SHARP SEPARATION FROM TWELVE INTERSECTION
POLYNOMIALS:
LONG VIRTUAL KNOTS WITH IDENTICAL CLOSURES

CHATGPT 6ASTRA

ABSTRACT. We determine the least crossing bound for separation by the Satoh—
Wada polynomials from the full twelve-polynomial intersection package: it is two.
If both degree-two GPV invariants and the entire oriented closure must also agree,
the least bound is three. An explicit family on the flat strings o, 2 has identical
closures and identical intersection packages, whereas its two V-polynomials are
—t™FH 1+t + -+ ™12 and those of its partner are obtained by ¢ + t~1. We
give all twelve closed formulas, prove crossing number 4m and supporting genus
two, and prove that the Jones polynomial is one. An unreduced enumeration
through four crossings and two exact implementations provide reproducible checks.
The novelty claim concerns these joint separation statements, not the pre-existing
invariants or flat strings.
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1. INTRODUCTION

A long virtual knot retains a point at infinity that is forgotten by its closure. This
distinction is essential for finite-type invariants: the two GPV invariants v, i, vs9
already depend on this extra information [2, §§1.6,3.2]. We study the comparison
between the twelve intersection polynomials of Nakamura—Nakanishi-Satoh—Wada
[7, 8] and their recent pair-counting refinements V;, V5 introduced by Satoh—Wada
[9].

Write, in the displayed order,

(11) F(K) = (F007 FOla FlO) F117 G007 C7Y017 G(107 Glla H007 H017 HlOa Hll)<K7 t)

An equality of packages means componentwise equality in Z[t,t7!]. Let ¢(K) be the
minimum number of real (classical) crossings among all long virtual diagrams of K;
virtual crossings are not counted. The closure K is an oriented virtual knot.

Theorem 1.1 (Sharp thresholds). The minimum of max{c(K),c(L)} subject to
F(K)=F(L) and (V1,Va)(K) # (V1,V2)(L) is two. If one also requires

(v2,1,v22)(K) = (v,1,v22)(L), K~ E,

then the minimum is three. The latter minimum is attained with both closures trivial,

and with (Vi,Vs) = (—t,0) and (—t~1,0).

Thus even supplying the entire closure, rather than a finite list of closure invari-
ants, does not allow reconstruction of Vj, V, from the intersection package and the
two GPV values.

Form > 1, put S,,(t) =1+t +---+tm L

Theorem 1.2 (An explicit infinite family). There are explicitly specified long virtual
knots K,,, L,,, with intersection graph Kop, om, Such that

F(Km) = F(Lw),  Kp o Ly,
(v2,1,v22)(Kim) = (v2,1,v22) (L) = (—m2, —m2)7
Vi(Kmit) = Va(EKps; t) = —t™ 15, (1),
Vi(Lin; t) = Va(Ln; t) = =t~ U5, (¢71)2,
Both knots and their common closure have crossing number 4m and supporting
genus two, where the genus for a long knot is sg,. Their closure writhe/affine-index
polynomials and odd writhes vanish; their normalized Jones—Kauffman polynomials

are one. Every invariant of the oriented closure, including the generalized Alexander
polynomial, agrees between the two knots.

All twelve formulas appear in Theorem 6.1. The difference is
(1.2) Vi(Komit) = Vi(Ls t) = —t™ 1S, () + TS, (712 #£ 0.

The positive and negative supports in this expression are disjoint. The knots are
pairwise distinct as m varies, by their GPV values.

The underlying flat strings are Turaev’s previously known lattice strings cam 2m
[12, §3.3(1)]. We do not claim a new flat-string construction. The proposed new
assertions are the sharp joint thresholds and the simultaneous separation after fix-
ing the twelve polynomials, the GPV values, and the entire closure. The argument
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is not a consequence of realizability of arbitrary V-pairs, which imposes no such
simultaneous constraints. Our search identified a four-chord cycle example; replac-
ing its two nested pairs by two nested packets gives the family above. A second
construction of bounded treewidth is recorded in §7.3.

To the best of our knowledge these joint separation statements have not appeared
previously. This is a literature-based assessment, not a claim that every publication
has been exhaustively indexed. Precise comparisons and limitations are given in §8.

2. PRELIMINARIES

2.1. Diagrams, surfaces, and signs. A long virtual diagram is an oriented generic
immersed line, standard outside a compact disk, whose double points are marked real
with over/under data or virtual. Equivalence is generated by classical Reidemeister
moves and virtual detour moves [1, §§2-3]. Its Gauss diagram has a line oriented
to the right and signed arrows from the overpassing preimage to the underpassing
preimage. Every such signed arrow diagram is realizable by a long virtual diagram:
choose a local crossing disk for each arrow and connect consecutive visits by generic
arcs, declaring their additional intersections virtual. The detour move makes the
choice of connecting arcs irrelevant.

We encode a chord by (¢;,r;, a;,¢;), with ; <r;, a; € {0,1} and ¢; € {£1}. Type
zero means an arrow ¢; — r;, type one an arrow r; — ¢;. In mathematical displays
endpoints start at one; the code subtracts one. Labels are assigned by increasing
left endpoint. The initial endpoint of an arrow has weight —e;, and the terminal
endpoint weight ¢;. In particular

(21) S; = (2@1 - 1)62

is the weight at /;, and —s; is the weight at ;.

A surface realization is a based diagram on an oriented closed surface, with equiv-
alence allowing Reidemeister moves and stabilization away from the diagram. The
correspondence with virtual diagrams is supported by [3, Theorem 3.3 and Proposi-
tion 3.4J; the closed-link irreducibility theorem is [4, Theorem 1]. Smoothing crossing
i gives «;, the loop missing the basepoint, and ;, the loop containing it. If v is the
whole curve, then «; + 3; = . Write

Aij:Oéi'Oéj, dIZOéZ’}/

We use the endpoint-sign intersection convention of [6, §3, Lemmas 3.1-3.2], equiv-
alently the convention used in [9, §3]. Consequently

(22) azﬁ] :dl—Aw, ﬁzﬁ] :A”—dz—Fd]

These identities follow by bilinearity and skew-symmetry, so they also fix all signs
in the implementation.

2.2. An exact endpoint formula. Set w;(z) =1 for ¢; < z < r;, and zero other-
wise. For ¢ < j define \;; = 11if {; < {; < r; <r;, and zero otherwise.
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Lemma 2.1 (Intersection formula). For all diagrams,

(2.3) d; = Z sk (i (l) — ui(r2)),

k

S; + 55 .
(24) Az’j = Z Sk (uz(fk)u](rk) — uz(rk)u](fk)) + )\z’j 9 J (Z < j),
k#i,j

i -

Proof. For d;, a crossing contributes only when exactly one visit lies inside (¢;,7;);
its contribution is the weight of that visit. For two loops, an endpoint inside the first
interval whose partner is inside the second contributes its weight. The two possible
visits of chord k give the determinant in (2.4). If both visits belong to both intervals
their contributions cancel. For unlinked chords there is no endpoint correction. For
linked chords the two smoothing neighborhoods contribute 1,0, —1 according as
(siys5) is (1,1), mixed, or (—1, —1). This is exactly the local push-off calculation of
[6, Lemma 3.2], also stated for the required linked pairs in [9, §3, following Remark
3.3]. It equals (s; + s;)/2. This proves the formula and its integrality. O

For an alternative implementation, put h; = 1 on the open interval, h; = 1/2 at
its two ends, and zero outside. Then

(2.5) Ay =Y se(hallhy(r) — ha(ri)hy ().

k

For k =i, j, the two contributions are s;/2,s,/2 in the linked case and zero in the
unlinked cases. All other terms equal those in (2.4). The code uses 2h; € {0, 1,2}
and divides the final sum by four, checking divisibility.

2.3. The full twelve-polynomial package. Let [, = {i:a; = a}, w, = >
and
Wat) = et - 1).

i€l
The precise normalization in [7, Theorem 2.3] is

(2.6) Fu(t)= > egi(t™ 1),

iel, €is

i€lg,jEI

(2.7) Gap(t) = > eigi(t"45 — 1) — w,Wa (1),
1€lq,j€1}

(2.8) Huy(t) = ) ae(t* 4 — 1) — w,Wi(t) — wpWa(t™).
1€lq,5€1,

Here (a,b) = (0,0),(0,1),(1,0),(1,1) in each of the three lines, so (1.1) explicitly
lists all twelve invariants. Diagonal pairs are included. The raw sums defining G, H
without their corrections are not the invariants under consideration. Expanding the
corrections gives the implementation identities

(2.9) Ga = Z 6Z€j(tdi—Ai]’ _ tdi)7
i€lg,jEIy

1€lq,j€1}
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2.4. The pair-counting and older invariants. For i < j with ¢; < {; <r; <,
the pair is inward when (a;,a;) = (0,1) and outward when (a;,a;) = (1,0). Denote
these ordered sets by Ji,, Jout. The definitions are

(2.11) Vi= Y egthi, Vo= ) ety
(4,3)€Jin (4,3) € Jout
Their invariance is [9, Theorem 3.1]; evaluation at one gives the GPV invariants [2,
§3.2]. These facts are inputs, not new results.
For a chord put Ind(i) = (1 — 2a;)d;, corresponding to the over-to-under smooth-
ing. We use the normalized closure polynomial

(2.12) P(t) =Y &(t™® — 1) = Wo(t) + Wa(t™").

This is the writhe /affine-index convention used here; reversing the global intersection
convention replaces ¢ by t~1. See [5, §2.2], [10, §3], and [7, Proposition 10.1]. The
odd writhe is J = > 4, odd Ei- Indeed d; mod 2 is the number of chords linked with
modulo two.

The Jones-Kauffman normalization is fp(A) = (—A3)~"*P)(D), with (O) = 1
and each additional state circle contributing —A% — A2 [1, §5]. The usual Jones
variable satisfies ¢ = A™*. By generalized Alexander polynomial we mean the closure
Alexander-biquandle determinant over Z[s*!, t*1], up to multiplication by £s“t¥ [11,
§3]. It is zero on the unknot. An endpoint-sensitive Alexander invariant of a long
knot is a different invariant and is not included in this convention.

3. EXACT COMPUTATIONAL FRAMEWORK

3.1. Enumeration and completeness. The program uses integer endpoints
0,...,2n — 1. It pairs the least unused endpoint with each possible remaining
endpoint and recurses on the rest. Chords are then labeled by increasing left
endpoint; their four (a,e) choices are assigned independently.

Lemma 3.1 (Exhaustiveness). The enumeration visits every signed, directed match-
ing exactly once, and visits (2n — 1)!14" diagrams for n > 1 and one diagram for
n =0.

Proof. In any matching the least unused endpoint has a unique partner. Removing
that pair leaves a matching of the remaining endpoints, so induction gives existence
and uniqueness of a branch producing the matching. There are 2n — 1 first choices,
then 2n — 3, and so on. Each chord has two independent choices of direction and
sign, giving the factor 4". Increasing-left-endpoint labels remove only redundant
chord names; they do not identify geometrically different diagrams. U

No reversal, mirror, cyclic-shift, or Reidemeister pruning is used in the search.
In particular, a cyclic shift would be unsafe for a long-knot search. We merely
record how many inputs have an immediate RI or RII reduction. A line-RI chord
has adjacent endpoints. A line-RII pair has opposite crossing signs, adjacent arrow
tails, and adjacent arrow heads. Those diagnostics do not influence the search.

This approach overcounts knot types but cannot miss a knot admitting an n-
crossing diagram. Consequently absence of a pattern through n < N would be
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sufficient for a nonexistence proof, without any classification under RIII. Our two
sharp lower bounds will in fact be proved by hand.

3.2. Arithmetic and independent checks. A Laurent polynomial is a sorted
tuple of pairs (integer exponent, nonzero integer coefficient). Equal exponents are
combined and zero coefficients removed before comparison. No floating-point arith-
metic is used in invariants, rank calculations, or tests; elapsed time is metadata.

Implementation A uses (2.5) with doubled indicators. Implementation B uses
three distinct endpoint-region cases in (2.4): disjoint, nested, and alternating. In
the alternating case its three positive regions are

(G, 6) x (L), (Gima) X (rayry), (G 4g) X (ri,75).
For nested intervals the positive region is the left outer part times the inner interval,
and the negative region is the inner interval times the right outer part. For disjoint
intervals only the first interval times the second contributes. This partitions every
possible endpoint pair.

The two implementations agree on A,d for all 27,893 diagrams through four
crossings. A separate accumulation using raw formulas (2.6)—(2.8) agrees with
(2.9)—(2.10) for all these diagrams, as do the two V' accumulations. This checks
both intersection calculations and the normalization corrections. The family formu-
las, primitive-matrix tests, and cyclic closure identification were checked exactly for
1 < m < 16. A separate ribbon-face permutation gives two faces of length eight
and 4m — 4 faces of length four. The resulting genus is two, independently of the
matrix-rank calculation. These checks supplement the proofs below. The verifica-
tion also recovers SW Example 3.4 and the normalized bracket of a trefoil, checks
the auxiliary forest formulas through eight blocks, and checks all 27,892 immediate
RI deletions and 5,960 immediate RII deletions available among diagrams through
four crossings.

4. SMALL-CROSSING SEARCH AND SHARP MINIMALITY

4.1. Exhaustive tables. In Table 1, “RI” and “RI/II” mean absence of an im-
mediate reduction of the indicated kind; the unpruned inputs are used throughout.

TABLE 1. Generated and diagnostic counts.

n Generated After symmetry RI RI/II
0 1 1 1 1
1 4 4 0 0
2 48 48 16 12
3 960 960 320 244
4 26880 26880 9216 7100

Let an F-collision class mean a package attained by at least two diagrams with
exactly n chords. A split class has at least two V-pairs. In the last column of
Table 2, classes are formed with the enlarged key (F,vq1,v229, P, J); the column
counts keys split by V', not pairs of knots. The code also compares cumulative keys
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TABLE 2. Exact invariant collisions; no knot-type identification.

n JF keys Collision keys Split keys FEnlarged split keys
0 1 0 0 0
1 1 1 0 0
2 6 6 3 0
3 90 90 72 12
4 2478 2470 2099 329

across different crossing counts. No crossing-minimal knot-type counts are inferred
from these tables.

4.2. Two crossings. Let U have chords (1,3,0,+1),(2,4,1,+1), and let U’ have
(1,3,1,+1),(2,4,0,+1). For U one has A =0 and d = (1,1); for U’ one has A =0
and d = (—1,—1). If p=t+ ¢! — 2, substitution gives

Fop=Guw=0, Hy=-—p foralla,b,
(V1;V2)(U) = (170)a <V17V2)(U,) = (071)'
Their circular Gauss diagrams agree after shifting by two endpoints. For at most one

chord there is no linked pair, so both V-polynomials vanish. This proves the first
assertion of Theorem 1.1, including the exact crossing numbers ¢(U) = ¢(U’) = 2.

(4.1)

4.3. Three crossings with trivial closures. Let D consist of
(4.2) z=(1,6,0,+1), r=1(2,4,0,—1), y=(3,5,1,+1),

and write D* for the result of negating all three signs while retaining the directions.
Denote the represented knots by E, E*. The nonzero intersection entries and the
indices are

0 —1 1
(4.3) A=|1 0o 1], d=(01,-1).
~1 -1 0

For example «, is the whole core up to a local smoothing outside the other visits;
hence A,, = —d, = —1 and A,, = —d, = 1. The linked pair (z,y) has no third-
chord contribution and has s, = s, = 1, giving A,, = 1.

F1GURE 1. The three-crossing seed E. Negate signs to obtain E*.

The complete calculation is particularly short:
(4.4)
Foo = —p, Go1 = p, Hyy = —p, all other nine components are zero.
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Indeed wy = 0,w; = 1, Wy =1 —t, Wi, = t1 — 1. The two contributions to Fy,
cancel. The two to Go; are t~' — 1 and ¢ — 1. For Hy; the raw self-intersection sum
vanishes and its correction is — (W (t) +W;(t™1)) = —p. All remaining entries follow
from (4.3); these values also supply hand checks of the implementation.

Negating signs sends A,d to —A, —d and leaves each product e,e; unchanged.
Thus the new package is obtained by ¢ + ¢~!, which fixes (4.4). Only (x,y) is
inwardly linked, and no pair is outwardly linked. Hence

(‘/17‘/2)(E) = (—t,O), (‘/17‘/2)(E*) = (_t_1’0)7 (U2,1>U272) = (_170)'

On the circle the two visits of z are adjacent, so a circular RI removes z. The
remaining tails of x,y are adjacent across the cut, their heads are adjacent, and
their signs are opposite. A circular RII removes both. This is a move certificate
for E = E* = (); it is not an allowable reduction of the based long diagrams. In
particular P = J =0, f(A) = 1, and the closure generalized Alexander polynomial
is zero.

For the sharp lower bound, take any diagram with at most two chords. Without
a mixed-type linked pair, both V’s are zero. Otherwise there is exactly one such
pair. The two GPV values determine whether it is inward or outward and deter-
mine €169. Equal signs give A5 = 0 and the relevant V' is 1. Opposite signs give
Ajy = %1 and the relevant V is —t412. In this last case Fy; (inward) or Fiy (out-
ward) is exactly —(¢412 — 1), which determines the exponent. Therefore (F,va 1, v92)
determines (V;, V3) through two crossings. This proves the second threshold, even
before imposing closure equality. Also ¢(E) = ¢(E*) = 3: a hypothetical smaller
presentation would give the two-crossing F' pattern just classified, inconsistent with
(4.4).

5. THE INFINITE FAMILY

5.1. An explicit endpoint specification. Fix m > 1 and put ¢ = 2m. Use
8m = 4q endpoints. Introduce ¢ chords A; and ¢ chords B; by

In both packets assign type zero and sign —1 to indices 1, ..., m, and type one and
sign +1 to indices m + 1, ..., 2m. Equivalently the unsigned word is
(5.2) Ay Ay By---ByAy--- Ay By - - By

Let K, be this long knot and L,, = K}, the sign-negated diagram. The four blocks
in (5.2) occupy disjoint consecutive intervals; therefore (5.1) pairs every endpoint
exactly once and defines a valid diagram for every m.

Within a packet the chords are nested and unlinked. Every A; is linked with
every Bj, so the intersection graph is K,,. For m = 1 it is the four-cycle. This
graph is connected, but its treewidth grows with m; we make no bounded-treewidth
assertion for this particular family.

5.2. Every intersection number. All left endpoint weights are +1. Formula (2.3)
gives

(5.3) da, = q, dp; = —q.
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There are exactly ¢ single visits from the opposite packet inside each interval; for
A; they are left visits and for B; right visits. For chords in the same packet the
determinants in (2.4) cancel or vanish, and there is no linked correction. For a
cross-packet pair, exactly ¢ — i other A chords and ¢ — j other B chords occupy its
contributing regions. Its smoothing correction is one. Thus

(54) AAiAh:ABjBk:O7 AAiBj :2q+1—i—j,

and reverse entries are their negatives. This classifies all pairs.

5.3. Identical closures. Move the cut of (5.2) past its first 2¢q endpoints. The new
word starts A, --- A1 B, - - - B;. Relabel A, = A,,_; and B} = By+1—;. The endpoint
matching again has form (5.1). Every arrow has had its two visits interchanged, so
its new type is 1 — ag41-;. The chosen type sequence satisfies a,41-; = 1 — a;; hence
the new type is a;. Its sign is e,41-; = —&;. We have therefore obtained exactly
the diagram of L,,. This is an orientation-preserving isomorphism of circular signed

arrow diagrams, proving identical closures, without invoking Reidemeister moves or
any test of knot equivalence.

6. CLOSED FORMULAS AND PROOF OF SEPARATION
Put R,,(t) = S,,(t)?, and for a,b € {0,1} set
To(t) = G0 DmHIR (4 oap = (—1)7*.
Write fV(¢t) = f(t71).

Theorem 6.1 (All twelve formulas). For K, the twelve components are, for each
of the four pairs (a,b),

(61) Fab = Ogb (Tab + T(\z/b — 277’1,2),
(6.2) Gap = Tap (8" Ty + 172" Ty — m> (2" - 1727)),
(6.3) Hop = 00 (t7" Tap + 7T, + 6m> — Am> (2™ + t77™)).

Fvery displayed polynomial is reciprocal. In addition
(6.4) Wy =—m(t*™ +t2" —2), Wi = m(#*™ + 72" — 2), P=J=0.

Proof. Let Qo = {1,...,m} and Q1 = {m + 1,...,2m}. The sign in each type is
constant, and the product of two signs is o,,. From (5.4),

Z t4m+17ifj _ Tab(t)~
1€Qa,JEQ
This follows by writing i =am +1+wu, ) =bm+ 14+ v for 0 < wu,v < m — 1, and
reversing the order of the two geometric sums. There are m? terms.

For F', same-packet terms vanish and the two cross-packet orders give T,, and
TY,, with 2m? subtracted constants. For G use (2.9): same-packet terms vanish
again. The A-to-B contribution is t*"TY, — m*t*™ and the B-to-A contribution is
t72mT o — m*t—2™. This proves (6.2).

For H the two same-packet contributions in (2.10) sum to 2m?(2 — t*™ — ¢=2™),
The cross-packet contributions are

74T o — 2m2t 2™ 4+ m2, tTY — 2mA ™ 4+ m?,
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Adding these three expressions and multiplying by o4 gives (6.3). This also explains
the coefficients six and four in that formula. Each expression is fixed by ¢ + ¢t~1. The
W, formulas follow by the m indices of each type in each packet. Equation (2.12)
gives P = 0, and every d; is even, giving J = 0. 0

Only cross-packet pairs can contribute to V. Inward pairs have ¢ € g, 7 € ()1 and
outward pairs have i € (01,7 € QQg. Their sign products are all —1. Thus both Vs
are —Tg = —t™T1S,,(t)%. Negating signs reverses all intersection numbers, proving
the L,, formulas. It likewise replaces each of (6.1)—(6.3) by its reciprocal, which is
the same polynomial. This proves the separation and GPV parts of Theorem 1.2.

7. FURTHER CONSEQUENCES

7.1. Crossing number and supporting genus. We apply the general based-
matrix theory of [12, Lemmas 6.1.1, 6.2.1 and §6.3]. A based matrix is a finite
skew-symmetric matrix b with a distinguished element s. An element different from
s is annihilating if its row is zero and is core if its row equals the s row. Two
nondistinguished elements are complementary if the sum of their rows is the s row.
A matrix is primitive if none of these deletions is available. For a flat string, {s} U
{arrows} indexes its intersection matrix; s is the entire core and the arrow loops use
the orientation determined by the surface. For our all-positive left endpoint weights,
these arrow loops are the « intervals used above.

The cited results assert that the primitive based matrix is a homotopy invariant. If
it has r nondistinguished elements and rank 2¢, every homotopic flat-string diagram
has at least r arrows and every realizing surface has genus at least g. These hypothe-
ses concern flat homotopy; forgetting over/under data in a virtual-knot equivalence
gives such a homotopy, so the resulting lower bounds also apply to virtual knots.

For the current family the matrix consists of (5.3)—(5.4), with b(A;,s) = g,
b(B;,s) = —q. These nonzero entries exclude annihilating and core elements. A
complementary pair would have to be A;, B;. Evaluating its row-sum condition on
Ap, requires

—(2¢+1—h—j)=—q for every 1 < h <gq.
This cannot hold for both h = 1 and h = 2, since ¢ = 2m > 2. The matrix is
primitive, and its 2¢ = 4m arrows give the crossing lower bound 4m, attained by
the specified diagram. The same bound applies to the closure and to L,, because
their circular diagrams agree.

For completeness we calculate the rank directly. In a four-dimensional symplectic
space with e, - f, = J,,, represent

Ai=e +iey, Bj=2q+1—j)fi—fo, s=q(f1—e2).
Their pairings are exactly the displayed matrix. Hence its rank is at most four. The
submatrix of cross-pairings at indices i,j € {1,2} is

2g—1 2q—2 L
<2q—2 2q—3)’ det = —1.

The associated four-by-four skew matrix has nonzero determinant, proving rank

four. The loops consisting of the core and one smoothing for each chord form a
basis of the first homology of the canonical ribbon surface [12, §4.2]; changing a
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smoothing to its complementary loop is an integral basis change. Thus the rank
equals twice the genus of that surface. Capping its boundary yields a genus-two
realization. The lower bound proves sg(K,,) = sg;(Kn) = sgi (L) = 2.

For the second supporting genus of [8, Definition 3.5] we obtain only

1 <sgy(Kpm) = 8gy(Lim) < 2.

The upper bound and invariance under sign-negation follow geometrically; the lower
bound follows from nonzero Fyy and [8, Lemma 3.6(ii)]. We do not claim to decide
between one and two. For the three-crossing seed the full core/smoothing matrix has
rank two, so sg;(£) < 1; nonzero Fy, and the same lemma give sg,(E) = sg,(E) = 1,
also for E*.

7.2. The Jones polynomial and the scope of older invariants. The oriented
state sum for fp(A) depends only on the endpoint pairing and the crossing signs.
Its oriented smoothing joins the segment entering one visit to the segment leaving
the other; its weight is A%. The other smoothing joins the two entering segments
and the two leaving segments and has weight A™%. In particular, changing arrow
directions while keeping signs fixed leaves this state sum unchanged.

In either packet of (5.2), the innermost adjacent indices m,m + 1 have opposite
signs and have adjacent left visits and adjacent right visits. For the purpose of
evaluating the bracket, give them the same arrow direction. They can then be
removed by an RII move. Repeat with m — 1, m + 2, and continue until the packet
is empty, and then do the same for the other packet. Each RII deletion cancels two
opposite signs, so it also respects normalization. Hence fg, (A) = 1. The identical
closure proves fr, (A) =1 as well. This argument is solely an invariant calculation;
the arrow-direction changes are not asserted to be virtual isotopies. Indeed the
genus-two and crossing-number lower bounds show that the closures are nontrivial.

The common closure implies equality of every closure invariant, including any fixed
normalization of the generalized Alexander polynomial. This conclusion is stronger
than comparing a finite list of computed values; no determinant reconstruction is
needed for the equality. The source code also implements the exact bracket state
sum and checks it for the seed and for m =1, 2, 3.

There is an important boundary to this result. The endpoint-sensitive normalized
Alexander polynomial of a long welded knot is not a function of the closure. For
our family,

VI (Km;1) = —2m?, V/(Ly; 1) = 2m?.
By [9, Theorem 7.4], their corresponding as + a3 values differ. We therefore do
not claim that these examples evade all older invariants of long knots. Neither
the degree-three derivative identity nor its finite-type property is claimed as a new
result.

7.3. A bounded-treewidth family. There is also a family on a forest, although
we do not assert identical closures for this auxiliary construction. Let E be the
seed (4.2), and E# the diagram obtained by negating signs and reversing arrows.
Form B = E o E# and C, = B°" for r > 1, and compare C, with C*. This is
an explicit endpoint definition: use the three seed chords in each first block of six
endpoints, the sign-negated and direction-reversed seed in each second block, and
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translate the jth six-chord block by 125 endpoints for 0 < j < r. The intersection
graph is 2r( K, U K), of treewidth one.
Put p =t + ¢! — 2. Direct substitution for one block, followed by the product

formulas [7, Theorem 6.2], gives

Foo = Fin = —rp,  Fo = Fi9 =0,

G =G =rp, Goo =G =0,

Hoo = Hyy = r*p* + 1p,

H01 = H10 = 27"]? — 7’(7" — 1)p2,

Wo=—-rp, Wy=rp, P=J=0, Vi=V,=—rt.
To verify the only nonadditive step, the product law is Hu(X oY) = Hy(X) +
Hyy(Y) + W (X)VWy(Y) + W (Y)'Wy(X). For B, the diagonal H is p* + p and
the mixed H is 2p, while (Wy, W) = (—p,p). Summing the r block contributions
and the r(r — 1) ordered cross-block contributions gives exactly the two displayed H
formulas. There are no linked pairs between blocks, giving the V' formulas directly.
All twelve components are reciprocal, so they agree for C,., C*; V;(C*) = —rt~! and

both GPV pairs are (—r, —r). This is a further application of the joint cancellation,
not a new concatenation law. We assert only ¢(C,), c(CF) < 6r.

8. NOVELTY AUDIT

8.1. Comparison of theorem statements.

Present result Closest previous result Precise difference
Threshold two for the GPV §1.6; SW Remark The old closure distinction
full package 3.3 and Lemma 4.1 is acknowledged; the twelve-

package computation and its
sharp comparison threshold
are the present assertion.
Threshold three after GPV §3.2; SW Theorem Realizability does not fix the
fixing GPV and clo- 4.3 intersection package or clo-
sure sure. Our seed fixes both,
including trivial closure, and
the lower bound excludes ev-
ery two-crossing pair.
Joint infinite-family NNSW1 Theorems 2.3, All twelve components are
separation 5.2,6.2; SW Theorem 4.3 simultaneously fixed, as are
both GPV values and the ori-
ented closure; the nonconstant
V values have explicit growing
support.
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Present result

Closest previous result

Precise difference

Lattice flat strings Turaev §§3.3(1), 6.3-6.4 The flat strings and the

and crossing lower primitive-matrix method are

bound old. Our contribution is the
signed, based comparison and
its closed polynomial formu-
las.

Simultaneous con- NNSW2 Theorems 7.1, Those theorems characterize

straints on twelve 7.2, 7.4 one component at a time.

values They do not prescribe this

joint package together with
GPV and closure.

Cheng’s equivalence concerns
directed signed intersection
graphs  modulo  specified
moves and the closure writhe
polynomial. It does not imply
reconstruction of the long
pair counts.

Neither the existence of unit-
Jones virtual knots nor the
genus obstruction is claimed
new. They strengthen the
stated simultaneous separa-
tion.

Failure of reconstruc- Cheng Theorem 1.1

tion from the package

Kauffman §5;
based matrices

Genus-two, unit- Turaev

Jones examples

8.2. Search record and source limitations. The audit was carried out on Sep-
tember 10, 2026 using primary PDFs and arXiv HTML. It included the phrases
“Vi-polynomial long virtual knot”, “V5-polynomial long virtual knot”, “intersection
polynomial separation virtual knot”, “Gauss diagram path long virtual knot”, “min-
imal crossing V4 V57, “virtual knot invariant collision”, and variants with “complete
bipartite”, “mirror”, and “Turaev virtual strings”. The main Satoh—Wada result re-
turned by these searches was arXiv:2601.15634. This search outcome alone is not the
novelty argument: the relevant statements were compared individually in the pre-
ceding table. No direct authenticated Google Scholar search or claim of exhaustive
bibliographic coverage is made.

All eight specifically requested foundational/recent papers were read at least at
the relevant definitions or theorem statements. Additional inputs are [6, 10, 11,
12]. We use the verified numbering of the actual arXiv PDFs. In particular the
twelve-invariant theorem is Theorem 2.3 in arXiv:2512.05366v1, although SW cites
a different number. The condition in NNSW2 Theorem 7.1 is f(1) = 0; the contrary
f(1) =1 in its introductory example is not used.

A further numerical source discrepancy deserves explicit documentation. The
displayed lattice matrix in [12, §4.3(1)], arXiv v5, is followed by a rank-six asser-

tion for min(p,q) > 3. For the matrix entries relevant here, the four-dimensional
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factorization in §7.1 and the independent ribbon calculation both give rank four.
Our genus assertion relies on that explicit calculation and the general based-matrix
theorem, not on the printed numerical assertion. We make no novelty claim for this
discrepancy or its correction.

The main results have complete proofs, but their research status should be under-
stood as candidate new separation theorems with the above primary-source novelty
audit. In the requested status terminology: Candidate new theorem; novelty not fully
verified. A claim of priority beyond the examined literature is not justified. No new
finite-type theorem, general symmetry law, realizability theorem, or concordance
classification is asserted.

APPENDIX A. COMPUTER-ASSISTED VERIFICATION

The delivered file virtual_separation.py is the executable source. It requires Python
3 and its standard library only. Run

python virtual_separation.py --max-n 4 --output search_results.json
python virtual_separation.py --verify-claims
python virtual_separation.py --verify-local-moves

The first command writes counts, collisions, concrete witnesses, and one SHA-256 di-
gest per crossing number. The digest input is the UTF-8 Python representation of
(D,F,V,W,P,J) in enumeration order, with a newline after each record. The Python
version is stored in the JSON. The second command writes verification_results. json
and checks all 27,893 diagrams against the raw normalization, the seed closure move cer-
tificate, and the general-family formulas for 1 < m < 16. The supplied SHA256SUMS. txt
also records hashes of the delivered source and result files. The third command writes
local_move_verification. json; its counts refer to individual available deletions, in-
cluding multiple deletions from the same input diagram.

The mathematical core of the algorithm is the following pseudocode; the full executable
additionally implements the independent region formula, state sum, ribbon faces, and
matrix checks.
matchings(S):

if S is empty: yield empty matching
else:
x = least element of S
for y in S minus {x}:
for M in matchings(S minus {x,y}):
yield [(x,y)] + M
for n =0,...,N:
for M in matchings({0,...,2*n-1}):
for (type,sign) in {0,1} x {-1,1}, independently per chord:
D = matching M with these labels
calculate d,A by both endpoint formulas
assert agreement
calculate F,G,H,V with exact integer dictionaries
group by the full twelve-polynomial tuple
record whether the V-pair varies within a group

Because the main lower bounds were proved explicitly for zero, one, and two chords, the
final sharp thresholds are not contingent solely on a computer-assisted nonexistence claim.
The large table documents the actual search rather than replacing the general proof.
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HAGERR @ 12 AD R X ZIERX D6 D sHARP 72 57H

ZEH. Satoh-Wada DZIHKUT X > T 12T R TORXZHEAKOM» 67 HETE %
BRI HEBERIZ2THB L B2RT, ZODXE 2D GPV AL R L AA closure
BiES —HZ 2256, 20/ ERIE3 25, BEAIOD flat string agm om HICHF
B HRAEIEE LT, closure & KX ZIHADHL—E T 2RIV 72 HERR 5 2 W 3
5, =JID_D2DV ZHAX —t"H(1+t+- -+t 1) THD, FEZD L — ¢!
B TH 2, 127 DR, RKEE 4m. supporting genus 2, Jones ZIEHRDS
1 THBZERIEHAT 2, ARRETOEND R LDEFNZEEE — DD exact FIETHE
REMGELL 720 HMEOERIZ NS OFKDBREEICEST 25D TH D, AEE
% flat string HEAZH L SEA L2 WS FIRTIER W,

D/ — M&chatGPT 6 2EK L 72 DTH D, HHFBEANZMREE £ fT-
TWERA. ZODFENRERENDED 20 LNFERHA. ZODFEELH
ATLIZE W,

L. ¥

long virtual knot & closure THRbON 2 MRER LRI T 5, ZOEIFHREUR
ZRIZE o TAERNTHD ., GPV D DDAREE vy1, 000 D Z DIBIMIERITHIES
% [2, §§1.6,3.2], &K Tl Nakamura-Nakanishi-Satoh-Wada @ 12 fHDA X ZIHI
7, 8] &. Satoh-Wada 2V A U7z chord O Z2 £ 2 5 ZIHR V1, Vs [9] % LEER
3%,

PUR, R LEEFT
(1.1)  F(K) = (Foo, For, Fro, Fi1, Goo, Gor, Gro, Gi1, Hoo, Hot, Hio, Hin) (K t)
EEL HDOFEZ Z[E, 7 2B 28T DHFESZERT 2, ¢(K) 13 K DTN
TD long virtual diagram ® 5 BRI (classical crossing) DEDR/NMETH D,
virtual crossing 38272\, K 13E[A virtual knot & LTD closure TH %,

B 11 (BN ERRORE). F(K) = F(L) 222 (Vi, Vo) (K) # (Vi, Va)(L) Zifiizs
XHZDOWTD max{c(K),c(L)} DR/MEF2TH S, IHIC
(U2,1,112,2)(K) = (U271702,2)(L)7 f( = Z

ZEORUIGA. B/ IMEIE 3 TH %, &I closure BXHHTH D (Vi, V,) = (—t,0)
E(—t710) BN Ko TERS NS,

iE-> T, closure DBERMEDAEEDD DIT closure HAZEBMLTH, X%
HADMHE ZoD GPV XS Vi,V ZIEILT 5 Z 2 IETERL,
m>11 LT S,(t)=1+t+--+tm T 2B,

FEH 1.2 (BRI IEIRIE). 28X 27T 7D Ko om & 7% 2 BH/RAYR long virtual knots

F(Km) = F(Lm), f(; & Z:w
(V2,15 V2.2) (Km) = (v2,1,v2.2) (L) = (—m?, —m?),
Vi(Kmit) = Vo(Km; t) = —t"18,,(1)?,
Vi(Lin;t) = Va(List) = =t~ ™08, (171)2,

] long knot & B D closure DR R EX 4m. supporting genus (X2 TH 3, ZZ
T long knot @ genus & sg; ZEKT %, closure @ writhe/affine-index polynomial
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¥ odd writhe 10 TH D, [EFILE N7z Jones-Kauffman polynomial (& 1T %,
generalized Alexander polynomial % &, HIA closure DEEDO A E &I H T—
ﬁ‘j‘%o

12T DRNFEH 6.1 THEX %, #ld
(1.2) Vi(Kpit) = Vi(Lin; t) = ™18, () +t~mDs (1712 £ 0
THhb, ZORDEDIFRDE L ADIFHDOBIFIZDL R, Tz m BELIUT
GPV fENH72 5 DT, HEDOFERH B AWICELR S,

HRIZH 5 flat string & Turaev OBEHID lattice string agmom TH D [12,
§3.3(1)]o Hr L\ flat string ZMERL L 7z 2 13 TR LRV, S EIOHT L WERRE R,
sharp 72 FIREDEED LR & . 12D ZIEIN, GPV {H, A\ closure Z[EE L7z % %
TOREETH %, [EED V OFHD realizability 13 205 DRIKEHIF 23 X iz
D, ZOEIZNTH S S EORBIED RV, HRTHDODP o7 4 KD chord 225
7% cycle DFNZOWT, ZDODANTDXTE DD ANTDOHIZHLIR L 72D DD
LoETH 2, §7.3 TiE treewidth BERZFIOHERD 52 5,

AR R7-HPH T, Z ORI E & [F]— OFERIIHERE T E R o7 ZHUIX
BRicEO CHITH D, SRR ZHEE L /- L OFRTIEIR W, IEfER TR L R
% §8ITRLHT B,

2. UEfig

2.1. B, M@, 5. long virtual diagram (&, 2> %27 RO CHEEHER) 72
Bt —B T 2BAD generic 72 immersed line TH D, F_EH % over/under 1§
WEFFOFER N FE 721X virtual crossing & LTIREL7ZdDTH 5, FMEEIRILE
# D Reidemeister moves & virtual detour moves TAHM I N5 [1, §§2-3], Gauss
diagram (3G X DELR E . overpassing preimage 7* 5 underpassing preimage (Z[A]
MOFFENZDREDP SR, EEDZD LSRR EEHT 2121, SRENIN
LU CRmi a2 itz R L. 3FIEIC generic 729 CHE Y, EHDBMR S %
virtual £ HE 34U WV FEOH DEWIE detour move TIN5,

chord % (0;, 74, ai,8;) EfF5LT %, 6 <rin a; € {0,1}, g, € {£1} TH Y. type
014 =i type L1E ry = ¢ DRAIZERKT %, BATEImRE 10 5& ST
L. 3= FTEZh2 5 1 %25, chord DFESIILESG R OIENNEAIT %, KH]
DIRRDEAE —g; BRRDEAZ ¢; £ T 5, EoT
(21) S; = (2&1 — 1)61
DEGRDEATH D, AiRDEAZ —s; TH 2,

surface realization (&, AFEAME LORERMN SAETHMAXTH 5, M2 SHEEN
72 ZE(L & Reidemeister moves Z&#F 3 virtual diagram & OXFJEHIZIE [3, Theorem
3.3, Proposition 3.4] 2285 %, BV > 7 OBEFIEBRO—EMIX [4, Theorem 1] T
Hb, Xri % smoothing LTIHELNSE —DDIL—TDH55, HEEEZTERVWDHD
Zan aLb0% 5 tEL, 2ROHBORERY —HHE 1 T o+ 6, =7
THb, UK

Aij:ai-aj, dZ:O{Z’)/
B, XHEUI [6, §3, Lemmas 3.1-3.2] DI ORI, 16T [9, §3] LT
2R 5 %, WEHEME & RONPMED &
(22) (07N Bj = dz — Aija Bl . ﬂj = Ai]’ — dl + dj
2155, ZOEEFRNCL > THEICHNIFTFEDEESNS,
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2.2. HmIC& D exact BRIXLR. ui(z) & f; <z <r; Tl Zh B TO 2T 5,
i<j Gij(ﬂkb €1<€] <7r; <7y AdS) )\Z'jzlx %mu&*tﬁ%o Z£<o
iR 2.1 (RYAR). FEOKRIZONWT

(2.3) d; = Z Sk (uz(gk) - Uz’(ﬁc))’
S; + Sj

(2.4) Ay = si(wiC)us(re) — wi(ri)u; (G)) + Nij (i < §)

k#i,j
i)”ﬁ Djoo A” - 0\ A]’i — _Aij Zj_éo

AERA. d; \CEHE T 2D, 20— DRI (6, r;) KABRETHD, FEIZ
Z DR DEATH 5, —DDIL—FIZOWTIE, 3 1 KEN DS DHEFL
H2XMENICH 2 L X, ZOWHRDEALTNMA %, chord k D DD h 6 DEF
23 (2.4) 01751272 5, Wit 03 X EICE § 2358 13H% 3 %, unlinked 72
chord W3 IED 220, linked A ICIE, DD smoothing DIEFFIZIBT 21l
ED3 (84, 85) = (1,1)s BFFS, (—-1,-1) ZIHLT 1,0,—1 725, 24U [6, Lemma
3.2] DJEAHYZ push-off FHHZD B DTH D, HEIZR linked pair IZDWTIX [9, §3,
Remark 3.3 DR IZHFELNT WS, MR (s;+5;)/2 ITFELWV, THTARE

BEDIRE NIz, O
REED=D, h; ZEAXME ET1, WS T 1/2, SATcoeBL e
k

EbET S, k=14,7 DIEIZ linked D& = 5,/2,5;/2, unlinked D& Z0TH 5, il
DIHZ (2.4) LRAILTH B, a— T 2k, €{0,1,2} 2, Fof&fl% 4 TH| 2
ZEIhYIN D Z R T b,

2.3. 12BETARTORXZIEN. I, ={i: a0, =a}. w, = Ziela Ein
Walt) = ei(th — 1)

1€l

£ 8L, [7, Theorem 2.3] DIEMEZR EFLIX
(2.6) Fu(t)= > gt —1),

i€lg,jE€I
_ di—Asj
. ab — icq - - a )
(2.7) Gau(t) = D eigj(t" 45 — 1) — w,Wa(t)
i€lq,j€Iy
(2.8) Hu(t) = ) ae(tM 44 — 1) — w Wi (t) — wpWa(t™)
iela7jelb

THb, ZFRUC (a,b) = (0,0),(0,1),(1,0),(1,1) ZRAFT 20T, (1.1) k2 12E%
HZRAINCHIZE L T0 B, fliCid i = DED D, G, H DFIEZ AWV raw sum %
ZEE e L THlo TidwWiiiaw, fEZEMT 2 &, FEICHW 2 ROEEFERZG S,

(2.9) Ga = Z 6Z€j(tdi—Ai]’ _ tdi)7
1€lq,j€1}

1€lq,j€1}
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24 WeBZBZHEANLLLEBARDOFEE. i < j 22D 4 <l <r; <1 XL,
(ai,a;) = (0,1) 725 inward, (1,0) 7% 5 outward &R, T 5 DIEF S Zxf D5
é\% Jin7<]0ut K%<o i%ci

(211) Vi = Z €i€thij, ‘/2 = Z Eie’ithij

(iv.j)ejin (i7j)€JOut

Th b, FEMIZ [9, Theorem 3.1], t =1 TOfEIZ GPV ££ & [2, §3.2] TH %,
LT 2BRMERTH D FHOFHER TIIRW,

chord @ index % Ind(i) = (1 — 2a;)d; €3 %, ZAUX over 2*5H under ND
smoothing IZMJE3 %, closure DZIHII

(2.12) P(t) =Y &™) — 1) = Wy(t) + Wit ™)

L IERUET %, AFROD writhe/affine-index polynomial DFHNE Z DX TH D, LXK
ORI Z 2R LTRIES 5 & t Dt ITED %, [5, §2.2]. [10, §3]. [7, Proposition
10.1] ZZR N7z, odd writhe 1 J = > od, prss Ei CHBo PR, d; mod 2 1% ¢
¥ linked 7% chord OEOMHEFITHF LW,

Jones-Kauffman OIERLIX fp(A) = (—A)~PHD) (Q) =1 & L. BIID state
circle 812 —A? — A72 Z2HNF % [1, §5], BHE D Jones R & DBAfRIZ ¢ = A T
&5, generalized Alexander polynomial & closure @ Alexander biquandle D{T4|
& Z[sT ¥ L THD ., BT £ f5Z2FE—HRL2d D [11, §3] ZEKT %, H
B CHTOEIX 0 TH %, long knot DU mfEH % RFF S % Alexander ~NE &
BHYITH D, ZOHKITIEED R,

3. Exact ZZEIE O A

3.1. 2FE TN, a— FIZEESHN 0, 2n—1 25, REH DR/ S ZE
B O, Bo BT LTHIFT 2, O®REMSIEICZ L% ff
¥, % chord DPUDD (a,e) ZHIITHE T %,

i 3.1 (FIEOFEEN). Z0FZE. TR TOFS ZHM matching 25 &5 ¥
T O B, ERBIE 0> 1T (20— 14 n =0 T1THE,

AEFH. {EE D matching I2BWT, AMEAOR/NREOHEFIZ—EICRE 2, 20N
ZERTIEE D OES D matching & 72 5729, RNETHIET 2 HIFSIBEDFE L
— BB, BHIOERRE 2n — 1 8. ZDORIE 2n — 3 . LUNFERRTDH %,
% chord DM EFSOMN L IR 4" 52 3, EEDIERIC X3 5L
TTERWTWEDIXITER chord %7213 Th b, BR2BMAMNRZFE—HL TV
VAR O

FRZITIZ reversal, mirror, cyclic shift, Reidemeister move 12 & 25X D Z B
72\ FHZ long knot Tl cyclic shift 12 & 2 HIBIEAEYITH %, EHBIZ RI ¥4
1 RII THIRT & 2 AJOBUIZIMHEE L TOALER L7z, B LD RI I35
1% 5 % chord, RIL 3PS HE T, KREIDMARFL & 8RR LA 2 2 Bz
TEINTH 2, ZOZWIIERESITHE LRV,

COHFEFHOBEZERE L THZ 20, n KEOFRZFFOM O H 2 D kH
SRV, fEo Ty n < N ORANTAEARR — 2 H3721F 47U, RII I & 25825048
BLUTHONMAEZAATE 2, BB, AFRODO =D sharp & MUILL N TFFET
HAEHT %,
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3.2. BB YHMIIMREE. Laurent polynomial &, BEEIFEE X 0 THRWVWELBURE DX %
W7z tuple & UCTRRES %, FUHEBOBREEMZ., 0 DIREZ RV TH 5 HLEg
T 5, AR, B MERIEZTFE NGRS Z O3, BBRRHZ X &7 -4
& LCRtEd %o

FIE AT (2.5) DF R E 2 5L THWS, FEEBIX (2.4) % disjoint, nested,

alternating O =D DU RFEBIC T} %, alternating D =D D IE DRI

(&'75]’) X (gjﬂ“i), (gjﬂ"i) X (ﬁ'ﬂ“j)» (&,gj) X (Ti,rj)
TdH %, nested DHE. EOFEBUX TAEMOIMAERT) x TAMIXEL, BOEBIX
TAEIXRT ) x TERIOAMARER Y1 TH %, disjoint 72 S 1 X[ x 55 2 X212
HFE53 5, ZNTHiRNOREEZ TEL TV,

4 ZRETOD 27,893 HDEMAUTONTHFEED A, d B—H L7z, EHIT raw 7%
IEFE (2.6)-(2.8) Z EHEME T 2 BIEEH, (2.9)-(2.10) L 2KAT—HL., V O
“HAROMAED —H L7z ZOMEIIRZNE L MIETHDO T ZMREES %, HRBED
EANZL, primitive matrix D¥]E. closure @ cyclic Z&[F—flZ 1 < m < 16 T exact
WHRAEE L 72, BID ribbon-face permutation DFtETIE, X 8D face -0, £ &
4 D face B3 dm — 4 & 72 o7z, Euler 58258545 genus 1Z2TH D, 174D
BEEGTRE2 DML TVWS, IR TO—RDFHZ MR T 2B TH 5,

4. INZEBTOHER Y SHARP MINIMALITY

4.1. 25K, £4 D RI, RI/ITIE, ZRZIUEE LEEDES 21T R 2 HITED
FHELZWI L Z2EKRT 2, FREOERTIZHIBATO TN TO AN Z WS,

TABLE 4. ARG & HIJRATREME D 2T iE,

n AR RFMELLEEER  RI RI/II
0 1 1 1 1
1 4 4 0 0
2 48 48 16 12
3 960 960 320 244
4 26880 26880 9216 7100

F @ collision class &, 5&DE n D chord ZF O DU LORN THIx
LR CHZEKRT 52, ZOHT V OB TR 5 class % split class &3
%, 25 DIRBDING (F,va1,v00, P, J) % key & LTHEL. V TE 120105
key DETH 3, HEUOHOWMOE TRV, 2 — FIZBERZXHEBOBTH BIEL

TABLE 5. AEED exact 2228, HEHRIZFE—HL TWiRwn,

n F D key 1% key #fE key HEKFDITHE key
0 1 0 0 0
1 1 1 0 0
2 6 6 3 0
3 90 90 72 12
4 2478 2470 2099 329

7z key ZHERT 5, I DRZRZREE/NOR O HRE O & R L TldniT 7z,
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42. 2 XR\AOR. U @ chord % (1,3,0,+1) & (2,4,1,4+1). U @ chord %
(1,3,1,+1) & (2,4,0,+1) €32, UTIZ A=0,d=(1,1). U TlZ A=0,d =
(—1,-1) TH5, p=t+t1-2Bl, KAWKLD

Fab = Gab = 07 Hab =P (é a, b)7
(Vi, Vo) (U) = (1,0),  (V,V2)(U") = (0,1)
213 %, FE LD Gauss diagram 135 m 2% @ shift T—¥3 %, Chord DHIE &
1 A7 5 linked pair 25 <, M V X0 THb, ZNTEH 1.1 DHE1DFERE,
c(U) = c(U") =2 BRE iz,
4.3. closure B'EAR 3RXADN. XX D %
(4.2) 2= (1,6,0,41), = (2,4,0,-1), y=(3,51,+1)

THET %, HANZZDEET=20DNEZINTKIEELZKRXE D 2 L, £X
NHECHE B, B 2EL, RXATHE index 1

0 —1 1
(4.3) A=[1 0o 1], d=(0,1,-1)
-1 -1 0

TH5, FIZIE o, 1Z. OGRS DOAMIITDJFEFT smoothing & FRIFIZEAED core
BDT, A =—d, = -1, A,y = —d, =1 75, linked pair (x,y) IZIZEH 3 D
chord 226 DFH G274 s, =5, =17RDT A,, =1 TdH 5,

FIGURE 2. 3D seed B, I35 IRNTRIET 2 & EX 12725,

2 12 HDOFBEFERIIRDED TH 5,
(4.4) Foo = —p, Go1 = p, Hyy = —p, D 9 TR T 0.

%B%“S\ Wy = 0,(.4)1 = 1\ WO = 1 — 1. W1 = t_l —1 “626%)0 F01 @QO@ﬁ’—?—Gi*H;‘Fﬁ
0 T, ?ﬁEIﬁbi (W, ( )+ Wi (t) = —p Ztﬁé %b@ﬁk Td (4.3) 75)151;1‘90 Z
nolixsa s 7A6Jﬂ‘?‘5?ufr§kc}:%1"‘ﬁkfbté

HEEZINTRIET 28, AdiF —A, —d 2D, Hee 3EDLRWV, 15T
FME t st TEHEINE D, (4)IEZDEHTAETH %, inward pair I (z,y)
DA T, outward pair 1Z72WVH 5

(‘/17 ‘/2>(E) = (_t70)7 (‘/17 %)(E*) = (_tila())a (UQ,17U2,2) = (_170)

218%, A LTI 2 O ODFMEDBE L TED, RIT 2 2i{HE 5, Ko7z 2,y
FREAOIMAFR LYK R 2P A CTRHE L. BAE L BHZL. SN TH 5,
- CHE LD RII THRiAZHE %, TN T E = E* = O @ move certificate 23% 5
N5, ZOHIEE, FR%ZEE L7z long diagram IZIXFFE 720, FHIZ P =J =0,
f(A) = 1. closure @ generalized Alexander polynomial 10 T® %,
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sharp 72 RFLD/=, Ei4 24D chord DR EEZ %, Bizb type D linked
pair B TAUIH VX0 TH 2, ZAHIUIINE—27ZFTHD, GPV DD
DfEDS inward/outward DXGF|E e169 ZIRD B, FFFSHED A =0 Ty XSS
2VIE1ITH2, BEERD App=+1 T, ®5T2 VIid —t42 TH2, ZD
/&1mmd&%%hmmmm&%ﬁbb—wm—n%®%®féb\%ﬁﬁ&
F5, Mo T2RRETIE (F,v01,020) D3 (V1,Va) ZIRET %, ZAUX closure D
— AR TERT BRI SMD LODT. 2 DR/ LRSI THS = Z%?T %7
o(E)=c(E*)=3TdH5b, ED/NZVERBHIUE, SHF L 2KREADHED F
DB ETRBIFTTED, (4.4) EWIL LRV,

5. IR

5.1, IMRICKBBATHEE. m > 1 ZEEL ¢=2m 3%, 8m = 4¢ [HDYHA %
W, ¢ A3 DD chord 4;, B; %

(5.1) A= (i,3¢+1—1), Bj = (q¢+7j,4¢+1—), 1<i,j<gq

TEDD, MHTORT, S 1,...,m & type 0. 75 —1. FEE m+1,....2m %
type 1. 5 +1 &3 %, fF5ZFRWVz word 1

(5.2) Aj--AyBy---By Ay Ay By By

T@éol®b@kmt%K'tb HERIEZIXNTRIEELAEDDZ L, = K,
£ 5%, word OPUDDEFITITHENICE D SR WVERXEZ 82 DT, (5.1) 3%
Uimah x5 E—ERINICLTB D, {EED m T well-defined TH 5,

A CHRD chord IZANFT unlinked TH %, TRTD A IFTRTD B; & linked
DT, RXZT7 713 K,y THb, m=1TlIdcycle 7852, ZDF T 71384
7203, treewidth 13 m & 2 BITWERT 2, ZDHEIZOWT treewidth WEFRTH 5
AEFER LRV,

52. @RXXBOHE. LR DEAIZTNT +1 TH S, (2.3) 05
(53) dAi =4, dBj = —q

2158 %, BXENIIEOMAORDFMEDH k5 ¥ ¢ [HEMTAD, A, ODHHITLE
S, B; OBERAHNRTS 5, A LHRD chord IZOWTIE (2.4) DTFIIIH A
57337“5*21/ linked DFIED RV, IR ZHOXITIX, D A chord D55 g —i
A, D B chord D55 g — j APHFE T HHEUCA D, smoothing filEA 1 TH
%, fitoT

(54) AA-Ah:AB-Bk:O AAB:2Q+1—Z—]

E7%, MIHORZXBIZINHDESZMNS, TNTINTOMNETHEL 7.

5.3. closure D—H. (5.2) DIRAID 2q (HDUHFZBZ 2 X S ITUIWrRZB T, #
LW word & Ag--- Ay By -+~ By 2500 % %, Aj = Agpiin By = By; TR
$ &, matching [ZHE L (5.1) DIFITIR 5, BRHIDO ZDODHM R DNEEHICL S
DT, %ﬁ[/ll\ type X1 - Qgt+1—4 vC\\Zé 50 %E% Lf: type ﬁ”((j: Agt1—5 = 1-— a; %f?%
7T o, il type i a; 8725, —J1, B lE e =—¢ THB, toTH
b KRXE L, ODRAXZDBDTH 2, ZHUIEMME LOFFSMN ZRAIKKO
[F2ICTH D, Reidemeister moves 245 O H [FMEMH]E %2 FHWSIZ closure O—E %
FAEFAL T\ 3
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6. BN L D BEDEH
Ro(t) = Sm(t)? EBE, a,be {0,1} IKHLT
Tab(t) — t(2_a_b)m+1Rm(t), Tup = (_1)a+b
YiEDD, fYU(t) = ft)) B EL,

EH 6.1 (R 12MHOPARK). K, ® 1258571, WUD2D (a,b) ZRZHITDOWVWTRT
Hzeuhsd,

(61) Fab = Uab(Tab + Tt\l/b —_ 2m2)7
(6.2) Gap = 0t Ty + 177" Tap — m?*(t*" +£7°7)),
(6.3) Hop = 0ap(t™" Tay + £ Ty, + 6m® — 4m®(t2™ + t72™)).

I BHIEFT AT reciprocal TH B, X HIZ
(6.4) Wy = —m(t* + 2™ —2), Wi = m(t*™ 4 ¢72™ — 2), P=J=0
DI D 3D,

FERH. Qo ={1,...,m}. Qi ={m+1,...,2m} &3 3%, type T & IZFFEIE—E T,
ZODRFEDIEIE 0y TH S, (5.4) 25

ieQmjeQb

285, EBE i=am+14u j=bm+140v. 0<u,v<m-—-1tHFZ ZDO0D
SRR W R AU KWV THOEIE m? TH 5,

F CIEFAICROEIIEZ, BRIRO_ODIEFEDS Ty & T, 23BN, 2m?
DEBIEZGI<, GITIX (29) 25, MUKROHIIBHRER, A 26 B OF5
& 2TY, — m22m, WHRIOT G 2Ty —m2t 2 2%, ZHT (6.2) IR
N7z,

H TiZ(2.10) D =D DRI LD FE DN 2m*(2 — 2" —172") 725, kb
ROFHZ

AT 0 — 2m2 A 4 m?, T, — 2m2 ™ 4+ m?
ThHbd, CO=ZDEMAT oy ZHEIF B L (6.3) 12725, ZNTHREG6 & 4DHKD
MR TE 2, ¥R AUT =t TRETH S, W, IZKHFIZH type D index B3

mEATOH2ZenoMS, (212)I2&D P=0 &b, $XRTD d; BMEHELRD
'G J:O-’C:\%éo |:|

VIZHGTEZDIXERZEDNIZNITH %, inward 1E i € Qo, j € Q. outward
i€ Q,j €Qy THD, FFEMHEIITANT -1 2422, MoTli V IX-Ty =
—tmt1S, (1) THE, MFEEITNTRILT 2 E XX RIS 5 DT, L,, DA
DED o A THERIET (6.1)-(6.3) DFIUZ reciprocal IZE XD 223, & & DZIHK
EHELV, INTEM 12078 GPV HIZB S 25 dR Sz,

7. BN DY

7.1. B supporting genus. [12, Lemmas 6.1.1, 6.2.1, §6.3] D—fi%72 based
matrix #EE% W %, based matrix (&, FEAl727T s Z45E L 72 BREOGFMTS] b T
B3, s LADICIZONWT, ZDITH 07 5 annihilating, s DITIZE LIFAUZ core &
MR, ZD2D s LIADITDITOMD s DITITEE LIFHUIL complementary & &R,
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o DHIERD—D B T X RWTHI% primitive & PRI, flat string Tl {s}U{arrows}
W E o TRIATINENFE L. s IEEIRD core, arrow loop DA = IHHEICTIRE % D
DEHVS, GEDFNROEALDTNTIETH SHETIE. D arrow loop & 1T
o7 a XETH 2,

5IH LU 7zE@HIiz XX, primitive based matrix 1& homotopy NEETH 5, s M
ANDTTH r B, TN DFEEDS 29 7% 5. [A L flat homotopy FHDIERE DK IZIE D72
b r ROKHPHET, EEOEHMED genus 134D g THS, 22
TOIRIEX flat homotopy IZB8F % DA, virtual knot DFEEZIE T over /under
HRZ SN2 ZD X 57 homotopy 2155, 1> TIZNHDFFIZ virtual knot
WHBEHTE 5,

SEDITHNG (5.3)-(5.4) 1T b(A;, 8) = ¢« b(Bj,s) = —q ZMRA 72 DTH 2, Z
DIFFEDIEIZ & D annihilating & core DITIZIR VY, complementary pair 23 % &
THUT A, By TRIFNIR SRV, ITOMOZEN %= A, TiHiid 2 &

—(2q4+1—-h—j)=—q¢ (TRTD1<h<g)

DB %, LU g=2m >27K8DT, h=1,2 DT TIERIZLZV, o
TATHIE primitive TH D, 2¢ = 4m KDOKEIDL SR LMD TR 4m 2152, 18E
LKA D R EERT %, ME EORAA—KT 272D, [T NRIZ closure
¢ Ly, THHEHATE 3,

PR HALICET RS %0 e, - fo = 0,5 &I/ S 4 XITTD symplectic space [ZHWT

Aj=eities, Bj=(2q+1-j)fi—fo, s=q(fi—e2)

rRT L. ZORXEI LOITINCIEMIC—BT 5, 1o TREIE A 4 TH 5,
i,j € {1,2} @D cross-pairing DHFFITHIIZE

2g—1 2q—2
Qq—22q—g’ det = —1
THDYH, MET 3 4 RO KAFRERFITHNDITHRITIERE D6, BEEIZ4TH 5,
core £ 4£% chord ®—7 @ smoothing loop & canonical ribbon surface D& 1 RE 1
V—DHEKZE5 X 5 [12, §4.2], smoothing Z i/ — 712 X 2 IR DA
JEREHLTH %, - TITHDREENI Z DR TH D genus D 2 I LW, B2 PR
TZEQ Y genus 2 DEHERF S, MRLeEOET sg(K) = sg(Kn) = sg, (L) =2
iﬁﬁé hfzo
8, Definition 3.5] D% 2 supporting genus (Z2W Tl

1 < sgy(Kim) = 8g5(Lm) <2

FTZGE5, ER SRS S 2 AZEMEIERMAANHEN. TR Foo #0 & 8,
Lemma 3.6(ii)] 22695, 1222 DREIFFER LRV, 3K D seed Tl core &
smoothing DRITHNDFERII 2 TH 27D sg (E) <1 &7, Fyy #0 LR UCHiE
N0 sgy(F) =sg(E)=1D00h 5, E* ITOVWTHFRLTH 5,

7.2. Jones ZIEN L [BREED—HODEE. fH(A) DHIA state sum (FHiHRD pair-
ing ¥ RS DAIHMIET %, A\ smoothing 1E—7 DEfEIC A% segment &
A2 5% segment ZFE, EAZ A% TH 3, b5 —HD smoothing I A %
segment [A1 & Hi 2 segment Al L2, EAIZ A~ TH S, ito THEZ2REF
L7 RHID AL state sum 22 27200,

(5.2) DEFRT, MOAANCDH 2FEE m,m + 1 DFIFFEDRIT, DA A
[+ e AR RFE LR E N Z %S 5, bracket DFIHDI=H721FI2, ZD=D



SHARP SEPARATION FOR LONG VIRTUAL KNOTS 25

DRHEZFEICHANCT %, T2 & RIITHE S, ST m—1,m+2 OITDONT
BDIRL, REITNTHT, 20K 5 —HORIISFR CHEEZITS, RII DN
RSO R ZHTOTERES RSN, fk, (A) =1 DS, closure D—
Hh S 1 (A) =1 BKD D, - ORMITLERDIETH T, KHID AL
D virtual isotopy TH 2 LIFFIRLZZ WV, EEE, genus 2 & XRBD FFIT L -
T closure 3IEHHTD %,

HIFD closure ZFiD Z ¥ 5. generalized Alexander polynomial DIEE D [EE
LzIEF b Z &, $XRTOD closure AR —HT 5, ZHUIHREOFHEMEZ
e $ 2 K DV TH D, ZDHE D DI THI 2 BT 2 HE TR0V,
I — FITIX exact 7% bracket state sum HEEEL ., seed & m =1,2,3 THAEL 7=,

—J7. Aam QRPN IIEE LR H % long welded knot D sifFHZE REFS
% 1EFt Alexander polynomial I closure BTl 7w, SHEIDKETIX

V(K1) = —2m?, V(L 1) = 2m?
TH %, [9, Theorem 7.4] IZE D, MIBFT 2 ay + a3 DIEDRL D, o THEOD
BT XRTOBEFED long knot ANEEZ T DIRIF 2 LIFFRLER WV, /2. ZOX
23 OEEBOEEXPLHRAMEEZ IR e LTRbRW,

7.3. Treewidth D"ERAGR. #BIAYZH L LT, forest FOBEHESND, 7277
L. ZOFBIED closure D—BUIFIRL7Z WV, E % (4.2) D seed & L. 5 & KHI
FHHE L BIIKELbDE EF ¥ $5, B=FEoE#, C.,=B" (r>1) BE,
C,t Cr 23 %, ZAUIRDHRI R RERZFFDo BmHID 6 Uil seed D
SARZEEZ, ROD 6 Ui IIfFE & R % KR L7z seed ZE <L, Z D 6-chord
D7ay 7%k, 0<j<rITNLUTHR 125 [l 3O TBE L TliNg, X7
7 7% 2r(Ky U K;) T\ treewidth 131 TH %,
p=t+tt1 -2 2B, =007y IADEHERAL [7, Theorem 6.2] DFELN

WS

Foo = F1y = —rp, Fo1 = Fip=0,

Gy = Gro=rp, Go =G =0,

Hyy = Hyy = r°p* + rp,

HUl = HlO = 27"p — T(T — 1)]72,

WOZ_Tpa WIZTPa P:J:Oa Vi=Vo=—rt

218%, IMENTRVWHE—DE T Z2MERT 2 8, FARIZ Hy(X oY) = Hy(X) +
Hoyp(Y) + W (X)W (Y) + W (Y)VWy(X) TH 2, BDOXWNAD H & p? +p. Bz
% type D H & 2p. (Wo, W) = (—p,p) &5, rfiO 70y 7 DFLGE r(r—1)
fEDNEFPf & D5RZ 7my 27 DFEGZMAIUE, FRLEZ2D H OR%Z{ 5,
7'\ 72 linked pair 2372 WVWDT V ORXDERENED . 2 12 A7 reciprocal
THhH, C,Cr T—HT 5, Vi(CH)=—rt™', WHD GPV fHIZ (—r,—1r) TH 5,
ZHUIFRIRER OEMOIGHTH D, H LW concatenation law TIXZR W, AR
WCOWTEIRT 2DIE ¢(C,),c(CF) < b6r DATD 5,
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8. NOVELTY AUDIT
8.1. B statement DLLE.

Present result Closest previous result Precise difference
212 HOMICN TS GPV §1.6. SW Remark closure IZB83 % di WX HNIEE
LR 2 3.3, Lemma 4.1 e L T#E» 5, Shloxik

B 12T 0FRE L. 2o
B33 % sharp 7Lt ERRC

GPV & closure [E GPV §3.2, SW Theorem realizability (32 X ZIHADHH
E L7z LR 3 4.3 % closure % [EE LW, 5

D seed 1ZHBHZ closure Z &
DM ZEFE L, TXTD2K
RO % NROFEH TR S
60
JRERR 1 O [T S 7 Hi NNSW1 Theorems 2.3, £ 1255, —~2>d GPV {H,. &
5.2,6.2, SW Theorem 4.3 [A] closure Z[FIRHICEE L. B
DR T 2IEERD V DR

Rz 52 %,
lattice flat string £ 2 Turaev §§3.3(1), 6.3-6.4 flat string & primitive matrix
RBCR5E DITEEBEA, SR OFF 53T
e BN fRE LR e Z2IH
ARDHARKTH %,
12 A DENDFEIRFH] NNSW2 Theorems 7.1, BEHIOEIIAN T Z L D real-
9 7.2, 7.4 izability Z4% AT 5, GPV
¥ closure % &8 7= 5 [E D[]k
TR > TR,
2 5 DL DAA] Cheng Theorem 1.1 Cheng 3FFED moves ZFF
ReE LB ERR TS 7

DEMEME Y closure @D writhe
polynomial % H#S %, long
SO S AYED) - FINES T

L TWiRW,
genus 2, Jones 231 @ Kauffman §5. Turaev @ Jones 231 @ virtual knot OfF
1l based matrix FE5° genus obstruction HAKIX

HitG R Cldew, ZEOFER 7
Mz @D 2 HE e LTHW S,

8.2. MRFRFDM L DR, 202649 A 10 HiZ, FEL® PDF ¥ arXiv HTML %
HAWTER L7z, BRITIE “Vi-polynomial long virtual knot”, “V,-polynomial long
virtual knot”, “intersection polynomial separation virtual knot”, “Gauss diagram
path long virtual knot”, “minimal crossing V; V5", “virtual knot invariant collision”
Y. “complete bipartite”, “mirror”, “Turaev virtual strings” % A& HE7-5EH
EHW, o THRONZHUDAY Satoh-Wada DFiXid arXiv:2601.15634 T

Hotz, 72770, ZOMBIERLZ T THREZHE L 72D TIE 2L, BIDFR THHE
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3 % statement ZEFNELEL U 7z FEREST = Google Scholar Z B L7z & 133
YT, EROMERENMED FIRL W,

FEE I NTFRRE - &FT D SFw I, D7 & EHET 2 ER F - IXEH D statement
% RIRICHERR L7z, JBIIT [6, 10, 11, 12] ZHWz, BB S IIFHERICHETE L7z arXiv
PDF Dfftic&b 7z, FHZ, 12 AERDEHII arXiv:2512.05366v1 @ Theorem 2.3
THDH, SWHOGIHES LIZRZ 5, $72 NNSW2 Theorem 7.1 DML f(1) =0
THH, ZOF@MOHNCH 2 f(1) = 1 IFHVTWRN,

S OITRIEICE S 2 O A=K ZMHEL T %, [12, §4.3(1)] @ arXiv vb T,
lattice matrix DT DFRICHNT min(p,q) > 3 DL =X rank 236 TH 3 WD
L 23H B, Lo LEHEAW S FRRMTIZOWTIE, §7.1 D 4 RITZEREAD ERH
725 & A7 ribbon DFHE DM DS rank 4 25X %5, AFD genus DAGEmIE.
Z DEMAETHE & —fkD based matrix DEHIC X 2D TH D, Z DHIFE N7 EdHE
I FIRICIFRIFE L RV ZOR—HRZ DEIEBRICOWTH ML IR LR,

FARERIIITRRIEAZ 5 2 720, 5 LB EERDO—RXERIC L B
FRMEEZHS. FILLWDHEEORB L HMEINZTH 5, WRL D
FIPH 2 2 2 BICEDWMIEIZ T 2RV, KX N/REEREL T, Candidate new
theorem; novelty not fully verified. TH 5, FLWEHRAER, —E 5T D
{EHI, realizability theorem, concordance D73 FHIZF IR L 72w,

{Tjﬁ A. COMPUTER-ASSISTED VERIFICATION

[ virtual_separation.py D3E{TAIAE/L Y — A 32— FTH %, Python 3 LIFHES
477V DAMEHAT 5, FATHIER

python virtual_separation.py --max-n 4 --output search_results.json
python virtual_separation.py --verify-claims
python virtual_separation.py --verify-local-moves

THb, Hl1Oavwy FIHMAR. E22. BRI witness, BRI D SHA-256 digest %
RIF 3 %, digest D ANNIHNZEIED (D, F,V,W,P,J) ® Python £¥H% UTF-8 IZL7=%
DT, BLRDRIWITE AND, Python DN— 3 >3 JSON IZRFT %, H2oa~
¥ Fid verification_results.json ZfER L. & 27,893 DWW T raw RIEHLE D
—HEWBIET 5 L L BT, seed D closure D move certificate £ 1 < m < 16 D—fKIED
REMAET 5, SHA256SUMS. txt WIXFARDa— F MR 7 7 4 LDy & 2 bFERT %,
B 3D~ Nl local_move_verification.json Z{EMKT %, 4 X F TORIFTHHE
7% RI HIBR 27,892 £, RIT HIFR 5,960 tF %2 3 X THRET 5, ZIUIMEL DHIFROHETH D
H UKD 5 0EBOBIRDEZ %, £/ 2D a~ > FTIE SW Example 3.4, =ZEFEN
HD1E#{E bracket. 8 71 v 7 £ TOHiBIN forest DEANKBIBET 3,

BRI ROE L 2 — FTH D, BRARFATI— NIRRT state sum,
ribbon face, {THIDMED ZD 7,
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matchings(S):
if S is empty: yield empty matching
else:
x = least element of S
for y in S minus {x}:
for M in matchings(S minus {x,y}):
yield [(x,y)] + M
for n =0,...,N:
for M in matchings({0,...,2*n-1}):
for (type,sign) in {0,1} x {-1,1}, independently per chord:
D = matching M with these labels
calculate d,A by both endpoint formulas
assert agreement
calculate F,G,H,V with exact integer dictionaries
group by the full twelve-polynomial tuple
record whether the V-pair varies within a group

FEHDOTHIZ 0, 1. 2AKD chord IZDOWTHH/RINCEEH L7272, &7 sharp
threshold |XFFHEMRIC K 2 NELEHIE D AITHIFE LV, RFIERITEBRIIT - HR T
BIT2HDTHH, —RDAIAIZRD 2 D DTIERW,
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