A COMBINATORIAL PROOF OF THE DELTA-CORRECTED
MIYAOKA-YAU INEQUALITY FOR TORIC FANO VARIETIES

CHAT GPT-6 ASTRA

ABSTRACT. Hisamoto and Iwai established a Miyaoka—Yau inequality involving
the delta invariant for projective klt Fano varieties and asked for a combinatorial
proof in the toric case. We give such a proof. We first identify the orbifold
second Chern number with a weighted sum of codimension-two face volumes of
the anticanonical polytope, including when the variety is not Q-factorial. We then
prove the required inequality for real convex polytopes. The convex argument
combines the known bound for the volume of a facet pyramid with apex at the
centroid, a quadratic estimate for two probability vectors, and the concavity of
the support-volume function furnished by the Brunn—-Minkowski inequality.

This note was generated by ChatGPT 6. Iwai has NOT verified any of its math-
ematical content. It may therefore contain mathematical errors and should be read
with caution. A Japanese version is provided below.

1. INTRODUCTION

Let X be a projective klt Fano variety of dimension n > 2 over C. Write H = —Kx
and d = min{1,0(X)}. In [HI, Theorem 1.1, equivalently Theorem 7.2], Hisamoto
and Iwai proved the following inequality.

Theorem 1.1 (Hisamoto-Iwai, toric case). If X is toric, then
(1.1) (2(n + 1) (X) — ner(X)?) - H* 2 > —n(1 — d)*H"™.

Here ¢1(X) = ¢1(H) and c3(X) = ¢(Tx) is the orbifold, or Q-, second Chern class.
Equivalently,

(1.2) 2(n + 1)6(X) - H" 2 > nd(2 — d)H".

The equivalence follows from ¢;(X)?H" 2 = H" and 1 — (1 — d)? = d(2 — d).

At the end of Example 7.5 in [HI, §7.2], after a direct computation for well-
formed weighted projective spaces, the authors ask whether their inequality admits
a combinatorial proof for toric varieties. The purpose of this note is to give a proof
in that setting. The inequality itself is the result of Hisamoto—Iwai; the argument
below is an alternative proof. We use the nonequivariant statement in Theorem 1.1
of the specified version of [HI|, not its weighted equivariant or soliton analogue.

The proof has two distinct parts. Toric intersection theory and the quotient-stack
interpretation of @Q-Chern classes give a dictionary between the terms of (1.2) and
polytope data. After this dictionary is established, the argument takes place in
real convex geometry. The central estimate concerns the normalized volumes of
the facet pyramids based at the origin and at the centroid. A probability-vector
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decomposition produces the factor d(2 — d). The Brunn—Minkowski inequality then
converts this estimate into a bound for the sum of ridge volumes.

We do not assume smoothness, Q-factoriality, the Gorenstein property, Picard
number one, or K-semistability. In particular, the anticanonical polytope is not
assumed to be a lattice polytope. The proof does not use the Hisamoto—Iwai in-
equality, a Bogomolov—Gieseker or Langer inequality, or the existence of a special
metric as an input to the convex argument.

2. PRELIMINARIES AND THE TORIC DICTIONARY

Let N be the lattice of one-parameter subgroups, let M = Hom(N,Z), and let ¥
be the fan of X. Denote the primitive generator of a ray p by v,. Our normals are
inward-pointing, and
21)  P={ue Mg:{uuv,)>—1f ex()}), b Jpudu

. = : —1 for eve ==

u R (u,v,) > r every p , Volu (P)
The measure du gives a fundamental domain of M volume one. Face volumes use
the lattice in the parallel linear space of the face, without a factorial normalization.
A point has volume one. Since H is ample, ¥ is the normal fan of P with this
inward convention, and the inequalities in (2.1) are the facets of P. The origin is in
the interior of P. The usual polar, defined by pairings at most one, is conv{—wv,}.

The degree-volume formula is

(2.2) H" = n!Voly(P).

For completeness, choose a sufficiently divisible £ > 0 such that kH is very ample
Cartier. Toric sections of /kH are indexed by ¢kPN M. Comparing leading terms of
the Hilbert polynomial and the lattice-point count gives (kH)"/n! = Voly (kP) =
k"™ Vol (P), which proves (2.2). This is the degree-volume theorem of [CLS, Theo-
rem 13.4.3]; that book uses a factorial-normalized volume, whereas our convention
is fixed by (2.2).

The delta invariant can be specified by its valuative formula

. Ax(E) 1
B =g @ =
Here E ranges over prime divisors on smooth projective birational models 7 : Y —
X, and Ax(F) denotes log discrepancy.

/ vol(m*H — tF) dt.
0

Proposition 2.1 (Blum—Jonsson). For the toric variety X above,

1
2. X) = n ———.
(23) o) = i T o)

In particular, 0 < 0(X) <1, so d=§(X).

Proof. The formula is [BJ, Corollary 7.16 and §7.6], with inward primitive normals
and coefficients b; = 1 in the notation of that paper. The assumptions in its toric
setup are properness, a Q-Cartier canonical divisor, and an ample polarization; these
hold here. The Cartier formula also yields the Q-Cartier formula by applying it to
kH and using §(kH) = 0(H)/k. This scaling follows from Syu(E) = kS (E).
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Each denominator is positive because b is interior to P. If b = 0, the formula
gives 0(X) = 1. If b # 0, some ray has (b,v,) > 0: otherwise the functional (b, —)
would be nonpositive on every cone and hence, by completeness, on all of Ng, which
is impossible for a nonzero functional. Thus §(X) < 1 in this case. U

For o = cone(v,,,v,,) € ¥(2), put
N, = N Nspang (o), mult(o) = [Ny : Zv,, + Zv,,],

and let F, be the codimension-two face where the two corresponding inequalities
are equalities.

Proposition 2.2. The orbifold second Chern number is

24) B(X) H = (02 3 S L
o€eX(2)

This formula does not require X to be Q-factorial.

Proof. Remove only the orbits of codimension at least three:

(2.5) Z=|J V(n), U=X\Z=Xs,  dmZ<n-3

dim 7>3 -
All cones of ¥ <o are simplicial. The canonical toric stack p : Y — U is therefore a
smooth Deligne-Mumford stack with trivial stabilizers in codimension one. Its ex-
istence and Cox presentation are given in [FMN, Theorem 4.11 and Corollary 4.13],
whose statements do not require completeness.

This is the quasi-etale orbifold structure used for the Chern class in the theorem.
Indeed, in a quotient chart the reflexive pullback of 7T; agrees with the tangent
bundle of the smooth chart: the two agree over the etale locus and extend across its
codimension-two complement by reflexivity. The construction of Q-Chern classes
and its comparison with smooth DM stacks are given in [GKPT, Theorem 3.13 and
§§3.10-3.11 of the arXiv version)].

Write r = |X(1)]. In the Cox quotient, the acting group is the diagonalizable
kernel of (C*)" — T. The rays span Ng, so its dimension is r — n, even when it is
disconnected. Its adjoint action is trivial and all stabilizers are finite. The quotient
tangent sequence is thus

(2.6) 0— OFr= & ou(,) — Ty — 0.
P

Here D, is a coordinate boundary divisor. This construction can also be com-
pared with the quotient-tangent calculation in [EM, §4.1]. Whitney’s formula gives
co(Tu) =52 p<n DpDy. The intersections are empty unless the two rays span a cone
of ¥(2); in that case they are transverse coordinate intersections of multiplicity one.

At the generic point of the orbit of o, the transverse chart is A?/G,, where |G, | =
[N, : Zv,, + Zv,,|. The rays are primitive, so this chart is quasi-etale. The cycle of
the corresponding stack stratum pushes forward with coefficient deg BG, = 1/|G,|.
This local calculation gives the same multiplicity factor as [EM, Definition 3.1 and
Proposition 3.2]. The latter proposition is stated for complete fans; we use the local
generic-stabilizer calculation here, not an integration statement on the nonproper
space U.
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Chow localization gives A, 2(Z)g — An—2(X)g — An—2(U)g — 0. The first
group is zero, so the cycle computed on U has a unique extension to X. By the
construction in [GKPT, §3.10], this yields

(2.7) E%ﬂmﬂh:zjwwﬂ in A,_s(X)g.

enid) mult (o)

The notation on the left denotes the cycle defining the numerical Q-Chern form.
One may also choose a sufficiently divisible £ and n — 2 general members of |kH|.
Their complete intersection avoids 7, since dim Z < n — 3, and calculates the same
Chern number. For n = 2 the set Z is empty.

The character lattice of the dense torus of V(o) is M N o+. For a sufficiently
divisible k, a Cartier datum translates the polytope of (kH)|y(s) to kF, in this
character space. The same Hilbert-leading-coefficient argument as above gives

(2.8) H" 2. [V(0)] = (n—2)! Vol pror (F,).
For n = 2 this says that a closed orbit point has degree one. Intersecting (2.7) on
the proper variety X proves (2.4). O

Lemma 2.3. Choose a Euclidean structure in which a basis of M is orthonormal.
For independent v;,v; € N, set L =M Nv;- Ny and J = |lv; Avj. Then
(2.9) covol(L) = J/ mult(v;, v;).
Consequently, for a face F parallel to Ly,

VOIL(F) i VOIEJL_Q(F)
mult(vi,v;) i Ayl
Proof. Consider A : M — Z?, u + ({u,v;), (u,v;)). Smith normal form shows that
the index of A(M) is the greatest common divisor of the rank-two minors, namely
mult(v;, vj). The real Jacobian of A is J. A basis of the kernel lattice together
with lifts of a basis of A(M) is a basis of M. Comparing its Euclidean determinant

in kernel and orthogonal directions gives 1 = covol(L) mult(v;, v;)/J. This proves
(2.9); division by the face-lattice covolume proves (2.10). O

(2.10)

3. THE CONVEX INEQUALITY

In this section the normals need not be integral. Let
(3.1) P={zeR": (z,v;) > -1, 1<i<r}
be a bounded full-dimensional polytope with all inequalities irredundant. Put V' =
Vol,,(P) and b = P. For its facets Fj, define
_ VOln—l(Fi)
(3.2) s, =1+ (bvy), d = (maxs;) ", o = ————"
i nlvil[V

The numbers «; and ¢; are the relative volumes of the facet pyramids with apices 0
and b, respectively. In particular, they are positive and ) . o; = > .¢; = 1. Since
> sia; =1, we have 0 < d < 1. Define

(33) SP)= Y
i<J
F;NF; aridge

q; = S;0y.

Vol,_»(F; N F})

lv: A g
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Each ridge lies in exactly two facets: its two-dimensional normal cone has exactly
two extreme rays.

Theorem 3.1. For every polytope (3.1),
(3.4) 2(n +1)Sy(P) > n*(n — 1)d(2 — d)V.

Lemma 3.2 (Facet pyramids; Freyer—-Henk—Kipp). If K is an n-dimensional convex
polytope, ' a facet, and by its centroid, then

(3.5) Vol,,(conv(bg, F')) < Vol,(K)/(n + 1).

Proof. This is the single-point case of [FHK, Theorem 1.1]. We recall the section-
comparison argument from the proof of [FHK, Theorem 1.2(i)] in the form needed
here.

Take inward Euclidean height ¢t above F, so F' lies in {t = 0}. Write A =
Vol,_1(F), W = Vol,,(K), T = maxg t, and f(t) = Vol,_1(K N {t = constant}).
Then f(0) = A and [, f = W. The pyramid joining F to a point at height 7" lies
in K, so W > AT /n. Put

(3.6) h=nW/A>T, g(t) = A1 —t/h)"1 (0 <t < h), /hg:W

The Brunn—Minkowski inequality [Gardner, Theorem 4.1], in the form Vol,,((1 —
N Ko + AK)Y™ > (1 — \) Vol,,, (Ko)Y™ 4+ A Vol,,,(K;)Y/™, implies that £~V is
concave on [0, 7], because the Minkowski combination of two sections is contained
in the intermediate section. Thus o (¢) = f(t)/"=) — AYV(=D(1 —¢/h) is concave
and ¥(0) = 0. For 0 < a < t, concavity gives 1(a)/a > 1(t)/t. Hence f — g changes
sign at most once, from positive to negative. Extend f by zero for t > T’; this does
not introduce a change in the opposite direction. Their integrals agree, so some
to € [0, h] satisfies (t — to)(f — g) < 0. Consequently,

h h ) 1 ) Ah?
(3.7) / tf(t)dt < / tg(t)dt = Ah / 2(1=2)""dz = —.
0 0 0 n(n+1)
The centroid height is at most h/(n + 1). Multiplying it by A/n gives (3.5). O

Lemma 3.3. The weights in (3.2) satisfy

s _ 14+n(l—d)?

(3.8) Za ST
Proof. Lemma 3.2 gives ¢; < ¢ := 1/(n + 1). Since ds; < 1, we have a; — dg; =
(1 —ds;)a; > 0. If d < 1, define the probability vector
a; — dg;

1—d’
The estimates Y. ¢? <cd.qi=c¢, >, qri <cy ,ri=cand Y ,r? < (3, m)* =1
give

a=dg+ (1—d)r.

2:1+n(1—d)2

2 < ed?® +2¢d(1 —d 1—d
Zaz_c + 2cd( )+ ( ) ]

If d =1, then a; > ¢; and both sums are one, so @ = ¢ and the same conclusion
follows. O
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Proposition 3.4. For every polytope (3.1),

(3.10) 255(P) > n(n — 1)V (1 - Zaf) .

Proof. First assume that P is simple. For support numbers near 1, put
(3.11) P(h) ={x: (x,v;) > —h;}, V(h) = Vol,(P(h)).

The combinatorial type is constant near 1. Every vertex is a linear function of h,
determined by its n active independent normals. A fixed triangulation therefore
expresses V as a homogeneous polynomial of degree n on this neighborhood.

The inclusion (1 —¢)P(h)+tP(k) C P((1—t)h+tk) and Brunn—-Minkowski show
that V™ is concave. Twice differentiating in the ith direction and evaluating at 1
gives
n—1V?

n V’

Moving the ith supporting hyperplane changes volume at its facet area times its
normal speed, which is 1/||v;||. Thus

VOlnfl(E)
[[oi]
For i # j, keep the ith hyperplane fixed. Within it, moving the jth hyperplane has

speed 1/ proj,. v;||. The same first-variation calculation in dimension n — 1 gives,
for adjacent facets,

(3.12) Vi <

(3.14) y,, = Yolia(Fs N E;) _ Voluo(Fi N F)

lvillll projus vill — llvi A v

For nonadjacent facets the derivative is zero. Distinct parallel facets are disjoint, so
the displayed fraction is not used in that case. Finally,

(3.15) d Vi=nn-1V, 25(P)=nn-1)V-> Vi

by differentiating V(t1) = t"V twice. Equations (3.13) and (3.15) prove (3.10) in
the simple case.

In dimension two every polytope is already simple. For a general P in dimension
at least three, choose generic positive support vectors h(®) — 1. Avoiding the finitely
many extra concurrence conditions makes P. = P(h(®)) simple. Each original facet
survives: at a point in its relative interior all other inequalities are strict, and a
small translated patch remains feasible. The polytope stays uniformly bounded and
contains the origin in its interior.

Apply the simple-case result to the normalized normals wf) = v;/ hge). The cor-
responding origin weights are o' = 1 Vol,_(F\#)/(n||v;|| Vol(P.)); in particular,
the factor hl(-a) is retained. Its ridge sum is

Vol,_y(F&))
_ (&) (e) YOln—2{L5
(3.16) Sp(P)y= > Pl

V; NV,
ridges FZ(JE) H 1 ]H
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An original ridge survives and converges: its relative interior has strict inequalities
for all facets except its two defining ones. Moving those two equations slightly pre-
serves patches exhausting its relative interior. The reverse inclusion in the Hausdorff
limit follows from the inequalities. Its volume therefore converges.

Any new ridge has all limit points in the original F; N F};, which is empty or has
dimension at most n — 3. After a small translation its parallel space is fixed. Its
(n — 2)-volume is bounded by that of a shrinking neighborhood of a bounded lower-
dimensional set, so it tends to zero. There are only finitely many pairs of facets.
It follows that Sy(P.) — S(P). Facet areas and total volume also converge, so
age) — «;. Taking the limit proves (3.10).

This approximation uses real polytopes only. No lattice structure or Fano property
of a variety associated with a perturbed polytope is required. 0]

Proof of Theorem 3.1. Combining Lemma 3.3 and Proposition 3.4 gives

l+n(l-d?\ n*’(n—-1)
T>——n+1 d(2 - d)V.

This is (3.4). O

255(P) > n(n—1)V (1 —

4. PROOF OF THE MAIN THEOREM

Proof of Theorem 1.1. Apply Theorem 3.1 to the anticanonical polytope, using a
lattice-orthonormal Euclidean structure as in Lemma 2.3. Proposition 2.1 identifies
its parameter d with 6(X) = min{1,d(X)}. Lemma 2.3 identifies its ridge sum with
the finite sum in Proposition 2.2. Therefore

2(n+ 1)e(X)H" 2 = 2(n +1)(n — 2)15,5(P)
(4.1) n*(n —1)(n —2)!'d(2 — d) Vol (P)
= nd(2 —d)H".
The last equality uses n*(n — 1)(n — 2)! = nn!. This proves (1.2) and hence (1.1),
with all the assumptions stated in Theorem 1.1. O

5. EXAMPLES AND REMARKS

Example 5.1 (Weighted projective spaces). Let X = P(ay,...,a,) be well formed,
meaning that the ged of the weights after any one is omitted is one, with 1 < ay <

- < ay, and put S =3 a;, @ = [[;a;, and ez(a) = 32,_; a;a;. The formulas in
[HI, Example 7.5, (7.7)—(7.10)] are

(5.1) S g e@S (et Day

Q Q S
The Chern formula follows from the weighted Euler sequence: well-formedness makes
the weighted projective stack have trivial codimension-one stabilizers, so its tangent
Chern class computes the required orbifold class. Its hyperplane class has top degree
1/Q. The delta formula is Proposition 2.1 for its simplex.

Writing b, = a; — ag, B =), b;, and expanding gives

n—2
(5.2) 2+ V)BH™2 — nd(2 — d) " = 20 + L) ST N b

1<j
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Indeed, substitute S = (n+ 1)ag + B and es(a) = ("7')ad + nagB + > _icj bibj into
(5.1). The constant and linear terms in the b; cancel. Thus P(1,...,1,b) gives
equality. For b = 1 this yields H" = (n + 1)” and &;H"? = n(n + 1)"71/2, as
required for P". The non-Gorenstein example P(1,1,3) gives H? = 25/3, ¢, = 7/3,
and d = 3/5, again with equality.

Well-formedness is essential in this computation. The stack with weights (1,2, 2)
has second Chern degree 2, whereas its coarse variety is P? and has orbifold second
Chern degree 3. Its second Veronese ring is C[x?,y, 2], and the weighted stack has

a codimension-one stabilizer. It is not the quasi-etale stack used in the theorem.

Example 5.2 (Products of projective spaces). For X = Hizl P, n =53 m,,
the anticanonical polytope is a product of centered simplices, so d = 1. Whitney’s
formula for the direct sum of the pulled-back tangent bundles and the multinomial
expansion give

y+ 1)
Hn:n|H(m+‘) ’
my:

(53) Z mu - 1
)5 o,
CQHn_2 v m - 1 v<p
Hr n(n —1)
A factor contributes its second Chern number with multinomial weight m,(m, —
1)/(n(n —1)), and a pair contributes the product of first Chern classes with weight

my,m,,/(n(n—1)); these give the second formula. For P? x P? the two Chern numbers
are 486 and 216, and the difference in (1.2) is 216.

Example 5.3 (A nonsimplicial fan). Take M = N = Z3 and
P = conv(xey, ey, e3).

Its inward primitive normals are the eight vectors (£1,+1, £1). Four facets meet at
each vertex, so its toric variety is not Q-factorial. The polytope is a lattice polytope
with facet constants one, hence its normal fan defines a Gorenstein toric Fano variety.
It is klt: on a cone the anticanonical height function is positive on every nonzero
point, so the log discrepancies of primitive vectors on toric subdivisions are positive.

There are twelve edges of lattice length one. Each corresponding pair of normals
has multiplicity two, as follows from the greatest common divisor of its rank-two
minors. The dictionary gives

4
. Olps = o = O, Coll = 0, =4 Coll — = .
5.4) Vol (P 2 H? =38 GH =6 1 8, H —3H? =24

This example detects the factor 1/ mult(o) in the Chern formula.

Remark 5.4. The origin weights and centroid weights are distinct. For the simplex
of P(1,1,2) they are

a=(1/4,1/4,1/2),  q¢=(1/3,1/3,1/3), d=3/4.

In particular, the assertion a; < 1/(n + 1) is false; the mixture in Lemma 3.3 is
essential.
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The core of the proof is the passage from the known centroid-pyramid bound to
(3.8), followed by the support-volume estimate (3.10). The integral lattice enters
only in the toric dictionary. In the singular case the calculation concerns the quasi-
etale orbifold tangent class, not the Chern—Schwartz—MacPherson, stringy, or Todd
class. Removing the codimension-three set in (2.5) is a cycle computation; it is
not a claim that Chern numbers can be integrated on a nonproper open set. No
classification of all geometric equality cases is needed for the proof.
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Toric Fano ZHk{KD § MIE[RE
Miyaoka—Yau AFR DA HIEEEAR

HAGERR

BIE. Hisamoto Iwai I¥ projective klt Fano Z{KIZOWT § ~EE%R
W7z Miyaoka—Yau NERZFEH L, toric DHE O EBHEEHZ KD
7z, ARTIEZD0HEDHEEA%Z 52 5. %3 orbifold . Chern (%,
FIFEZHRDRRIT DO HIOHIE & FF& T L 2 GRMTXRS. 2
DEHAIIIE Q-factorial RIGHED B, KIZ, BERAFENXZFEHZHKIZ
DOWTHERHS 2. "R oigamE, EORTEHA L T 5 facet OAFEDEERID
AREFHE, — O DWERNRYZ MLD MO, B X X Brunn-Minkowski
AERIC X 2 F RO REREABOMMEZHAEDE L2 DDTH 5.

ZDJ— MZEchatGPT 6 B4R L7 DTH D, AHIEEN L2 2L fT->
TWEXRA. ZODBERREEVWDYE D200 LOLERA. ZO-DFEEEL &
ATLIZEW,

1. i
X ZEFBUR LD n > 2 RIT projective kit Fano ZAr L, H= Ky, d=

min{1,d(X)} & & <. Hisamoto-Iwai (& [HI, Theorem 1.1, equivalently Theorem 7.2]
ZBWT, ROAFXZFHIL 7.

EIE 1.1 (Hisamoto-Iwai DFEKXD toric DFE). X B3 toric 72613,
(1.1) (2(n + 1)(X) — ney (X)?) - H* 2 > —n(1 — d)*H™.

ZIZT a(X)=cal(H), a(X)==0(Tx) \& orbifold, §7bb5 Q-2 Chern JHT
H5. FMERFEIX

(1.2) 2(n + 1)6(X) - H" 2 > nd(2 — d)H".
TH5.

FMEMEE o (X)2H" 2 =H" 2 1 - (1—-d)?=d(2—d) »5H>.

[HI, §7.2] @ Example 7.5 OARETIZ, well-formed weighted projective space D&
HEAtE R E 2, toric D5 OMEEIEEHZ K 2 REDER SN TV S, AFED
BN, ZOGEDOHGEIHEZEZ 22 THS. AEXZDDH DT Hisamoto-Iwai D
FERTH D, LU DT Z DRREEHICAIED T S 5. SIRIRIE arXiv:2607.25181v2
TH5D. MEIFEFHXD Theorem 1.1 DIEFZELAEFEAXTH D, Theorem 1.2 D
weighted equivariant iR % 7213 soliton iR & 1XXHF 3.

AEFRE B S 72 5. H—BRE TUX toric intersection theory & Q-Chern ZH®D
quotient stack 12 X 2FLiAZ W, (1.2) OFEZZHKDO T —XITBT. 5K
WEEMBMOFERTH 5. FREELZZNENHR L T2 facet DAHEDHNMA
e l, WRXT MLOSRIZE > T d(2 —d) 215 %. Brunn-Minkowski
FAZ, ZoUBERIXITTOHEOKENDOFHHEANE T 7DICTHWS.

Smooth, Q-factorial, Gorenstein, Picard number one, K-semistable & W5 1{RE
B2, KIEFEZSHEAPIE FZHATH % & HRE LRV, MR DFEHAD
AJ1& LT, Hisamoto-Iwai D EARE, Bogomolov-Gieseker ¥ 721 Langer D
F1, MGG ROFEEHZH WS 2 ik,
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2. #f ¥ TORIC T

N % —RREE B0 T, M = Hom(N,Z) 24EEK T2 L, ¥ % X O fan &
5 %. Ray p @ primitive generator & v, £ & . WA ZIEFRD convention Z AW,

- Jpudu
~ Vol (P)’

3%, HE duld M OEAEBONEE 1 35, HORRIZIE, ZDFATH5H
DT DEAREHOUREZ 1 &5 2HEZHWV, EREZEGDLRV. FRITOMHDHAE
X1 233%. HiXample ZDT, ZOWMAE convention (2B} % P @ normal
fan 1T X TH Y, FEALAEFERIZ facet ZED 5. JARUIX P ODNERICH 5. Pairing 53
L AR @ OMZHIAD convention TlE, P° = conv{—v,} TH5.

K ARFE D BRI

(2.2) H" = n!Voly (P).

ThHb. EE, T30 k> 01Xt L kH % very ample Cartier £ 3 5. (kH @
toric sections & (kPN M TIHIFEDF 61 5. Hilbert ZIER L MT mE O & KH
D LLEE D> &

(2.1) P ={ue Mg: (u,v,) > —1 for every p € 3(1)},

(kH)"/n! = Voly (kP) = k™ Vol (P)
21320 T, k» THIUX X, Z4uE [CLS, Theorem 13.4.3] OXE & KFED N
TH5. [FEED normalized volume 1FFEFTE ST RICERT 5.

HEMBMEIZIZRD valuative 725t x W3 -

. Ax(E) 1= .
9(0) = inf SH(E)_-Eﬁpé vol(w* H — tE) dt.
T ERESPREFSENNEEET L 7Y - X LORRTEEHE, Ax(F) X
log discrepancy T® 5.

88 2.1 (Blum-Jonsson). FiRD toric ZHE X 12DWT,

1
2. X) = n ———.
(2:3) o) = i T o

DAL T 5. FHIZ 0<§(X) <1 BDT, d=6(X) TH5.

AEBH. 23i& [BJ, Corollary 7.16 and §7.6] TH D, [RISXEAD A F primitive normals
CREL b = 1 AW, Toric BREE CTHER proper M, canonical divisor @
Q-Cartier T, fRMD ample M%, SEIETHZS 5. Cartier DHFEDP S Q-
Cartier DHFENE B2 kH ITHEAT 5. KEOFXML ¢ = kz NOBHUZ LD
Ser(E) =kSy(E) THY, 6(kH)=0(H)/k £7%. X533 2 MK EONE kP
E kb TH5A.

bix P OREICHZDT, SNFHIIETHS. b=0 RN §(X)=1%
82. b£00DLE, 2% ray LT (bv,) >0TH5. Z5TRIFIE, O
FEE R cone ETIEIETH D, fan @ complete 226 Ny £ TIEEL 72 5.
CHURIEBREIEN CTIEIAARETH 5. WEoTOA0%4H §(X) <1 &b, ¥k
(2.3) 1 max,(1 + (b,v,)) OHETH 5. 0O

o = cone(v,,, v,,) € (2) IR LT
N, = N Nspang (o), mult(o) = [N, : Zv,, + Zv,,]
CEL. ZODMIET 2 ANFRANESICRLERATT_ODOHZE F, LEL.
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fd 2.2. Orbifold 55— Chern ¥

(2.4) GX) - H' 2 =m-2)! Y

oeX(2)
THzZoNh3. X O Q-factorial TEIZRLE .
AERR. RZT=DL EOLEZ R Z,
(2.5) Z=|J V(n, U=X\Z=Xy,  dmZ<n-3

dim 7>3

EEL . Yoy D cone lFRT simplicial T®H 5. {if - T canonical toric stack p : U — U
378 5572 Deligne-Mumford stack TH D, RRIT—D stabilizer IZHHTD 5.
ZDIFE L Cox FIC & 2FRICIE [FMN, Theorem 4.11 and Corollary 4.13] % FHW»
5. ZHBDERIC complete EDIREIX 7.

ZAUIAE D Chern % EFE T % quasi-¢tale 72 orbifold structure T 5. Quo-
tient chart £ T @ reflexive pullback &5 5227 chart OFEHRIX, étale locus b
T3 5. ZOMESEIEXITT_UUETH Y, WD reflexive DT, TDO—KX
chart 2ANIER T 5. Q-Chern ZHOMEK & smooth DM stack & DLL#RIE [GKPT,
Theorem 3.13 and §§3.10-3.11 of the arXiv version] IZFEE ATV 5.

r=|%(1)] £35. Cox BDIEAAEZ (C*)" — Ty @ diagonalizable W% TH 5.
Rays & Ng Z5R2 DT, HBIEEETH ZDXITIE r —n THS. Adjoint action
ZEHBHTH D, stabilizer 2GR 2> DE#EE 72 DT infinitesimal action & injective
TH5. fito THERDTLRF
(2.6) 0— OFr ™ _ &P ou,) — Tu — 0.

o

195, D, \3EEIARFTH S, [EM, §4.1] BRI N7\, Whitney 20K S
co(Tu) = Z D,D,

p<n
E7%. DD rays B X(2) D cone ZIROGRITIUIZDREZETHS. kD5
EITE Cox BEAAECRIMAIR A L 72D, HEMIZ 1 TH 5.
o OWED—#% I BT 2 HKHY chart 1& A?/G, TH D,

|G| = [N, : Zv,, + Zv,,] = mult(o)

¥ 725, Rays 23 primitive 72D T chart IX quasi-étale TH 5. XT3 % stack stratum
® pushforward DFREUE deg BG, = 1/|G,| TH 3. fi>T U LD cycle & LT

po(exTy ) = Y V20Ul

o mult(o)

218 %. ZORATEIEX [EM, Definition 3.1 and Proposition 3.2] @ multiplicity
@ convention ¥ —E 3 5. [A Proposition & complete EZ{RE L TW3 728, IE
proper 72 U WZHEZEHA L TWEDTIERWV. Z ZTH S DX proper 72 FHZERIST1Z
& % cycle pushforward TH D, U LOEEMFET TIERW.

Chow localization (&

An,Q(Z)Q — An,Q(X)Q — An,Q(U)Q — 0

VOIMQUL (FU)
mult(o)
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252 %, Fi3FERDOT, 5577 cycle 13 X N—EIIEE T 5. [GKPT, §3.10]
DRI E D,

~ V(o]
(27) @(X)QLXY_Gginnmh&ﬁ
7%, FEZEUER 72 Q-Chern form ZE® 2 IER cycle RS, +0AIFRIR k12
XU |kH| D—fD n—2 HDOITEERZ 2 b TE 3. ZOEEXEX dimZ <n—3
WKEoT Z Z##l), FU Chern MZFIHETS. n=27%6 ZI3ETH 5.
V(o) DA% torus DIEEFS T M Not TH 3. Cartier datum 12 & 2 FTEE)
T, (kH)|lv() DZHEHRZ, ZOIEEREZEMND kF, RESNS. Hilbert ZIHAD
R JOHD D &

(2.8) H" 2. [V(0)] = (n—2)! Vol pror (Fy).

2195, n=2 TEMAYPERDORES 1 TH 5 Z & ZibRXTWS. Proper 2 X I
T (2.7) EXREERAUL (24) DS . ZOFEATIE, X Lofil 2 DIE Q-Cartier
Weil KFZHNT TV, O

fiiRE 2.3. M O TEEZ EFERLE YL 75 FBuclidean H5iE % 1E 3. T8 v;,v; €
N IZHL,

in An_Q(X)Q.

L=MnuvNoy, J = ||vi A v
YEL. ZorE
(2.9) covol(L) = J/ mult(v;, v;).
TH5. ioT L WHATRIE FITHL,
Volp(F)  Volg,—o(F)
mult(v;, v ) llv; A vy

(2.10)

DIRILT 5.

AERA. BB ER A M — 72, u— ((u,v;), (u,v;)) 2% Z %. Smith normal form
W2 KAUE, A(M) O8I rank-two minors DRAAFEL, 72D B mult(v;, v;) 12
FLW. EREER A O Jacobian ¥ J TH 5. KT DEEK L FIET DEERDF
b ETFeEbEsE M OREEIZKS. ZDTHR 71 L BT AN 7T Tat
Hisk

1 = covol(L) mult(v;, v;)/J

2185, IO (29) TH5. MFAEMEIE Buclidean AfE% A TEI - 725 D2
DT, (2.10) HMES. O

3. MHEEIATEX
Z DEIDIERTIIIE T2 RE L 72w,
(3.1) P={zeR": (z,v;) > -1, 1<i<r}

ZHHT full-dimensional ZZ WAL L, EAFXDPIETIRTH 252, V =
Vol,(P), b= P &i&<. Facets F; IZH LT

1 . v01n_1(Fi)

(3.2) s, =1+ (bvy), d = (maxs;)” ", a; = : ¢ = Siqy.
i e[V
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CERT S, INLREEAEELEZNZNTHNE T 5 facet DHHEDHIMAFET
5. o TIETHY, Yai=>,¢=187%%. Y ,850=1&LD0<d<1T
H5.
RARIC_DMH % ridge & FETS,

(3.3) Sa(P)y= )
1<j
F;NF; aridge

E<. FKridge 15 & 5 ¥ ZOD facets IZEFE4S. D KJT normal cone 73,
% X D ¥ ARD extreme rays FOHTH 5.

EHE 3.1. n>2 DIEEDOZMIK (3.1) IZDWVWT,

(3.4) 2(n + 1)Sy(P) > n*(n — 1)d(2 — d)V.

DIRILT %

fiid 3.2 (Facet DAHE ; Freyer-Henk-Kipp). K % n KITriZHIK, F %2 Z D facet,
by ZELET DL,

(3.5) Vol,,(conv(bg, F')) < Vol,(K)/(n + 1).

DIRALT 5.

AERA. Z AU [FHK, Theorem 1.1] O—RDHAETH 5. IR TIX [FHK, Theo-

rem 1.2(i) OFEHA] OWrHE L Z, FEWMERE TS .
F #5ORNAE Eucidean B&% ¢ 55, A = Vol,,_1(F), W = Vol,(K),

T =maxgt LiBE, FTWEOEREE f(t) LEL. f0) =4, [ f=W Th3.
ST ORE FOMilld K ITEENDZDT, W>AT/n 7%, 22T

Vol,_o(F; N F})
[|vi A vy

h
(3.6) h=nW/A>T, g(t) = A1 —t/h)"' (0 <t < h), / g=W.
0
CEL.
Brunn-Minkowski N3 [Gardner, Theorem 4.1] 1%, R™ OMA C, D 12X LT
Vol,, (1 = A)C 4+ AD)Y™ > (1 — X) Vol,,(C)Y/™ + X\ Vol,,, (D)™

%52 %. ZOOFATHIEIO Minkowski & IEHHHOMIEHICE Eh b 720, f1/0-D
X [0,T) ETHMTH 3. fEoT

w(t) = fO)D — AV — t/h)

HMETHY, p0)=0TH3. 0<a<tZRL, MED»S ¢la)/a > (1))t 215
%. ioff g®ﬁﬁ@E#6ﬁ“m&#FL#ﬁb6&m t>T CTlX f 2%
PIERLTD, HAEOFEE(ITET V.

e i%bm@f %%meﬁﬂﬂhib@—mxf g)<0rEFS. —FH

DFELHLPHENLZVWEGEEE, BOOFELINS f=9g BIELAYESFTHRIZLL,
[ UG x 19 5. %of

(3.7) tAtﬂﬂ&f{Atﬂﬂﬁzﬁ%iéz@—zwldwszfw.

Y725, W=Ah/n TEZEOLOEXIE h/(n+1) U3, 24U A/n %
ghriug (35) 2185. O
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#HRE 3.3. (3.2) DEAIZOWVT,
(3.8) ZO‘2 m

b n+1

DIRALT 5.

AERA. M 3.2 12&D ¢ < c:=1/(n+1) TH3. ds; <1 %BDT o; — dg; =
(1—ds))a; >0 k725, d<17ZHMHERXT ML

o; —dg;
1—d’
ZEFTED. ¢, IZMERRZ P LIRDT

d@d<e D oagri<e Y ri<l

)

(3.9) ri =

a=dqg+ (1 —=d)r.

THb. {EoT
1+ n(l —d)?

2 < ed? 4 2¢d(1 — 1—d)? =
Zaz_cdjtc( d)+(1—-d) |

52.d=171%5q; > q¢ ERHMOEFELEID®S a=q 72D, BIUHERIES. O
e 3.4. EEDZHIR (3.1) IZOWVWT,

(3.10) 255(P) > n(n — 1)V G—E:a).

P{’f

DR T 5.
AERH. X3 P A% simple DHEEE R 5. 1 OFEDOSHREITH LT
(3.11) P(h) ={x: (x,v;) > —h;}, V(h) = Vol,(P(h)).
EL. 1 OEFTEEAEEE—ETHS. FHMZ, Z I T active 72 n RO

SMRFEFICEDEED, h OIEREEIZR 5. [EE L7z triangulation D177 FER
Do, VIZIOEFTRE n OFRZHERL 72 5.

wEBfk (1 - t)P(h) +tP(k) C P((1— t)h +tk) ¥ Brunn-Minkowski F~5R 2>
5, VW GMTH%. i FENCZHMS L, 1 THiT 2
n—1V?
: < Zi
(3.12) Vi < v
2les. FEE, B

Vl/n 1V” . Vl/n 2v2 <0
n?

TH5.
+g%@%¢z%zihﬁmﬂm%uJ#ymmfﬁ< AT BTN DFRFER
AHELT

VOln_l(.Fi)

3.13 V;, =
(3.13) Tl

=nVa, Vii <n(n—1)Vai.
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21585, i£j L, Bi XKFRHZEEST 5. ZOHOHT, 5 j XFFHEIZ K B5E®
(EHE 1/| proj,. vjl] TEIL. n—1 KT TRL —RETZFHT 5 &, Bk facets
IZDOWT
. VOL,L_Q(E N P}) . VOln_Q(Fi N FJ)

[[oil[| proj,,+ vjll [0 A s
¢ 72 %. Simple polytope TlE, 5 DD facets I& ridge TRHB. Kb 5HEW
GaIxtIin s 2Hl#y23 F; BT strict DT, WMEETH 5. FAT7 facets IR
DT, (3.14) OPETEH L 2w,

V(1) ="V ZZ[Wnd 5L

(3.15) Y Vy=nn-1V, 25P)=nn-1)V - Vi

(3.14) Vi

#18%. (3.13) e &bEIUZ, simple DEFED (3.10) DHES.
ZRITEDZEREIET simple TH S, —ROGEFI K2 =Dl L L, —ii&E
DIEDOZHFE b — 1 BB R. BRMEORDZILLEMEEE# T2 P = P(h9)
X simple 1272 %. JED4 facet 13585, Z DI IZDORER % 2T strict
Wi/ TR DY, NSRETRERSEO/NTPES7-DTH 5. ZHEHIKIE—H
WHERTHD, FHHADNERICES.
Hfir w® =0 /bl ¥ LT E 1 ICERILT 3. BSh o 0ftEAE

O _ Vol (F)
i n|lv;|| Vol(Fr)

THD, ridge DFNZ

Vol,_o(F9)
_ (&), () YOIn—2l L
(3.16) So(P)= Y AR

V; N\ U;
ridges FZ(;) || 1 .7||

L35,

TED ridge IFFRE L TPCRT 5. ZOHEMANERTIE, EFET 2 OO AREK
3T strict THB. —ODFEREZMNELT 5 &, HMHNEREZR L SHEHD/NH
5. WA =D Hausdorff RO A ZIIAHFERDLSHES . FAT72 affine ZEf] %2 —D
DZEEAEATRE) L CHIR T IU, HOREDICRT 5.

L Bz ridge OMRAZ, JTTO F,NF; K& FEN5E. ZORXERIETDHS
b, KILHEA n—3 THDE. NSRFEATBETHTAMOEMZEEST 2, —
PREFEICED, 2D (n—2) X EIZE R RERTES DR/ NEF ORFET L
PHFHiENS. o THEIIGRT 2. HEHANIAERMEZLZDT Sy(P.) — S2(P) %
8%. Facet DIRTEE 2KDIRFED IR L, ags) — o 725, Simple case DFF
X CHERR 2 BAUE, (3.10) DMES.

ZOELUIEZEERZ T 2 AW S, IUZEAROE TSR, ZHUITHINT % Zhk
AD Fano MHIZDHE LN, O

T 5.7 OFERH. i 3.3 L 3.4 5
1+n(1—d)?
255(P) > n(n — 1)V <1 — n—+1)
_ n*(n —1)

d(2—-d)V
n+1 ( )
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2185, n+1 ZEINUL (34) 725, O

4. FEH DA

JER 1.1 OFERH. MR 2.3 O FREEZ IEMER L % Euclidean HiEZ AV, K
EEZACER 3.1 ZHEAT 5. G 2.11E2D d % §(X) =min{l,6(X)} &
BT 5. flifE 2.3 1% ridge DM Z@E 2.2 OHBRMEFET S. o T

2(n + 1)e(X)H" 2 =2(n+ 1)(n — 2)!5,(P)
(4.1) >n*(n—1)(n — 2)!d(2 — d) Vol (P)

=nd(2—d)H".

BEIE n’(n—1)(n—2)=nn! & (2.2) %ﬁﬁmt INT (1.2), 1€o>T (1.1) VR
X7z, JE Q-factorial RIGEIFIME 2.2 IZEHE AN, simple ODﬂiﬁGi/ﬁE% 3.4 TkRD
NTW5. ([l

5. Ble EE

5l 5.1 (Weighted projective spaces). X = P(ag,...,a,), 1 <ay<---<a, &L,
well formed ERET 5. THhbOL, ¥ 0)—00)$77~%?|3?L\“C DRI SoNIN T S

155, S=3,a, Q=[[a, ela) =3, aa; LEL L,

n S ~ rrn—2 62(0’)"9” 2 (n + 1)&0
(5.1) H" = 0’ coH = ) , d= 5 .
%%, Zhold [HI, Example 7.5, (7.7)-(7.10)] THWHLRTWE AKX TH 5.
Well-formed Z&fF12 & D weighted projective stack DRRIT—D stabilizer X EHHIA &
725 . Weighted Euler #2340 orbifold Chern %1% L, hyperplane class @
RERDXRENZ 1/Q TH 5. § ODRUF, BRI T 260& 2.1 2oiES.
bi:&i—ao, B:Zlbz Zlﬁ<

1
S=(n+1)ay+ B, ex(a) = (n+ )a% + napB + Zbibj

2 —
1<J

Z (5.1) ITKRAT S L, b ITBET 2 ERHEE —XIEMHEZK L,

n—2
(5.2) 2+ V)BH™2 — nd(2 — d) " = 20 + L) ST N b

1<j

2185, {EoTP(,...,1,0) TEEHEENHILTS. b=1, TKbHE P" TiE

H" = (n+1)", cH" % = §(n +1)" d=1
%1% %. Non-Gorenstein ®ff] P(1,1,3) TI& H?> =25/3, & =7/3, d=3/5 &7&
D, RIIDFESHRILT 5.

Well-formed S I3 ETH 5. EHA (1,2,2) D stack D Chern liZ 2 TDH
2705, HZERIEX P2 TH D, ZDHE = Chern 1z 3 THB. K Veronese ring &
C[xQ,y, 2] £72%. Weighted stack IZIFRRIT—D py stabilizer 23 % DT, 4[H
HWW7z quasi-étale 7% stack TlE7zW.
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Bl 5.2 (FFEMEOME). X =, P™, n=>,m, £T5. RIEZEZHKIZED
DERDOBIRDFEIZDT d =1 TdH 5. Whitney NI & ZIHER D 5

L™
o =
m,!

v

(5.3) m3(m, —1)
—_— 4 m,m
R R e T P
H» n(n—1)

2195, FEBE, 51=EK L7 hyperplane classes % h, £ 35 &
H=> (m,+1)h,

=) (m"; 1) e+ (my + 1)(my, + 1)hyhy,.

v v<p
WL Z IR D L
H" 2Rz my(m, — 1) H" ?h,h, m,my,
Hr  nn—1)(m, +1)? H»  n(n—1)(m, +1)(m,+1)

Thh, ThoPFE _RKE2E52 5. P2 xP? Tl H* = 486, coH? =216 TH D,
(1.2) OMADFEF 216 £755.

il 5.3 (Non-simplicial 7% fan). M = N =73 & L,
P = conv(tey, £eq, te3)

9 %. WNMAZE primitive normals (& (+1,+1,+1) D/ARTDH 2. KHKIIHEDOD
facets DY F 5 DT, MIET % toric ZHAKIZIE Q-factorial TH 5. I8 FZHIK TS
facet DXFFERDY 1 72D T, normal fan 1X Gorenstein toric Fano ZRA%ZED 5.
F 72, £ cone D RIFHE height function & primitive ray generators I2fE 1 ZH{D ,
cone DIEFF R TIETH 5. Toric resolution D primitive rays @ log discrepancies &
COBMBOMERDTETHD, X 3 kit TH5.

TZARD edges DIEFRIIET 1 TH 5. Bk facets DIERRI—DDFFEIZ I DA
72D, rank-two minors DFARIIENE 2 £ 72 5. €5 THIET % cone D multiplicity
X2 T 2, ridge DFIX 12/2=6 TH 3. EEDPS

4
(5.4) Voly(P) = 3,
213%. RAMHEEZ AT % 8= Chern HZ _f5ICLTLES.
HEE b4 JFHREELIOLOAMEAIZRELRS. P(1,1,2) DHIKTI,
o= (41/41/2),  q=(/31/31/3), d=3/4
ThHb. MoTa; <1/(n+1) F—MIBTHY, il 3.3 DRAERTROPLEL
2%,

AEFA DN, BERIOE LA e (3.8), B K OB OMARER M (3.10) @
HERICH S, BEMTIEHFEZEC CHNS. FHERIGEDHEIX quasi-étale 72
orbifold tangent class T# D, Chern-Schwartz—MacPherson %8, stringy Chern %H,
Todd TR V. RRITL=DEEGZER IEZ cycle DFHETH - T, IE proper

H3 =8, &H =6, d=1, 86, H — 3H® = 24.
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SRS LOEDTIERV. BEHIO FEAFERXZ MRMOFEANE LA TIIWAW,
R 72 FE B AL D 2R FHIT DB 0.
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