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ABSTRACT. For a compact non-Kéhler Vaisman manifold, vanishing of the first
real basic Chern class is equivalent to vanishing of the first Bott—Chern class of the
complex manifold. We explain this equivalence without assuming a leaf space, and
apply Istrati’s existing structure theorem. The resulting Beauville-Bogomolov de-
composition belongs to the transverse geometry and to a finite orbifold cover of the
leaf space. The total space remains a definite elliptic orbi-bundle. We compute its
first and virtual first Betti numbers, describe its fundamental group and Albanese
map, and give explicit examples with small first Betti number. Further elemen-
tary consequences concern bundle reconstruction, product obstructions, and a
vanishing second basic Chern class. This is an expository working note; no new
decomposition theorem or verified claim of originality is asserted.
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1. THE PRECISE ANSWER AND THE STATUS OF THE RESULTS

Throughout, M is connected and compact, dim¢ M = n > 2, and (J, g,w,0) is
Vaisman with 6 # 0. Put m = n — 1. The hypothesis in this note is exactly

(1.1) Q™) =0 in HE(M,R).
It imposes no condition on ¢3. The complex structure .J is fixed.

Theorem 1.1 (Answer to the main question). Under (1.1), the original canonical
foliation is quasi-reqular. There is a connected finite holomorphic étale cover M’ —
M and a holomorphic principal elliptic orbi-bundle

(1.2) E—M%B  B=Ax][[Vix][[2=4xQ.
( J

Here A is an abelian variety of dimension a, and the other factors are projective
pure Kdhler orbifolds, simply connected in the orbifold sense, with Ricci-flat metrics
and irreducible holonomy respectively SU(d;) and Sp(e;). Their complex dimensions
are d; and 2e;. In particular,

(1.3) a+Zdi—|—ZQe]~:m.
i J

The product decomposition is holomorphic and isometric on the base for the in-
duced Ricci-flat metric. The total space is generally twisted; indeed no finite étale
cover of M is a product of two positive-dimensional compact compler manifolds.
Furthermore,

(1.4) bi(M') =b{""(M) =2a +1, bi(M)<2a+1<2n—1.

After choosing origins, Alb(M') = A and its Albanese map is pr, omw. Its fibers have
dimension n — a, and are the canonical leaves precisely when Q is a point.

The equivalence of Chern conditions and the structure assertion are [KNOWN]: see
Istrati [Ist25, Definition 4.1, Lemma 4.4, Corollary 5.2, Theorem 5.3]. We supply
the bridge and the applications in detail. The virtual Betti formula and bundle
computations are [DERIVED] here, which is not a claim of novelty. The integral
fundamental-group descriptions below refine the explanation of [Ist25, Corollary
5.10]. The bound and maximal case already appear in [Ist25, Corollary 5.11].

Remark 1.2 (Version and notation policy). All numbered references to Istrati mean
arXiv:2304.02582v1 (5 April 2023). The publisher confirms JEMS online first, 11
March 2025, DOI 10.4171/JEMS/1633. Its subscription full text was not accessible
in this run; a correspondence with published numbering is therefore not asserted.
Gomes means arXiv:2604.04134v2 (21 May 2026), including its revised title. His
real dimension 2r 4+ 2 corresponds to our r = m = n — 1; his maximal value 2r + 1
is our 2n — 1. His Theorems 1.1 and 6.6 give a classification with left-invariant
complex structure and identify the leaf fibration with the Albanese map. His proof
uses a deformation of J, with a separate return argument in Theorem 4.3. We do
not transfer a statement from a deformed complex structure: our route uses Istrati
directly on (M, J).
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2. DEFINITIONS AND TRANSVERSE HODGE THEORY

We use w(X,Y) = ¢g(JX,Y) and set Ja = —«o J for a real one-form. Multiplying
g by the positive constant ]9|3 makes |0| = 1, without changing J, 6, or its Levi-
Civita parallelness. With

(2.1) U=0", V=JU n=J0, wr=—dn w=wr+0An,

the form wy is closed, semipositive, of complex rank m, and its kernel is T'F =
(U,V)r. This is the transverse Kahler structure. These standard Vaisman identities
are recalled in [Ist25, Section 2.1], [I023, Theorem 2.2].

Definition 2.1. A differential form « is basic if txya = Lxa = 0 for every vector
field X tangent to F. KEquivalently it is horizontal and invariant for U, V. The
complex (2%, dp) has cohomology HJ(M,R). Its complexification decomposes by
transverse type and dg = 0g + Og. We set

 ker(dp : Q7 — QT
- o
{acQy' :da=0, a=a}

{iOg0pf : f € CF(M,R)}
Replacing basic forms and functions by ordinary ones defines Hé’é(M ,R).

The holomorphic normal bundle is Q' = (TM /TF)"? of rank m. In a transverse
holomorphic chart, its Hermitian metric h7 has Chern connection matrix h;lﬁBhT
and curvature Fr. The invariant local matrices glue as a basic connection, equiva-
lently a connection extending the leafwise Bott partial connection. Define

(23) CB<Q1’O) = [det (I + ZLFT):| s pPrT = 1tr FT = —i@BéB log det hT.

@ B
Changes of basic Hermitian metric change the Chern forms by basic exact forms.
For T M, the same convention gives pc = —id0log det g and B¢ (M) = [pc/(27)]sc.
Thus we use Chern classes of tangent bundles; the canonical bundle has their neg-
ative first class. Our template macro %88 includes 1/(27), whereas i00 does
not.

(2.2) e

Y

H]éé,B(M> R) =

Lemma 2.2 (The basic potential lemma). The canonical foliation is a transversely
oriented Riemannian Kdhler foliation with minimal leaves. The basic 00 lemma
applies. In particular, a real, basic, dg-exact (1,1)-form a can be written o = 100 f
with f real and basic.

Proof. The fields U, V commute and are real holomorphic Killing fields of unit length.
Since U is parallel, VyU = VyU = 0; commutation gives VgV = 0, and the
constant length Killing identity gives ViV = —Zgrad|V[*> = 0. The leaves are
totally geodesic, so their mean curvature vanishes. The metric is bundle-like, and w7’
orients the normal bundle. Basic Hodge theory and the Kahler identities therefore
apply: [EKA90, Sections 3.3-3.4, Proposition 3.5.1], [I023, Section 2.2]. These
hypotheses are satisfied before there is any global quotient orbifold.

For clarity, the required degree-two consequence has the following Hodge-theoretic
proof. Write x = 6 A n; then dxy = 6 A wr. Integrating a basic exact form against
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w1 A x gives zero by Stokes: the extra term contains a transverse form of degree
2m + 1, so vanishes. In particular, the trace Ara has mean zero. The basic scalar
Laplacian, equivalently f — A7 (i0gdpf) up to a fixed nonzero scalar, is self-adjoint
and has kernel the constants. Compact basic Hodge theory solves

AT (28]35]3]") == ATa.

The difference [ is closed and primitive. For m > 2 its transverse Hodge star is
x78 = —B Awl™2/(m — 2)!, so it is also basic coclosed. Since it is basic exact,
its squared norm is zero. For m = 1, a trace-free (1, 1)-form is already zero. This
proves the assertion. The same basic Hodge theory gives HZ™(M,R) = R; this is
the homological orientability required in El Kacimi-Alaoui’s formulation. 0

Definition 2.3. The canonical foliation is quasi-reqular when its leaves are compact,
or equivalently its effective Lee group is a compact complex one-dimensional group.
It is regular when this group acts freely. For a quasi-regular foliation the quotient B
is a complex orbifold. A holomorphic principal E-orbi-bundle is locally of the form
(W x E)/T" — W /T, with holomorphic transition functions acting by translations of
E; the isotropy acts on the fiber by translations. The diagonal action is free when
the total space is a manifold. An ordinary principal bundle has a smooth base and
no orbifold isotropy.

A pure orbifold has no divisorial isotropy; it can still have quotient singularities in
codimension at least two. We write H%, (B, A) = H*(BB, A) and 7"*(B) = m.(BB)
for its classifying space. Real orbifold cohomology agrees with orbifold de Rham
cohomology and the real cohomology of the underlying space. Integral cohomology
need not. An orbifold covering is locally a change from a finite chart group to a
subgroup. It need not be an étale cover of the underlying singular spaces. By a
finite étale cover of manifolds we mean a finite unramified holomorphic covering of
the total spaces.

The LCK rank is the rank of the period group of 6 (equivalently the smallest
rational subspace containing [f]). Rank one is not the definition of either regularity
or quasi-regularity. No rank-one assumption is used in our structure theorem.

3. THE BRIDGE TO BOTT-CHERN VANISHING

Lemma 3.1 (Ricci comparison; Istrati’s Lemma 4.4). For a normalized Vaisman
metric, as ordinary forms on M,

(3.1) pc = pr-

Proof. Take a transverse holomorphic submersion p : W — T and a local holomor-
phic frame o7 of K7. The form 6'° = (6 + in)/2 is generally not holomorphic.
Nevertheless
o=0" Apror

is a nonvanishing holomorphic frame of K|y : 000 = —iwr/2, whose wedge with
the horizontal top form is zero. Its squared norm is |o|2 = 3p*|or|7 . For a holo-
morphic canonical frame the tangent Ricci form is i9dlog|o|?. The constant 1/2
disappears upon differentiation, proving (3.1). This also checks the sign and the
absence of an additional multiple of wr. O
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Proposition 3.2 (Comparison of the three conditions). For every compact non-
Kahler Vaisman manifold,

(3.2) BQRY) =0 <= FM)=0 = (M) =0 in H*(M,R).
The last implication cannot be reversed.

Proof. There is a commuting square of natural maps

Hitn(M,R) L HEL(M,R)

H3i(M,R) — H*(M,R)
The left map is injective by Lemma 2.2, and its image is the real transverse (1,1)-
part. If ¢® = 0, that lemma applied to pr gives pr = i0gdsf. A basic function is
an ordinary global smooth function, and the restricted operators agree with 9,9 on
it. Lemma 3.1 therefore proves Bott—Chern vanishing.

The reverse direction also holds before quasi-regularity is known. Let K be the
closure of the flows of U,V inside the compact isometry group. It consists of holo-
morphic isometries. If a basic real (1,1)-form o = idf, average f over K with
Haar probability measure. Since « is invariant, the average satisfies i100f = a and
is invariant under U, V', hence basic. This proves injectivity of j, and applied to
pr = pc proves the converse in (3.2). The last map is simply forgetting Bott—Chern
information. 0

Here is an explicit description of the information that is forgotten.

Lemma 3.3. For any compact non-Kdihler Vaisman manifold,

(3.3) HY(M,R) = Hy(M,R) @ R[],
ker(H%(M, R) — H?*(M, ]R)) = Rlwr]s.

In particular [wr]g # 0, although wr = —dn on M.

Proof. Averaging over K does not change ordinary de Rham classes because its
elements are isotopic to the identity. An invariant one-form uniquely has the shape
B+ub+wvn, with  basic and wu, v basic functions. Its derivative is dg+duA0+dv A
n — vwr. If this is basic, contraction with U,V gives du = dv = 0. The class [wr|p
is nonzero: a hypothetical basic primitive would, by Stokes as in Lemma 2.2, force
| v Wi A X =0, whereas the integrand is positive. Thus closed invariant one-forms
have v = 0, proving the first formula. The sum is direct because contraction of an
invariant exact one-form df with U is zero after averaging f. Applying the same
argument to a primitive of any ordinary exact basic two-form proves the second
formula. This is also consistent with [I023, Sections 3-5]. O

For the scalar Hopf manifold (C" \ {0})/{g), 0 < q < 1, the leaf space is P"!
and ¢ = nH # 0, while H?(M,R) = 0. Thus it is a counterexample to the reverse
of the last implication only; it is not an example satisfying our main hypothesis.
Equivalently, ¢; (M) = 0 permits a nonzero multiple of [wr]g in place of zero.
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4. APPLYING THE KNOWN STRUCTURE THEOREM

Proof of the structural part of Theorem 1.1. Proposition 3.2 supplies exactly the
hypothesis in Istrati’s Definition 4.1. Compactness, the Vaisman condition, and
nonzero Lee form are already part of the setting. Istrati’s Corollary 5.2 gives a
Chern—Ricci-flat Vaisman metric on the same complex manifold, in a prescribed
admissible Lee class, unique up to scale. By Lemma 3.1 its transverse metric is
Ricci-flat.

Theorem 5.3 of that paper proves, without a preliminary quotient assumption,
that Autg(M) is a compact complex one-dimensional group and equals the Lee
group. Its universal complex Lie group is C and its kernel is a cocompact rank-two
lattice; hence it is an elliptic curve £ = C/A. The locally free action gives the
original foliation its compact leaves. Its quotient is now available. This is the step
that proves quasi-regularity and avoids a circular use of a Kahler orbifold quotient.

For orientation, the mechanism in that theorem is that the uniqueness of the
canonical metric makes every element of Auty(M) an isometry: it preserves the Lee
class and total volume. The compact automorphism-group result then identifies
it with the Lee group. The rest of Istrati’s theorem applies an orbifold splitting
theorem and proves purity after a finite cover using the definite Seifert bundle. For
pure orbifolds, the decomposition used is [Cam04, Theorem 6.4 and Definition 6.5].
Its hypotheses are compactness, Kahler geometry and vanishing orbifold first Chern
class. Here the last follows by identifying basic forms with quotient orbifold forms
and using (1.1). We use Istrati’s purity argument as part of the known theorem,
rather than postulating purity initially.

The quotient has an integral positive class coming from the definite bundle; hence
it is projective. Every factor of its finite product cover is projective by restriction of
an ample class. Thus the flat complex torus is an abelian variety, not just an arbi-
trary complex torus. The meaning of simple connectivity is 7™ (V;) = 79" (Z;) = 0.
Holonomy is that of the Ricci-flat metric on the smooth locus of the pure orbifold,
as in Campana’s definition. We label the SU factors by Y;, reversing the letters
used for the two types in Istrati’s Theorem 5.3. The overlap SU(2) = Sp(1) may be
assigned to the symplectic type once; it is not counted twice.

Finally, form the orbifold fiber product with this finite covering of the quotient.
Locally it is induced from (W x E)/I" — (W x E)/I', where I'' C T". Since the
diagonal action on the original total space is free, this is a genuine unramified cov-
ering of manifolds. The complex structures and Vaisman metrics pull back. Taking
a connected component if necessary yields M’. This proves (1.2) and (1.3). Neither
regularity nor smoothness of the factors has been asserted. Istrati’s Corollary 5.4
also gives that K, is holomorphically torsion. 0

The transverse Calabi—Yau input can equivalently be expressed as follows: for a
compact homologically orientable transversely Kéahler foliation, each real basic (1,1)
representative of 2mcP is the Ricci form of a unique transverse Kihler metric in a
fixed basic Kahler class [EKA90, Section 3.5.5]. In transverse dimension one the
statement reduces to the scalar elliptic equation. The fixed-J Vaisman implemen-
tation is [OV24, Theorem 4.1, Lemma 4.2] and Istrati’s Corollary 5.2. We do not
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assume that an arbitrary conformal change to a Chern—Ricci-flat Hermitian metric
is still Vaisman.

5. BETTI NUMBERS, FINITE COVERS, AND THE ALBANESE MAP

Proposition 5.1 (Transgression calculation). For the cover in (1.2),
(5.1) bi(M") = 2a+ 1.

Proof. A connection on the principal F-orbi-bundle gives its characteristic class

€ H2,(B,A). The Vaisman connection has curvature proportional to wr in a
single nonzero direction of A ® R. One way to see this is to use 6,7 on the two-
dimensional vertical tangent space: df = 0 and dn = —wr. Choosing a period basis
only applies an invertible real linear change to these two curvature components.
Hence their span in H2, (B, R) has rank one, not zero. Positivity and compactness

give [wy|™ # 0 on the base.
The real Leray—Serre sequence of classifying spaces has its degree-one exact part

(5.2)  0— H: (B,R) — H'(M',R) — H'(E,R) 2 H2, (B,R).

orb orb
There is no local coefficient monodromy on H'(E) because transition functions are
translations. If u, v are the dual period basis, dy(u), d2(v) are the two characteristic
classes, up to the common choice of sign for transgression. Thus rankd, = 1 and
dimker dy = 1. Orbifold simple connectivity gives H., (Q,R) = 0, so b™(B) = 2a.
Taking dimensions in (5.2) proves the formula. O

Proposition 5.2 (Virtual first Betti number). Define by (M) as the supremum of
b1(N) over connected finite holomorphic étale covers N — M. Then the supremum
is achieved and equals 2a + 1. In particular,

(5.3) by (M) € {1,3,...,2n — 5} U {2n — 1},

where the first set is empty for n = 2. The value 2n — 3 is excluded for the virtual
invariant, but need not be excluded for by(M).

Proof. On any finite cover, the pulled-back transverse Ricci-flat metric has the same
restricted transverse holonomy. The basic Bochner identity, valid here because mean
curvature is zero, gives for a basic harmonic one-form «

0= V7l + /RicT(aﬁ,aﬁ)du VTl

Thus basic harmonic one-forms are parallel. The nonflat irreducible SU and Sp
factors have no invariant covectors. The space of parallel transverse covectors on
any finite cover of M’ therefore has dimension at most 2a. Lemma 3.3 bounds its
ordinary first Betti number by 2a 4+ 1. For a finite cover of M, take a connected
component of its fiber product with M’; transfer makes pullback in real cohomology
injective. The same bound follows. It is attained by M’ by Proposition 5.1.

Every nonflat factor has complex dimension at least two. A one-dimensional
Ricci-flat Kéhler orbifold factor would be flat and belong to A; it cannot be a
positive-dimensional simply connected factor of this decomposition. Hence either
a=mor a<m—2, proving (5.3). The Bochner step is also the mechanism behind
[Gom26, Proposition 6.4], with its foliation hypotheses supplied here. U
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Proposition 5.3 (Albanese description). One has dim Alb(M) = (by(M) —1)/2
and Alb(M') =2 A, with Albanese map pr 7 up to translation. The Albanese map
of M is a surjective submersion. In general it is not the quotient by the canonical
foliation.

Proof. For a compact Vaisman manifold, holomorphic one-forms are closed and ba-
sic, and are exactly the basic harmonic forms of type (1,0); the period quotient
is a genuine complex torus [Gom26, Sections 2-3, Theorem 3.3|, [[023, Section 3.
Basic Hodge symmetry and Lemma 3.3 give the dimension. On M’ these forms
are exactly pullbacks of holomorphic one-forms of A: the simply connected factors
have none, by Ricci-flat Bochner theory. The map m(M’) — 7¢"™(B) — m(A) is
surjective because the fiber and Q are connected. Consequently the period lattices,
not only their rational spans, agree. The universal property of the Albanese map
now identifies it with pr, w. Its fibers are the connected elliptic orbi-bundles over
Q.

For M itself, using its Chern—Ricci-flat Vaisman metric, a basis of holomorphic
one-forms consists of transverse parallel forms. Their pointwise independence fol-
lows from parallelness and independence at one point. Thus the Albanese map
has full target rank everywhere. Its image is open by submersivity and closed by
compactness, hence is the whole connected Albanese torus. 0]

If M — M is a Galois cover with group F', then H' (M, R) = Hl(]\/i\, R)¥. This is
the precise second source of a small b;: the finite group can remove transverse parallel
forms. It must be distinguished from the reduction in a caused by Q. The statement
bi(M) = 2n — 1 if and only if M is a Kodaira manifold is [Ist25, Corollary 5.11];
the regular Albanese fibration and left-invariant complex description are [Gom26,
Theorems 1.1, 6.6]. Without (1.1) there is no dimension-only bound 2n — 1: the
circle-bundle construction of Section 8 over a genus-g curve gives Vaisman surfaces
with by = 2¢ + 1 for all ¢ > 2.

6. CHARACTERISTIC CLASSES AND THE LIMITS OF PRODUCT DECOMPOSITION

For E = C/A, principal holomorphic elliptic orbi-bundles are classified by
H!,(B,0g(E)). The sequence

(6.1) 0—A— O — Op(E) —0

defines ¢(M') € H2, (B, A). Thus this characteristic class is only part of the data:
the fiber over a fixed class is a torsor under the image of H'(B, Op), namely the
quotient by the image of H!, (B,A). One must retain the lattice of £ and the
holomorphic torsor class.

Proposition 6.1 (The line-bundle model and reconstruction). For the product cover
B in (1.2), choose an orientation of a primitive lattice element e and a complemen-
tary element f. Then

(6.2) c(M)=kr®e, k€ H2,(B,Z), & a Kdhler class.

orb

There is an ample holomorphic line orbi-bundle L with ¢1(L) = k and ¢ € C*,
lg| < 1, such that

(6.3) M= L%/ {g).
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One can write L = prly Ly ® @), pry, Li ® ®j pr}j L}. The elliptic torsor is the Baer
sum of the pullbacks of the corresponding factor torsors, using the same E and q.

Proof. The real curvature calculation in Proposition 5.1 has one-dimensional im-
age. Evaluating its integral class on integral two-cycles shows that this direction
contains a nonzero lattice vector; its line is therefore rational. Taking a primitive
vector and its sign gives a positive class kK modulo torsion. On the product cover,
H{™(B,Z) = 7%, so the universal coefficient theorem makes H2, (B, Z) torsion-free.
Consequently no torsion term remains and (6.2) holds integrally.

The orbifold exponential sequence and the Kéhler (1,1) theorem give a line orbi-
bundle Ly with this first Chern class. Identify A = Z + 7Z, Im7 > 0, sending
e to 1. Then E = C*/{q), ¢ = €*7, and the torsor L; /{¢q) has the prescribed
characteristic class. By (6.1) its difference from M’ lies in the image of H'(B, Op).
The ordinary exponential sequence for line orbi-bundles maps that same H'(B, Op)
to Pic?, (B). Tensoring Ly by its image absorbs the difference. This proves (6.3)
without assuming that a topological class alone determines a holomorphic bundle.
Positivity is unaffected by a Pic” twist. This is the setting of [Ist25, Theorem 2.4].

For the factorization, integral Kiinneth in degree two has no cross terms involving
a simply connected factor. Thus ¢;(L) is the sum of the pullbacks of its restrictions
to the factors. The quotient of L by the tensor product of those restrictions has zero
first class. Also H'(B,Op) = H'(A, O4), by Kihler Hodge theory and H', (Q,C) =
0. Its remaining Pic® term therefore comes from A and can be absorbed into L 4.

Explicitly, write P, — B for the pulled-back factor torsors. On their fiber product
quotient by

ker(E" =% F)
acting by translations. Locally the fiber is £”/ker(sum) = E. The resulting transi-
tion functions are the sums of the factor transition functions, which in multiplicative
C* coordinates are the products of the line-bundle transition functions. They are

precisely those of (6.3). This proves the reconstruction assertion. 0

Before this cover a definite bundle can have integral torsion in addition to its
positive rank-one real class. Here torsion disappears because the specific product
cover has torsion-free Hp, not because every torsion class on every orbifold can
always be removed by an arbitrary finite cover. The positive class never disappears
under a finite base cover: the real transfer identity p.p* = (degp)id makes pullback
injective. Fiber isogenies likewise do not annihilate it over R.

Proposition 6.2 (A stronger obstruction to holomorphic products). A compact
non-Kdahler Vaisman manifold cannot be biholomorphic to X x Xy with both X;
compact and positive-dimensional. The assertion persists under finite étale covers.

Proof. Restrict the exact semipositive form wr to either compact slice X;, of dimen-
sion r;. Stokes gives [ X, wy = 0. Semipositivity then implies that the restriction has
deficient rank at every point. For a semipositive Hermitian form, a vector of zero
norm is in its full kernel. Hence T'X; N ker wr # 0 for both factors at every point
of the product. Since ker wr is a complex line, it would have to lie in both comple-
mentary tangent factors, a contradiction. A finite étale cover is again Vaisman, so
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the argument repeats. This recovers the product obstruction mentioned in [Ist25,
Introduction]. O

In the line model, choose any Hermitian norm. Writing a nonzero vector as its
unit vector times its positive radius identifies L* smoothly with S(L) x R. If ¢ has
argument ¢, the quotient is a mapping torus of circle rotation by ¢ on S(L). That
rotation is isotopic to the identity, so

(64) M > qiff S(L) X Sl.

The unit-circle total space is smooth in our situation because the isotropy acts
freely on the nonzero line. For a suitable norm this is the Sasaki construction.
Formula (6.4) is a real smooth product and does not assert any holomorphic product.
In particular F x B would have first Betti number 2a + 2, different from (5.1).
The BB analogy is a product theorem for the base and transverse metric, and a
bundle/extension theorem for the total space.

7. THE FUNDAMENTAL GROUP

The homotopy exact sequence, interpreted on classifying spaces, is
(7.1) a9P(B) N A s (M) — 72— 1.

The first arrow must not be omitted. In particular, an elliptic fiber does not neces-
sarily inject its fundamental group into the total space.

Proposition 7.1. If Q is a point, m(M') is the product of 7 with a lattice in the
real (2a+ 1)-dimensional Heisenberg group. It is not virtually abelian. If dim Q > 0,
w1 (M) is virtually Z****. These are the two cases in [Ist25, Corollary 5.10].

Proof. When B = A, mo(B) = 0. A polarization basis puts k in elementary-divisor
form (dy,...,d,), all d; > 0. With a choice of orientation of the central circle, a
presentation is

(7.2) (@i, yi, 2, t | z,t central, [x;,y;] = 24195 [zi, 5] = [y yi] = 1).

The radial circle gives t. This presentation follows by lifting the fundamental par-
allelograms of A: their circle winding numbers are the evaluations of ¢;(L). The
alternating commutator pairing is nondegenerate over Q, so no subgroup of finite
index is abelian.

When Q has positive dimension, orbifold Hurewicz gives m9'*(Q) = HS™(Q, Z).
The restriction of the Kéhler class x is nonzero, so the image of the first arrow in (7.1)
is dZe for some d > 0. The kernel of the last arrow is therefore Z/d @ Z. In the line
model the Z factor splits off smoothly by (6.4). The circle-bundle group is a central
extension of Z?* by Z/d, because the structure group consists of circle translations.
Its commutators are finite. The inverse image of dZ?® is abelian: commutators of
lifts of multiples by d are d?-powers of commutators. It is finitely generated abelian,
so contains a torsion-free finite-index subgroup of rank 2a. Restoring the radial Z
gives Z***1 up to finite index. Passing from M’ to M does not change this virtual
conclusion. 0J
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8. EXPLICIT EXAMPLES AND BOUNDARY CASES

Example 8.1 (The construction used in the examples). Let B be smooth projective,
H ample, k = ¢;(H), and put L = H~'. Take a Hermitian metric h on L with
i00logh = 2mky, > 0 and let F'(v) = |v|2 on L*. Then

(8.1) Qx = i00F > 0, Qpy = F1Qy, 0 = —dlog F.

Indeed, the horizontal term is 27 Fk), and the vertical term is iF'0log F A Olog F,
both positive in their respective directions. Thus d€2y = 6 A Q. In the logarithmic
radial coordinate its metric is a constant multiple of a product dt*> + gs(r), so 0
is parallel. Multiplication by ¢, 0 < ¢ < 1, preserves )y and 6; the quotient
M(H,q) = L*/{q) is compact Vaisman. The canonical leaves are its £ = C*/(q)
fibers, and the quotient is B. In the counterclockwise fiber orientation,

(8.2) C(M(H,q) = (=r,0),  P(M(H,q)) = ¢;(TB).

Replacing the first period generator by its negative gives the positive convention of
(6.2). The inversion v — v~! identifies the punctured bundles of H and H~! with
reversed C* action, so this sign choice agrees with the ample-line model. The same
local construction applies to a positive line orbi-bundle whose nonzero total space
is smooth.

Example 8.2 (Maximal b;: Kodaira manifolds). Let B = A be a polarized abelian
variety of dimension m, and use Example 8.1. The resulting manifold has dimension
n = m + 1, is regular, has cf’ =0 for every j > 0, and by = 2m + 1 = 2n — 1. Its
fundamental group is (7.2), with the sign of z changed if necessary. Its Albanese map
is the elliptic bundle projection. These are exactly the models in [Ist25, Example
7.2, Corollary 5.11], compatible with [Gom26, Theorem 6.6]. The standard model
metric has LCK rank one; this is not an assertion about every Vaisman metric on
this complex manifold. For m = 1 it is a primary Kodaira surface.

Example 8.3 (A K3 base and b; = 1). Let S C P3 be a smooth quartic K3 surface
and H = Og(1). Adjunction gives Kg = Og, and S is simply connected by the
Lefschetz hyperplane theorem. Its hyperplane class h is primitive: h? = 4, and a
possible divisibility h = 2u would give u? = 1, contradicting the even intersection
form of a K3 surface. No larger divisibility is numerically possible. The intersection
pairing is unimodular by Poincaré duality, so evaluation of h on Hy(S,Z) is onto Z.
For the K3 cohomology and lattice facts used here, see [Huy16, Chapters 1 and 14].
For M = M(H,q), n = 3, the canonical foliation is regular with base S, and

(8.3) B =0, /czB =24, b(M)=b""(M)=1, m(M)=727.
S

The ¢y calculation follows directly from ¢(T'S) = (1 + h)*/(1 + 4h): its degree-
two term is 6h?, whose integral is 24. The circle-bundle sequence my(S) — Z —
m(S(L)) — 0, together with primitivity, gives m(S(L)) = 0. The radial circle
supplies the displayed fundamental group. The characteristic pair is (—h,0). The
Albanese is a point, although the leaf space is a K3 surface. Smoothly M = S(L) x
S1: holomorphically it admits no nontrivial compact product decomposition.
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Example 8.4 (Small b; caused by a finite group). Take an elliptic curve C, the
symmetric negative line bundle L = O¢(—[0]), and the involution ¢ : z — —z. It
has a line-bundle lift 8 with % = 1 (rescale any lift by a constant square root).
Choose a f-invariant negative Hermitian metric and 0 < ¢ < 1. Set

(8.4) P=L"/{¢*), X=L"/{¢f).

The induced involution on P is free. A fixed point would require ¢f3(v) = ¢**v for
some k € Z; taking norms gives ¢ = ¢%*, which is impossible. The invariant metric
descends, so P — X is an étale double cover of Vaisman surfaces. On H'(P,R) =
H'(C,R) ® R[f], the involution acts as —1 and +1 respectively. Therefore

(8.5) b (X) =1, bi(P) = b"(X) = 3.

The leaf space of X is the flat orbifold C/{#+1} = P1(2,2,2,2), so cF(X) = 0. It is
quasi-regular and not regular. Its characteristic class pulls back to (—[0],0) on C,
and has nonzero rank-one real part; the local order-two stabilizers act on the fiber
by translation by ¢f|z, in C*/{¢*). This specifies the isotropy data in addition to
the pulled-back characteristic class.

For a compatible standard square-torus model, the group is

1 1

=z °, sys_l = y_l, szs™h

m(X) = (x,y, 2,5 | z central, [z,y] =z, srs~ = z).

Equivalently it is Hyz x Z, with generator s acting by horizontal inversion. The
subgroup generated by x,vy,z,s* is Hy x Z of index two. One sees this model
directly on the real Heisenberg group with multiplication (x,y, z)(2', v/, 2") = (z +
.y +y,z+ 2 + zy'): horizontal inversion (x,y,z) — (—z, —y,z) preserves its
integral lattice and its standard Sasaki structure. Translation by half the radial
period makes the quotient action free. This realizes the holomorphic construction
for the induced degree-one polarization. These are secondary Kodaira examples, as
in [Ist25, Example 7.3].

Example 8.5 (An orbifold factor that cannot be made smooth). The weighted
degree-five polynomial

f=22z+ 20 + 25+ 22, (wo, wy, we,w3) = (2,1,1,1)

defines a smooth punctured hypersurface W = {f = 0} \ {0}. Indeed its four
partial derivatives have common zero only at the origin. Quotient by the weighted
C* action gives a projective K3 orbifold B C P(2,1,1,1), with an A; orbifold point
at [1,0,0,0] and no divisorial isotropy. Adjunction gives trivial orbifold canonical
bundle since 5 =2+ 1+ 1+ 1. The quotient W /(q) by weighted multiplication is a
smooth compact Vaisman threefold with ¢ = 0.

These are the explicit data of [Ist25, Example 7.4]. The link of this isolated
hypersurface singularity of complex dimension three is simply connected by the
hypersurface-link connectivity theorem [Mil68, Chapter 5]. The sequence of its
circle orbi-bundle therefore gives m{™(B) = 0. Hence B has no nontrivial connected
orbifold covering at all, and in particular no finite smooth orbifold cover. The total
space has m = Z and b; = 1 from the simply connected punctured cone and its
infinite cyclic deck group. Its characteristic pair is that of the tautological negative
line orbi-bundle O(—1), namely (—cS™(Op(1)),0). The local Z/2 acts faithfully on
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the punctured tautological line. This is an actual obstruction to replacing “orbifold”
by “manifold” in the structure theorem, not merely an absence of such a proof.

The three principal examples can be compared without conflating a manifold and
its cover:

Example n base b1 b‘l’irt
Kodaira manifold m+1 A™ 2m+1 2m+1
K3 construction 3 S 1 1
Secondary Kodaira 2 C/{£1} 1 3

9. FURTHER CONSEQUENCES PROVED IN THIS NOTE

Corollary 9.1 (Attainable values). For each fized n > 2, every value in (5.3) occurs
as a virtual first Betti number. The ordinary first Betti numbers occurring under
(1.1) are exactly 1,3,...,2n — 1.

Proof. The virtual maximum is Example 8.2. For0 <a <m—2,putk=m—a > 2
and let Qy be a smooth degree-k+2 hypersurface of P!, Adjunction gives Kg, = O
and Lefschetz gives simple connectivity. Its Ricci-flat metric has no flat factor, since
any such factor would give nonzero H'. Apply Example 8.1 to A% x Q) with an
exterior tensor-product polarization. Propositions 5.1 and 5.2 give by = by"" = 2a+1.

For the ordinary invariant choose a product A = C™ of elliptic curves and its
product symmetric polarization. Let § cover the involution that is the identity on /¢
factors and —1 on the remaining factors, 0 < ¢ < m. The construction (8.4) works
verbatim: radial contraction ensures freeness even over fixed points. Its invariant
transverse one-forms have dimension 2/, giving b; = 2¢ + 1 and virtual invariant
2m 4+ 1. The case ¢ = m is the torus-base model itself. Oddness follows in all
cases from basic Hodge symmetry and Lemma 3.3, and the upper bound was proved
above. O

Corollary 9.2 (Adding the second basic Chern class). Under (1.1), the following
are equivalent:

(1) cB(Q0) = 0 in real basic cohomology;
(2) there is a transverse flat Kdhler metric for the fized canonical foliation and
transverse complexr structure;
(3) by (M) =2n — 1;
(4) M has a finite étale cover which is a Kodaira manifold.
Forn =2, the first condition is automatic and all four hold.
Proof. Work on the quotient with its Ricci-flat metric, or on its finite product cover.

For m > 2 its unitary Chern curvature F' has tr F = 0 and AF = 0. With the norm
induced by — tr on skew-Hermitian matrices, the primitive-form Hodge identity gives

Wwhn? 1 W
9.1 TB) A —E& = F|?Z5.
(9-1) /362( ) (m —2)! 8%2/B| | m!

Indeed c; = (872)~1tr(F A F) when tr F = 0, and *F = —F Awjy™?/(m — 2).
Both formulas apply in orbifold charts with the usual division by stabilizer order
in the integral. Vanishing of the basic class therefore forces F' = 0. In transverse
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dimension one, Ricci-flatness itself is flatness. A compact flat Kéhler orbifold has a
finite torus orbifold cover (the flat case of the splitting theorem used above); pulling
it back gives a Kodaira cover. Equivalently the nonflat factors in (1.2) are absent.
Proposition 5.2 then gives the third assertion. Conversely a Kodaira cover has zero
basic Chern classes, and real transfer for the lifted foliation is injective, so the second
basic class downstairs vanishes. The same decomposition also proves directly that

(3) implies (4). O

These consequences are proved here from existing structure and Hodge theorems.
The searches made for this note did not establish that they are new in the literature;
no originality claim is made.

APPENDIX A. DEPENDENCIES, CHECKS, AND WHAT IS NOT CLAIMED

The logical route is: minimal transverse Kéahler foliation; basic potential lemma
and Ricci comparison; equivalence (3.2); Istrati’s fixed-J existence and quasi-
regularity; its finite orbifold BB decomposition; characteristic-class calculation;
Betti, Albanese, and fundamental-group consequences.

Compactness is used for Hodge theory, averaging, positivity integrals, the au-
tomorphism group argument, and the Albanese image. The Vaisman condition
supplies minimal leaves, holomorphic Killing fields and (2.1). The first basic Chern
condition enters precisely at (3.2) and transverse Ricci-flatness. Quasi-regularity is
only used after the known theorem proves it. Finite covers remove transverse finite
holonomy and the specified integral torsion; they do not erase positive curvature
classes. Orbifold structures are retained in all homotopy, integral cohomology and
covering arguments. Projectivity comes from positivity and is used to choose the
explicit algebraic examples and factor polarizations.

The central question is answered by known results. No unresolved step is deliber-
ately used as a proved theorem here. We have not classified all finite group actions on
the factor torsors, or all isomorphisms between their unmarked total spaces. These
are further classification problems, not missing hypotheses in Theorem 1.1. No as-
sertion that every orbifold is finitely smoothable is used. No claim about arbitrary
LCK manifolds follows from our proof.

The audit distinguishes [KNOWN], [DERIVED], [CANDIDATE], [REFUTED], and
[GAP]. Here the false implications “de Rham vanishing implies basic vanishing”,
“small b; forces a non-torus factor”, and “a finite cover makes every base smooth”
are [REFUTED] by explicit examples. No [CANDIDATE] is presented as a theorem.
The inaccessible published Istrati numbering and the lack of an exhaustive novelty
search are bibliographic limitations, recorded in research_audit_ja.md. Theorem
numbers of the three requested arXiv papers were checked in their actual bodies.
The precise numbering of the general hypersurface-link connectivity theorem in Mil-
nor’s book was not checked; only its standard chapter-level attribution is used. All
references to deep inputs state the hypotheses needed here. The separate README
records compilation and visual verification.
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Theorem 1.1 (HUDEEANDEE). (1.1) DB & T, JTLD canonical foliationld quasi-
reqular T 5. EAHZARIER] étale 1878 M — M &, 1ERI principal elliptic orbi-
bundle

(1.2) E— M5B  B=Ax][[Vix][[2=4%x2
( J

PIFIET 5. 2 2T AWERIT a D abelian variety THH, 5D DK F X orbifold D
BEIRCHERE RS0 pure Kdihler orbifold T®H%. i 5121E Ricci-flat 5H D H
D, BEKI holonomy 3 ZNZENSU(d;) & Sp(e;), BERITIEd; & 2¢; THS. K

(1.3) a—ieri—irZZej:m
( J

DL D LD, EDRIE, FE XN B Ricci-flat s EICEA LT, FRIDOSOERENTH
5. BZEMFHEHOQDENDIES. EE, M OEDOHER étale B D, [EOXITE
b DO ODa YRy VERZBBARDEIZII R SRV, 51T

(1.4) by (M) = by"™ (M) = 2a +1, bi(M)<2a+1<2n-1
DD D. JREEERNE AIb(M') = AT, Albanese BfE pryon TH53. ZD

77 AN=DRITIENn —aTHDY, canonical foliation DELX —H T 2 DIX QB —K
DEEIIRS.

Chern Z&FD[RME & #HEIZRE 3 2 FRIX [KNOWN] Td 5. Istrati [Ist25, Definition
4.1, Lemma 4.4, Corollary 5.2, Theorem 5.3] ZZ I L7z, K TIEKEOREE
Lzt L <FHS 5. virtual Betti {0 & WOEFHEIIAR T [DERIVED] &
ST BD, ZAUIFFIED FIRTIE RV, BAROERRE T OEABEDRLIRI [Tst25,
Corollary 5.10] @iz B& (LT 2. LR EEREDOH G [Ist25, Corollary 5.11]
TITRfR/OoNTVS.

Remark 1.2 (& LB DOHY). Istrati OEHEFEEIZ TR T arXiv:2304.02582v1, 2023
FAASHODDZHWS. HRHEDERD S, JEMS online first, 20254 3 A 11
HZ B, DOI 10.4171/JEMS/1633 T®H % Z & s L7z, 5hl, HHihs S s ik
FRASNZNE T 72 A TE R o720, HRRE DBSXHSIEETE Lz, Gomes
WFBGER D arXiv:2604.04134v2, 2026 45 H 21 HZ183. FERXDEXIC 2r + 2
WKBFZriE, KFEOmMm =n—-1TdhbD, mAE2r + 1LIEAFED2n -1 TH 3.
Theorems 1.1, 6.6 X EFEEBMEIC X 202X, EO 774 7L —av%
Albanese BEAR L [FE L TW5. ZDREHIX J DEE % W, Theorem 4.3 TITIZE
T72DDMN Likimz TS, AT, 2 LEZIMEOmE TOMEICHE
TOTEARL, (M, J) I Istrati DEIHE EEHEH T 3.

2. EF% Wil Hopce Mk
wX,Y)=g(JX, YY)t L, E1IERIIHLTJa=—-aoc] LEDS. g ZIEDJE
Bl |0)=1t7%b, J, 0, BLV Levi-Civita eI DWW T O AT
ZbH oW,
(2.1) U=60, V=JU n=J0, wr=—dn, w=wr+0An
YBL. wr EAPORIEEMT, EERrankldm, B TF = (U, V) TH5S. Z

DT Kéhler 82 €9 5. 6 DIFHERYR Vaisman HEFEIUZ [Ist25, Section
2.1], [1023, Theorem 2.2] IZdFCE XN TV 3.
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Definition 2.1. 73 TER a 23 basic TH % &1k, FITET 2T XRTOXRY ML X
WKOWTixa=Lxa=0&7%25Z%WVWS. ZHUIU,VIZOWTKEDLDRET
HHZLFMETH 2. HIK(QY, ds) D cohomology % Hp(M,R) & #H L. BHRIIZ
MEWTE R BN R S, dp = O + 0 £ 72 5.

ker(dg : Q57 — Q%qﬂ)

Op e

{ac Qg :da=0, a=a}
{iOpOsf : f € CF(M,R)}

Y EFET 5. basic B & basic R EF O L BEICE EIRZ 5 2, Hy (M, R)
PREOENS.

REWIERIEE R IE Q1 = (TM/TF)'° T, rank i&m TH 2. FWTERIEEZICE
% Hermitian 31 & hy @ Chern #6tA751% h'Oghy THYH, ZOMHMEE [ 2§ 5.
AERZRFATINE basic i e LTHD DX 5. THUIES A D Bott Hi 7t
ERT 28 TH 5.

(3

(23) CB(QLO> = [det <[ + 27‘[‘FT>:| s PT = itr FT = —i@Bég log det hT
B

YED B, basic Hermitian G EDZHEIC X % Chern FE D 713 basic exact TH 5.
TMIZOWTHUHHNEHR WS &, pc = —iddlogdetg, cPY(M) = [pc/(27)]Bc &
2%, LEh o TARTHRS DIFFEERD Chern A TH D, HEHEFRDZE— Chern £l
ZOMEERELLZDDTHS. 7T L—rD~rn L1901k 1/(2r) BE &
NBH, 100 1FEENZ.

Lemma 2.2 (basic R7 > > ¥ V&), canonical foliation (IBERTHNC A Z D H 4
7= Riemannian Kdihler foliation TH D, BEIM/NTH 2. basic 00 fHEHLEH T
5. FHZ, % basic dg-exact 7% (1,1) B o1&, 5 basic B f ZFH\WT a = i0g0p f
LET5.

Proof. U,V Zn[#72 K 1ERI Killing % T, EXE1TH 3. UDFITHELIS ViU =
VvU =0, A[#iED»S ViV =0 242 %, £EE Kiling HOEER» S V, V =
—sgrad|V2=0T» 5. L7ho THEIRHMAT, FIlhiRIZHR 2. FHEE
bundle-like TH D, wi BERZEAEOFS. X o T basic Hodge #am & Kahler 18
EXDEZ 5. [EKA9D, Sections 3.3-3.4, Proposition 3.5.1], [1023, Section 2.2] %
ZH. S DIEE, KBRS orbifold BMFEET B HIA SIZL TV 3.

VBT REN 2 DIRASIZTOWTIE, KD Hodge HERHIRFEIAZZE T 2. x =0 A7
eBLlEdy =0 ANwpr THA. basic exact JERZ w?‘l AXx WZENITRED T 5 &,
Stokes IZ& D 0 &%, ROBIEEIHWXE 2m + 1 DR 2 ETLDHZI L. L
72230 T Apa DFEENZ0TH 5. basic R D Laplacian, 37205 IEEDERS
EBROT f i Ap(iogdsf) 1%, HEHET, MEEREBL» 525, av 7 iz
basic Hodge B&IZ & D

(2.2) RO =

Y

ng(ll,B (Mv R) =

AT(ZaBan) == ATOC
R B, 72 BIEEAD D primitive TH B. m > 2D & X, Wil Hodge star & 73 =
—BAWET2/(m—2)! 72D T, Bldbasic coclosed TH B 5. basic exact THH 2D Z &
Mo, ZD/NVLDFRII0 RS, m=1Tidtrace-free 72 (1,1) BB AED 0 T
Hb. THTERIIREINz. [H U basic Hodge Hiwo 5 HZ"(M,R) = R £
Z AU El Kacimi-Alaoui O E AL THE 7 homological orientability T# 5. O
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Definition 2.3. canonical foliation 23 quasi-reqular T % L \3FENR T 7 M TH
220, B Lee BEDa Y R N RER1 /ﬁﬁﬁifﬁé LE[AETH 5.
ZDER»H EEE & & regular £\ 9. quasi-regular DHE, i B 133K orbifold T
% %. 1ERlprincipal E-orbi-bundle ¥ 1%, JRFNZ (W x E)/T — W/T £ &1, &
B E @ﬁﬁ@@] E UTIEHT Z)EHUﬂi’apﬂﬂ 9. isotropy & 7 7 4 N— K_ﬂzﬁ
BEle UTEH S 2. 22N IR TH 2356, MAEHIZEHTH 2. @HD
principal bundle (&, r DG & 22T orbifold isotropy DR \WGEIZH T2 5

pure orbifold & Ci.?ﬁ’]ﬁ isotropy Z #7272\ orbifold ZW 5. RRIT 2 BLEIZ
IERRANER DS, FEZEM BB HWT HE, (B, A) = H*(BB,A), 7™ (B) =
m(BB) £ & <. £ orbifold cohomology & orbifold de Rham cohomology 8 & UH
Z2R D cohomology & —3 T %5, FRETIEI—HIT 5 LIRS 71 L‘. orbifold #%
B, RMBNCHRZ BT Z 2O HICEET 2 HEZ V. AR5 E
22 D étale 7B L IXR 720, ZRRIRDHIR étale #7278 & 1%, 2ZEROHRAITIE
IERIE 2 Bk T 5.

LCOK rank (% 0 DJEHARED rank TH D, [FMEIC [0] 2 & Ui/ DOFBH 24 DX
JCTH 5. rank 113 regularity & % quasi-regularity & b EFRN R 5. HEEHIC
rank 1 DEIFH W,

3. BOTT-CHERN JHIBE\DFETE L

Lemma 3.1 (Ricm TEA DR © Istrati D Lemma 4.4). IERFHEL 72 Vaisman 5l &I
DOWTC, M _Eo@EomMaEe LT

(3.1) pc = pr
IR D SLD.
Proof. #MTIER] submersion p: W — T &, Ky OJRFFIER] frame o7 ZH 5. 010 =
0+ in) /2 1Z— B FAITIERWL. Lol
o=60" Apror

& Kyl OFEPRDIOIER] frame TH 5. FEFE, 00'° = —in/Q i\ S VA 53176 7
REDHAIZ01C78D. 2D/ VLD |o]? = §p*lor];, THS. IEAIRERHER
O frame IZDWT, RO Ricei BRI i00 log |0|2 Ziﬁé ER/23MT$ 5
YIHZBDT (3. 1) /5. ZHCEDRSE, RO wr DEBDHIZRNZ & B
MTE5. O

Proposition 3.2 (Z2DO5MOHER). EED a2 > %2 IE Kihler Vaisman Z Rk
WZDOWT

(3.2) AR =0 = FYM)=0 = (M) =0 in H*(M,R)
DI DALD. RBEDOEEIFFITTERL.
Proof. HIRZ HEBSEARIC & 2 AlH# XK

Hyly(MR) 5 HEL(M,R)

H(M,R) —» H*(M,R)

DD 5. FEDEBIIMME 2212 KD HHT, BIIFEMN (1,1) B TH 5. c1 =07
B, u@ﬁé% Pr kl@)ﬂ L/T pr = 28]3313f 721%% basic E@@Ui M J:@ %@j(
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BRE SRR TH D, FINERAT 2HIR XMW EHRIX0,0 8 —HT 5.
i/ 3.1 25 Bott-Chern THIEED .

A X S, quasi-regularity 2330 2N RE 5. a2 87 NRERZHEROHT
UV Dflow DBtz K &5 %. ZHAUIIEAIFERZIRD) 6725, Ebasic (1,1) B
DBa=i00f LFEF S %, Haar lERHPET f 2 K ITOWTHETT 5. a DAENE
M5, V¥ F12i00f = a &=L, UV TARZERZDThasic TH 5. THidj O
BHMEZERT. pr = po \CHEAT 2 & (3.2) DM EHNNES . HED BB Bott—Chern
DEREENIEB/RTH 5. O

SNHNBERIFRD XS ICTHRTE 5.
Lemma 3.3. {EE®D 2 > %7 FIE Kihler Vaisman ZHIKIZDWT
(3.3) H'(M,R) = Hy(M,R) @ R[],
ker(Hj(M,R) — H*(M,R)) = Rlwr]p
DD IO, KRS, M LTl wr = -dy TH2Z520b5T, [wrlp#0TH5.

Proof. K D& TCIINEFEBR & isotopic RDT, K IZ X 2 FENTEHE D de Rham #H
ZEZBRO. AER1ER, B % basic B3, u,v % basicBA%E LT, S+ub+un
E—RICEIT . 20U dpB+duNd+dvAn —vwr THSB. TIH basic 72
5, UV EDHEHIDNS du=dv=0DFES. [wrlptd 0 TIEZRW. basic 7% primitive
DIFET B &, flid 2.2 E[F U Stokes DEIREICED [, Wi Ax =07, BT
FERDOIEMEMEICFET S, Lo THUZEZAZE 1R =0 %2520, F—R
219%. MIBEMTH S Z 2lX, TEZ exact 1TERdf IZOWT FHFEEHITUL, U
EDHERIDI0IZIR B Z B nh 5. B DEKT exact 7% basic 2 JE D primitive
R CHEREIT S S ADES . 24X 1023, Sections 3-5] £ ST 2. O

scalar Hopf ZHRAK (C"\ {0})/{q), 0 < ¢ < 1 DIEZERNIP 1 THY, B =nH #0
ThHd—F, H}(M,R)=0Tdh5. L1zD>T, ZHLIREBEOEEDHIINT 5K
PIcdH o T, AREDOERE ZH 7= THITIFEL. FHOSVWIZTE, (M) =0
'3 basic D0 TH 2D DT [wr]g DIFBMETH 2 AIREMEZFFLTLE S.

4. BEFI RS e D5

EM 11 OGBS 2 DFERA. i 3.212 & D, Istrati @ Definition 4.1 D5&
B IEME I/ E. a7 ME, Vaisman &, Lee ERADIERFTHZ Z &
FITIAREINTWVWS. FHFXD Corollary 5.2, [FUHREZHIK LT, fHEX
NT72FFA Lee FH%x b O ChernRicci-flat Vaisman it &% 5 2, ZAUIERE LRV
T—ETbhs. iE3.1I12&D, ZOMEWEFTEIX Ricci-flat TH 5.

[F&w D Theorem 5.31%, HHUCDEEIET 5 Z £72<, Autg(M) 233 %
7 MRBERIXTHTHD, LeeFHIT—HT 22 2RT. ZDOHEER Lie FiZ C
T, IRV P Rrank 2D FTH 5. L7 o>TE =C/AZFEMITRT
H%. HFTEBHEBRIEFHOBIED, JLD foliation Da 87 v RIEEY D, Z I TH
HDTRETIS Z P TX 5. ZOERED quasi-regularity Z3ERA L, Kahler orbifold
B2 TERINCIRE T 5 2 & Z2ElT 5.

FEMOHEMAZFHHS % &, canonical FFED—EMEIZ X o T Autg(M) DEIT
DPEREHUNTIR D, KTLH Lee HE 2R Z RO HTH 5. XKica v 7 FEHDC
FIRIBICRE T 2RERIC K o T, ZN%E Lee BELRIET 5. D D% Tl orbifold
TRERE A L, definite 72 Seifert W% FH\WT, GIRHER D purity ZitHH T 5.
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pure orbifold 12X L THW % 43 f#1d [Cam04, Theorem 6.4, Definition 6.5] T®H 5.
WMEIRRGEE 3 > %2 M, Kahler ¥, orbifold #— Chern HOIHIRTH 5. 2D
BOELX, basic ERZED orbifold EREFIEL, (1.1) ZHWTELGNS. AT
Istrati @ purity Oafkamz MEAIEHO—Hl & L THW, &fld 5 purity & ED 720,
P definite ZRARICHR T 2L IEEEDS D 57-0, FEHTH 5. ZDHRE
HEDER TS, ample 2 IR T IUIHEANTIR D, Lizhio THERERE -
7R, B3 FE M — 7 XA TIE4 < abelian variety TH 5. HE O BKIE
(V) = m™(Z;) = 0 T&H 5. holonomy & Campana DEFE & [k, pure orbifold
DT & 725857 D Ricci-flat 518 D holonomy Z EK T 5. AfEIE SUMKAFZ Y, &
EFL DT, Istrati D Theorem 5.3 LI ZFHEOKETOXFOEIY TE ANEZTH
%. SU(2) = Sp(1) DELIE, —E721) symplectic BRI L T X, ZHIZHX
AQAN
R, O Z ORMRHFEICEI LT orbifold fiber product ZHA. RFTANICIE
(W x E)/)I" = (W x E)/T, I' CI o8I N%. TORZEHTOMNAER?H
H72DT, ZHIZRIEOED AT I 5. HEMIE L Vaisman 5T EIZG[Z
REN5., BB OHERSZEATM 218%. ZHT(1.2), (1.3) RSN,
regularity KT D & X EFERL TWRWV, F 7z Istrati D Corollary 5.4 12 & D
Ky W IEHNZ torsion TH 5. O

1T Calabi-Yau DAL, RD X S1I2HFEES. 22,87 FT homologically
orientable 72 AT Kihler foliation {ZDWT, 27l DEREDFH basic (1, 1) fR&ERITIT,
7E L 7z basic Kéhler 2IZJ8 3 2 — R 2 Ml Kéhler 51 & D Ricci JTE U272 5 [EKA90,
Section 3.5.5]. MMTERIOT 1 TIX, ZHUIBIBOEARGER KRS ST 5. J Z[HE
7E L7z Vaisman g & U COFEFITIE [OV24, Theorem 4.1, Lemma 4.2] & Istrati
@ Corollary 5.2 Z W 5. (EEOHEEEHTHE 517z Chern—Ricci-flat Hermitian
FrEDY, 723B Vaisman TH 3 L I3MREL TV,

5. BETTI#, BIR#7E, ALBANESE B}
Proposition 5.1 (transgression Da1H). (1.2) DHFEIZDONWT
(5.1) bi(M') =2a+1
R D LD,

Proof. principal E-orbi-bundle O#Z#il, Rt c € H2, (B, A) 252 %. Vaisman
PR OMREZ, A@RO—D2DIEFEATANIBIT 5 wr DB TH S, FEE, 2 X500
WEBZZEBTOnZHVD Y, d) =0, dy) = —wr THS. FHADOIEZ 38N EIE
&, TOZ DDA FEE AR T2 TH L. Ldio Tl
23 H2, (B,R) NTIRZZEM D rank 11 TH- T, 0 TERWV. Effitkea> s b
TICED, EETwr|" 4000 TH 5.

TTHAZERNI TS 5 5 Leray—Serre D XEL 1 DFEEFNZE

(5.2)  0— HLW(B.R) — H'(M',R) — H'(E,R) = H2,(B.R)

TH5. BBREBOI VTR LZOT, HY(E) DRFHRED monodromy IXHHTH
5. u,v ZEHHREDOI E 55 &, dy(u), dy(v) 1, transgression DIHFEDFF5 Y
ZEROT ZODORMHEICE LW, Ko Trankdy, =1, dimkerd, = 1 T» 5. orbifold
BB S HL L (QR) =027 25DT, 8P(B)=2aThH3. (5.2) DRILEBA
Tham 213 % . O
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Proposition 5.2 (virtual 55— Betti #0). oy"(M) %, #A5RERIER] étale #7E
N = MIZHz20(N)DERe T2, ZOERITERSN, 20+ 1ICF LWV, RS

(5.3) byr(M) € {1,3,...,2n -5} U {2n — 1}
THbd. n=2 “C“Oiﬁ%*ﬂ@ﬁ%%%%ﬁ%ﬁk@#ﬁ?% 2n — 313 virtud FEED(EHE
LT E L2203, by(M) D L TR E 2 LIRS 0.

Proof. {EEDERHEFE LT, 51X K L /=Ml Ricci-flat 51 & DR holonomy 13ZH
S0, SEEHER DY 0 72 DT, basic #ifl 1 FEI o 1283 5 basic Bochner [HEER D 5

0= |V7al2 + / Ric (o, af) dv = | V7a 2%

2185, L7h3o T basic gdfl 1 BRI AT TH 5. IEFHARER SUR, Sp oD
HFICIEARERRRT FADBFIELRV. Lo T M OEEOEREEE DT
MMWTRARZ L OZERIERIC 20 AR TH 5. 3305, BHEOHE— Betti £
20+ 1L T3, MOBERMBEIZOWTIX, M & fiber product DAL %
5. transfer I & D 5 cohomology D5 R UIEHH 72 DT, R LABIMES.
51K, TOfEE M TERINS.

IEEHEZRFOERXTTTIIDV L e 2 TH S, HFE 1 LD Ricci-flat Kahler
orbifold AIFIFFHTH D, AITEENINRNEZDDTHS. ZORRIZEBI 5 IEXTT
DOHHEHK TN, Ll oTa=mELIFZa<m-2THD, (5.3) %5
%. Bochner D E431& [Gom26, Proposition 6.4] DHHHATS 5 2. Zﬁm“ﬂi %
ZTCE L 72 5 foliation DIRGE ZHH/R L Tiii7z L TW 3.

Proposition 5.3 (Albanese BARDGCIR). dim Alb(M) = (by(M)—1)/2, Alb(M') =
ATHY, M O Albanese GBRERIZTATREZRNCprym THS. M D Albanese 5
BRI 25 submersion TH 5. —MIZIX canonical foliation 12 X 2 FEAR & 1Z—2 L
20,

Proof. 2> 2%2 b Vaisman ZH-IADIER 1 TERUIEAD>D basic TH D, (1,0) BID basic
FAFERICIEMIC—HT 5. ZORIIC X 2FIZEDOER P —F A TH 5. [Gom26,
Sections 2-3, Theorem 3.3], [[023, Section 3] ZZH& X 172\, basic Hodge MFME
I 33 TR DES. M ETIE, 2 s nERIZ ADER B0 =
R UICIEREIC—ES 5. BOEREIR 71213, Ricci-flat Bochner BEEmIC & D BRI 1 =03
FIELRBROWDOTHS. 774 N—8 QPHEFELRDT, 7 (M) — 7™ (B) — m1(A)
BEETH L. Lo THUE X, BICZOBEHIIRIEAD 720 TRL, i
T LT3 %. Albanese BBOEENED S, ZHUIprynil—HT 3. 774
N—1F Q LRI FEM AR orbi-bundle T 5.

M BEIZOWTIE, Chern-Ricci-flat Vaisman FF&%HAWVW5 &, [EHI 1 ERXOHEE
WA T R IER D 570 5. — T AT, S, R THIICKR .
& o T Albanese BARIIH R THEAIDRITICE L rank % $ . &I submersion 12
EDBH, a> %7 MEZXDEATH D, #H7% Albanese b —F7 A2RIZFHELWV. O

M — M D8 F @ Galois #8765, H'(M,R) = H' (M,R)" TH 3. BIREEH
W72 AT IE R Z LD BR < 2 & 73, NS Wb 2 ELXEZE OMlETH S, Ch
X OB BTDITa/NEL R %1%%1%?: XA LTI 570, by (M) =2n—1
TH2Zrr M» Kodaira ZEIATH % Z & OFIME [Ist25, Corollary 5.11] 125
%. regular 72 Albanese fibration & ZEANZEEZE S DFLNIE [Gom26, Theorems 1.1,
6.6] 12X 5. (1.1) B7RFIUX, KITIZFIT X2 LR 2n — LI D L7780, 5 S Hi



VAISMAN ZA0 8 — BASIC CHERN %8 & i 23

DERDHERR Z R g DHFRICHEHA T2 2, EED g > 21X LT =29+1%
% D Vaisman HHHEIMS 5N 5.

6. R & BT DIR 5

E =C/AZX LT, 1EHlprincipal elliptic orbi-bundle & H', (B, Op(E)) T7¥H
Xh3s. sl

(6.1) 0—A— Op— Op(E) —0

De(M') € H2 (B, \) ZED 3. Lz TREHIZ T — 2 0—fic T 720, —o0
FEZEE L %, 2D D7 7 A N—IZ HY(B,0p) D%, $7bb H., (B, \)

DIRIZ KX BPHD R T torsor £ 725, E OFT 2 1EH] torsor DFE D RFF L 727 U7z
2/ 4N

Proposition 6.1 (€7 /L& BHHK). (1.2) OEHFE B LT, primitive R¥&FIT
eDAZ L, MTET ITILf ZEIE

(6.2) c((M)y=krk®e, k€ H2,(B,Z), k& Kihler

EETB. (L) =k &7z ample 7% 1ER] line orbi-bundle L ¥, g€ C*, |q| <1
DIFELT

(6.3) M’ = L*/(q)
2785, THICL=pry Law@,pry, Li®Q);pry, L] LFEHUF 5. IR torsor i,
FU E,q ZFHW&KTOD torsor D5 ZR LD Baerf1TH 5.

Proof. fii 5.1 DEMBOEETIIBRI LT TH 5. ZOERHEEHEEE 2-cycle 1T
FHIS 2 Y, ZOHMICIEBDIE TR MABEENZ B 0h 5. LihoT,
COERIIEENTH 5. primitive 2R bLE ZDRFEEIER L, torsion %R
WTIEDQHE ke SN 5. HEHETIE H(B,Z) = 72> % OT, HEREGEHED 5
H2,(B,Z) % torsion-free TH 5. Ko T torsion HIFHE 5T, (6.2) HIEESRELTHD
DASN

orbifold f§845E2% & Kahler (1,1) EFIZ & D, Z D — Chern F% D line orbi-
bundle Ly 23186503, e 1ICE>TA=Z+7Z, Im7 >0 AET 3. T2¢
E=C*/{q), q=e""THY, L/(q) OFMEIIIEELZdDIIE LW, (6.1)1C
kb, Zhe M 2 DEZH (B,O) DI A 3. line orbi-bundle DIEHEERFIZ,
M T H'(B,Op) % Picl, (B) 1IZi%%. Ly IZ% D% tensor 35 Z & TEZWRKINT =
. 2T, MHENREZIDBERREZRD 2 LIRER I (6.3) 2R L7z, Pic
WX BRCAUIIEEEZZEZ 72V, 24K [Ist25, Theorem 2.4] THKDON 25 ET
H5.

KT iz oNT, % Kinneth AXNORE 2 T, BLEFR T 2 S0 EHDE
LRV, Lo Teo (L)X, SRFADHIROSIERLOME RS, LEZIS
DR D tensor FETHN 572 D DH— Chern FHIZ 0 TH 5. F 7z Kihler Hodge H
e HL (Q,C)=028 H'(B,Og) = H'(A,0,) #18%. 52 Pic* X A H» 5K
DT, Ly BN TE3.

BARNZIE, HFDtorsor & BIZHIERL72DbD% P, —» B2EX, ZO fiber

product %, FATRENICTIEHT %
ker(E" ™% E)
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TH 5. B 7 7 4 N—=IF E"/ker(sum) = E TH 5. 15561 2 BHEBIIKHK
FOEBEBOMTH Y, RENR C BIETIIHROBREBOME L 725, Zhid
(6.3) DEBERERBICIEMEIC—T 5. X o THMIRO TRIIRI N, O

DB Z B HICIE, definite 72 R IZIED rank 1 DFEFFEFH I Z T torsion
b H185. Z 2T torsion BiHZA B X, FIEDEMED H, 73 torsion-free 722>
5TH - T, EED orbifold ED torsion FHZTEDOERHWEE TWOTHHE 205
Tldzw. E@*ﬁbiﬁlﬁfoﬁr@?ﬁ%f(zi(léleotb‘ 5 transfer NI p,p* = (degp) id
DI ZXRLOEGNEZHGZ206THB. 774 3—0Disogeny T, FERHTZD
FEHTIIETERL.

Proposition 6.2 (WERIZFICH T2, X DiWES). a7 FIE Kihler Vais-
man ZRIRE, HRFDIERTTO 2 287 MERZHIETH 28 X, x Xy & BUEH]
I3 5730, ZOERIIER étale PFER D RLD LD,

Proof. exact 2 OFIEEMERIER wr &2, Kitr, D> %7 b slice X; IZHIRT 5.
Stokes CED [y wi =0THo. FIEEMEMEDS, HIROD rank 3HRTES TH

HEEME Hermitian BT, /L AH 0 DRZ FUER 2K AS. L
7’\_7§>O'C FEOKRTHADREFIZOWTTX; Nkerwr #0 &2 5. kerwr I3ER
Tﬁfﬁfﬁ@“@, CAUIRHMRY 7 D DIRZER O T ICE EN2RBEDN DD, FIET 5.
AR étale #8 B Vaisman 72D T, FU#EmSHEZ 5. U [Ist25, Introduction]
TER N2 RRONEE 2 T 3. O

FRHE 7 LT Hermitian / VAR ER. FHTRWARY MLERARY MLETED
RBXWnse, LIZELPICS(L) xR EFEINS. ¢ DRAD o 25, X

S(L) LAk ¢ OFFEEEED mapping torus TH 5. Z DIAHEIZEFEFEE & isotopic
%DT

(6.4) M’ ~gg S(L) x S*

5. AREDIRMTIE, isotropy 233EFE DR LICHEIIEH S 20T, HAMAE
WORZERNIIBE O TH 5. YR/ VL% E S & Sasaki BTORERKIZIR 5. (6.4)
FEZREOMIFEMEE LTOETH D, BEAIZEEZ FIRLRW. FHITE x BOD

— Betti 8l 2a + 2T, (5.1) LIEE%E 5. BRRDEMIIE L MIEHEIIOWT
FHEARE LT, 2EMICOVWTIEREBOMAIC & 350t LTHIIT 5.

7. HAREE
T FAZERE D B T @D homotopy 5E &1
(7.1) 7P (B) SN A (M) — 72— 1

ThHb. RIODKHEZBENTIIWIT RV, B, BHERY 7 £ N—DRABRHI S
ZER DFARFIICHGITA S LIRS 720,

Proposition 7.1. Q23 —RKR 5, m(M)IZZ &5 (2a + 1) XIT Heisenberg D
TDETH Y, virtually abelian TIX72\W. dim Q > 0785, m (M) 1 virtually 722
TH3. N5 [Ist25, Corollary 5.10] D =D DHHE ST 3.

Proof. B= A5 m(B)=0T»%. RMOEKZES, c ZTXTDI, > 005
2 BHEEFI (di,...,d,) 1T 5. EF“DODFHJ—J@V]%’ELVS\Z EANES

(7.2) (i, yiy 2, t | 2, UWEHVDEY, [24,y,] = 2495 [zi, 2] = [y, y;] = 1)
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b, BRAMOMENt 2525, ZOFRRIE A DFEAREATIULAE 25 i3
ZrTiEoNG. MEAHRDEEEL oo (L) DFHHICE LW, ZRIZAHET pairing
X Q _ETIRRbizDT, ¥OERIBEERDHED AIELTIZR W,

Q MIEXRTTIZ &, orbifold Hurewicz IZ & D 79™(Q) & HY™(Q,7Z) T %. Kihler
¥k OHIFRIZIERE LD T, (7.1) ODRHIDEILDBRIX, 5 d > 012DWT dZe TH
5. LEDoTHREDEBDKIIZ/AOZ 5. MRETLTIE, (64)I1CXD7Z
K723 50l 2. FEROEABIZ> O Z/d X 2FIERTH 5.
EHPMEOFATBRE» 582D THS. ZOKIRTIIERTH 3. dZ2 DI
A 72 5. dfEDOITEDREE LRI ORI, TTOREBETD & FZ1S5TH
5. ZOMGIIERANATIEE T DT, rank 2a D torsion-free 72 H BRIGEGH 70t %
Z0. BREAMOZZRT , ARIEEZRVT 22T G605, M 26 MIZ
BoTd, ZOvirtual BHEERIEED SR, O

8. BARBI & 525

Example 8.1 (EAFNZHW2H#EK). B 218 O 0 R ZRA, H % ample fRHR &
L, k=ci(H), L=H'2$<. iddlogh = 2rk;, > 0 Zi{iii/z 5 L ® Hermitian Ff
HhZES, L ETFW) =) eBL. 2ot

(8.1) Qx = i00F > 0, Qp = F1Q, 0 = —dlog I

TH5. FEBE, KFEEDE 2nFry, BEIRDEiFOlogF AdlogF 72D, &4D
HIEZIETH S, EoTdQy =0 AQy 2725, MEEREEICBWT, FHaIdHE
dt? + gsry DEELEZDT, 0IFTFATTH 2. 0<q< LITXBRER Q0 2RO
72, B M(H,q) = L*/{g) 1&3 > %2 k Vaisman 2R L 72 5. canonical 72 ZEIX
E=C*/{q) 774 N=T, BlZBTH5. 7 7 AN—FKFEFIREIDICAEDT 5L

(8.2) o(M(H,q)) = (=£,0),  ¢;(M(H,q))=c;(TB)

Y15, RAIDEPEBITON S EEZ 3, (6.2) DIEOFHNCZ S, KKy — v
X, C*EHOAZXZWICLTH & H ' OBYMERWEREZFEET2DT, 20
55 0FERIE ample SRR DE TNV BEE T 5. JERRZEMDE S0 TH S IED line
orbi-bundle 2%, [[ UJREATAIMKZHHTE 5.

Example 8.2 (b; 23K : Kodaira Z8k1K). B = A % X7T m DRkl abelian variety
eL, BRI ZEHTS. 50N ZHEDRITIEn = m+ 1T, regular TH D,
TRTD > 0IZDOWTE =0, Fby=2m+1=2n—-1t%5. HEAFI, LHE
25z DFEEEZT (72) THEZX 5N 5. Albanese BRIIAEMHFRR OG5 T H
%. T 5l [Ist25, Example 7.2, Corollary 5.11] D€ 7 /MZIEREIZ—H L, [Gom26,
Theorem 6.6] & HEEF 2. FHHEETNEIRIZLCK rank 1 2 H 053, ZHAUIFRTCHE
FZHE LD TARTD Vaisman 5 EICOWTOFIRTIER V. m =175 primary
Kodaira i T» 5.

Example 8.3 (K3ZEK: L b =18R50]). S C PPZ2iE5RUXKS #HHEHE
L, H=05(1) £ BL. FHELIEDLD K2 OsTH D, Lefschetz HF-HEMIZ X
D SIIHGERSETH 5. BFHEE X primitive TH B, EFE, h2=4THDYH, h=2u
EHRIETHe =1 R TK3HMHEDORFALANBETH L Z LIRS 5. £
& DR ZZABRMEISEBIERNICAAIBETH 5. Poincaré RORPED & 28 /i pairing 1%
unimodular 72D T, h % Hy(S,Z) WZFHllis 2 BRI ZNEHTH 5. ZZTHWE
K3 @ cohomology & #&FDHEFIZ-DOWTIX [Huyl6, Chapters 1 and 14] ZZf X
7zW.
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M = M(H,q) iZX L, n = 3T, canonical foliation |ZJi€ S % % D regular 72
foliation TH D,

(8.3) c? =0, /}E:M,bﬂMy:WWM)ZL m(M) =17
S

DD LD, e l& o(TS) = (1+h)*/(1+4h) » SEHEFETE, KE 2 DIHIL 6h2,
ZDIETIE 24 TH B, HEKRDTERI 19(S) — Z — 7 (S(L)) — 0 & primitivity
Do (S(L) =025, BFEAMOMRER, RULEARFLZEZ 5. FEEHD
X (—h,0) TH 5. HEZEENE K3 /225 Albanese I3—RTH 5. EOHLREER
e LTEM=5(L)x ST THh, MEAILEKRTIZIEEAZR 2 v~ 7 M ED Rz
LSYAYA4AN

Example 8.4 (ABREHIC X o T by 2/NE 2 5060). FEHBHEE C, SRR EDFRH
L=0c(—[0]), & L:z— —oxZHD. UL =1 R2BROFFE LT3 %D
O, EROEE BT 2 ERDFEITRT rescale TUX LW, BAZE R HA D Hermitian
AR 0<qg<1 Z2EY,
(8.4) P=L"/(¢"), X=1L"/{gh)
EBL. PICHFEININEREHHT® 5. BEERNDIUL, HDLkeZIZONWT
@B) = v e RBD, INLEMB L = LIRoTHET 5. FNEHENHETT
% DT, P — X & Vaisman HIAID étale _HEFETH 5. H'(P,R) = H'(C,R)BR[Y]
BWT, MERThzEn -1 +1 TERTS. LdoT
(8.5) bi(X) =1, bi(P) = b‘llirt(X> =3
ThHs. X OFEZEMIZFH orbifold C/{+1} = PY(2,2,2,2) 2D T, B(X)=0ThH
%. ZHUZ quasi-regular 7223 regular Tid7aW. FHEEZ C Iyl 2R3 L (-[0],0) &
2D, FRBERDIEIEF D rank 12 & D, FFTHIRMEL 2 DEIEEH DT, C/(¢%)
DIL qB|p, WX BFATRENE LTT7 74 N—=IEHT 5. 2R, IR LR
BTN Z T isotropy DT — X ZEEL TV 5.

WIS AEHERNRIETT b —F RDETINLTIE, AR
m(X) = (z,y, 2,5 | ZFFDH, [z,y] =2, szs P =27, sys P =y, szsl=2)
TH5. [FAMEIC, ERIT s BKFEHRORIEEE LTEHT 2 H, x Z TH 5.
Ty, 2,8 CHEBMENDEIRE Hy x 2T, #6832 THS. 0TV, FHEE
(v,y,2) (2, 2") = (x+ 2, y+vy, 2+ 2 +ay) &b DK Heisenberg FHE CHEE R 51
%. IKVIREE (2,y,2) = (—x, —y, 2) [ ZEAE T L A5 Sasaki MEZ RO, BRI
DFDIFATREN T 2 Z & TROERPBEHICRS. ZHAITED, FEINEX
1 ORI LT LR IERRAER I NS, 27513 [Ist25, Example 7.3] &
[6] U secondary Kodaira B DHI|TH 3.

Example 8.5 (BIRUE TH S D2 T E 4\ orbifold KF). EHAMN ZXE 5 D%
THI

1 -1

f:ZgZ1+Z?+Z§)+Z§7 (w07w1aw27w3) = (271a171)

EZ5. W={f=0}\{0} BELHTH 2. MODRMYDIHERLEDF LS
IS THS. BAMNE CEHDRIZER K3 orbifold B C P(2,1,1,1) £/ D,
[1,0,0,0] I A; orbifold ;7% & D753, KFHIR isotropy 172V, 5=2+1+1+17%
DT, FEFERFD S orbifold BRERIZHIATH 5. EHAN ZREICL DI W/ (g) I3,
B =0%MTHOLKRA LT b Vaisman = XTLERRIKTDH 5.

ZAUZ [Ist25, Example 7.4] I2H 2HRIR T — 2 TH 5. HE RT3 D Z DAL
AR AR O link 1, BT link O#ASEMEEH [Mil68, Chapter 5] 12 & - T Hi#



VAISMAN ZA0 8 — BASIC CHERN %8 & i 27

fETH 5. ZDHE orbi-bundle DFERFND & 79™(B) = 025, L7dioT BIZ
(ZIE B R 72 A orbifold A —D b 72 <, RHTHIRZZME 5527 orbifold HAHX 17
ELRWV. 22N, BERREAZ RO HE 2 MR ERETE - 723 DR DT,
m =27, by =1¢7%%. FHEDOMIZ tautological 72 E D line orbi-bundle Op(—1)
WZHIGS % (=™ (0p(1)),0) TH 5. RFTHEZ/21%, FYIW 2R 7 tautological
BAMCBIMER T 5. ZAUIRGEER D Torbifold) % TZHHA) ICEE#Z 2
ENDEBEDFEZFETHYH, FIZZDIEHZE LN TV RVWE WS Z & TIERL.

SR ZOPB XA L CERZ=FIZHK T2, RDX 12425,

1 n JEX b1 byirt
Kodaira Z kK m+1 A™ 2m+1 2m+1
K3 DAL 3 S 1 1
secondary Kodaira 2 C/{£1} 1 3

9. ARG TREH S 2 B D IR

Corollary 9.1 (EH T 2fH). Fn > 2122WT, (5.3) DFHEIX virtual 55— Betti ¥
ELTEHRTS. (1.1) 0 & THNZ@EHEOE — Betti BUX, 1EMEIC1,3,...,2n—1
TH5.

Proof. virtual R KMEIZHI 8.2 THEETS. 0<a<m -2 LTk=m—a>2
YBE, QL EPH OISR K+ 2 OEE T 5. WAL Ko, 20,
Lefschetz 7> & BEAEEDNE S . Z D Ricci-flat s &I FHEA T2 b 220, 20 X
SRR TFRHIUE H DIERICRBDHTH D, A x Q) AR tensor F8 D R %
A, B8 1 ZEAT 2. @51, 52000 b =" =20+ 1%185.
HEDOAERIZOVWTIE, BHEHROE A = Cm O RFEmEZES. 0 <
(<m& LT, (ADKRFTESE, BRDDOKFT-1hsaNarHit LiFbo%
BT3B, (84) DMREZDEEHHATE 2. RS MOHING, EOREEMD L
THIEHO BHMEZIRAET 5. AELMK 1 TERXOXITIX 20 TH D, by =20+ 1,
virtual ZEIZ 2m +1 & R2. l=mEI N —TJ AR KL TE2ETILVHETHS. T
N TOHE DAL basic Hodge MFME & M 3.3 22 SV, LFUI S TIZEEA
L. O

Corollary 9.2 (8 — basic Chern HZBM L 7255). (1.1) Db & T, XKIFEET
H5.

(1) % basic cohomology IZHBWT B(Q10) =0TdH 3.

(2) BE%E U7z canonical foliation & BWHESRAEIE I L, RWTAICFIEZR Kahler

ATERVSFIET 5.

(3) BT(M) = 20— 1 TH 5.

(4) Kodaira 28K 7225 M DHR étale BLFET 5.
n =2 TIIRYIOFKRMIIEEINT, PUSRMAZTXTHD LD,

Proof. B, ¥£7213Z DEREHEIC Ricci-flat G EZ ANTEZS. m > 2T
unitary Chern Bi¥ F i3 tr FF =0, AF =0 %7 3. skew-Hermitian {74 D — tr
MWED B /%NS Y, primitive FEIND Hodge THEHERX 2 5

m—2

w 1 wr
9.1 TB) A —8 = F|?=8
(9-1) /BCQ( ) (m—2)! 87T2/B| |m!
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2195, EBE, r F =045 c, = (872) Mr(FAF) TH Y, F = —FAwE % /(m—2)!
TH%. WiZ orbifold BEETEHTE, HEIICITEE £ D EESTROAMBD
W ZHENT 2. Lo Thasic HMNHER 2L F =0t 5. BEKERXIT1 T
Ricci-flat T BRI EHMEZ ZK 3 5. 2 > 0% hF3H Kéhler orbifold 1%, AR
I —Z X orbifold B % & D. ZIUILICHOWIDEEMOEHRGETH L. £
DI ZR LD Kodaira B2 52 5. FMEIZ, (1.2) IZIFFHERFIFEELRV.
BL20 6B =075, 2 Kodaira #78 Tl basic Chern #0120 TH 5.
5 LT 7z foliation D5 transfer 12 X D 5| X R UITHEH R DT, FTDH _ basic#Hd
HZ 5. FIUCAEIE, 3)H(4) ZEBLZHEEDD»S. O

IS DIFFEZIEHFEOMEEF L Hodge BimH OAR T L 725D TH 5. 5
FOMKRTIE, XEREHLUWHERTH 2 Z L3R TE R o7, FHMEIEFERL
AN

APPENDIX A. RZEAR, WEREHEIH, FRL ARV Z &

DRI, MU MERT Kahler foliation, basic R7 > & v )L & Ricci FLE,
[FfiE (3.2), Istrati i & B [EE J TOFEDIFEL quasi-regularity, ZDHRR orbifold
BB 7%, R DOFIE, Betti £X « Albanese « ZHABEDIFAE, DIETH 5.

a 2% MK Hodge Bidm, ¥, [EEMOES, BHARMUE O, Albanese
DBV, Vaisman SefF3MNRZE) A Killing %, (2.1) 252 5. #— basic
Chern 5513 (3.2) & T Ricci-flat PEIC A 5. quasi-regularity (ZBERIEM TRERA L
72RO AN, GIRHE ISR 72 G ER holonomy & 5E & #172% torsion Z R
<A, IEDOHERIAIZIE X W, homotopy, £ cohomology, #¢78 D Tl orbifold
S 2 MR U7z, ST B EED 515 50, AREET 2 BARH] & K+ DR D3R
WCHW .

HUDRTREEBERI DFERIC & o TR I N 5. AR TIERMBIROERFE %2 EXICE
BHEADEHE L THOWTIEWARWL. ZETFOD torsor LD T X TOHREAEHS,
Tk BN 22 FE O T RTOREIEZEL ThRWL. 20635 %o 9 M
ETH-T, EH 1.1 DRITAETITR. TRTOD orbifold 3G RRHE TIE & 5
W5 WS ERIGAOWRW., —i&D LCK Z2RKICE§ 2 15Ekd, AFEODIEAD 5
FEDTL.

Ei# T3 [KNOWN], [DERIVED], [CANDIDATE], [REFUTED], [GAP] % [Xjl3
%. [de Rham JHJRZ & basic HIR), ["NEWwb, BOIE N —F AKFHFE), T
BB TTRTORMIES,ICA S| LS BOSEE, BEAHIT [REFUTED] &
7% 7-. [CANDIDATE] Z /@Bl & L THem L TidWwiaw. Istrati D HRRD®E S %
MR T E o7 2 b, MENFHMERE IRV 8iX, HELORAE LT
research_audit_ja.md {ZFCEk L7z, $5E TNz =DD arXiv i XX DEHE S 1T FHER
DAL THERR L 7z. Milnor DAIZ BT 2 — & DI link Os#fH e O B2 %S
EARMERTH D, BENRERLOZROAZ AV, TOATNZOWTE, 22T
WBEIE 2 TR TR L7, a2 o8 L E NS X 2 REEDOAERIZH D README
IZRLERT B
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