

√
−1∂̄(h̄−1∂h̄) =

√
−1(∂∂̄h̄−1 − ∂h̄−1h̄∂̄h̄−1)h̄.
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For any z ∈ X \ Z, we may assume fij(z) = δij. From h̄−1
jk =

∑
1≤i≤r fij f̄ik, we have

∂h̄−1
jk (z) = ∂fkj(z) and ∂̄h̄−1

jk (z) = ∂̄f̄jk(z).

Thus, we obtain

(∂h̄−1h̄∂̄h̄−1)jk(z) =
∑
1≤i≤r

∂fij ∂̄f̄ik(z) = ∂∂̄h̄−1
jk (z),

which completes the proof. □

By Lemma 3.5.1 and Theorem 3.1.3, we obtain the following corollary.

Corollary 3.5.2. Let (L, hL) be a holomorphic line bundle with a singular
hermitian metric. We assume there exist a proper analytic subset Z and a positive
number ϵ > 0 such that hL is smooth on X \ Z and

√
−1ΘL,hL ≥ ϵω on X.

Then, Hq(X,KX ⊗L⊗E(hhL)) = 0 holds for all q ≥ 1 for any holomorphic vector
bundle E and a singular hermitian metric h induced by s1 · · · sr ∈ H0(X,E).

In particular Hq(X,KX ⊗ L⊗ E(h)) = 0 holds for all q ≥ 1 if L is ample.

We point out that such a metric hL on L as in Corollary 3.5.2 always exists if L is
big.

Now, we introduce Hosono’s example [Hos17, Example 4.4]. Set X = C2 and
let E = X × C2 be the trivial rank-two bundle. We choose sections s1 = e1 and
s2 = ze1+we2. Then the singular hermitian metric hE induced by s1, s2 can be written
by

hE =
1

|w|2

(
|w|2 −wz̄
−zw̄ |z|2 + 1

)
.

Hosono proved the following theorem by calculating the standard approximation by
convolution of hE.

Theorem 3.5.3. [Hos17, Theorem 1.2] The standard approximation defined
by convolution of hE does not have a uniformly bounded curvature from below in the
sense of Nakano.

Therefore, we can not apply the vanishing theorem of [deC98] to this example.
However, we can apply Corollary 3.5.2 to this example. Thus our results are new
results.

Remark 3.5.4. We ask whether there exists a proper analytic subset Z such
that

√
−1ΘE,h ≥ 0 on X \Z in the sense of Nakano for any singular hermitian metric h

induced by s1 · · · sN ∈ H0(X,E) in the case N > r. This calculation is very complicated
and this question is open, but it is likely that the answer is “No”.
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3.5.2. Big vector bundles. Let ω̃ be a Kähler form on P(E). Inayama commu-
nicated to the author the following lemma.

Lemma 3.5.5. Let E be a vector bundle and h̃ be a singular hermitian metric
on OP(E)(1). We assume that there exist a positive number ϵ > 0 and a proper analytic

subset Z̃ ⊂ P(E) such that h̃ is smooth on P(E) \ Z̃, π(Z̃) ̸= X, and
√
−1ΘOP(E)(1),h̃

≥
ϵω̃ ⊗ idOP(E)(1).

Then h̃ induces a singular hermitian metric hm on Symm(E)⊗ detE such that

(1) hm is smooth on X \ π(Z̃),
(2) hm is a positively curved singular hermitian metric, and
(3)

√
−1ΘSymm(E)⊗detE,hm ≥ ϵω ⊗ IdSymm(E)⊗detE on X \ π(Z̃) in the sense of

Nakano.

Proof. From Symm(E)⊗detE = π∗(KP(E)/X⊗OP(E)(m+r)), Symm(E)⊗detE

can be endowed with the L2 metric hm with respect to h̃. Therefore by the argument
of [Ber09, Theorem 1.2, Theorem 1.3, and Section 4], (1) and (3) are proved. By
[HPS18] and [PT18], (2) is proved. □

Remark 3.5.6. If E is big, such a metric h̃ on OP(E)(1) as in the assumption of
Lemma 3.5.5 always exists.

Thus, we can apply Theorem 3.1.3 to (Symm(E) ⊗ detE, hm) and we have the
following corollary.

Corollary 3.5.7. Under the conditions stated in Lemma 3.5.5, Hq(X,KX ⊗
(Symm(E)⊗ detE)(hm)) = 0 holds for any m ≥ 0 and q ≥ 1.

This corollary is a generalization of Griffiths’ vanishing theorem in [Gri69].

3.6. On Ohsawa’s vanishing theorem

We use the results of [Ohs84]. Let Y be a complete Kähler manifold, ω′ be a Kähler
form and (E, h) be a vector bundle with a smooth hermitian metric. Let τ be a smooth
semipositive (1, 1) form on Y . Write

L2
n,q(Y,E)τ,h := {f ∈ L2

n,q(Y,E)ω′+τ,h ; lim
ϵ↓0

∫
Y

|f |2ϵω′+τ,hdVϵω′+τ < +∞}.

By [Ohs84, Proposition 2.4], limϵ↓0
∫
Y
|f |2ϵω′+τ,hdVϵω′+τ and L

2
n,q(Y,E)τ,h do not depend

on the choice of the metric ω′. We use Ohsawa’s L2 estimate.

Theorem 3.6.1. [Ohs84, Theorem 2.8] Under the conditions stated above, we
also assume that

√
−1ΘE,h − τ ⊗ IdE ≥ 0 on Y . For any q ≥ 1 and f ∈ L2

n,q(Y,E)τ,h
such that ∂̄f = 0, there exists g ∈ L2

n,q−1(Y,E)τ,h such that ∂̄g = f and

lim
ϵ↓0

∫
Y

|g|2ϵω′+τ,hdVϵω′+τ ≤ q lim
ϵ↓0

∫
Y

|f |2ϵω′+τ,hdVϵω′+τ .
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Now we prove Theorem 3.1.5.

Proof. We take a complete Kähler form ω′ on Y := X \Z as in Section 4. The
proof of Theorem 3.1.5 is similar to those of [Ohs84, Theorem 3.1] and Theorem 3.4.1
with a slight modification.

Let U = {Uj}j∈Λ be a finite Stein cover of W . By Theorem 3.1.2 and the Grauert
direct image theorem, π∗(KX ⊗ E(h)) is coherent. Therefore the sheaf cohomology
Hq(W,π∗(KX ⊗ E(h))) is isomorphic to the Čech cohomology Hq(U , π∗(KX ⊗ E(h))).
We point out the following claim.

Claim 3.6.2. [Ohs84, Lemma 3.2] For any form g on W , |π∗g(x)|ω+π∗σ ≤
|g(π(x))|σ holds at any x ∈ X.

We fix c = {ci0i1...iq} ∈ Hq(U , π∗(KX⊗E(h))). By the definition of Čech cohomology,
we have

(1) ci0i1...iq ∈ H0(Ui0i1...iq , π∗(KX ⊗ E(h))) = H0(π−1(Ui0i1...iq), KX ⊗ E(h)) and

(2) δc :=
∑q+1

k=0(−1)kci0i1...ǐk...iq+1
|π−1(Ui0i1...iq+1

) = 0.

Let {ρj}j∈Λ be a partition of unity of U . Based on Section 4, for each k ∈
{0, 1, . . . , q − 1}, we define an E-valued form bi0i1...ik by

bi0i1...ik :=

{∑
j∈Λ π

∗(ρj)cji0i1...iq−1 if k = q − 1∑
j∈Λ π

∗(ρj)∂̄bji0i1...ik otherwise.

As in Step 2 in the proof of Theorem 3.4.1, we obtain

δ{bi0i1...iq−1} = c, and δ{bi0i1...ik} = {∂̄bi0i1...ik+1
}

for each k ∈ {0, 1, . . . , q − 2}.
Therefore we obtain ∂̄bi0|π−1(Ui0 )\Z , which is an E-valued (n, q) ∂̄-closed form on

π−1(Ui0) \ Z. By Claim 3.6.2, |∂̄(π∗ρj)|ϵω+π∗σ are bounded above by |∂̄(ρj)|σ for any
ϵ > 0 and |ci0i1...iq |2ϵω+π∗σdVϵω+π∗σ are independent of ϵ by Claim 3.4.2. Therefore we
have δ{∂̄bi0} = 0 and∫

π−1(Ui0 )\Z
|∂̄bi0|2ϵω′+π∗σ,hdVϵω′+π∗σ ≤

∫
π−1(Ui0 )

|∂̄bi0 |2ϵω+π∗σ,hdVϵω+π∗σ

≤ lim
ϵ↓0

∫
π−1(Ui0 )

|∂̄bi0|2ϵω+π∗σ,hdVϵω+π∗σ

< +∞

for any ϵ > 0 by Claim 3.4.2. Thus, we may regard {∂̄bi0} as an element of L2
n,q(Y,E)σ,h

and denote by b := ∂̄bi0 . By Theorem 3.6.1, there exists a ∈ L2
n,q−1(Y,E)σ,h such that

∂̄a = b and lim
ϵ↓0

∫
Y \Z

|a|2ϵω′+π∗σ,hdVϵω′+π∗σ < +∞.
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Write d1i0 := bi0 − a ∈ L2
n,q−1(π

−1(Ui0) \ Z,E)σ,h and d1 := {d1i0}. We point out

δd1 = δ{bi0} = {∂̄bi0i1} and ∂̄d1 = 0.

By Theorem 3.6.1, there exists ai0 ∈ L2
n,q−2(π

−1(Ui0) \ Z,E)σ,h such that

∂̄ai0 = d1i0 and lim
ϵ↓0

∫
Ui0\Z

|ai|2ϵω′+π∗σ,hdVϵω′+π∗σ < +∞.

We write d2i0i1 := bi0i1 − ai0 + ai1 ∈ L2
n,q−2(π

−1(Ui0i1) \ Z,E)σ,h and d2 := {d2i0i1}. We
point out that

δd2 = δ{bi0i1} = {∂̄bi0i1i2} and ∂̄d2 = 0.

By repeating this procedure, we obtain dq−1
i0i1...iq−1

∈ L2
n,0(π

−1(Ui0i1...iq−1) \ Z,E)σ,h and

dq−1 := {dq−1
i0i1...iq−1

} such that

δdq−1 = δ{bi0i1...iq−1} = c and ∂̄dq−1 = 0.

We have∫
π−1(Ui0i1...iq−1

)\Z
|dq−1
i0i1...iq−1

|2ω,hdVω =

∫
π−1(Ui0i1...iq−1

)\Z
|dq−1
i0i1...iq−1

|2ω′+π∗σ,hdVω′+π∗σ

= lim
ϵ↓0

∫
π−1(Ui0i1...iq−1

)\Z
|dq−1
i0i1...iq−1

|2ϵω′+π∗σ,hdVϵω′+π∗σ

< +∞.

By Lemma 3.2.2 and the Riemann extension theorem, dq−1
i0i1...iq−1

extends on π−1(Ui0i1...iq−1)

and dq−1
i0i1...iq−1

is holomorphic on π−1(Ui0i1...iq−1). Therefore we obtain

dq−1
i0i1...iq−1

∈ H0(π−1(Ui0i1...iq−1), KX ⊗ E(h)) and δdq−1 = c,

which completes the proof. □
Remark 3.6.3. We ask whether, under the assumptions of singular hermitian

metrics as in Theorems 3.1.3 - 3.1.5, we can show higher rank analogies of a gener-
alization of the Kollár-Ohsawa type vanishing theorem by Matsumura [Mat16], an
injectivity theorem of higher direct images by Fujino [Fuj13], an injectivity theorem of
pseudoeffective line bundles by Fujino and Matsumura [FujM16] and so on. It is likely
the answer is “Yes” and the proof may be similar to the original proof with a slight
modification.



CHAPTER 4

Characterization of pseudo-effective vector bundles
by singular hermitian metrics

Abstract. In this paper, we give complex geometric descriptions of the notions of
algebraic geometric positivity of vector bundles and torsion-free coherent sheaves, such
as nef, big, pseudo-effective and weakly positive, by using singular hermitian metrics.
As an applications, we obtain a generalization of Mori’s result.

4.1. Introduction

In [Kod54], Kodaira proved that a line bundle L is ample if and only if L has
a smooth hermitian metric with positive curvature. After that, Demailly [Dem92]
gave complex geometric descriptions of nef, big and pseudo-effective line bundles. For
example, he proved that a line bundle L is pseudo-effective if and only if L has a
singular hermitian metric with semipositive curvature current. Ample, nef, big and
pseudo-effective are notions of algebraic geometric positivity. Thus, their works related
algebraic geometry to complex geometry.

The aim of this paper is to give complex geometric descriptions of notions of alge-
braic geometric positivity of vector bundles and torsion-free coherent sheaves. Griffiths
[Gri69] proved that if a vector bundle E has a Griffiths positive metric, then E is
ample (i.e. OP(E)(1) is ample ). The inverse implication is unknown. We do not know
whether an ample vector bundle has a Griffiths positive metric. This is so-called Grif-
fiths’ conjecture, which is one of longstanding open problems. In recent years, Liu, Sun
and Yang [LSY13] gave a partial answer to this conjecture.

Theorem 4.1.1. [LSY13, Theorem 1.2 and Corollary 4.6] Let X be a smooth
projective variety and E be a holomorphic vector bundle onX. If E is ample, then there
exists k ∈ N>0 such that Symk(E) has a Griffiths (Nakano) positive smooth hermitian
metric.

Throughout this paper, we will denote by Symk(E) the k-th symmetric power of
E and denote by N>0 the set of positive integers. Inspired by the works of Liu, Sun
and Yang, we study notions of algebraic geometric positivity of vector bundles by using
smooth and singular hermitian metrics.

Theorem 4.1.2. Let X be a smooth projective variety and E be a holomorphic
vector bundle on X.

41
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(1) E is nef iff there exists an ample line bundle A on X such that Symk(E)⊗ A
has a Griffiths semipositive smooth hermitian metric for any k ∈ N>0.

(2) E is big iff there exist an ample line bundle A and k ∈ N>0 such that Symk(E)⊗
A−1 has a Griffiths semipositive singular hermitian metric.

(3) E is pseudo-effective iff there exists an ample line bundleA such that Symk(E)⊗
A has a Griffiths semipositive singular hermitian metric for any k ∈ N>0.

(4) E is weakly positive iff there exist an ample line bundle A and a proper Zariski
closed set Z such that Symk(E)⊗ A has a Griffiths semipositive singular her-
mitian metric hk for any k ∈ N>0 and the Lelong number of hk at x is less than
2 for any x ∈ X \ Z.

We will explain the definitions of big, pseudo-effective and weakly positive in Section
2. Further, we obtain similar results in case of torsion-free coherent sheaves. We will
discuss about torsion-free coherent sheaves in Section 5.

Nef, big, pseudo-effective and weakly positive are notions of algebraic geometric
positivity of vector bundles and torsion-free coherent sheaves. In particular, Viehweg
[Vie83a] proved that a direct image sheaf of an m-th relative canonical line bundle
f∗(mKX/Y ) is weakly positive for any fibration f : X → Y . By using this result, he
studied Iitaka’s conjecture. A Griffiths semipositive singular hermitian metric, which
is a analogy of a singular hermitian metric of a line bundle and a Griffiths semipositive
metric, was investigated in many papers. By using Griffiths semipositive singular her-
mitian metrics, Cao and Păun [CP17] proved Iitaka’s conjecture when the base space
is an Abelian variety. Therefore, our results also relate algebraic geometry to complex
geometry.

We have some applications about our results.

Corollary 4.1.3. Let X be a smooth projective n-dimensional variety. If the
tangent bundle TX is big then X is biholommorphic to CPn.

This corollary is a generalization of Mori’s result: ”If the tangent bundle TX is ample
then X is biholomorphic to CPn” since an ample vector bundle is big. This Corollary
was proved by Fulger and Murayama [FulM19, Corollary 7.8] by using Seshadri con-
stants of vector bundles . We give an another proof by using singular hermitian metrics.

4.2. A singular hermitian metric on OP(E)(1)

We study a singular hermitian metric on OP(E)(1) induced by a singular hermitian
metric on E.

Lemma 4.2.1. Let X be a smooth projective n-dimensional variety, E be a
holomorphic vector bundle of rank r on X, and A be a line bundle on X. Assume
that there exists m ∈ N>0 such that Symm(E)⊗A has a Griffiths semipositive singular
hermitian metric hm. Then OP(E)(m) ⊗ π∗A has a singular hermitian metric gm with
semipositive curvature current.
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Moreover for any x ∈ X, there exist an open set x ∈ V and a positive constant CV
such that gm ≤ CV π

∗(dethm) on π
−1(V ).

Proof. We will denote by πm : P(Symm(E)⊗A) → X. We have P(Symm(E)) =
P(Symm(E) ⊗ A) and OP(Symm(E))(1) ⊗ π∗

m(A) = OP(Symm(E)⊗A)(1). Let µm : P(E) →
P(Symm(E)) be a standard m-th Veronese embedding. Then we have π = πm ◦µm and

OP(E)(m)⊗ π∗A = µ∗
m(OP(Symm(E))(1))⊗ π∗(A) = µ∗

m(OP(Symm(E)⊗A)(1)).

By [PT18, Proposition 2.3.5], OP(Symm(E)⊗A)(1) can be endowed a singular hermitian
metric g̃m with semipositive curvature current. Therefore, we put gm := π∗

mg̃m, which
is a singular hermitian metric with semipositive curvature current on OP(E)(m)⊗ π∗A.

We fix a point x ∈ X. Since π−1
m (x) is compact, there exist an open set x ∈ V and a

positive constant CV such that g̃m ≤ CV π
∗
m(dethm) on π

−1
m (V ) by [PT18, Proposition

2.3.5]. Therefore, we have gm ≤ CV π
∗(dethm) on π

−1(V ). □

Lemma 4.2.2. Let X be a smooth projective n-dimensional variety, E be a
holomorphic vector bundle of rank r on X and A be a line bundle on X. Assume there
exist m ∈ N>0 and a point x ∈ X such that Symm(E) ⊗ A is globally generated at x.
Then there exist a singular hermitian metric g with semipositive curvature current on
OP(E)(m)⊗ π∗A and a proper Zariski closed set Z ⊂ X such that g is smooth outside
π−1(Z).

Moreover if there exists a Zariski open set U ⊂ X such that Symm(E)⊗A is globally
generated at x for any x ∈ U , we can take Z such that Z ∩ U = ∅.

Proof. Let {Ui} be a finite open cover of X such that Ui is a coordinate neigh-
borhood and π−1(Ui) is biholomorphic to Ui×Pr−1. We take a local holomorphic frame
e1, . . . , er of E on Ui and a local holomorphic frame eA of A on Ui. Let s1, . . . , sN be a
basis on H0(X, Symm(E)⊗ A). We put M :=

(
m+r−1

r

)
. Write

sj =
∑
α

fjαe
α1
1 · · · eαrr eA,

where fjα are holomorphic function on Ui and the sum is taken over α = (α1, · · · , αr) ∈
Nr
>0 such that α1 + · · · + αr = m. The N ×M matrix B(i) is defined by B(i) = fjα.

Set Zi := {z ∈ Ui : rank B
(i)(z) < M} and Z := ∪Zi. Since Symm(E) ⊗ A is globally

generated at x, we have N ≥M and Z is a proper Zariski closed set of X.
We define the singular hermitian metric g with semipositive curvature current on

OP(E)(m)⊗π∗A, induced by the global sections π∗(s1), · · · , π∗(sN) ∈ H0(P(E),OP(E)(m)⊗
π∗A) (see [Dem12, Example 3.14]). We will show that g is smooth outside π−1(Z).

We will denote by e∨1 , . . . , e
∨
r the dual frame on E∨. The corresponding holomorphic

coordinate on E∨ are denoted by (W1, · · · ,Wr). We may regard π−1(Ui) as Ui × Pr−1.
We take the chart {[W1 : · · · : Wr] ∈ Pr−1 : Wr ̸= 0}. We will define the isomorphism
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by
Ui × {Wr ̸= 0} → Ui × Cr−1

(z, [W1 : · · · : Wr]) → (z, W1

Wr
, · · · , Wr−1

Wr
)

and we may regard Ui × {Wr ̸= 0} as Ui × Cr−1. Put ηl :=
Wl

Wr
for 1 ≤ l ≤ r − 1 and

ηr := 1. In this setting, we have

OP(E)(−1)|Ui×Cr−1 = {(z, η, ξ) ∈ Ui × Cr−1 × Cr : ηiξj = ηjξi}
and the local section

eOP(E)(−1)(z, (η1, · · · , ηr−1)) := (z, (η1, · · · , ηr−1), (η1, · · · , ηr−1, 1)).

The local section eOP(E)(1) of P(E)(1) is defined by the dual of eOP(E)(−1). Then we
have

π∗(sj)|Ui×Cr−1 =
∑
α

fjα(z)η
α1
1 · · · ηαr−1

r−1 1αremOP(E)(1)
π∗(eA)

by using the isomorphism H0(X, Symm(E)⊗ A) ≃ H0(P(E),OP(E)(m)⊗ π∗(A)).
Since g is defined by 1/(

∑
1≤j≤N |π∗(sj)|2), g is described on Ui × Cr−1 by

H :=
( ∑
1≤j≤N

|
∑
α

fjα(z)η
α1
1 · · · ηαr−1

r−1 1αr |2
)−1

.

Therefore it is enough to show that H−1(z, η1, · · · , ηr−1) ̸= 0 for any (z, η1, · · · , ηr−1) ∈
(Ui \W ) × Cr−1. It is easily to check by the definition of Z and the standard linear
algebra.

The second statement is also easily proved by the definition of Z. □
Corollary 4.2.3. Let X be a smooth projective n-dimensional variety, E be a

holomorphic vector bundle of rank r on X and A be a line bundle on X. Assume there
exist m, b ∈ N>0 and a point x ∈ X such that Sym(m+r)b(E)⊗ (A⊗ detE∨)b is globally
generated at x. Then there exist a Griffiths semipositive singular hermitian metric h
on Symm(E)⊗A and a proper Zariski closed set Z ⊂ X such that h is smooth outside
Z.

Moreover if there exists a Zariski open set U ⊂ X such that Sym(m+r)b(E) ⊗ (A ⊗
detE∨)b is globally generated at x for any x ∈ U , we can take Z such that Z ∩U = ∅.

Proof. By Lemma 4.2.2 and dividing by b, there exist a singular hermitian
metric g with semipositive curvature current on OP(E)(m+ r)⊗ π∗(A⊗ detE∨) and a
proper Zariski closed set Z ⊂ X such that g is smooth outside π−1(Z). From detE ≃
π∗(KP(E)/X ⊗OP(E)(r)), we have

Symm(E)⊗ A ≃ π∗(KP(E)/X ⊗OP(E)(m+ r)⊗ π∗(A⊗ detE∨))

and the inclusion morphism

π∗(KP(E)/X⊗OP(E)(m+r)⊗π∗(A⊗detE∨)⊗J (g)) → π∗(KP(E)/X⊗OP(E)(m+r)⊗π∗(A⊗detE∨))
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is generically isomorphism. By Theorem 1.4.5, Symm(E)⊗A has a Griffiths semipositive
singular hermitian metric h such that h is smooth outside Z (see [HPS18, Chapter
22]).

The proof of the second statement is same as above. □

4.3. Proof of main theorems

In this section, we prove Theorem 4.1.2. First, we study a pseudo-effective vector
bundle .

Theorem 4.3.1. Let X be a smooth projective n-dimensional variety and E be
a holomorphic vector bundle of rank r on X. The following are equivalent.

(A) E is pseudo-effective.
(B) There exists an ample line bundle A such that Symk(E) ⊗ A has a Griffiths

semipositive singular hermitian metric hk for any k ∈ N>0. Moreover, for any
k ∈ N>0, there exists a proper Zariski closed set Zk ⊂ X such that hk is smooth
outside Zk.

(C) There exists an ample line bundle A such that Symk(E) ⊗ A has a Griffiths
semipositive singular hermitian metric hk for any k ∈ N>0.

Moreover if E satisfies the condition (C), then E is weakly positive at any x ∈ X \
∪k∈N>0{z ∈ X : ν(dethk, z) ≥ 2)}.

Proof. (A) ⇒ (B). We take a point x ∈ X such that E is weakly positive at
x and take an ample line bundle A such that A ⊗ detE∨ is ample. For any a ∈ N>0,
there exists b ∈ N>0 such that Sym(a+r)b(E)⊗ (A⊗ detE∨)b is globally generated at x.
By Corollary 4.2.3, the proof is complete.

(B) ⇒ (C). Clear.
(C) ⇒ (A). The proof will be divided into 3 steps.
Step 1. Preliminary We fix an ample line bundle H. By Siu’s Theorem [Dem12,

Corollary 13.3], the set Zk := {z ∈ X : ν(dethk, z) ≥ 2)} is a proper Zariski closed set.
We fix a point x ∈ X \ ∪kZk. We take a local coordinate (U ; z1, · · · , zn) near x. Let
φ = η(n+ 1) log |z − x|2, where η is a cut-off function such that η ≡ 1 near x. Let hH
be a positive smooth hermitian metric on H. We take b ∈ N>0 such that

(1) A−1 ⊗K−1
X ⊗ detE∨ ⊗Hb is ample, and

(2) b
√
−1ΘH,gH +

√
−1∂∂φ ≥ 0 in the sense of current.

From Sym2ab(E) ⊗ H2b ≃ π∗(OP(E)(2ab) ⊗ π∗H2b), it is enough to show that the
restriction map

H0(P(E),OP(E)(2ab)⊗ π∗H2b) → H0(π−1(x),OP(E)(2ab)⊗ π∗H2b|π−1(x))

is surjective for any a ∈ N>0.



46 4. CHARACTERIZATION OF PSEUDO-EFFECTIVE BY SINGULAR HERMITIAN METRICS

Step 2. Taking a singular hermitian metric From π∗(detE) ≃ KP(E)/X ⊗
OP(E)(r), we have

OP(E)(2ab)⊗π∗H2b ≃ KP(E)⊗(OP(E)(2ab+r)⊗π∗A)⊗π∗(A−1⊗K−1
X ⊗detE∨⊗Hb)⊗π∗(Hb).

Since Sym2ab+r(E)⊗A has a Griffiths semipositive singular hermitian metric h2ab+r,
by Lemma 4.2.1, OP(E)(2ab + r) ⊗ π∗A has a singular hermitian metric g2ab+r with
semipositive curvature current. By Skoda’s theorem [Dem12, Lemma 5.6] and Lemma
4.2.1, there exist an open set x ∈ V ⊂ X and a positive constant C such that

(1) g2ab+r ≤ Cπ∗(deth2ab+r) holds on π
−1(V ),

(2) deth2ab+r ∈ L1(V ), and
(3) φ = (n+ 1) log |z − x|2 holds on V .

Since A−1 ⊗K−1
X ⊗ detE∨ ⊗Hb is ample, there exists a smooth positive metric g1 on

A−1 ⊗K−1
X ⊗ detE∨ ⊗Hb.

We put L̃ := (OP(E)(2ab + r) ⊗ π∗A) ⊗ π∗(A−1 ⊗ K−1
X ⊗ detE∨ ⊗ Hb) ⊗ π∗(Hb),

g̃ := g2ab+rπ
∗(g1g

b
H), and ψ := n

n+1
π∗φ. Then the following conditions hold.

(1) KP(E) ⊗ L̃ ≃ OP(E)(2ab)⊗ π∗H2b.

(2) g̃ is a singular hermitian metric with semipositive curvature current on L̃.
(3) For any α ∈ [0, 1], we have

√
−1ΘL̃,g̃ + (1 + α

n
)
√
−1∂∂ψ ≥ 0 in the sense of

current.

Step 3. Global extension by an L2 estimate Fix a Kähler form ωP(E) on P(E).
If necessarily we take V small enough, we may assume π−1(V ) is biholomorphic on

V × Pr−1. Therefore, there exists sV ∈ H0(π−1(V ), KP(E) ⊗ L̃) such that sV |π−1(x) = s.
We take a cut-off function ρ on V such that

(1) ρ = 1 near x, and
(2) infsupp(∂ρ) φ > −∞.

We put ρ̃ := π∗ρ. We solve the global ∂-equation ∂F = ∂(ρ̃sV ) with the weight g̃e−ψ.
First, we have

∥ρ̃sV ∥2g̃,ωP(E)
=

∫
π−1(V )

|ρ̃sV |2g̃,ωP(E)
dVωP(E),P(E) ≤ C1

∫
π−1(V )

|π∗ deth|dVωP(E),P(E) < +∞,

where C1 is some positive constant. Similarly, it is easy to check ∥∂(ρ̃sV )∥2g̃,ωP(E)
< +∞.

Therefore ∂(ρ̃sV ) gives rise to a cohomology class [∂(ρ̃sV )] which is [∂(ρ̃sV )] = 0 in

H1(P(E), KP(E) ⊗ L̃⊗ J (g̃)).



4.3. PROOF OF MAIN THEOREMS 47

Second, we have

∥∂(ρ̃sV )∥2g̃e−ψ ,ωP(E)
=

∫
π−1(V )

|∂(ρ̃sV )|2g̃e−ψ ,ωP(E)
dVωP(E),P(E)

≤ C2

∫
π−1(supp(∂ρ))

|π∗(deth)|e−ψdVωP(E),P(E)

< +∞,

where C2 is some positive constant. Therefore ∂(ρ̃sV ) is a ∂-closed (n+ r − 1, 1) form

with L̃ value which is square integrable the weight of g̃e−ψ.
By the injectivity theorem in [CDM17, Theorem 1.5], the natural morphism

H1(P(E), KP(E) ⊗ L̃⊗ J (g̃e−ψ)) → H1(P(E), KP(E) ⊗ L̃⊗ J (g̃))

is injective. Since [∂(ρ̃sV )] = 0 in H1(P(E), KP(E) ⊗ L̃ ⊗ J (g̃)), we have [∂(ρ̃sV )] = 0

in H1(P(E), KP(E) ⊗ L̃ ⊗ J (g̃e−ψ)). Hence we obtain a (n + r − 1, 1) form F with L̃

value which is square integrable with the weight g̃e−ψ such that ∂F = ∂(ρ̃sV ).
We will show that F |π−1(x) ≡ 0. To obtain a contradiction, we assume F (z) ̸= 0 for

some point z ∈ π−1(x). We take an open set x ∈ W ⊂⊂ V , an open set W ′ ⊂ Pr−1 and
a positive constant C3 such that W ×W ′ ⊂⊂ π−1(V ) and |F |2g̃ ≥ C3 on W . Thus we
have

∥F∥2g̃e−ψ ,ωP(E)
=

∫
P(E)

|F |2g̃e−ψ ,ωP(E)
dVωP(E),P(E) ≥

∫
W×W ′

|F |2g̃e−ψ ,ωP(E)
dVωP(E),P(E)

≥ C4

∫
W×W ′

e−ψdVωP(E),P(E)

≥ C5

∫
W×W ′

e−n log |z−x|2dVωP(E),P(E)

= +∞,

where C4 and C5 are some positive constant. This is a contradiction from ∥F∥2
g̃e−ψ ,ωP(E)

<

+∞.
Therefore we put S := ρ̃sV − F ∈ H0(P(E), KP(E) ⊗ L̃), then S|π−1(x) = (ρ̃sV −

F )|π−1(x) = s, which completes the proof. Therefore, E is weakly positive at any
x ∈ X \ ∪kZk. □

By the same argument, we have the following Corollary.

Corollary 4.3.2. Let X be a smooth projective n-dimensional variety and E
be a holomorphic vector bundle of rank r on X. The following are equivalent.

(A) E is weakly positive.
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(B) There exist an ample line bundle A and a proper Zariski closed set Z ⊂ X
such that Symk(E)⊗ A has a Griffiths semipositive singular hermitian metric
hk for any k ∈ N>0 and hk is smooth outside Z.

(C) There exist an ample line bundle A and a proper Zariski closed set Z ⊂ X
such that Symk(E)⊗ A has a Griffiths semipositive singular hermitian metric
hk for any k ∈ N>0 and ∪k{z ∈ X : ν(dethk, z) ≥ 2} ⊂ Z.

Proof. (B) ⇒ (C) is clear. By Theorem 4.3.1, we obtain (C) ⇒ (A). We give a
proof of (A) ⇒ (B). By the definition, there exists a Zariski open set U such that E is
a weakly positive at any x ∈ U . We take an ample line bundle A such that A⊗ detE∨

is ample. Fix a ∈ N>0. For any m ∈ N>0, we define Zm by the Zariski closed set of
points x ∈ X such that Sym(a+r)mE ⊗ (A ⊗ detE∨)m is not globally generated at x.

Then we obtain b ∈ N>0 such that Zb = ∩m∈N>0Zm. Thus, Sym
(a+r)bE⊗ (A⊗ detE∨)b

is globally generated at any x ∈ X \U by Zb ⊂ X \U . By Corollary 4.2.3, SymaE⊗A
has a Griffiths semipositive singular hermitian metric h and h is smooth on U , the proof
is complete. □

The following corollary was already proved in [PT18]. We give an another proof.

Corollary 4.3.3. [PT18, Proposition 2.3.5]
Let X be a smooth projective variety and E be a holomorphic vector bundle on X.

If E has a Griffiths semipositive singular hermitian metric h, then E is weakly positive
at any x ∈ {z ∈ X : ν(deth, z) = 0}. In particular, E is pseudo-effective.

Proof. Since E has a Griffiths semipositive singular hermitian metric, Symk(E)
also has a Griffiths semipositive singular hermitian metric Symk(h) for any k ∈ N>0

induced by h. Therefore, for any ample line bundle, Symk(E) ⊗ A has a Griffiths
semipositive singular hermitian metric Symk(h)hA, where hA is a smooth metric with
positive curvature on A. Since we have

∪k∈N>0{z ∈ X : ν(det Symk(h)hA, z) ≥ 2)} = {z ∈ X : ν(deth, z) > 0},

E is weakly positive at any x ∈ {z ∈ X : ν(deth, z) = 0} by Theorem 4.3.1. □

Remark 4.3.4. By Hosono [Hos17, Example 5.4], there exists a nef vector bun-
dle EH such that EH does not have a Griffiths semipositive singular hermitian metric.
Therefore, pseudo-effective (weakly positive) does not always imply the existence of a
Griffiths semipositive singular hermitian metric.

Next, we treat big vector bundles.

Corollary 4.3.5. Let X be a smooth projective n-dimensional variety and E
be a holomorphic vector bundle of rank r on X. The following are equivalent.

(A) E is big.
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(B) There exist k ∈ N>0, an ample line bundle A and a proper Zariski closed set
Z ⊂ X such that Symk(E)⊗A−1 has a Griffiths semipositive singular hermitian
metric h and h is smooth outside Z.

(C) There exist an ample line bundle A and k ∈ N>0 such that Symk(E)⊗A−1 has
a Griffiths semipositive singular hermitian metric h.

Proof. (A) ⇒ (B). There exist an ample line bundle A and b ∈ N>0 such that
Symb(E)⊗A−1 is pseudo-effective. By Theorem 4.3.1, there exists an ample line bundle
H such that Symkb(E)⊗A−k ⊗H has Griffiths semipositive singular hermitian metric
hk for any k ∈ N>0. Moreover, there exists a proper Zariski closed set Zk such that hk
is smooth outside Zk. Therefore we take k ∈ N>0 such that Ak ⊗H−1 is ample, which
completes the proof.

(B) ⇒ (C). Clear.
(C) ⇒ (A). For any a ∈ N>0, we have Syma(Symk(E) ⊗ A−1) ⊗ A has a Griffiths

semipositive singular hermitian metric. By Theorem 4.3.1, Symk(E) ⊗ A−1 is pseudo-
effective, which completes the proof. □

Proof of Corollary 4.1.3 . By Corollary 4.3.5, there exist k ∈ N>0, an ample line
bundle A and a proper Zariski closed set Z ⊂ X such that Symk(TX) ⊗ A−1 has a
Griffiths semipositive singular hermitian metric h and h is smooth on X \ Z. it is
enough to show that K−1

X .C ≥ n + 1 for any x ∈ X \ Z and for any rational curve C
through x by [CMSB02, Cor 0.4] since X is uniruled.

Fix x ∈ X \ Z and a rational curve C through x . First we will show that TX |C is
ample. By [Laz04b, Theorem 6.4.15], it is enough to show that any quotient bundle of
TX |C has positive degree. Fix a quotient bundle G of TX |C and a smooth positive metric
hA on A. SymkG has a quotient metric hSymk G induced by (hhA)|C on Symk(TX |C).
Therefore detG has a singular hermitian metric hdetG with positive curvature current
by some root of dethSymk G. We have

degG =

∫
C

c1(G) =

∫
C

c1(detG, hdetG) =

∫
C

√
−1

2π
ΘdetG,hdetG > 0,

thus TX |C is ample. Since C is a rational curve, we obtain

TX |C ∼= OC(a1)⊕ · · · ⊕ OC(an),

where ai is integer for any 1 ≤ i ≤ n , a1 ≥ a2 ≥ · · · ≥ an and a1 ≥ 2. Since TX |C is
ample, we have an ≥ 1, therefore K−1

X .C = a1 + · · ·+ an ≥ n+ 1, which completes the
proof.

Finally, we study a nef vector bundle.

Proposition 4.3.6 (cf. [DPS94] Theorem 1.12 ). LetX be a smooth projective
variety and E be a holomorphic vector bundle of rank r on X. E is nef (i.e. OP(E)(1)
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is nef ) iff there exists an ample line bundle A on X such that Symk(E) ⊗ A has a
Griffiths positive smooth hermitian metric for any k ∈ N>0.

Proof. (⇒) We assume E is nef. We take an ample line bundle H on X such
that H⊗detE∨ is ample. There exists N ∈ N>0 such that E⊗ (H⊗detE∨)N is ample,
that is, OP(E)(1)⊗ π∗(H ⊗ detE∨)N is ample. For any k ∈ N>0, we have

Symk(E)⊗H ⊗ (H ⊗ detE∨)N−1 ≃ π∗(KP(E)/X ⊗OP(E)(k + r)⊗ π∗(H ⊗ detE∨)N).

Since OP(E)(1) is nef, OP(E)(k+ r)⊗ π∗(H ⊗ detE∨)N is ample. Therefore, Symk(E)⊗
H ⊗ (H ⊗ detE∨)N−1 has a Griffiths semipositive smooth hermitian metric for any
k ∈ N>0. We put A := H2 ⊗ (H ⊗ detE∨)N−1, the proof is complete.

(⇐) Let µk : P(E) → P(Symk(E)) = P(Symk(E)⊗ A) be a standard k-th Veronese
embedding. SinceOP(Symk(E)⊗A)(1) is ample andOP(E)(k)⊗π∗A = µ∗

k(OP(Symk(E)⊗A)(1)),

OP(E)(k)⊗ π∗A is ample for any k ∈ N>0. Therefore OP(E)(1) is nef. □

Example 4.3.7 (Cutkosky’s criterion). Let X be a smooth projective variety
and L1, . . . , Lr be holomorphic line bundles. The vector bundle E is defined by E :=
⊕r
i=1Li. By [Laz04a, Chapter 2.3.B], we have the following criterions.

(1) E is ample if and only if any Li is ample.
(2) E is nef if and only if any Li is nef.

We give a generalization of Cutkosky’s criterion of big and pseudo-effective.

Lemma 4.3.8. (1) E is big if and only if any Li is big.
(2) E is pseudo-effective if and only if any Li is pseudo-effective. Moreover E is

pseudo-effective if and only if E has a Griffiths semipositive singular hermitian
metric.

Proof. (1) (⇒) If E is big, then there exist an ample line bundle A, c ∈ N>0

and a Zariski open set U such that Symc(E)⊗A−1 is globally generated at any x ∈ U .
For any 1 ≤ i ≤ r, L⊗c

i ⊗ A−1 is globally generated at any x ∈ U . Therefore Li is big.
(1) (⇐) Let A be an ample line bundle and hA be a smooth metric with positive

curvature on A such that ω =
√
−1ΘA,hA is a Kähler form on X. Since Li is big, there

exist a singular hermitian metric hi and positive number ϵi such that
√
−1ΘLi,hi ≥ ϵiω.

We define a singular hermitian metric h on E by h = ⊕r
i=1hi. We take c ∈ N>0 such that

min1≤i≤r ϵi > 2/c. Then Symc(E)⊗A−1 has a Griffiths semipositive singular hermitian
metric Symc(h)h−1

A , which completes the proof.
(2) (⇒) We fix x ∈ X such that E is weakly positive at x. For any ample line bundle

A and a ∈ N>0 there exists b ∈ N>0 such that Symab(E)⊗A⊗b is globally generated at
x, and consequently L⊗ab

i ⊗Ab is globally generated at x for any 1 ≤ i ≤ r, . Therefore
Li is pseudo-effective.
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(2) (⇐) Since Li is pseudo-effective, Li has a singular hermitian metric hi with
semipositive curvature current. We put h = ⊕r

i=1hi, which is a Griffiths semipositive
singular hermitian metric on E. Therefore by Corollary 4.3.3, E is pseudo-effective. □

4.4. On the case of torsion-free coherent sheaves

Theorem 4.4.1. Let X be a smooth projective variety and F ̸= 0 be a torsion-
free coherent sheaf on X.

(1) F is pseudo-effective iff there exists an ample line bundleA such that Symk(F)∨∨⊗
A has a Griffiths semipositive singular hermitian metric for any k ∈ N>0.

(2) F is weakly positive iff there exist an ample line bundle A and a Zariski open
set U ⊂ X such that Symk(F)∨∨ ⊗ A has a Griffiths semipositive singular
hermitian metric hk for any k ∈ N>0 and the Lelong number of hk at x is less
than 2 for any x ∈ U and any k ∈ N>0.

(3) F is big iff there exist an ample line bundle A and k ∈ N>0 such that
Symk(F)∨∨ ⊗ A−1 has a Griffiths semipositive singular hermitian metric.

Proof. We put E := F|XF , which is a vector bundle onXF . Since Sym
k(F)∨∨⊗

A is reflexive for any k ∈ N>0, we have

(4.4.1) H0(XF , Sym
k(E)⊗ A) ≃ H0(X, Symk(F)∨∨ ⊗ A).

(1)(⇒). We assume that F is pseudo-effective We take a point x ∈ XF such that
F is weakly positive at x and take an ample line bundle A such that A ⊗ (detF)∨ is
ample. For any k ∈ N>0, there exists b ∈ N>0 such that Symkb(F)∨∨⊗(A⊗(detF)∨)b is
globally generated at x. Therefore by 4.4.1, the vector bundle Symkb(E)⊗(A⊗detE∨)b

on XF is globally generated at x.
By the argument of Corollary 4.2.3, there exists a Griffiths semipositive singular

hermitian metric h on (Symk(F)∨∨ ⊗ A)|XF = Symk(E) ⊗ A (h is smooth outside a
countable union of proper Zariski closed sets). From codim(X \XF) ≥ 2, h extends to
X(Symk(F)∨∨⊗A). Therefore Sym

k(F)∨∨⊗A has a Griffiths semipositive singular hermit-
ian metric h.

(1)(⇐). FromXF ⊂ X(Symk(F)∨∨⊗A) for any k ∈ N>0, the vector bundle Sym
k(E)⊗A

on XF has a Griffiths semipositive singular hermitian metric on for any k ∈ N>0. By
using the argument of the proof of (C) ⇒ (A) in Theorem 4.3.1, there exists a point
x ∈ XF such that E is weakly positive at x. (We use Demailly’s L2 estimate on a
complete Kähler manifold [Dem82, Theorem 5.1 ] instead of the injectivity theorem
in [CDM17] since XF may not be a weakly 1-complete. See also [PT18, Theorem
2.5.3]). Hence F is pseudo-effective.

(2) The proof is similar to (1) and the proof of Theorem 4.3.2. (We can take hk
such that hk is smooth on U ∩XF if F is weakly positive at any point x ∈ U .)

(3)(⇒). The proof is similar to the proof of (⇒) in (1).
(⇐). By the Corollary 4.3.3 and (1), Sym2k(F)∨∨ ⊗ A−1 is pseudo-effective. □
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We give an application of Theorem 4.4.1. If a torsion-free coherent sheaf F has a
Griffiths semipositive singular hermitian metric h, then F is pseudo-effective. Moreover
if there exists a Zariski open set U such that h is continuous on U∩XF , then F is weakly
positive at any x ∈ U ∩XF . Let f : X → Y be a surjective morphism between smooth
projective varieties. Then for any m ∈ N>0, f∗(mKX/Y ) has a Griffiths semipositive
singular hermitian metric hmNS such that hmNS is continuous over the regular locus
of f by [PT18, Theorem 1.1] or [HPS18, Theorem 27.1]. Therefore, f∗(mKX/Y ) is
weakly positive at any point in the regular locus of f . This fact was already proved in
[PT18, Theorem 5.1.2].



CHAPTER 5

On projective manifolds with
pseudo-effective tangent bundle

Abstract. In this paper, we develop the theory of singular hermitian metrics on
vector bundles. As an application, we give a structure theorem of a projective man-
ifold X with pseudo-effective tangent bundle: X admits a smooth fibration X → Y
to a flat projective manifold Y such that its general fiber is rationally connected.
Moreover, by applying this structure theorem, we classify all the minimal surfaces
with pseudo-effective tangent bundle and study general non-minimal surfaces, which
provide examples of (possibly singular) positively curved tangent bundles. This is a
joint work with Genki Hosono and Shin-ichi Matsumura.

5.1. Introduction

The structure theorem for compact Kähler manifolds with semi-positive bisectional
curvature was established by Howard-Smyth-Wu and Mok in [HSW81] and [Mok88]
after the Frankel conjecture (resp. the Hartshorne conjecture) had been solved by Siu-
Yau (resp. Mori) in [SY80] (resp. [Mor79]). As an algebraic analog of semi-positive
bisectional curvature, Campana-Peternell and Demailly-Peternell-Schneider generalized
the structure theorem of Howard-Smyth-Wu to nef tangent bundles in [CP91] and
[DPS94], and further they classified the surfaces and the 3-folds with nef tangent
bundle. (see [CP91] and [MOS+15] for the Campana-Peternell conjecture).

It is of interest to consider pseudo-effective tangent bundles as a natural generaliza-
tion of the above structure results. The theory of singular hermitian metrics on vector
bundles, which has been rapidly developed, is a crucial tool to understand pseudo-
effective vector bundles. Therefore, in this paper, we first develop the theory of singular
hermitian metrics on vector bundles (more generally torsion free sheaves). As one of
the main applications, we obtain the following structure theorem for projective mani-
folds with pseudo-effective tangent bundle (and also for compact Kähler manifolds, see
Theorem 5.2.12).

Theorem 5.1.1. Let X be a projective manifold with pseudo-effective tangent
bundle. Then X admits a (surjective) morphism ϕ : X → Y with connected fiber to a
smooth manifold Y with the following properties :

(1) The morphism ϕ : X → Y is smooth (that is, all the fibers are smooth).

53
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(2) The image Y admits a finite étale cover A→ Y by an abelian variety A.
(3) A general fiber F of ϕ is rationally connected.
(4) A general fiber F of ϕ also has the pseudo-effective tangent bundle.

Moreover, if we further assume that TX admits a positively curved singular hermitian
metric, then we have:

(5) The standard exact sequence of tangent bundles

0 −→ TX/Y −→ TX −→ ϕ∗TY −→ 0

splits.
(6) The morphism ϕ : X → Y is locally trivial (that is, all the fibers are smooth

and isomorphic).

Theorem 5.1.1 is based on the argument in [Mat18b] and the theory of singular
hermitian metrics on vector bundles developed in this paper. In particular, Theorem
5.1.2, Theorem 5.1.3, and Theorem 5.1.4 play an important role in the proof. The-
orem 5.1.2, which can be seen as a generalization of [CM], gives a characterization
of numerically flat vector bundles in terms of pseudo-effectivity. The proof depends
on the theory of admissible hermitian-Einstein metrics in [BS94]. Theorem 5.1.3 and
Theorem 5.1.4 were proved in [HPS18] under the stronger assumption of the minimal
extension property. Our contribution is to remove this assumption, which enables us
to use the notion of singular hermitian metrics flexibly.

Theorem 5.1.2. LetX be a projective manifold and let E be a reflexive coherent
sheaf on X. If E is pseudo-effective and the first Chen class c1(E) is zero, then E is
locally free on X and numerically flat.

Theorem 5.1.3. Let E be a vector bundle with positively curved (singular)
hermitian metric on a (not necessarily compact) complex manifold X. Let

0 → S → E → Q→ 0

be an exact sequence by vector bundles S and Q on X. If the first Chern class c1(Q)
is zero, the above exact sequence splits.

Theorem 5.1.4. Let X be a compact Kähler manifold and let

0 → S → E → Q → 0

be an exact sequence of reflexive coherent sheaves S, E , and Q on X. If E admits a
positively curved (singular) hermitian metric and the first Chen class c1(Q) = 0, then
we have:

(1) Q is locally free and hermitian flat.
(2) E → Q is a surjective bundle morphism on XE .
(3) The above exact sequence splits on X.

Here XE is the maximal Zariski open set where E is locally free.



5.2. PROOF OF THE MAIN RESULTS 55

It is natural to attempt to classify all the surfaces X with pseudo-effective tangent
bundle, as an application of Theorem 5.1.1. In the case of the tangent bundle being nef,
a surface X has no curve with negative self-intersection, and thus X is always minimal.
However, a surface X with pseudo-effective tangent bundle may not be minimal, which
is one of the difficulties to classify them. In this paper, we classify all the minimal
surfaces (see subsection 5.3.1 for more detail):

Theorem 5.1.5. We have:

(1) If a (not necessarily minimal) ruled surface X → C has the pseudo-effective
tangent bundle TX , then the base C is the projective line P1 or an elliptic
curve.

(2) Further, in the case of C being an elliptic curve, the surface X is a minimal
ruled surface (that is, the ruling X → C is a smooth morphism).

(3) Conversely, any minimal ruled surfaces X → C over an elliptic curve and over
the projective line C = P1 have the pseudo-effective tangent bundle TX .

Moreover, we study the remaining problem (that is, the classification for blow-ups
of Hirzebruch surfaces) in detail. These studies provide interesting examples of pseudo-
effective or singular positively curved vector bundles.

5.2. Proof of the main results

Definition 5.2.1. A torsion free coherent sheaf E on a compact complex man-
ifold X is said to be pseudo-effective if for any integer m > 0 there exists a singular
hermitian metric hm on Symm E such that

√
−1∂∂ log |u|2h∨m ≥ −ω on XE

for any local holomorphic section u of Symm E . Here ω is a fixed hermitian form on X.

The above definition is equivalent to the definition (5) below when X is a projective
manifold (see [Iwa18b, Theorem 1.3]). This section is devoted to the proof of the main
results.

5.2.1. Numerically flat vector bundles. In this subsection, we give a proof for
Theorem 5.1.2 after we prove Lemma 5.2.2 and Lemma 5.2.4 for preparation. Lemma
5.2.2, which easily follows from the result of [DPS94, Proposition 1.16], is quite useful
and often used in this paper.

Lemma 5.2.2. Let X be a projective manifold and let E be an almost nef torsion
free coherent sheaf on X.

(1) Any non-zero section τ ∈ H0(X, E∨) is non-vanishing on XE .
(2) Let S be a reflexive coherent sheaf such that detS is pseudo-effective and let

0 → S → E∨ be an injective sheaf morphism. Then S is locally free on XE and
the above morphism is an injective bundle morphism on XE .
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Proof. In [DPS94], the same conclusion was proved for nef vector bundles.
We denote by Z a countable union of proper subvarieties of X satisfying the definition
of almost nef sheaves. We may assume that X \ XE ⊂ Z by adding the subvariety
X \XE into Z.

(1) Let τ ∈ H0(X, E∨) be a non-zero section. For an arbitrary point p ∈ XE , by taking
a complete intersection of ample hypersurfaces, we construct a curve C passing through
p such that C ̸⊂ Z. We may assume that C ⊂ XE by codim(X \XE) ≥ 2. Then E|C
is a nef vector bundle thanks to C ⊂ XE , and thus it follows that the non-zero section
τ |C is non-vanishing from [DPS94, Proposition 1.16]. In particular, the section τ is
non-vanishing at p.

(2) Following the argument in [DPS94], we obtain the non-zero section

τ ∈ H0(X,ΛpE∨ ⊗ detS∨)

from the induced morphism detS → ΛpE∨. Here p := rankS. We remark that ΛpE ⊗
detS is also almost nef by the assumption on S. Hence, by applying the first conclusion
and [DPS94, Lemma 1.20] to τ , we can obtain the desired conclusion. □

Lemma 5.2.3. Let X be a compact complex manifold and let E be a pseudo-
effective torsion free coherent sheaf on X. Then the same conclusion as in Lemma 5.2.2
holds.

Proof of Lemma 5.2.3. We will prove only the conclusion (1). For the metric
hm on Symm E satisfying the property in Definition 5.2.1, we consider the function fm
on X defined by

fm :=
1

m
log |τm|h∨m .

By the construction of hm, we have
√
−1∂∂fm ≥ − 1

m
ω,

and thus its weak limit (after we take a subsequence) should be zero. On the other
hand, when we assume τ has the zero point at some point p ∈ XE , it can be shown
that the Lelong number of fm is greater than or equal to one. This is a contradiction
to the fact that the weak limit is zero. Indeed, the section τm can be locally written as
τm =

∑
I τIeI . Here {ei}ri=1 is a local frame of E , I is a multi-index of degree m, and

eI :=
∏

i∈I ei. It follows that the holomorphic function τI has the multiplicity ≥ m at
p from τ = 0 at p ∈ XE . It can be seen that |⟨eI , eJ⟩h∨m| is bounded since log |u|h∨m is
almost psh for any local section u (for example see [PT18, Lemma 2.2.4]). Hence we
can easily check that

|τm|h∨m ≤ C
∑
I

|τI |.

This implies that the Lelong number of fm is greater than or equal to one. □
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Lemma 5.2.4. Let X be a projective manifold and E be a vector bundle on X.
Let X0 be a Zariski open set in X with codim(X \ X0) ≥ 2 + i. Then the morphism
induced by the restriction

Hj(X,E) → Hj(X0, E)

is an isomorphism for any j ≤ i.

Proof. The proof is given by the standard argument in terms of ample hyper-
surfaces and the induction on dimension. □

Theorem 5.2.5, which is a slight generalization of [CM], heavily depends on the
theory of admissible hermitian-Einstein metrics developed in [BS94].

Theorem 5.2.5 (=Theorem 5.1.2, cf. [CM]). Let X be a projective manifold
and let E be a reflexive coherent sheaf. If E is pseudo-effective and the first Chen class
c1(E) is zero, then E is locally free and numerically flat.

Proof of Theorem 5.2.5. The induction on the rank r of E will give the proof.
Reflexive coherent sheaves of rank one are always line bundles (see [Har80]), and thus
the conclusion is obvious in the case of r = 1. It is not so difficult to check the numerical
flatness of E if E is shown to be locally free (see the proof in [DPS94, Theorem 1.18]
or the argument below). We will focus on the proof of local freeness.

In the proof, we fix an ample line bundle A on X. In the case of r > 1, we take a
coherent subsheaf S with the minimal rank among coherent subsheaves of E satisfying
that

∫
X
c1(S) · c1(A)n−1 ≥ 0. We may assume that S is reflexive by taking the double

dual if necessary. Now we consider the following exact sequence of sheaves:

0 → S → E → Q := E/S → 0.(5.2.1)

The quotient sheaf Q := E/S is pseudo-effective. In particular, the first Chern class
c1(Q) is also pseudo-effective. On the other hand, we have

0 = c1(E) = c1(S) + c1(Q).

Then it follows that c1(S) = c1(Q) = 0 since c1(Q) is pseudo-effective and we have∫
X

c1(Q) · c1(A)n−1 = −
∫
X

c1(S) · c1(A)n−1 ≤ 0.

By applying Lemma 5.2.2 to Q∨ → E∨, we can see that Q (and thus S) is a vector
bundle on XE and the above morphism is a bundle morphism on XE .

We first consider the case where the rank of S is equal to r = rank E . In this case,
we obtain S = E . Indeed, it follows that S ∼= E on XE since the bundle morphism
S → E on XE is an isomorphism. Then we can easily check S = E by the reflexivity
and codim(X \XE) ≥ 3. Further we can prove that∫

X

c2(E) · c1(A)n−2 = 0.
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Indeed, for a surface S := H1 ∩H2 ∩ · · · ∩Hn−2 in X constructed by general members
Hi of a complete linear system A, it follows that E|S is a pseudo-effective vector bundle
from codim(X \XE) ≥ 3. Hence E|S is numerically flat on S, and thus c2(E|S) = 0 (see
[DPS94] or [CH17, Corollary 2.12]). We can easily check that∫

X

c2(E) · c1(A)n−2 =

∫
S

c2(E|S) = 0.

By the assumption of c1(E) = 0 and the result of [BS94, Corollary 3], we can conclude
that E is a hermitian flat vector bundle on X from the stability of the reflexive sheaf
S = E . Therefore E is locally free and numerically flat.

It remains to consider the case of rankS < rank E . In this case, we consider the
surjective bundle morphism

Λm+1E ⊗ detQ∨ → S
on XE . By codim(X \XE) ≥ 3 and c1(Q) = 0, the reflexive sheaf S is pseudo-effective.
Therefore we can conclude that S is a numerically flat vector bundle on X by the
induction hypothesis.

On the other hand, the sheaf Q itself may not be a vector bundle, but, the reflexive
hull Q∨∨ is a vector bundle on X by the induction hypothesis. The extension class
obtained from the exact sequence (5.2.1) on XE can be extended to the extension class
(defined on X) of S and Q∨∨ by Lemma 5.2.4. The extended class determines the
vector bundle whose restriction to XE corresponds to E . This implies that E is a vector
bundle by the reflexivity of E . □

5.2.2. Splitting theorem for positively curved vector bundles. In this sub-
section, we prove Theorem 5.1.3 and Theorem 5.1.4.

Lemma 5.2.6. Let Q be a reflexive coherent sheaf on a compact complex man-
ifold X. If Q admits a positively curved singular hermitian metric gQ and c1(Q) = 0,
then we have:

(1) (Q, gQ) is hermitian flat on XQ.
(2) If we further assume that X is Kähler, then Q is a locally free sheaf on X and

gQ extends to a hermitian flat metric on X.

Proof. (1) We follow the argument in [CP17]. The following lemma proved
by Raufi [Rau15] is essential:

Lemma 5.2.7 ([Rau15, Thm 1.6]). Let E be a holomorphic vector bundle and
hE be a positively curved singular hermitian metric on E. If the induced metric dethE
on the determinant bundle detE is non-singular (that is, smooth metric), then the
curvature current

√
−1ΘhE of hE is well-defined as an End(E)-valued (1, 1)-form with

measure coefficients.
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In our situation det gQ is a positively curved singular hermitian metric on the deter-
minant bundle detQ. By c1(Q) = 0, the curvature

√
−1Θdet gQ of det gQ is identically

zero on XQ. In particular, it can be seen that det gQ is non-singular. Then, by Raufi’s
result, the curvature current

√
−1Θ =

√
−1ΘgQ of gQ is well-defined on XQ.

We locally write the curvature
√
−1Θ as

√
−1Θ =

∑
j,k,α,β

µjkαβdz
j ∧ dzkeα ⊗ e∨β ,

where (z1, . . . , zn) denotes a local coordinate and e1, . . . , er denotes a local frame of Q.
Then, by 0 =

√
−1Θdet gQ =

√
−1trΘgQ , we obtain∑
j,k

∑
α

µjkααdz
j ∧ dzk = 0.

Since gQ is positively curved, ∑
j,k

µjkααdz
j ∧ dzk ≥ 0

for every α. Then we have that µjkαα = 0 for every j, k, α.
For every α and β, we have that

Re(ξαξ
β ∑

j,k

µjkαβv
jvk) ≥ 0.

From this we can conclude that µjkαβ = 0 for every j, k, α, β and thus
√
−1ΘgQ = 0.

(2) It follows that Q is polystable from (1) and [BS94, Theorem 3]. We have
codim(X \XQ) ≥ 3 and (Q, gQ) is hermitian flat on XQ. Hence it can be shown that
c1(Q) = 0 and c2(Q) = 0. We can see that Q is actually locally free and hermitian flat
by [BS94, Theorem 4]. □

We prepare the following lemma for the proof of Theorem 5.1.3.

Lemma 5.2.8. Let (E, h) be a hermitian flat vector bundle on a complex manifold
X. Then for any point x ∈ X and a basis e1,x, . . . , er,x on the fiber Ex, there exists a
local holomorphic frame e1, . . . , er near x such that ej(x) = ej,x and ⟨ei, ej⟩h is constant.

Proof. Let D be the Chern connection associated to (E, h). Then, by flatness,
we can take a local frame {ej} around x such thatDej ≡ 0. We can assume that ej(x) =
ej,x. Since D is compatible with h, we have that d⟨ei, ej⟩h = {Dei, ej}h+{ei, Dej}h = 0,
thus ⟨ei, ej⟩h is constant. Moreover, taking the (0, 1)-part of Dej ≡ 0, we obtain that
∂̄ej ≡ 0, which shows that ej is holomorphic. □
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Theorem 5.2.9. (=Theorem 5.1.3) Let E be a vector bundle with positively
curved (singular) hermitian metric g on a (not necessarily compact) complex manifold
X. Let

0 → S → E → Q→ 0

be an exact sequence of vector bundles on X. If the first Chern class c1(Q) is zero, the
above exact sequence splits.

Proof of Theorem 5.2.9. The following proof is a generalization of [Hos17,
Theorem 5.1]. We will work on dual bundles. By taking the dual, we have the following
exact sequence

(5.2.2) 0 → Q∨ → E∨ → S∨ → 0.

Then we have a negatively curved singular hermitian metric h∨ whose restriction to Q∨

is flat by (the dual of) Lemma 5.2.6 (1). Therefore, by Lemma 5.2.8, we can take a
holomorphic orthonormal frame (κα1 , . . . , κ

α
q ) of Q

∨ on a small open set Uα. Let ϵαj be
the image of καj in E∨. Take ϵαq+1, . . . , ϵ

α
q+s such that (ϵα1 , . . . , ϵ

α
q+s) is a local frame of

E∨. Let σαj be the image of ϵαj in S∨. We remark that (σαq+1, . . . , σ
α
q+s) is a local frame

of S∨. We will write the transition function of Q∨ and S∨ as follows:

κα1 = ΦQ∨,αβ
1,1 κβ1 + · · ·+ ΦQ∨,αβ

1,q κβq ,
...

καq = ΦQ∨,αβ
q,1 κβ1 + · · ·+ ΦQ∨,αβ

q,q κβq ,

σαq+1 = ΦS∨,αβ
q+1,q+1σ

β
q+1 + · · ·+ ΦS∨,αβ

q+1,q+sσ
β
q+s,

...

σαq+s = ΦS∨,αβ
q+s,q+1σ

β
q+1 + · · ·+ ΦS∨,αβ

q+s,q+sσ
β
q+s.

The transition functions for E∨ can be written as

ϵα1 = ΦQ∨,αβ
11 ϵβ1 + · · · + ΦQ∨,αβ

1q ϵβq ,
...

ϵαq = ΦQ∨,αβ
q1 ϵβ1 + · · · + ΦQ∨,αβ

qq ϵβq ,

ϵαq+1 = ΦE∨,αβ
q+1,1 ϵ

β
1 + · · · + ΦE∨,αβ

q+1,q ϵ
β
q + ΦS∨,αβ

q+1,q+1ϵ
β
q+1 + · · ·+ ΦS∨,αβ

q+1,q+sϵ
β
r ,

...

ϵαq+s = ΦE∨,αβ
q+s,1 ϵ

β
1 + · · · + ΦE∨,αβ

q+s,q ϵ
β
q + ΦS∨,αβ

q+s,q+1ϵ
β
q+1 + · · ·+ ΦS∨,αβ

q+s,q+sϵ
β
q+s.

For short we will write the coefficient matrix as

ΦE∨,αβ =

(
ΦQ∨,αβ 0
Ψαβ ΦS∨,αβ

)
.
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Next, let hα be the matrix

hα :=

 ⟨ϵα1 , ϵα1 ⟩h ⟨ϵα1 , ϵα2 ⟩h · · · ⟨ϵα1 , ϵαq+s⟩h
...

. . .
...

⟨ϵαq+s, ϵα1 ⟩h · · · ⟨ϵαq+s, ϵαq+s⟩h

 .

Note that the upper-left q× q -matrix is constant by the choice of ϵα1 , . . . , ϵ
α
q . Since h is

negatively curved, by [Hos17, Proposition 5.2], coefficients of the lower-left s×q-matrix
is holomorphic (say ϕα). Then we can write as

hα =

(
Cα ϕα

ϕα ∗

)
,

where Cα is a q × q-matrix whose coefficients are constant on Uα. By the equality

hα = ΦE∨,αβhβ(tΦE∨,αβ),

we have

Cα = ΦQ∨,αβCβ(tΦQ∨,αβ),

ϕα = ΨαβCβ(tΦQ∨,αβ) + ΦS∨,αβϕβ(tΦQ∨,αβ).

From these equalities, it follows that

ϕα(Cα)−1 = Ψαβ(ΦQ∨,αβ)−1 + ΦS∨,αβϕβ(Cβ)−1(ΦQ∨,αβ)−1.

On the other hand, the extension class of the given exact sequence can be calculated
as the cohomology class of the Čech 1-cocycle{

q+s∑
λ=q+1

q∑
µ=1

Ψαβ
λ,µκ

β
µ ⊗ (σαλ )

∨ ∈ H0(Uαβ,O(Q∨ ⊗ S))

}
αβ

=

{
q+s∑

λ=q+1

q∑
µ=1

q∑
ν=1

Ψαβ
λ,µ((Φ

Q∨,αβ)−1)µνκ
α
ν ⊗ (σαλ )

∨

}
αβ

.

It is the differential of the following Čech 0-cochain{
q∑

ν=1

q+s∑
λ=q+1

(ϕα(Cα)−1)λνκ
α
ν ⊗ (σαλ )

∨ ∈ H0(Uα,O(Q∨ ⊗ S))

}
α

,

thus the extension class is zero. Therefore the given sequence (5.2.2) splits. □

Theorem 5.2.10 (=Theorem 5.1.4). Let X be a compact complex manifold and
let

0 → S → E → Q → 0
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be an exact sequence of reflexive coherent sheaves S, E , and Q on X. If E admits a
positively curved (singular) hermitian metric and the first Chen class c1(Q) = 0, then
we have:

(1) Q is locally free and hermitian flat.
(2) E → Q is a surjective bundle morphism on XE .
(3) The above exact sequence splits on X.

Proof of Theorem 5.2.10. The conclusion (1) follows from Lemma 5.2.6 and
the conclusion (2) follows from Lemma 5.2.2. Also, from Theorem 5.2.9, it follows that
there exists a bundle morphism j : Q → E on XE such that

E = S ⊕ j(Q) on XE .

By taking the pushforward i∗ by the natural inclusion i : XE → X and the double dual,
we obtain

(i∗E)∨∨ = (i∗S)∨∨ ⊕ (i∗j(Q))∨∨ on X.

By codim(X \ XE) ≥ 3 and the reflexivity, we have E ∼= (i∗E)∨∨, S ∼= (i∗S)∨∨, and
Q ∼= (i∗j(Q))∨∨. This finishes the proof. □

5.2.3. Pseudo-effective tangent bundles. This subsection is devoted to the
proof of Theorem 5.1.1.

Theorem 5.2.11 (=Theorem 5.1.1). LetX be a projective manifold with pseudo-
effective tangent bundle. Then X admits a morphism ϕ : X → Y with connected fiber
to a smooth manifold Y with the following properties :

(1) The morphism ϕ : X → Y is smooth (that is, all the fibers are smooth).
(2) The image Y admits a finite étale cover A→ Y by an abelian variety A.
(3) A general fiber F of ϕ is rationally connected.
(4) A general fiber F of ϕ also has the pseudo-effective tangent bundle.

Moreover, if we further assume that TX admits a positively curved singular hermitian
metric, then

(5) The following exact sequence splits:

0 −→ TX/Y −→ TX −→ ϕ∗TY −→ 0.

(6) The morphism ϕ : X → Y is locally trivial (that is, all the fibers are smooth
and isomorphic).

Proof of Theorem 5.2.11. For a projective manifoldX with the pseudo-effective
tangent bundle TX , we consider an MRC fibration ϕ : X 99K Y to a projective manifold
Y , and take a resolution π : X̄ → X of the indeterminacy locus of ϕ. Here we have the
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following commutative diagram:

X̄

π

��

ϕ̄

""F
FF

FF
FF

FF
FF

X
ϕ //____ Y.

(1) To prove the conclusion (1) (and also (3)) by using [Hör07, Corollary 2.11], we
will construct a foliation on X (that is, an integrable subbundle of TX) whose general
leaf is rationally connected. We will show that the relative tangent bundle TX/Y ⊂ TX
(which is defined only on a Zariski open set of X) can be extended to a subbundle
of TX on X. If it can be shown, it is not so difficult to check that this subbundle is
integrable and its general leaf is rationally connected (that is, all the assumptions in
[Hör07, Corollary 2.11] are satisfied).

Now we have the exact sequence of coherent sheaves

0 −→ ϕ̄∗ΩY −→ ΩX̄ −→ ΩX̄/Y := ΩX̄/ϕ̄
∗ΩY −→ 0.

Then we obtain the injective sheaf morphism 0 → π∗ϕ̄
∗ΩY → ΩX by taking the push-

forward. Here we used the formula π∗ΩX̄ = ΩX . By taking the dual, we obtain the
exact sequence

0 −→ S := Ker r −→ TX
r−−−−→ Q := (π∗ϕ̄

∗ΩY )
∨.(5.2.3)

We remark that the above sequence corresponds to the standard exact sequence of
tangent bundles on a Zariski open set where ϕ is a smooth morphism.

The morphism r is generically surjective, and thus the reflexive sheaf Q is also
pseudo-effective. In particular, the first Chern class c1(Q) is also pseudo-effective. On
the other hand, it follows that the image Y of MRC fibrations has the pseudo-effective
canonical bundle KY from [BDPP13] and [GHS03]. Further Q coincides with the
usual pullback of TY on X0. Here X0 is the maximal Zariski open set where ϕ is a
morphism. Hence, by codim(X \X0) ≥ 2, it can be shown that

−c1(Q) = c1(π∗ϕ̄
∗ΩY ) = c1(π∗ϕ̄

∗KY )

is pseudo-effective.
By the above argument, we can see that Q is a pseudo-effective reflexive sheaf with

c1(Q) = 0, and thus we can conclude that Q is a numerically flat vector bundle on X
by Theorem 5.1.2. By applying Lemma 5.2.2 to 0 → Q∨ → ΩX induced by (5.2.3), it
can be seen that the sequence (5.2.3) is a bundle morphism on X. In particular, we
can see that ϕ is smooth on X0 (since the sequence (5.2.3) is not a bundle morphism on
the non-smooth locus of ϕ). The subbundle S defined by the kernel corresponds to the
relative tangent bundle TX/Y defined on X0. Hence S determines the foliation on X
since TX/Y is integrable on X0 (for example, see [Mat18b, subsection 2.2]). Further,
its general leaf is rationally connected. Indeed, there exists a Zariski open set Y1 in Y
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such that ϕ : X1 := ϕ−1(Y1) → Y1 is a proper morphism since ϕ : X 99K Y is an almost
holomorphic map (that is, general fibers are compact). A general leaf of S corresponds
to a general fiber of ϕ by S = TX/Y on X1, and thus it is rationally connected. Therefore
we can choose an MRC fibration to be holomorphic and smooth by [Hör07, Corollary
2.11]. We use the same notation ϕ : X → Y for the smooth MRC fibration.

(2) By (1), we have the standard exact sequence

0 −→ TX/Y −→ TX −→ ϕ∗TY −→ 0,

and also we have already checked that ϕ∗TY is pseudo-effective and c1(ϕ
∗TY ) = 0. The

pull-back ϕ∗TY is numerically flat by Theorem 5.1.2, and thus TY is also numerically
flat. The Beauville-Bogomolov decomposition (see [Bea83]) asserts that there exists a
finite étale cover Y ′ → Y such that Y ′ is the product of hyperkähler manifolds, Calabi-
Yau manifolds, and abelian varieties. Let Z be a component of Y ′ of hyperkähler
manifolds or Calabi-Yau manifolds. We remark that TZ is also numerically flat. In
general, numerically flat vector bundles are local systems (for example see [DPS94]).
Hence TZ should be a trivial vector bundle on Z since Z is simply connected and TZ is
also numerically flat. This is a contradiction to the definition of hyperkähler manifolds
or Calabi-Yau manifolds. Hence the image Y admits a finite étale cover A → Y by an
abelian variety A.

(4) We prove the conclusion (4). By considering the restriction of the standard
exact sequence of the tangent bundle to a general fiber F , we obtain

0 −→ TX/Y |F = TF −→ TX |F −→ ϕ∗TY |F = NF/X = O⊕m
F −→ 0.

When we consider the projective space bundle f : P(TX) → X and the non-nef locus
B ⊂ P(TX) of OP(TX)(1), it can be seen that f(B) is a proper subvariety of X by
pseudo-effectivity of TX . By considering the commutative diagram

P(TX |F ) �
� /

f
��

P(TX)
f
��

F � � / X

we can see that the image of the non-nef locus of OP(TX |F )(1) is contained in f(B ∩F ).
For a general fiber F , the image f(B ∩F ) is still a proper subvariety of F . Hence TX |F
is pseudo-effective. The surjective bundle morphism

Λm+1(TX |F ) → TF

induced by the above exact sequence implies that TF is pseudo-effective.

We finally show that the MRC fibration ϕ : X → Y is locally trivial if we further
assume X admits a positively curved singular hermitian metric. Under the assumption
of such a metric, the exact sequence of the tangent bundle splits (that is, TX ∼= TX/Y ⊕
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ϕ∗TY ) by Theorem 5.1.4. Then, by Ehrensmann’s theorem (see also [Hör07, Lemma
3.19]), we can see that ϕ : X → Y is locally trivial. □

Theorem 5.2.12. Let X be a compact Kähler manifold with pseudo-effective
tangent bundle and ϕ : X → Y := Alb(X) be its Albanese map. Then the Albanese
map ϕ is a surjective smooth morphism and satisfies all the conclusions in Theorem
5.2.11 except for (3) and (6) by replacing an abelian variety in (2) with a compact
complex torus.

Proof. In the proof of Theorem 5.1.1, the assumption of the projectivity was
used only for the proof of (1) and (6). The other arguments except for (1) and (6) work
even if we replace MRC fibrations with the Albanese map. Hence it is sufficient to prove
that the Albanese map ϕ is a surjective smooth morphism. It is easy to check it. Indeed,
for a basis {ηk}qk=1 of H0(X,ΩX), it follows that any non-trivial linear combination of
them is non-vanishing by Lemma 5.2.3. This implies that ϕ is a surjective smooth
morphism (for example see [CP91]). □

In [DPS94], it was proved that X is a Fano manifold when TX is nef and X is
rationally connected. As an analog of this result, we suggest the following problem. We
remark that the geometry of a general fiber F in Theorem 5.1.1 can be determined if
the problem can be affirmatively solved.

Problem 5.2.13. If a projective manifold X is rationally connected and has the
pseudo-effective tangent bundle, then is the anti-canonical bundle −KX big?

5.3. Surfaces with pseudo-effective tangent bundle

Toward the classification of surfaces with pseudo-effective tangent bundle, we study
minimal ruled surfaces in subsection 5.3.1 and their blow-ups in subsection 5.3.2, which
provide interesting examples of positively curved vector bundles.

5.3.1. On minimal ruled surfaces. In this subsection, we consider a ruled sur-
face ϕ : X → C over a smooth curve C. When TX is pseudo-effective, the base C should
be either the projective line or an elliptic curve by Theorem 5.1.1. Conversely, it follows
that any minimal ruled surfaces ϕ : X → P1 over P1 (that is, Hirzebruch surfaces) have
the pseudo-effective tangent bundle from the following proposition. However, they do
not have nef tangent bundle except for the case of X = P1×P1, since they have a curve
with negative self-intersection.

Proposition 5.3.1. If X is a projective toric manifold, then TX is generically
globally generated. In particular, any Hirzebruch surfaces have pseudo-effective tangent
bundle.

Proof. For a toric manifold X, we have an inclusion (C∗)n ⊂ X as a Zariski
open dense subset and an action (C∗)n ↷ X. Consider a family of actions (eiθ, 1, · · · , 1).
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Differentiate it by θ at θ = 0, we obtain a holomorphic vector field on X. Similarly,
we can construct n vector fields which generate TX |(C∗)n , and thus TX is generically
globally generated. □

Now we consider a ruled surface ϕ : X → C over an elliptic curve C. Thanks to
Theorem 5.1.1, we can see that the ruling ϕ : X → C should be a smooth morphism
when X has the pseudo-effective tangent bundle. The minimal ruled surface X over
C can be classified by [Ati55], [Ati57], and [Suw69]: X is isomorphic to Sn, A0,
A−1, or a surface in S0. Here a surface X in S0 means the projective space bundle
P(OC ⊕ L) for some L ∈ Pic0(C) and A0 (resp. A−1) is the projective space bundle
associated with a vector bundle of rank 2 that is the non-split extension of OC by OC

(resp. OC(p)), where p is a point in C. It can be seen that A0, A−1, and surfaces in S0

have the nef tangent bundle by [CP91], and thus the remaining problem is the case of
X = Sn. The ruled surface Sn is the projective space bundle associated with the vector
bundle OC⊕OC(np). Note that the tangent bundle of S0 = P1×C is nef. By the above
observation, it is enough for our purpose to investigate X = Sn in the case of n ≥ 1. By
the following proposition, we can see that Sn has the pseudo-effective tangent bundle
(which is not nef), and further that it admits no positively curved singular hermitian
metric.

Proposition 5.3.2. Let ϕ : X → C be a minimal ruled surface over an elliptic
curve C. Then we have:

(1) The tangent bundle of Sn is pseudo-effective, but it does not admit positively
curved singular hermitian metrics when n ≥ 1.

(2) The tangent bundle of S0, A0, A−1, and a surface in S0 is nef.

Proof. All the ruled surfaces with nef tangent bundle are classified in [CP91],
which implies that the conclusion (2) holds and the tangent bundle of Sn is not nef for
n ≥ 1.

From now on, let X be the projective space bundle Sn associated with the vector
bundle En := OC ⊕OC(np). We first check the latter statement in the conclusion (1).
If X = Sn admits a positively curved singular hermitian metric, the exact sequence

0 → TX/C → TX → ϕ∗TC → 0

splits by Theorem 5.1.4, and thus we have

h0(X,TX) = h0(X,TX/C) + h0(X,ϕ∗TC).(5.3.1)

On the other hand, we have h0(X,TX) = n+1 from [Suw69, Theorem 3]. Also we can
easily check that

ϕ∗(TX/C) = ϕ∗(−KX) = Sym2(En)⊗ detE∨
n .

This implies that

h0(X,TX/C) = h0(C,OC(−np)⊕OC ⊕OC(np)) = n+ 1.
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This is a contradiction to (5.3.1).

We will prove that TX is pseudo-effective. For this purpose, it is sufficient to prove
that Symm(TX)⊗ϕ∗O(2p) is generically globally generated for anym ≥ 0. Our strategy
is to observe a gluing condition of X = Sn carefully to construct holomorphic sections
that generate Symm(TX)⊗ ϕ∗O(2p) at general points.

Let v be a local coordinate centered at p and let V ⊂ C be a sufficiently small open
neighborhood of p. Further, let U be the open set U := C \ {p} and u be the standard
coordinate of the universal cover C → C. The ruled surface X can be constructed by
gluing (u, ζ) ∈ U × P1 and (v, η) ∈ V × P1 with the following identification:

ζ = vnη and [u] = p+ v,(5.3.2)

where ζ and η are the inhomogeneous coordinates of P1.
Let θ be a meromorphic section of Symm(TX) with pole along the fiber ϕ−1(p) of p.

Our strategy is as follows: We first look for a sufficient condition for the pole of θ being
of order at most 2. Then we concretely construct θ satisfying this condition, which can
be regarded as a holomorphic section of Symm(TX)⊗ ϕ∗O(2p), and we show that such
sections generate Symm(TX)⊗ ϕ∗O(2p) on a Zariski open set.

Now θ is a meromorphic section of Symm(TX) whose pole appears only along the
fiber ϕ−1(p). Hence, by expanding θ on U × P1, we have the following equality

θ =
m∑
p=0

ap(u, ζ)
( ∂

∂ζ

)m−p( ∂

∂u

)p
on U × P1.(5.3.3)

Here ap is a meromorphic function on X. The gluing condition (5.3.2) yields that

∂

∂ζ
=

1

vn
∂

∂η
and

∂

∂u
= −nη

v

∂

∂η
+

∂

∂v
.(5.3.4)

Then we can obtain the following expansion of θ on V × P1

θ =
m∑
ℓ=0

{ m∑
p=ℓ

dp,ℓ ap(v, η)
ηp−ℓ

vn(m−p)+p−ℓ

}( ∂

∂η

)m−ℓ( ∂

∂v

)ℓ
on V × P1(5.3.5)

by an involved, but straightforward computation. Here dp,ℓ is the non-zero constant
defined by dp,ℓ := (−n)p−ℓ

(
p
p−ℓ

)
. The ruling X → C is locally trivial and sections of

Symp(TF ) on a fiber F are polynomials of degree (at most) 2p. This implies that the
meromorphic function am−k(u, ζ) is a polynomial of degree 2k with respect to ζ, and
thus we can write am−k as

am−k(v, η) =
2k∑
q=0

a
(q)
m−k(v) ζ

q =
2k∑
q=0

a
(q)
m−k(v) v

nqηq for any 0 ≤ k ≤ m(5.3.6)
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for some meromorphic function a
(q)
m−k(v) on C with pole only at p. Here we used (5.3.2)

again.

We will find a sufficient condition for a
(q)
m−k(v) for guaranteeing that the coefficients

in (5.3.5) have the pole of order at most 2. We remark that the section θ satisfying this
condition determines the holomorphic section of Symm(TX)⊗ϕ∗O(2p). By substituting
(5.3.6) for (5.3.5) and rearranging it concerning the powers of η, a sufficient and nec-
essary condition can be obtained, but this method needs so complicated computation
that we want to avoid to write down it. Here, to improve our prospect, we focus only on

a sufficient condition by considering the restricted situation where a
(q)
m−k = 0 for q ̸= k.

In this situation, it is not so difficult to show that θ determines the holomorphic section

of Symm(TX)⊗ ϕ∗O(2p) if a
(q)
m−q satisfies that

q∑
p=0

dm−p,m−qa
(p)
m−p(v)

1

vq−p
has the pole of order ≤ 2 at p for any 0 ≤ q ≤ m.(5.3.7)

For an explanation, we prepare the table where we write down them for q = 0, 1, 2.

q = q coeff.of (∂/∂η)q(∂/∂v)m−q ∑q
p=0 dm−p,m−qa

(p)
m−p/v

q−p

q = 0 coeff. of (∂/∂η)0(∂/∂v)m dm,ma
(0)
m

q = 1 coeff. of (∂/∂η)1(∂/∂v)m−1 dm,m−1a
(0)
m /v + dm−1,m−1a

(1)
m−1

q = 2 coeff. of (∂/∂η)2(∂/∂v)m−2 dm,m−2a
(0)
m /v2 + dm−1,m−2a

(1)
m−1/v + dm−2,m−2a

(2)
m−2

To construct meromorphic functions a
(p)
m−p on C satisfying (5.3.7), for every n ≥ 2,

we take meromorphic functions Pn on the elliptic curve C such that Pn has the pole
only at p and its Laurent expansion at p can be written as follows:

Pn(v) =
1

vn
+

∑
k≥n+1

ak
vk
.

Note that we can easily find them by using Weierstrass’s elliptic functions and their
differential.

We first put a
(0)
m := P2/dm,m. Then the second line from the top in the table

satisfies (5.3.7) (that is, it has the pole of order at most 2) if we define a
(1)
m−1 by

a
(1)
m−1 := −dm,m−1/dm−1,m−1P3. By the same way, the third line also satisfies (5.3.7)

if we define a
(2)
m−2 by an appropriate linear combination of P3 and P4. By repeating

this process, we can construct meromorphic functions a
(p)
m−p on C satisfying (5.3.7)

by a linear combination of {P3}p+2
k=3. We denote by θ0 the holomorphic section of

Symm(TX) ⊗ ϕ∗O(2p) obtained from the above construction. The section θ0 gener-

ates the vector (∂/∂η)0(∂/∂v)m on a Zariski open set, since a
(0)
m = P2/dm,m is non-zero.



5.3. SURFACES WITH PSEUDO-EFFECTIVE TANGENT BUNDLE 69

Now we put a
(0)
m := 0 and a

(1)
m−1 := P2/dm−1,m−1, so that the first and the second line

in the table have pole of order at most 2. Then, by the same argument as above, we

can construct meromorphic functions a
(p)
m−p satisfying (5.3.7) by defining them by an ap-

propriate linear combination of {Pk}p+2
k=3 (for example a

(2)
m−2 := −dm−1,m−2/dm−2,m−2P3).

We denote by θ1 the obtained holomorphic section of Symm(TX) ⊗ ϕ∗O(2p). By the

construction, the function a
(0)
m is zero and a

(1)
m−1 is non-zero. Hence it follows the sections

θ0 and θ1 generate the vectors (∂/∂η)
0(∂/∂v)m and (∂/∂η)1(∂/∂v)m−1 on a Zariski open

set.
By repeating this process, we can construct holomorphic sections {θp}mp=0 of Sym

m(TX)⊗
ϕ∗O(2p) generating Symm(TX)⊗ ϕ∗O(2p) on a Zariski open set. □

In the rest of this subsection, we suggest the following problem to investigate a gap
between almost nefness and pseudo-effectivity of vector bundles.

Problem 5.3.3. We consider an exact sequence of vector bundles

0 −→ S −→ E −→ Q −→ 0.

When S and Q are pseudo-effective, then is E pseudo-effective?

Remark 5.3.4. When S and Q are nef, its extension E is also nef (see [DPS94,
Proposition 1.15]). Hence we can easily show that E is almost nef if S and Q are almost
nef. In particular, it can be shown that OE(1) is pseudo-effective by [BDPP13], but
we do not know whether or not E itself is pseudo-effective. The difficulty is to show
that the image of the non-nef locus OE(1) to X is properly contained in X. If Problem
5.3.3 can be affirmatively solved, the pseudo-effectivity of the tangent bundle of X = Sn
is easily obtained, by applying it to the standard exact sequence of the tangent bundle.
In fact, we tried some methods in [Suw69], [DPS94], and [Har70] to solve Problem
5.3.3, but it did not succeed. This problem seems to be subtle since we do not know
whether there is a gap between almost nefness and pseudo-effectivity.

5.3.2. On rational surfaces. By the results in Subsection 5.3.1, it is enough
for the classification of the surfaces to determine when the blow-up of the Hirzebruch
surface has pseudo-effective tangent bundle. However, it seems to be a too hard problem
to classify all the blow-ups completely since X delicately depends on the position and
the number of blow-up points. In this subsection, we study only blow-ups along general
points . The complete classification can not be achieved even in this case, but we
obtain an interesting relation between positivity of tangent bundle and the geometry of
Hirzebruch surfaces. The following proposition gives the requirement for the blow-up
having pseudo-effective tangent bundle.

Proposition 5.3.5. Let ϕ : Fn → P1 be the Hirzebruch surface and let π : X →
Fn be the blow-up along the set Σ of general points on Fn. Then we have:

(1) If the tangent bundle TX of X is generically globally generated, then ♯Σ ≤ 2.
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(2) If the tangent bundle TX of X is pseudo-effective, then ♯Σ ≤ 4.

Remark 5.3.6. The interesting point here is that the conclusion of ♯Σ ≤ 2 in (1)
is optimal, and further the generic global generation and pseudo-effectivity differently
behave for ♯Σ. Indeed, it follows that the tangent bundle TX in the case of ♯Σ ≤ 3 is
pseudo-effective, but not generically globally generated from Proposition 5.3.8.

Proof. (1) Fix a holomorphic vector field ξ on X. We shall define a holomor-
phic vector field θξ on P1 as follows. Let t be a local holomorphic coordinate on U ⊂ P1.

By pulling back dt, we obtain a holomorphic 1-form π∗ϕ∗dt on Ũ := (π ◦ϕ)−1(U). Then

⟨ξ, π∗ϕ∗dt⟩ is a holomorphic function on Ũ . Thus it is constant along each fiber and
defines a holomorphic function on U . Now we define the holomorphic vector field θξ on
P1 to be

θξ := ⟨θξ, dt⟩
∂

∂t
and ⟨θξ, dt⟩ := ⟨ξ, π∗ϕ∗dt⟩.

Since we assumed that TX is generically globally generated, we can choose ξ with θξ ̸≡ 0
on P1.

We claim that θξ has zeros on the set ϕ(Σ) ⊂ P1. To prove the claim, we take a
local coordinate (t, s) on Fn centered at a point in Σ such that t is the pull-back of a
local coordinate on P1. If we put v := t/s, then (v, s) is a coordinate on X. Then we
have

⟨ξ, π∗ϕ∗dt⟩ = ⟨ξ, d(vs)⟩ = ⟨ξ, sdv + vds⟩.
The last term vanishes at (v, s) = (0, 0), and thus ⟨θξ, dt⟩ = 0 at t = 0. This shows the
claim.

In the case of ♯Σ ≥ 3, the vector field θξ has at least three zeros on P1. It contradicts
to the fact of deg TP1 = 2, thus we have ♯Σ ≤ 2.

(2) Since TX is pseudo-effective, we can choose an ample line bundle A and a se-
quence of positively curved singular hermitian metrics hm on (Symm TX) ⊗ A. Fix a
smooth hermitian metric hA on A with positive curvature. Then hm ⊗ h−1

A is a (pos-
sibly not positively curved) singular hermitian metric on Symm TX . Define a singular
hermitian metric gm on π∗ϕ∗TP1 by the m-th root of the quotient metric of hm ⊗ h−1

A

induced by the morphism Symm TX → (π∗ϕ∗TP1)⊗m. Since (hm⊗h−1
A )⊗hA is positively

curved, the metric gmm ⊗ hA is also positively curved. The curvature current
√
−1Θgm

of gm satisfies that
√
−1Θgm ≥ − 1

m
ωA.

Then by taking a subsequence (if necessary), we can assume that
√
−1Θgm weakly

converges to a positive current T ∈ c1(π
∗ϕ∗TP1). By the argument similar to (1), we

obtain a d-closed positive (1, 1)-current S in c1(TP1) such that T = ϕ∗π∗S. Hence we
have √

−1Θgm → π∗ϕ∗S = T ∈ c1(ϕ
∗π∗TP1).
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We take a point p ∈ Σ and put p0 := ϕ(p). We claim that the following bound of
the Lelong number

(5.3.8) ν(S, p0) ≥
1

2
.

We fix a local coordinate t near p0 ∈ P1. Let (t, s) be a coordinate on Fn centered at p.
As before, by putting v = t/s, (v, s) is a coordinate on X. Let p′ ∈ X be a point defined
by (v, s) = (0, 0). Let C be a (local) holomorphic curve on X defined by {v = s}. We
will denote C := π(C). The defining equation of C is {t/s = s} = {t = s2}. Then we
have

(5.3.9) ν(S, p0) =
1

2
ν(ϕ∗S|C , p).

Indeed, the function ϕ∗γ is a local potential of ϕ∗S for a local potential γ of S. Note
that s is a local coordinate on C while t = s2 is a local coordinate on P1. We can
calculate each Lelong number by the formula

ν(S, p0) = lim inf
t→0

γ(t)

log |t|
,

and thus

ν(ϕ∗S|C , p) = lim inf
s→0

ϕ∗γ(s2, s)

log |s|
= lim inf

s→0

γ(s2)

log |s|
= 2ν(S, p0).

This proves (5.3.9). Since the Lelong number will increase after taking restriction, we
have

ν(ϕ∗S|C , p) = ν(T |C , p′) ≥ ν(T, p′).

Lelong numbers will also increase after taking a weak limit of currents, thus we obtain

ν(T, p′) ≥ lim sup
m→+∞

ν(
√
−1Θgm , p

′).

The local weight of gm is written as

1

2m
log |(π∗ϕ∗(dt))m|2

h−1
m ⊗hA

.

Since t = vs on X, we can calculate as follows:

(5.3.10) |(π∗ϕ∗(dt))m|2
h−1
m ⊗hA

= |(vds+ sdv)m|2
h−1
m ⊗hA

.

Since h−1
m is negatively curved and hA is smooth, it follows that

| · |2
h−1
m ⊗hA

≤ C0| · |2hsm
for a smooth hermitian metric hsm and some constant C0 > 0 (both depending on m).
Then the right-hand side of (5.3.10) is bounded as

≤ C0|(vds+ sdv)m|2hsm
≤ C0|(v, s)|2m.
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Thus, the Lelong number of
√
−1Θgm is bounded as

ν(
√
−1Θgm , p

′) ≥ 1

2m
lim inf
(v,s)→0

C0|(v, s)|2m

log |(v, s)|
= 1.

This proves (5.3.8). Since deg TP1 = 2, there must be at most four points where S has
the Lelong number greater than or equal to 1/2. Therefore ♯Σ ≤ 4. □

We finally prove Proposition 5.3.8 by applying the following lemma. The lemma is
useful when we compare a vector field on a given manifold with its blow-up.

Lemma 5.3.7. Let π : Y → C2 be the blow-up at (α, β) ∈ C2 with the ex-
ceptional divisor E, and let (x, y) be the standard coordinate of C2. We consider a
holomorphic section θ of Symm TC2 and its expansion

θ =
m∑
k=0

fk(x, y)
( ∂

∂x

)k( ∂

∂y

)m−k
.

Then the pull-back (π|Y \E)
∗θ by the isomorphism π|Y \E on Y \ E can be extended to

the holomorphic section of Symm TY if and only if

m∑
k=0

fk(s+ α, st+ β)
( ∂

∂s
− t

s

∂

∂t

)k(1
s

∂

∂t

)m−k
.

is holomorphic with respect to (s, t) ∈ C2.

Proof. We first remark that any holomorphic section ξ of Symm TY determines
the section θξ of Sym

m TC2 . Indeed, a given section ξ induces the section θξ of Sym
m TC2

on C2 \ {(α, β)} via the isomorphism π|Y \E, which can be extended on C2 since the
blow-up center has codimension two.

We consider the descriptions:

Y = {(x, y, [z : w]) ∈ C2 × P1 | (x− α)w = (y − β)z},
E = {(α, β, [z : w]) | [z : w] ∈ P1}.

and put the Zariski open set Y ′ := Y ∩{w ̸= 0}. The following map r gives a coordinate
of Y ′ and π|Y ′ can be written as follows:

r : C2 → Y ′ π|Y ′ : Y ′ → C2

(s, t) 7→ (s+ α, st+ β, [1 : t]) (x, y, [z : w]) 7→ (x, y)

If (π ◦ r)∗θ is holomorphic on C2, then (π|Y \E)
∗θ can be extended to the holomorphic

section of Symm TY . Indeed, in this case, the section (π|Y \E)
∗θ can be extended to

the holomorphic section of Symm TY ′ . Hence it can also be extended on Y since the
codimension of E ∩ {w = 0} is two.
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By calculation, we obtain

(π ◦ r)∗θ =
m∑
k=0

fk(s+ α, st+ β)
( ∂

∂s
− t

s

∂

∂t

)k(1
s

∂

∂t

)m−k
.

Hence (π ◦ r)∗θ is holomorphic on C2 if and only if the right hand side is holomorphic
in (s, t) ∈ C2, which completes the proof. □

Proposition 5.3.8. We have:

(1) The blow-up of the Hirzebruch surface Fn along general one or two points has
the generically globally generated tangent bundle.

(2) The blow-up of the Hirzebruch surface Fn along general three points has the
pseudo-effective tangent bundle.

Because the general case is tedious, we first show Proposition 5.3.8 in the simplest
case n = 0.

Proof of (1) for F0. In general, for a birational morphism f : Y → Z between
projective manifolds, we have the natural inclusion f∗TY ⊂ TZ . Since the natural
inclusion is of course generically isomorphism, TZ is generically globally generated if
the tangent bundle TY is so. Therefore it is sufficient for the proof of (1) to treat only
the blow-up π : X → F0 along general two points p1, p2.

We take a Zariski open set C× C = W0 ⊂ F0 with the local coordinate (x, y). We
may assume that p1 = (0, 0) and p2 = (1, 1) by using the action of the automorphism
group of F0. We define the set of holomorphic vector fields on W0

T :=
{ 2∑
k=0

akx
k ∂

∂x
+

2∑
l=0

bly
l ∂

∂y

∣∣∣ ak, bl ∈ C
}
.

We remark that any θ ∈ T can be extended to a global holomorphic section of TF0 .
From Lemma 5.3.7, for a holomorphic vector field

θ := a(x)∂/∂x+ b(y)∂/∂y ∈ T
it follows that θ can be lifted to the holomorphic section of TY if and only if

1

s

(
− a(s+ α)t+ b(st+ β)

)
is holomorphic with respect to (s, t)

for (α, β) = (0, 0) and (α, β) = (1, 1). We choose θ1 and θ2 in T as follows:

θ1 = (x2 − x)
∂

∂x
and θ2 = (y2 − y)

∂

∂y
.

Then we can easily see that π∗θ1 and π
∗θ2 can be extended to the global holomorphic

sections of TX . For a point q = (x, y) ∈ W0 such that x ̸= 0, 1 and y ̸= 0, 1, the
vectors θ1(q) and θ2(q) at q give a basis of TW0,q. Therefore TX is generically globally
generated. □
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Proof of (2) for F0. We use the same notations as in the proof of (1). Let
π : X → F0 be a blow-up of F0 along general three points p1, p2, p3. Our goal in
this proof is to show that Sym2(TX) is generically globally generated. Since p1, p2, p3
are in general position, we may assume p1, p2, p3 ∈ W0, p1 = (0, 0), p2 = (1, 1), and
p3 = (−1,−1) by the action of the automorphism group of F0.

We define T by

T :=

{
4∑

k=0

akx
k
( ∂

∂x

)2

+
∑

0≤k,l≤2

bklx
kyl

∂

∂x

∂

∂y
+

4∑
k=0

cky
k
( ∂

∂y

)2 ∣∣∣ ak, bkl, ck ∈ C

}
.

It is easy to show that any θ ∈ T can be extended to a holomorphic global section of
Sym2 TF0 .

By Lemma 5.3.7, we can see that, for a holomorphic section

θ = a(x)
( ∂

∂x

)2

+ b(x, y)
∂

∂x

∂

∂y
+ c(y)

( ∂

∂y

)2

∈ T ,

the section θ can be lifted to the section of Sym2 TF0 if and only if the followings are
holomorphic with respect to (s, t) ∈ C× C:

1

s

(
− 2a(s+ α, st+ β)t+ b(s+ α, st+ β)

)
,

1

s2
(
a(s+ α, st+ β)t2 − b(s+ α, st+ β)t+ c(s+ α, st+ β)

)
,

for (α, β) = (0, 0), (1, 1), (−1,−1).
Here we put

θ1 = y2(x2 − 1)
∂

∂x

∂

∂y
+ y2(y2 − 1)

( ∂

∂y

)2

,

θ2 = x2(x2 − 1)
( ∂

∂x

)2

+ x2(y2 − 1)
∂

∂x

∂

∂y
,

θ3 = (x− y)2
∂

∂x

∂

∂y
.

Then we can easily show that π∗θ1, π
∗θ2, and π∗θ3 can be extended to global holo-

morphic sections of Sym2 TX . For a general point q ∈ W0, it is easy to see that θ1(q),
θ2(q), and θ3(q) give a basis of Sym2 TW0,q. Therefore Sym2 TX is generically globally
generated. □

As a preliminary of the proof for Fn, we prove the following claim. We regard the
Hirzebruch surface Fn for n ≥ 1 as the hypersurface in P1 × P2

Fn = {([X1 : X2], [Y0 : Y1 : Y2]) ∈ P1 × P2 |Y1Xn
2 = Y2X

n
1 }.
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We set U = {Y1 ̸= 0 or Y2 ̸= 0}. We first observe the automorphism group of Fn so
that general three points move to specific points, which makes our computation not so
hard.

Claim 5.3.9. General three points p1, p2, p3 ∈ U move to ([1 : 0], [1 : 1 : 0]), ([1 :
1], [1 : 1 : 1]), ([1 : −1], [1 : 1 : (−1)n]) by the action of the automorphism group of Fn.

Proof. Let S, T be variables and Pn be a vector subspace of homogeneous
polynomials of degree n in C[S, T ]. The linear group GL(2,C) acts on Pn as follows:

For any

(
a b
c d

)
∈ GL(2,C) and any

∑n
k=0 akS

kT n−k ∈ Pn, we define the action by

(
a b
c d

)
•
( n∑
k=0

akS
kT n−k

)
:=

n∑
k=0

ak(aS + bT )k(cS + dT )n−k.

This induces the semidirect product Gn := Pn ⋊GL(2,C).

For any g = (
∑n

k=0 akS
kT n−k,

(
a b
c d

)
) ∈ Gn, we define the action of Fn as follows:

For any q = ([X1 : X2], [Y0 : Y1 : Y2]) ∈ Fn, we define g(q) by

([aX1+bX2 : cX1+dX2], [Y0X
n
1 +Y1

n∑
k=0

akX
k
1X

n−k
2 : Y1(aX1+bX2)

n : Y1(cX1+dX2)
n]),

if X1 ̸= 0 and by

([aX1+bX2 : cX1+dX2], [Y0X
n
2 +Y2

n∑
k=0

akX
k
1X

n−k
2 : Y2(aX1+bX2)

n : Y2(cX1+dX2)
n])

if X2 ̸= 0 (see [DI09, Theorem 4.10] or [Bla12, Section 6.1]).
Note that the ruling ϕ : Fn → P1 coincides with the first projection. We may assume

that p1, p2 and p3 are in U and also that the images of them in P1 are different from

each other. By the action of g = (0,

(
a b
c d

)
), we obtain

ϕ(g(p1)) = [1 : 0], ϕ(g(p2)) = [1 : 1], ϕ(g(p3)) = [1 : −1]

if we properly choose g. Therefore we may assume

p1 = ([1 : 0], [x1 : y1 : 0]), p2 = ([1 : 1], [x2 : y2 : y2]), p3 = ([1 : −1], [x3 : y3 : (−1)ny3]).

It follows that yk ̸= 0 for k = 1, 2, 3 since we have g · U ⊂ U for any g ∈ Gn.
In the case of n = 1 we put

a =
x1
y1

− x2
2y2

− x3
2y3

, a0 = − x2
2y2

− x3
2y3

, a1 =
x1
y1

− x2
y2
.
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Then p1, p2, p3 respectively move to ([1 : 0], [1 : 1 : 0]), ([1 : 1], [1 : 1 : 1]), ([1 :

−1], [1 : 1 : (−1)n]) by the action of (a0S + a1T,

(
a 0
0 a

)
) ∈ G1, since we may assume

x1/y1 − x2/2y2 − x3/2y3 ̸= 0 since p1, p2, p3 are general points.
In the case of n ≥ 2, we put m = 2⌊n/2⌋,

a0 =
x1 − y1
y1

, a1 = −x2 − y2
2y2

+
x3 + y3
2y3

, am = −x1 − y1
y1

− x2 − y2
2y2

− x3 + y3
2y3

,

and ak = 0 for k ̸= 0, 1,m. Then p1, p2, p3 respectively move to ([1 : 0], [1 : 1 : 0]),

([1 : 1], [1 : 1 : 1]), ([1 : −1], [1 : 1 : (−1)n]) by the action of (
∑n

k=0 akS
kT n−k,

(
1 0
0 1

)
) ∈

Gn. □

Proof of (1) for Fn. We define the Zariski open sets Wk
∼= C × C in Fn for

k = 1, 2, 3 as follows:

i1 : W1 → Fn i2 : W2 → Fn
(x, y) 7→ ([1 : x], [1 : y : xny]), (u, v) 7→ ([1 : u], [v : 1 : un]),

i3 : W3 → Fn
(ζ, η) 7→ ([ζ : η], [1 : ζnη : η]).

We take θ = a(x, y)∂/∂x+ b(x, y)∂/∂y ∈ H0(W1, TW1). The section θ extends to a
holomorphic global section of TFn if and only if θ is holomorphic on W2 and W3, since
the codimension of Fn \ ∪k=1,2,3Wk is two. A straightforward computation yields

θ = a(u, 1/v)
∂

∂u
− v2b(u, 1/v)

∂

∂v
on W1 ∩W2,

θ = −ζ2a(1/ζ, ζnη) ∂
∂ζ

+
(
nζηa(1/ζ, ζnη) +

b(1/ζ, ζnη)

ζn

) ∂

∂η
on W1 ∩W3.

Hence it can be seen that the section θ can be extended to a global holomorphic section
of TFn if and only if we define a(x, y) and b(x, y) to be

a(x, y) = a0 + a1x+ a2x
2 and b(x, y) = (b0 − na2x)y + b1(x)y

2

for some a0, a1, a2, b0 ∈ C and for some b1(x) ∈ C[x] with deg(b1) ≤ n. We define

T :=
{
(a0 + a1x+ a2x

2)
∂

∂x
+ (b0y− na2xy+ b1y

2 + b2xy
2)
∂

∂y

∣∣∣ a0, a1, a2, b0, b1, b2 ∈ C
}
.

Then, by the above observation, it can be seen that any θ ∈ T extends to a holomorphic
global section of TFn .

Let π : X → Fn be the blow-up of Fn along general two points p1, p2. By Claim
5.3.9, we may assume p1, p2 ∈ W1, p1 = (0, 1) and p1 = (1, 1). We choose θ1 and θ2 in
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T as follows:

θ1 = y(y − 1)
∂

∂y
and θ2 = x(x− 1)

∂

∂x
+ nxy(y − 1)

∂

∂y
.

By Lemma 5.3.7, the sections θ1 and θ2 can be lifted to holomorphic global sections of
TX . For any point q = (x, y) ∈ W1 such that x ̸= 0, 1 and y ̸= 0, 1, (θ1)q and (θ2)q give
a basis of TW1,q. Therefore TX is generically globally generated. □

Proof of (2) for Fn. Let π : X → Fn be a blow-up of Fn along general three
points p1, p2, p3. We show that Sym2(TX) is generically globally generated. By Claim
5.3.9, we may assume p1, p2, p3 ∈ W1, p1 = (0, 1), p2 = (1, 1), and p3 = (−1,−1).

We take

θ = a(x, y)
( ∂

∂x

)2

+ b(x, y)
∂

∂x

∂

∂y
+ c(x, y)

( ∂

∂y

)2

∈ H0(W1, Sym
2 TW1).

First we investigate the condition when θ extends to a global holomorphic section of
Sym2 TFn . We have

θ = a(u, 1/v)
( ∂

∂u

)2

− v2b(u, 1/v)
∂

∂u

∂

∂v
+ v4c(u, 1/v)

( ∂

∂v

)2

on W1 ∩W2 and,

θ = ζ4a(1/ζ, ζnη)
( ∂

∂ζ

)2

+
(
− 2nζ3ηa(1/ζ, ζnη)− 1

ζn−2
b(ζ, ζnη)

) ∂

∂ζ

∂

∂η

+
(
n2ζ2η2a(1/ζ, ζnη) +

nη

ζn−1
b(1/ζ, ζnη) +

1

ζ2n
c(1/ζ, ζnη)

)( ∂

∂η

)2

on W1 ∩W3.

In the case of n = 1, the section θ extends to a global holomorphic section of
Sym2 TFn if we have

• a(x, y) = a0 + a1x+ a2x
2 + a3x

3 + a4x
4,

• b(x, y) = (b0 + b1x+ b2x
2 − 2a4x

3)y + (b3 + b4x+ b5x
2 + b6x

3)y2,
• c(x, y) = (c0 − (a3 + b2)x+ a4x

2)y2 + (c1 + c2x− b6x
2)y3 + (c3 + c4x+ c5x

2 +
c6x

3 + c7x
4)y4,
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where all coefficients are constant. Here we put

• θ1 = x(x2 − 1)
( ∂

∂x

)2

+ y
(
− 3x2 + y(x3 + x2 + x− 1) + 1

) ∂

∂x

∂

∂y

+ y2
(
2x+ y2(x2 + 1)− y(x+ 1)2

)( ∂

∂y

)2

,

• θ2 = x2(−x2 + 1)
( ∂

∂x

)2

+ 2x2y(x− y)
∂

∂x

∂

∂y
+ x2y2(y2 − 1)

( ∂

∂y

)2

,

• θ3 = x(−x2 + 1)
( ∂

∂x

)2

+ y
(
3x2 + y(−x2 − 2x+ 1)− 1

) ∂

∂x

∂

∂y

+ y2
(
− 2x+ y2(2x− 1) + 1

)( ∂

∂y

)2

.

Then, by using Lemma 5.3.7 again, the sections π∗θ1, π
∗θ2 and π∗θ3 extend to holo-

morphic global sections of Sym2 TX . For a general point q ∈ W1, θ1(q), θ2(q), and θ3(q)
give basis of Sym2 TW1,q. Therefore Sym2 TX is generically globally generated.

In the case of n ≥ 2, the section θ extends to a holomorphic global section of
Sym2 TFn if

• a(x, y) = a0 + a1x+ a2x
2 + a3x

3 + a4x
4,

• b(x, y) = (b0 + b1x+ b2x
2 − 2na4x

3)y + (b3 + b4x+ b5x
2 + b6x

3)y2,
• c(x, y) = (c0 − (n2a3 + nb2)x + n2a4x

2)y2 + (c1 + c2x + c3x
2)y3 + (c4 + c5x +

c6x
2 + c7x

3 + c8x
4)y4,

where all coefficients are constant. We put

• θ1 = xy2(x2 − 1)
∂

∂x

∂

∂y
+ y3

(
− 3x2 + y(−x4 + 2x3 + 2x2 − 1) + 1

)( ∂

∂y

)2

,

• θ2 = xy2(x2 − 1)
∂

∂x

∂

∂y
+ y2

(
xy2(x+ 2)− y(x+ 1)2 + 1

)( ∂

∂y

)2

,

• θ3 = x(x3 − 2x2 − x+ 2)
( ∂

∂x

)2

+ y
(
− 2nx3 + 6x2 + 2x(n− 1)− 2 + y

(
nx(n− 6) + x3(−n2 + 6n− 4) + 2

)) ∂

∂x

∂

∂y

+ y2
(
nx(nx+ 2n− 6) + 2n+ 1 + y

(
− n2(x+ 1)2 + y(n2 + 6nx− 2n− 1)

))( ∂

∂y

)2

.

Then π∗θ1, π
∗θ2 and π∗θ3 extend to holomorphic global sections of Sym2 TX . For

a general point q ∈ W1, θ1(q), θ2(q) and θ3(q) give basis of Sym2 TW1,q. Therefore
Sym2 TX is generically globally generated. □



CHAPTER 6

Miscellanies

6.1. Lelong number and non Kähler locus

The Lelong number of a singular hermitian metric on a vector bundle was defined by
Berndtsson [Ber17]. Based on the Berndtsson work, we define a new Lelong number.

Let U be a unit ball in Cn, E = U × Cr, h be a Griffiths semipositive singular
hermitian metric. We take a standard frame e1, · · · , er of E. Then we have P(E) = U×
Pr−1 and OP(E)(1) can be endowed with a singular hermitian metric g with semipositive

curvature current induced by h. We have g = e−φ(z,W ), where φ(z,W ) is a quasi-
plurisubharmonic function on U × Pr−1.

Definition 6.1.1. We will denote by ν(φ, (0,W )) the Lelong number φ at
(0,W ). We define the folloing number.

νsup(h, 0) := sup
W∈Pr−1

ν(φ, (0,W )), νinf(h, 0) := inf
W∈Pr−1

ν(φ, (0,W ))

We explain more explicitly. Let h∗ = (h∗ij) be the dual metric of h on E. We take

the chart {[W1 : · · · : Wr] ∈ Pr−1 : Wr ̸= 0} of P(E). As in Lemma 4.2.2, we define the
isomorphism by

U × {Wr ̸= 0} → U × Cr−1

(z, [W1 : · · · : Wr]) → (z, W1

Wr
, · · · , Wr−1

Wr
)

and we may regard U × {Wr ̸= 0} as U × Cr−1. Put ηl :=
Wl

Wr
for 1 ≤ l ≤ r − 1 and

ηr := 1. In this setting, we have

OP(E)(−1)|U×Cr−1 = {(z, η, ξ) ∈ U × Cr−1 × Cr : ηiξj = ηjξi}

and the local section

eOP(E)(−1)(z, (η1, · · · , ηr−1)) := (z, (η1, · · · , ηr−1), (η1, · · · , ηr−1, 1)).

Then the dual metric g∗ = eφ on OP(E)(−1) is written by

g∗(z, η) = |(η1, · · · ηr−1, 1)|2h∗ =
∑

1≤i,j≤r

h∗ij(z)ηiη̄j =

∑
1≤i,j≤r h

∗
ij(z)WiW̄j

|Wr|2
.

79
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Therefore we have

φ(z,W ) = log(
∑

1≤i,j≤r

h∗ij(z)WiW̄j)− 2 log |Wr|

and
ν(φ, (0,W )) = ν(log(

∑
1≤i,j≤r

h∗ij(z)WiW̄j), (0,W )).

for any W ∈ {Wr ̸= 0}.
In this setting, we explain the relationship with the Lelong number defined by

Berndtsson [Ber17]. For any a = (a1, · · · , ar) ∈ Cr \ {0}, we write ua =
∑

1≤i≤r aie
∗
i .

The Lelong number of h∗ at 0 in the direction ua is defined by

γh∗(ua, 0) = lim inf
z→0

log |ua|2h∗
log |z|

.

From log |ua|2h∗ = log(
∑

1≤i,j≤r h
∗
ij(z)aiāj), we have the following corollary.

Corollary 6.1.2. In the above setting, the following hold.

(1) γh∗(ua, 0) = ν(φ|U×{[a1:···:ar]}, 0) ≥ ν(φ, (0, [a1 : · · · : ar])) for any a = (a1, · · · , ar) ∈
Cr \ {0}.

(2) γh∗(ua, 0) = ν(φ, (0, [a1 : · · · : ar])) for general a = (a1, · · · , ar) ∈ Cr \ {0}.
(3) νinf(h, 0) = inf(a1,··· ,ar)∈Cr\{0} γh∗(ua, 0).

Proof. The first equality of (1) is clear. By [Dembook, Theorem 7.13] we
have the second inequality of (1) and (2).

We prove (3). By (1), we have νinf(h, 0) ≤ inf(a1,··· ,ar)∈Cr\{0} γh∗(ua, 0). By [Dem12,
Lemma 2.17], we have

νinf(h, 0) = ν(φ, {0} × Pr−1) = ν(φ, (0, [a1 : · · · : ar]))
for general a = (a1, · · · , ar) ∈ Cr\{0}. Therefore by using (2), the proof is complete. □

We introduce the non-Kähler locus on vector bundles.

Definition 6.1.3. Let X be a smooth projective n-dimensional variety and E
be a holomorphic vector bundle of rank r on X.

(1) For any k ∈ N>0 and any ample line buundle, we set

H+
k,A = {h : h is a Griffiths semipositive singular hermitian metric of Symk(E)⊗ A−1}

(2) If E is V-big, the non-Kähler locus LnK(E) is defined by

LnK(E) :=
∩
k,A

∩
h∈H+

k,A

{x ∈ X : νsup(h, x) > 0},

where the cap is taken over all k ∈ N>0 and all ample line bundle A. By
Theorem 4.1.2, this locus is well-defined.
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This is a higher rank analogy of Boucksom’s non-Kähler locus [Bou04]. In this
section, we prove the following theorem.

Theorem 6.1.4. If E is big, LnK(E) = B+(E) holds .

Therefore, we give a characterization of the augumented base locus by using singular
hermitian metrics on vector bundles and the Lelong number.

Before the proof, we recall a singular hermitian metric induced by holomorphic
sections, proposed by Hosono [Hos17, Chapter 4]. We assume that E is a globally
generated at general point. Let s1, . . . , sN ∈ H0(X,E) be holomorphic sections. We
take a local coordinate U and take a local holomorphic frame e1, . . . , er of E on U . Write
sα =

∑
1≤j≤r fαjej, where fαj are holomorphic functions on U . A singular hermitian

metric hs induced by s1, . . . , sN is given by

(h∗s)jk :=
∑

1≤α≤N

fαj ¯fαk.

By [Hos17, Example 3.6 and Proposition 4.1], hs is Griffiths semipositive.

Proposition 6.1.5. In this setting, {x ∈ X : νsup(hs, x) > 0} ⊂ Bs(E) holds.

Proof. The N × r matrix A is defined by Aαj = fαj as in Lemma 4.2.2. By
the standard linear algebra, we have Bs(E) ∩ U = {x ∈ U : rank A(x) < r}.

Let g = e−φ be a singular hermitian metric with semipositive curvature current on
OP(E)(1) induced by hs. By the above argument, we have

ν(φ, (z,W )) = ν(log(
∑

1≤j,k≤r,1≤α≤N

fαjWjfαkWk), (0,W )).

If νsup(hs, x) > 0, there exists a ∈ Pr−1 such that ν(φ, (x, a)) > 0. We obtain∑
1≤j,k≤r,1≤α≤N

fαj(x)ajfαk(x)ak = 0,

and consequently we have
∑

1≤j≤r fαj(x)aj = 0 for any 1 ≤ α ≤ N . Hence we have

rank A(x) < r, therefore x ∈ Bs(E) holds. □
Now, we prove the Theorem 6.1.4.

Proof. First, we show that LnK(E) ⊂ B+(E). We take a sufficiently ample
line bundle A such that B+(E) =

∩
q∈N>0

B(Symq(E) ⊗ A−1) by [BKK+15, Remark

2.7]. It is enough to show that LnK(E) ⊂ B(Symq(E)⊗A−1) for any q ∈ N>0 such that
B(Symq(E) ⊗ A−1) ̸= X. We fix q ∈ N>0 and take m ∈ N>0 such that B(Symq(E) ⊗
A−1) = Bs(Symqm(E)⊗A−m). From Bs(Symqm(E)⊗A−m) ̸= X, Symqm(E)⊗A−m can
be endow with a Griffiths semipositive singular hermitian metric h induced by global
sections and {x ∈ X : νsup(h, x) > 0} ⊂ Bs(Symqm(E) ⊗ A−m) holds. By h ∈ H+

qm,Am

and the definition of LnK(E), the proof is complete.
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For inverse inclusion, we take a point x /∈ LnK(E). There exist k ∈ N>0, an ample
line bundle H, and a Griffiths semipositive singular hermitian metric h on Symk(E)⊗
H−1 such that νsup(h, x) = 0. We will show that x /∈ B+(E), more precisely, there exists
q ∈ N>0 such that Symq(E) ⊗ A−1 is globally generated at x. This proof is similar to
the proof of Theorem 4.3.1.

We take a local coordinate (U ; z1, · · · , zn) near x. Let ϕ = η(n + 1) log |z − x|2,
where η is a cut-off function such that η ≡ 1 near x. and we put ψ := n

n+1
π∗ϕ. Let hH

be a positive smooth hermitian metric on H. We take a positive integer m such that

(1) m
√
−1ΘhH ,H +

√
−1∂∂η ≥ 0 holds in the sense of current, and

(2) OP(E)(r)⊗ π∗(A−1 ⊗K−1
X ⊗ detE∨ ⊗Hm) is ample.

We will denote by g the singular hermitian metric with semipositive curvature cur-
rent on OP(E)(k) ⊗ H−1 induced by h. From νsup(h, x) = 0, there exists a open set
x ∈ V ⊂⊂ Usuch that g2m is integrable on π−1(V ) by Skoda’s Theorem and the defini-
tion of νsup.

We put L̃ := OP(E)(2km)⊗π∗H−2m⊗OP(E)(r)⊗π∗(A⊗K−1
X ⊗detE∨⊗Hm). Then

we have

OP(E)(2km)⊗ A−1 = KP(E) ⊗OP(E)(2km)⊗ π∗H−2m ⊗OP(E)(r)⊗ π∗(A⊗K−1
X ⊗ detE∨ ⊗Hm)

= KP(E) ⊗ L̃

By the same argument of Theorem 4.3.1, L̃ has a singular hermitian metric h̃ with
semipositive curvature current such that

√
−1ΘL̃,h̃ + (1 +

α

n
)
√
−1∂∂ψ ≥ 0 in the sense of current

for any α ∈ [0, 1].
In this setting, the same proof as in Step 3 of Theorem 4.3.1 (C) ⇒ (A) works. The

details left to the reader.
□

Unlike the non-Kähler locus, the non-nef locus is difficult. For any k ∈ N>0 and
any ample line bundle A, we set

H−
k,A = {h : h is a Griffiths semipositive singular hermitian metric of Sk(E)⊗ A}.

and set H−
k := ∪AH−

k,A. For any point x, we write

αk(x) := inf
h∈H−

k

(νsup(h, x)).

Since we have hl ∈ H−
kl for any h ∈ H−

k , we obtain lαk(x) ≥ αkl(x). Therefore we
define

νmet(E, x) := inf
k

αk
k
,
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which is a higher rank analogy of the minimal multiplicities ν(γ, x) at x for any pseudo-
effective cohomology class γ in [Bou04, Definition 3.1].

In this setting, we can easily to show that

{x ∈ X : νmet(E, x) > 0} ⊂
∪
k

{x ∈ X : αk(x) > 0} ⊂ B−(E)

by using the method in Theorem 6.1.4. However the inverse inclusion is unknown. It
is difficult since there is no canonical way to give a singular hermitian metric to E by
using a metric hk on Sk(E).

Moreover it is unknown that there exists a minimal singular hermitian metric on
a pseudo-effective vector bundle, which is a higher rank analogy of a minimal singu-
lar hermitian metric defined by Demailly, Peternell and Schneider [DPS94] (see also
[Dem12, Chapter 6]). It is also an interesting question.

6.2. An example of a rationally connected manifold.

Conjecture 6.2.1. [NZ18, Conjecture 1.6] Any compact Kähler manifold with
negative scalar curvature cannot be rationally connected.

We give a partial answer of this conjecture.

Theorem 6.2.2. Let X be a blow up P2 at general 14 points. Then X has a
hermitian metric with negative scalar curvature and X is rationally connected.

We don’t know whether X has a Kähler metric with negative scalar curvature.

Proof. We use the following theorem.

Theorem 6.2.3. [Yan17, Theorem 1.3] Let Y be a compact complex manifold.
The following are equivalent.

(1) K−1
Y is not pseudo-effective.

(2) Y has a hermitian metric with negative scalar curvature.

It is enough to give a example such that K−1
X is not pseudo-effective and X is ra-

tionally connected. Since rationally conectedness is birational property, X is rationally
connected. We show that K−1

X is not pseudo-effective.
We denote by H = OP2(1) and by π : X → P2 the blow up morphism. Let {Ei}14i=1

be exceptional divisors. We have

KX = π∗(KP2) +
14∑
i=1

Ei = π∗(−3H) +
14∑
i=1

Ei

By [Ku94],

A := π∗(4H)−
14∑
i=1

Ei
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is ample divisor on X.
To obtain a contradiction, suppose that K−1

X is pseudo-effective. Then for any
m ∈ N>0 there exists a n ∈ N>0 such that n(−mKX + A) has a section. Therefore
for any m ∈ N>0, we have A(−mKX + A) > 0. We point out (−mKX + A) =
(3m+ 4)π∗(H)− (m+ 1)

∑14
i=1Ei.

However, we have

A(−mKX + A) = (π∗(4H)−
14∑
i=1

Ei)((3m+ 4)π∗(H)− (m+ 1)
14∑
i=1

Ei)

= 12m+ 16− 14(m+ 1) = −2m+ 2,

this is a contradiction. Therefore, K−1
X is not pseudo-effective. □

6.3. Higher Fujita’s decomposition

Definition 6.3.1. [KM98] Let X be a smooth projective manifold.

(1) A 1-cycle is a formal linear combination of irreducible reduced and proper
curves C =

∑
aiCi.

(2) Two 1-cycle C,C ′ is numerically equivalent if D.C = D.C ′ for any Cartier
divisor D.

(3) N1(X)R is a R-vector space of 1-cycles with real coefficients modulo numerical
equivalence.

Definition 6.3.2. [Lazi] A class α ∈ N1(X)R is movable if D.α ≥ 0 for any
effective Cartier divisor D. The set of movable classes forms a closed convex cone
Mov(X) ⊂ N1(X)R, called the movable cone.

C is a strongly movable curve if C = π∗(A1∩· · ·∩An−1) for some proper modification
π : X → Y and some ample divisors A1 · · ·An−1. By [BDPP13],Mov(X) is the closure
of the cone spanned by strongly movable curves.

Let X be a smooth projective manifold and E ̸= 0 be a torsion-free coherent sheaf
on X. For any α ∈Mov(X), the slope of E with respect to α is defined by

µα(E) :=
c1(E).α
rkE

E is α-semistable if µα(F) ≤ µα(E) for any nonzero coherent subsheaf F ⊂ E . E is
α-stable if µα(F) < µα(E) for any nonzero coherent subsheaf F ⊂ E and F ̸= E .

µmaxα (E) is define by supremum of µα(F) for nonzero coherent subsheaf F ⊂ E .
µminα (E) is define by infimum of µα(Q) for nonzero torsion-free coherent quotient sheaf
E → Q. By [Lazi], there exists a subsheaf Fmax ⊂ E and such that µmaxα (E) = µα(Fmax)
and there exists a torsion-free coherent quotient sheaf E → Qmin such that µminα (E) =
µα(Qmin). Fmax is called maximal α-destabilizing subsheaf of E .

In this section, we prove the following theorems.
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Theorem 6.3.3. Let X be a smooth projective manifold, E be a reflexive coher-
ent sheaf and α = An−1 for some ample line bundles A. If E has a Griffiths semipositive
singular hermitian metric, then there exists a decompostision E ∼= Q⊕ G such that

• Q is a hermitian flat vector bundle.
• G is a reflexive coherent sheaf and µminα (G) > 0.

Proof. We point out µminα (E) ≥ 0 since E is pseudo-effective.
The proof is by induction. If rkE = 1 and µminα (E) = 0, then µα(E) = 0. Hence

c1(E)A1 · · ·An−1 = 0, we have c1(E) = 0. Since E is pseudo-effective, E is hermitian
flat.

If µminα (E) = 0, then we have a torsion-free coherent quotient sheaf E → Qmin such
that µminα (E) = µα(Qmin) = 0. Qmin is a reflexive coherent sheaf such that c1(Qmin) = 0
and Qmin has a Griffiths semipositive singular hermitian metric. By Theorem 5.2.5,
Qmin is a hermitian flat vector bundle. We put r′ := rkQmin < rkE . By taking duals,
we have

0 → Q∨
min

ϕ−→ E∨ → K → 0,

where K is a cokernel of ϕ : Q∨
min → E∨. We have ∧r′ϕ ∈ Hom(det(Q∨

min),∧r
′E∨) ∼=

H0(X, (det(Q∨
min) ⊗ ∧r′E)∨). Since det(Q∨

min) ⊗ ∧r′E is pseudo-effective, ∧r′ϕ is non
vanishing on XE . Therefore ϕ|XE : Q∨

min|XE → E∨|XE is an injective bundle morphism
and we have K|XE is a vector bundle. By Theorem 5.1.3 we have

E∨|XE
∼= Q∨

min|XE ⊕K|XE

From codim(XE) ≥ 2, we have
E ∼= Qmin ⊕K∨,

by taking duals. Since rkK∨ < r, K∨ is a reflexive coherent sheaf and K∨ has a Griffiths
semipositive singular hermitian metric, by induction hypothesis, we have

K∨ ∼= Q′ ⊕ G,
where Q′ is a hermitian flat vector bundle and µminα (G) > 0. Therefore we put Q :=
Qmin ⊕Q′, which complete the proof. □

Proposition 6.3.4. Let X be a smooth projective manifold, G be a reflexive
coherent sheaf and α = An−1 for some ample line bundles A. If µminα (G) > 0, then G is
generically ample, i.e. G|C is ample on C for a general curve C = D1 ∩ · · · ∩Dn−1 for
general Di ∈ |miA| and mi >> 0.

Proof. This is a well known to expert. We prove for the readers. We use the
following Mehta-Ramanathan’s theorem.

Theorem 6.3.5. [MR82][Miy87] Let X be a smooth projective manifold, E
be a reflexive coherent sheaf and α = An−1 for some ample line bundles A For large
integer m and general Y ∈ |mA|, the maximal αY -destabilizing subsheaf of E|Y extends
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to a saturated subsheaf of E , where αY := (A|Y )n−2. In particular E is α-semistable iff
E|Y is αY -semistable.

For any 1 ≤ i ≤ n − 1, we define Ci := D1 ∩ · · · ∩Di. We have Cn−1 = C and we
put C0 = X. For any 0 ≤ i ≤ n − 1, we put αCi := (A|Ci)n−1−i and Fi is defined by
a maximal αCi-destabilizing subsheaf of G∨|Ci . By Mehta-Ramanathan’s theorem, we
have µαCi (Fi) ≤ µαCi−1

(Fi−1) for any 1 ≤ i ≤ n− 1. Hence we have

µmaxα (G∨|C) = µαCn−1
(Fn−1) ≤ µαC0

(F0) = µmaxα (G∨) < 0.

Therefore we have µminα (G|C) > 0, G|C is ample. □
In particular, we obtain a higher Fujita’s decomposition of a direct image sheaf of

relative pluricanonical line bundle.

Theorem 6.3.6. (cf. [Fuj77][CK19]) Let X be a compact Kähler manifold, Y
be a smooth projective manifold and f : X → Y be a proper surjective morphism with
connected fibres. For any m ∈ N>0. we have a higher Fujita’s decomposition

(f∗(mKX/Y ))
∨∨ ∼= Q⊕G,

where Q is a hermitian flat vector bundle and G is a generically ample reflexive coherent
sheaf.

In particular if Y is a curve, for any m ∈ N>0. we have a Fujita’s decomposition

f∗(mKX/Y ) ∼= Q⊕G,

where Q is a hermitian flat vector bundle and G is an ample vector bundle.

Proof. By [Wang19, Theorem B](or [PT18] ,[HPS18] in case when f is
projective), f∗(mKX/Y ) has a Griffiths semipositive singular hermitian metric, which
completes the proof by Theorem 6.3.3 and Proposition 6.3.4 □
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