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DEPTH-THREE SYMMETRIC EISENSTEIN SERIES:
PERMUTATION SUMS AND A LINEAR-SHUFFLE
OBSTRUCTION

chatGPT 6Astra

ABSTRACT. We study two structures attached to depth-three symmetric multiple
Eisenstein series in the normalization of Hara—Sakugawa—Tasaka. The quotient by
the linear shuffle relations has dimension (Lké?‘J) in weight k. For even k£ > 10, the
span of the six-term permutation sums with indices at least two is M S@AQM ,(972@
QA3 Ay _4, of dimension [k/6] +2. We give an explicit basis and a polynomial test
for all relations in this sector. Most concretely, for every even k > 18 we exhibit
a relation that vanishes analytically but survives the linear shuffle quotient, with
a closed nonzero pairing certifying survival. The proofs are uniform in weight.
Rational computations through weight 60 check the formulas. The dimension
of the full analytic depth-three space is not determined. The novelty audit is
incomplete, especially concerning unpublished sources; no priority claim is made.
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This note was generated by ChatGPT 6. Iwai has NOT verified any of its math-
ematical content. It may therefore contain mathematical errors and should be read
with caution. A Japanese version is provided below.

E.1. INTRODUCTION

E.1.1. Background. The natural question is whether the relations of a specified
formal model account for the relations between its analytic realizations. In the
present problem these are quite different questions. We keep three vector spaces
separate: the full analytic space of symmetric triples, its permutation-sum sector,
and the quotient of formal triple symbols by linear shuffle relations.

E.1.2. Known results. We use the 43-page PDF of [HST26]. The version arXiv:
2601.13626v1 was listed as current when checked on September 10, 2026. Its Propo-
sition 3.9 proves linear shuffle; Theorem 1.2 determines depth two; Lemma 6.5 and
the proof of Theorem 1.1 place M. ,9 @ QDA,_5 inside the symmetric triple space for

even k > 10. Here D = qd/dq and A, = é? for even 7.

E.1.3. Main results. Our formal dimension result is Theorem E.4.1; the exact
analytic sector and its dimension are Theorem E.4.2. Theorem E.4.3 gives an infinite
obstruction to completeness of linear shuffle alone. The last assertion concerns a
precisely specified relation space, not a claim that all known stuffle, Fay, derivative,
and modular relations fail.

E.1.4. Known result versus new result.

Known This paper: proved statements, priority un-
verified

Linear shuffle and computed depth- A wuniform formal dimension and a

three dimensions through weight 16 in translation-invariant free-Lie description.

[HST26, Table 4]

Modular inclusion in the full triple Exact equality for the permutation-sum

space sector, including its nonmodular compo-
nents.

Stuffle identities for convergent indices An explicit relation surviving linear shuffle
in every even weight at least 18.

Polynomial structure of quasimodular An exact polynomial kernel test and ex-

forms plicit basis in a specified symmetric-triple
sector.
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The permutation identity used below is a classical symmetric-sum consequence of
stuffle, not a new identity. The extraction of A, in the proof of Theorem E.4.2
follows the mechanism of [HST26, Lemma 6.5]. We do not count that extraction
as an independent discovery. The exact sector and the uniform nonmembership
certificate are the additional statements.

E.1.5. Strategy of proof. For the formal problem, replace three gap variables by
four variables with sum zero. Linear shuffle becomes ordinary alternality in tensor
length four. The Poincaré-Birkhoff-Witt identity computes the Hilbert series. For
the analytic problem, partition finite lattice sums by equality patterns, then take
the prescribed iterated limit. Finally, a specific length-four Lie polynomial gives
a linear functional which kills every linear shuffle relation but detects the analytic
relation in Theorem E.4.3.

E.2. SYMMETRIC MULTIPLE EISENSTEIN SERIES

E.2.1. Definitions and conventions. All vector spaces and relation coefficients
are over Q. Put ¢ = 2™, 37 > 0, and use ascending indices:

C(kl,...,kd): Z nl_k1~~-n;kd, kd22

0<ny < <nyg

Here MY denotes the holomorphic modular forms for SLy(Z) of weight m whose
Fourier coefficients are rational. Let e, = 6166_1 in Q(eg, 1), and let II be the
ordinary shuffle of the binary words. The lattice order is m7 +n > 0 if m > 0 or
m = 0,n > 0. We use exactly the shuffle regularization GI of [HST26, Theorem
2.7], and put
(E.2.1)

GE,S . _ Z( 1)kj+1+ +dek1, o GH éE,S _ (27Ti>—wt(k:)Gg,S'

kd7 7k]+1 )
J=0

Empty indices have value one. The full normalized triple space is denoted 7'5;3, as
in [HST26, §6.3].

E.2.2. Regularization. For entries at least two, G™ equals the limit of the positive-
lattice sum, taking the integer-coordinate bound N — oo before the 7-coordinate
bound M — oo. The symmetric version uses the order “positive part, then negative
part” of [HST26, Definition 3.6 and Proposition 3.7]. Entries at least three give
absolute convergence; entries equal to two need the prescribed limit.

When an entry is one we use the cited shuffle regularization, never an unregular-
ized lattice sum. More precisely its construction is the convolution of the shuffle-
regularized zeta character, with ¢("'(1) = 0, and the regularized divisor-sum character
under the Goncharov coproduct. In particular GY is not zero:

(271) 1GH Z oo(n
n>1

No analytic argument below applies an unrestricted stuffle formula to an index

containing one. Such indices are included in the formal shuffle calculation and in
the definition of TEY.
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For even r > 2 write L, = 24, = QGH and set L, = 0 for odd r» > 3. Thus

B, N t t
(E.2.2) L, = ol ZO’T 1 (r even), 1 ZBTH'

7«|
r>0

Here oj(n) = 3_,, @. Hence Ay = —Fy/24, Ay = Ey/1440 and As = — /60480,

where the classical E, has constant term one. Notice the sign at weight two.

E.2.3. Linear shuffle relations. Let Fj have basis [a,b, c|, a,b,c > 1, a+b+c = k.
Let RES be generated by

(E.2.3) [ex,,.. ek ky) — (= D)ttt [y ke ks K, j=0,1,2,

J+1sees
where brackets _extend linearly on depth-three words. The analytic evaluation
evi([a, b, c]) = Gg}fc kills RES.

The dual of Fj/RES is LSh,(f_)s. Explicitly, for w = k — 3, this consists of homoge-
neous polynomials f(z,y, z) of degree w satisfying

(E24) f(ﬁ,y,Z) = —f(—Z, -Y, —f),
(E2.5) f(r,x+y,xz+2)+ fly,v+y,x+2)+ fly, 2,0+ 2) = f(x,—2,—y),
(E.2.6) flx,y,y+2)+ flr,e+z,y+2)+ f(z,x+2z,y+2)=—f(z,y,—2).

The pairing is coefficient extraction: {[a,b,c], f) = [#271y*~ 1271 f.

E.2.4. Known depth-two results. For comparison, the normalized depth-two
space is M2 ® QDAg_, for even k > 6, and has basis {G 11 <5< |k/3]} for
odd k>3 [HST26 Theorem 1.2]. This does not determme the dimension at depth
three.

E.3. EXACT EXPERIMENTS AND COUNTEREXAMPLE TESTS

E.3.1. Algorithm and scope. The code expands the three substitutions
(E.2.4)-(E.2.6) by integer binomial coefficients. This gives a 3(]“51) by (kgl)
integer matrix. Its row rank is dimRES, and its nullity is the formal quotient
dimension. This calculation includes every composition, including ones.

For a,b,c > 2 define the six-term sum

) Cave =2 G oy (Riska ks) = (a,b,¢),
.. c€G3

Wi = Spang{Cup. : a,b,c > 2, a+b+c=k}.

Repeated permutations are counted: Cyq, = GGEGSG The exact identity proved
below is

(E.3.2) Cupe = LalyLe — LavyLe — LayeLy — LyicLa + 2Ly

Divisor sums in (E.2.2), followed by rational convolution, therefore compute this
entire sector. These are actual rational Fourier coefficients, not a specialization of
unknown odd zeta values.
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E.3.2. Rank and kernel computations. The initial range was 3 < k£ < 30; the
separate test range was 31 < k < 60. All formal ranks agree with Theorem E.4.1.
For orbit sums we used coefficients from ¢° through ¢*° throughout 3 < k < 60.
Independent polynomial computations using (E.6.5) give the same analytic dimen-
sions. The kernel file lists a basis indexed by nonpivot columns for every even
10 < k£ < 60. Formal parity-sector image ranks were also computed through weight
16; the analytic all-even and two-odd orbit-sector ranks were computed through
weight 60. The data specify which of these different ranks is being reported.

E.3.3. Candidate structure and validation. The depth- three row of the pub-
lished Table 4 was reproduced exactly. The weight-four check G2 y =4A,— DA, was
reproduced through ¢?*. Finite ordered rational-lattice sums mdependently check
(E.3.2) for all unordered triples of weights 6 through 16. These tests suggested the
formal Hilbert series and the analytic sector in Theorems E.4.1 and E.4.2; their
proofs do not use the tests.

E.3.4. Counterexample search and limitations. At weight 12, Cy37 = Co55
is already a relation. Testing the corresponding formal classes led to the family in
Theorem E.4.3. Its coefficient witness is checked against every shuffle-matrix row
for all even weights from 18 to 60. No counterexample to any stated theorem was
found in the tested range.

We have not implemented the full individual-triple Fourier matrix with its MZV
coefficient algebra, and we report no analytic rank for 7’55 . Rational ranks of a
formal specialization would not justify such a claim. The number of unexplained
full analytic relations remains undetermined. For W, by contrast, the polynomial
kernel below is complete.

E.4. MAIN THEOREMS

Theorem E.4.1 (Formal depth-three structure). For every k > 3,

(1+t)

. . [k/2]
dimg (Fy/RE®) = dimg LSV, = ( , ) dimLSh{ T

2
w>0

The space LShg’) is canonically isomorphic, under the coordinate map in the proof,

to the translation-invariant alternal polynomials of degree w in four variables. In
particular dim 7’85 < (Lké2J).

Theorem E.4.2 (Exact permutation-sum sector). For every even k > 10,
k
(E.4.1) W, = M,;@ D AQM];@_Q S5, QA%Ak_4, dimQ W, = \‘EJ + 2.

For odd k, W), = 0. The remaining nonzero low weights are Ws = QCs22 and
Ws = QC24 ® QCa33. An explicit basis by orbit combinations is given in §F.0.1.

Theorem E.4.3 (Uniform failure of linear-shuffle completeness). For every even
k> 18 put c =k — 10 and

Ty = C377,c - C5,5,C € Fk> Ca,b,c = Z [ka(l)y ka(2)7 ko(S)]~

oeBG3
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Then ev(ry) = 0 but ry ¢ RI,;S. More precisely there is an explicit f € LSh,E/,?f3 such
that

(F.4.2) <T’k,fk)=2{<kg7)—(k;7)}=(k_171)5<k_6)(k;7) -0

Consequently ker evy, /RES # 0 in every such weight. This remains an obstruction
inside the formal subspace generated by permutation sums whose indices are at least
two. Combining this with Theorem FE.J.1 gives the unconditional strict bound

dimg T&; < (ké2> -1 (k > 18 even).

E.5. PROOFS

E.5.1. From linear shuffle to four-variable Lie polynomials. A polynomial
H(xy,x9,23,14) is called alternal if the sum over every (j,4 — j) shuffle of its four
arguments vanishes, for 7 = 1,2,3. The order within each block is preserved. It is
translation invariant if H(z1 +u,..., 24 +u) = H(xy,...,24).

Lemma E.5.1. The map
<E51) B(H)(x,y,z):H(—x,x—y,y—z,z)

s an isomorphism from the translation-invariant alternal polynomials onto LSh®.
For all alternal polynomzials, without imposing translation invariance, its degree-w
kernel is (x1 4+ x2 + x5 + x4)Ayw_1, where A, is the degree-w alternal space.

Proof. The displayed substitution parametrizes the hyperplane Y x; = 0. Every
polynomial on that hyperplane has a unique translation-invariant lift: put s =
(1 + xo + x3 + x4) /4, 2; = x; — 3, and set
H(I‘l, T, X3, x4> - f(_zl7 —RZ1 — 29, 24)'

Thus the coordinate map and its inverse are defined over Q.

Write H(abed) for H(a, b, c,d) and S(a;b, ¢,d) = H(abed) + H(bacd) + H(bcad) +
H(beda). Ona+b+c+d =0, set t = —a, y = —b, z = —b — ¢. The four terms of
S become

fetye+2), fly,etyr+z), [flyzr+z2), [flyz-)

By (E.2.4), the last term is —f(z, —z,—y). Reversal of H is precisely (E.2.4).
Therefore (E.2.4) and (E.2.5) imply that H is antisymmetric under reversal and has
zero (1, 3) shuffle.

These conditions imply the missing (2, 2) shuffle. Indeed its six terms, in the order

H(1234) + H(1324) + H(1342) + H(3124) + H(3142) + H(3412),

equal S(1;3,2,4)+5(1;3,4,2)+.5(4;1,2,3) modulo three sums H (abed) + H (dcba),
and hence vanish. Reversal gives the (3,1) shuffle. Conversely alternality gives re-
versal by the antipode identity for primitive elements in tensor length four; explicitly
that antipode reverses four letters and acts by minus one on a primitive element. The
(1, 3) shuffle then gives (E.2.5). The (3, 1) shuffle, evaluated at (—z,z —y,y — 2, 2),
reads

f(:l:,y,z)+f(x,y,y—z)—i—f(m,x—z,y—z)—i—f(—zw—z,y—z) :07
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which is (E.2.6) with the third variable replaced by —z. Translation invariance
extends all identities on the hyperplane to all four variables. This proves the asserted
isomorphism.

For the kernel assertion, vanishing on the hyperplane means divisibility by > z;.
Dividing by this symmetric linear polynomial preserves all shuffle equations: each
shuffle sum for the quotient, multiplied by > z;, is zero in a polynomial ring, which
is an integral domain. This proves the exact kernel. ([l

To finish Theorem E.4.1, identify a tensor Y, ---Y,, with z*---2}* where
Yo, Y, ... are free generators of degree m and tensor length one. The primitive-
element criterion identifies alternal polynomials with the length-four part of the free
Lie algebra. This criterion and PBW are standard free-Lie facts; see [Reu93]. Let
a,(t) be its degree series in tensor length r. The tensor algebra on these generators
has series 1/(1 — z/(1 —t)). PBW and the logarithm of its product formula give

1
41—ty
1 ) 1 1

alt)=3=3  @l)=: ((1 21 —t2> ‘

as(t) =% ((1 _1 Hto —1t2)2) '

Equivalently, writing each alternal polynomial in the variable s = >  x;/4 gives
A = Q[s] ® A", because permutations fix s. The Hilbert series of the translation-
invariant part is therefore

= a4(t) -+ %(Zg(t2> -+ leal(t‘l),

Thus

t(1+1)
(1—1t2)%
Its coeflicients at w = 2m+1 and w = 2m+2 are both (
is zero. Substituting w = k — 3 proves the theorem.

(1 —t)as(t) =

m—+2

) ); the constant coefficient

E.5.2. Proof of the exact analytic sector. First prove (E.3.2) on a finite totally
ordered set of nonzero lattice points. The product of three single sums partitions
into triples of pairwise distinct points, three types with exactly two equal points, and
the case where all points are equal. The six ordered sums account for the distinct
case. Subtracting the three pair-contraction products subtracts the all-equal case
three times, so one adds it twice. This is exactly (E.3.2). For a finite lattice rectangle
with the symmetric order, take N — oo first, then M — oo. Each ordered sum
and each single sum has the specified limit for indices at least two; there are only
finitely many products. Hence the identity passes to that limit without interchanging
infinite sums. For odd total weight every term on its right has an odd factor, so it
vanishes.

Assume now that k& > 10 is even. Equation (E.3.2) immediately places W) in the
right side of (E.4.1): with two odd indices it is a pair of even Eisenstein series plus
a single one; with three even indices it is a product of at most three even series. For

k > 10, at most two factors in a triple product can be As. The other possibilities
lie in M];Q and AQMSQ.
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For the reverse inclusion, if r,s > 3 are odd and t > 2 is even,
<E52) Cr,s,t - 4(Ak - Ar—‘,—sAt)-

Every even pair a+b = k, a,b > 2, has a member at least six. Splitting that member
as 3+ (a—3) shows that A, A, = A (mod Wy). Also A2 = %Ag, by the weight-eight
modular identity or directly by the recurrence in §F.6.2. Substituting (4,4, k — 8)
in (E.3.2) gives

C4,4,k—8 = %AgAk_g — 8A4AL_4 +4A, = éAk (mod Wk)

Hence Ag, and then every pair A,Ap, belong to Wy. Solving (E.3.2) for A,A,A.
shows that every triple of even single series of total weight k£ belongs as well.

The modular product basis of [HST15, Corollary 2, arXiv v1] implies that Ay
and the pairs with both indices at least four span M, ,9 . Applying it in weight k — 2
shows that pairs and triples just obtained also span AQM,;@_Q. The product A2A;_4
is present. This proves equality.

For directness one may use [KZ95, Proposition 1(b)]. Here is also a direct check.
The transformation law of A, is

c(er +d)

Ay(yr) = (e +dPAg(r) - T2

If Zi:o AL f, = 0, with f, modular of weight k& — 2p, apply v, = (,} ) and divide
by (m7 + 1)*. The resulting polynomial in m/(m7 + 1) vanishes at infinitely many
distinct values for every fixed 7. Its highest coefficient gives fo = 0, followed by

f1 = fo = 0. The dimension is m(k) + m(k — 2) + 1, where
m(k) = [k/12] + 1 = 1y=2 12) (k >4 even).

Checking the six even residues modulo 12 gives |k/6]| 4 2. At weights 6 and 8 there
are respectively one and two unordered triples; their polynomial expressions in §8
prove the stated independence.

E.5.3. Proof of the infinite obstruction. Equation (E.5.2) gives the common
analytic value

CV3,7,c = C’5,5,0 = 4(Ak - AlOAc)'

This equality is a stuffle consequence. We now prove that its difference is not a
linear shuffle consequence.
Set N = k—7 = c+ 3, an odd integer at least 11. Form the genuine free-Lie word

Py = [Yo, [Ya, [Ya, Yi]]].

Under the polynomial identification its value is

2.2 N 2, .N_2 N_ 2 2

— pixsad + 202l 2 — 2N alal
It is alternal, so fy = Hy(—x,2 — y,y — z, z) belongs to LSh,gg_)3 by Lemma E.5.1.
Its degree is N +4 =k — 3.

For completeness, put B; = (N ) Pairing the six displayed terms after substitution
with the two orbit symbols gives the following exact coefficient table, including
multiplicities in the repeated-index orbit:
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Term <C3777C, > <C5757C, >
1 0 0
2 2(Bg — By) 0
3 B, — Bg 0
4 By — Bg 0
5  2(Bg— By) 0
6 0 0

To check this table, the general coefficient in (—z)%(z — y)°(y — 2)¢2¢ at ayB2¢ is

(E.5.3) (= 1)ttt (;’) (;) j=A—a, 1=B-b+j
when 0 < j <b,0< [l <cand c—1[+d=C, and zero otherwise. Apply it to all six
permutations of (2,6,¢ — 1) and (4,4, ¢ — 1). The first and last terms vanish since
N > max{6,c—1}. For the repeated-index orbit the contributions in terms 3 and 4
cancel using (c]j 1) = (]Z ); the other terms cannot supply all three exponents. This
explains every entry and the coefficient signs.

The total is 2(Bg — By), and

2(Bs — By) = (V= 1?5(]\7 +1) (]D > 0.

Every member of R} pairs to zero with fi, whereas r; does not. This proves
Theorem E.4.3, independently of any rank experiment.

E.6. EXPLICIT BASES AND COMPLETE POLYNOMIAL RELATIONS

E.6.1. An explicit orbit-combination basis. For even k£ > 10 define

(E.6.1) U, = 304,4&78 + O35 k-8 — %C&k77,47

(E.6.2) Vap = Ui — }103’u_37v, u = max(a, b), v =min(a,b), a+b=k,
<E63) Ta,b,c = %Oa,b,c + %(Va—i-b,c + Va+c,b + ‘/b—i-c,a) - %Uk

The V and T indices in these formulas are even and at least two. The previous

proof gives the exact identities Uy = A, Vop = AgAp, and Ty = A ApA.. All
orbit indices on the right sides are at least two, including k£ = 10. Put

Jm={j€Z:[(m=2)/6] +2<j<[m/4]}.

An explicit basis of W, is
(E.6.4)
{Uc} U {Vajp—gj: g€ i} U {Vapo} U {Toojk-2-2j:7€ Jp—2} U {Took_a}

Indeed the first two sets are the modular product basis, the next two are Ay times
that basis in weight k& — 2, and the last element spans the final summand of (E.4.1).
Directness proves independence. This is a basis by explicitly given combinations of
triples, not an assertion that these combinations are individual triple generators.
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E.6.2. A complete kernel test. Let P, have basis the unordered triples 2 < a <
b < c of sum £, evaluated to Cyp.. Define homogeneous polynomials of weighted
degrees deg X = 2,degY =4,degZ =6by P, =X,P,=Y,FPs =7, P, =0 for odd
r >3, and

(E.6.5)

m—2

3

Py =
T (m—3)(2m — 1)(2m + 1)

2m —2r — 1)P2TP2m 2y m > 4.

r=2

Define the explicit linear map
<E66) \I/k([a, b, C]) == PanPC - Pa+ch - Pa+ch — Pb+cPa + 2Pk

Proposition E.6.1. The evaluation kernel on Py, is exactly ker Wy. For even k > 10
its dimension is
M _|E] 2
12 6 '

Thus comparison of the coefficients of the finitely many monomials in (E.6.6) gives
a complete set of rational linear conditions for a relation in this sector.

Proof. For an ordinary lattice the expansion p(z) = 27> + 37 -, (2n + 1)G5y, 52"

and the equation g” = 6p? — go/2 imply, on comparing z?™~* for m > 4,
m—2

(2m — 6)(2m — 1)(2m + 1)Ghy, = 6 Y (2r — 1)(2m — 2r — 1)GEIGYY .

r=2

Normalization by (277)*™ gives (E.6.5) for La,,. The series of weights 4 and 6

start the recurrence; Lo is separate. Therefore the analytic evaluation factors as Wy,

followed by (X,Y, Z) +— (La, L4, Lg).

This latter map is injective on weight-k polynomials. First, powers of L, with
modular coefficients are independent by the transformation-law argument above. In
a fixed modular weight, a relation between L§{L% would, after factoring common
powers, give a polynomial relation in L2/L3. This function is nonconstant, as is
seen from its constant and first Fourier coefﬁments, so no such relation exists. This
proves the kernel assertion. The number of unordered triples is the coefficient of t#~6
in 1/((1—¢)(1—¢*)(1—¢)), namely | ((k —3)?+3)/12]; it also follows by summing
Zgi/gj(t(k; —a)/2] —a+1). Subtract the dimension in Theorem E.4.2. O

The saved nullspace bases are independent for a simple reason: each relation
has coefficient one at a different nonpivot column and zero at all other nonpivot
columns. They are therefore a basis of the entire computed kernel. In any weight,
(E.6.6) gives the same procedure with a proved finite stopping criterion, without
presuming a quasimodular Sturm bound.

E.7. CONSEQUENCES FOR SYMMETRIC MULTIPLE ZETA VALUES

The constant term of (E.2.1) is the shuffle symmetric real MZV ¢"9(k). Put
l, = —B,/r! for even r > 2 and ¢, = 0 for odd r > 3. Taking constant terms of
(E.3.2) yields

> vee, CTF (ko1 ko), ko3))

(E.7.1) e

= gaébgc - ga—l—bgc - Ea—i—cfb - gb—&—cga + 2£k
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In particular for every even ¢ > 8,
> (MS(0(3,7,0) =Y ¢MF(a(5,5,¢)) = 0.

This is an exact equality in the real MZV algebra Z. It is a known-type symmetric-
sum consequence, not a new MZV identity. Its image in Z/((2)Z also vanishes.
One should take this quotient after undoing the normalization; powers of 27w are
not being adjoined to that quotient. For the classical and finite-MZV distinction see
[Kan19]. No Kaneko—Zagier conjecture is invoked, and no identification with finite
MZVs is asserted.

E.8. EXAMPLES AND BOUNDARY CASES
With X = Ly, Y = Ly, Z = Lg, the low-weight sector is
Copp=X>=3XY +2Z, Chou=XY —2XZ—-1Y? Chy3=-XZ+ V>

These give the dimensions 1 and 2 at weights 6 and 8. Weight 10 has four unordered
generators and the single relation

Cs34+ Cozs+ 3Co44 = 0.

For example {Ca26, Ca35,Caa4} is a basis there. At weight 12 the seven generators
have dimension four. At weight 60 the 271 generators have dimension twelve and
kernel dimension 259.

For the formal problem, F3/RES = 0, while the dimensions at weights 4 and 5 are
both one. These boundary statements include the regularized indices and do not
follow by deleting them. At k& = 18 the obstruction certificate is 264; at k = 20 it is
2002.

E.9. NOVELTY AUDIT AND PRECISE LIMITATIONS

The search was performed through September 10, 2026. The PDF of the primary
paper, including its proofs and references, was read; the arXiv abstract page listed
only vl. The main comparisons were [BT18, Mat17, Bro20, Anz25, BIM24, Kan25,
BK26, BY26] and the classical modular and shuffle sources [GKZ06, KZ95, HST15,
Reu93]. The elliptic length-two/Fay setting of [Mat17] and the motivic depth-graded
setting of [Bro20] have different evaluation maps. The schemes in [Anz25] impose
additional adjoint stuffle conditions. The Schur basis in [BY26] addresses a different
family of quasimodular forms. Their conclusions are not substituted for an analytic
triple rank.

Reverse searches used the phrases “linear shuffle space”, “depth three dimension”,
“translation invariant alternal”, “permutation sums symmetric Eisenstein”, “linear
shuffle incomplete”, and the indices (3,7,¢) and (5,5,¢). Recent-paper searches
included 2025-2026 multiple Eisenstein series and their derivations. The peripheral
paper [BR26] was inspected for overlap only; it is not the research object or an input
to the proofs. Its references pointed to the adjoint literature. No accessed source was
found to state our explicit nonmembership certificate. Absence of a search match is
not a proof of priority.

In particular the unpublished Kaneko—Zagier preprint and the 2025 thesis cited in
[BR26] were not available for a complete comparison here. Citation-network searches
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and bibliographic access were not exhaustive. We have not been able to verify novelty
completely. The formal dimension may be implicit in older free-Lie descriptions;
the analytic sector is obtained from classical ingredients and a refinement of the
extraction argument already present in [HST26]. Accordingly this article records
proved structural results and an explicit obstruction, not a certified first proof or a
solution of the full depth-three problem.

The finite Fourier tests have a specific logical role. Independent truncated columns
always give independent functions: a functional relation forces each coefficient rela-
tion. The converse is false in general. Here the general dimension theorem supplies
the upper bound, and equality of the truncated rank to that bound proves that the
saved kernels are actual kernels. No floating-point rank, PSLQ), or conjectural MZV
independence is used.

APPENDIX E.A. EXACT COMPUTATIONAL DATA

The first block was used for discovery and the second as a separate test. g¢ is
the number of all positive compositions; r is the rank of the linear-shuffle relation
matrix; dp = g —r. For the analytic permutation sector, h counts unordered triples
with indices at least two, dy, is the proved dimension certified by the coefficient
matrix, and h — dy is its kernel dimension. Odd-weight orbit sums vanish.

Table 1: Discovery range: weights 3—-30.

k g T dF h dW h — dW
3 1 1 0 0 0 0
4 3 2 1 0 0 0
) 6 5 1 0 0 0
6 10 7 3 1 1 0
7 15 12 3 1 0 1
8§ 21 15 6 2 2 0
9 28 22 6 3 0 3
10 36 26 10 4 3 1
11 45 35 10 5 0 )
12 55 40 15 7 4 3
13 66 51 15 8 0 8
14 78 57 21 10 4 6
15 91 70 21 12 0 12
16 1056 77 28 14 4 10
17 120 92 28 16 0 16
18 136 100 36 19 ) 14
19 153 117 36 21 0 21
20 171 126 45 24 ) 19
21 190 145 45 27 0 27
22 210 155 55 30 ) 25
23 231 176 55 33 0 33
24 253 187 66 37 6 31
25 276 210 66 40 0 40
26 300 222 78 44 6 38
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kg r dp h dw h—dy

27 325 247 78 48 0 48
28 351 260 91 52 6 46
29 378 287 91 56 0 56
30 406 301 105 61 7 o4

Table 2: Separate test range: weights 31-60.

k g r dF h dW h—dW

31 435 330 105 65 0 65
32 465 345 120 70 7 63
33 496 376 120 75 0 75
34 528 392 136 80 7 73
35 561 425 136 85 0 85
36 595 442 153 91 8 83
37 630 477 153 96 0 96
38 666 495 171 102 8 94
39 703 532 171 108 0 108
40 741 551 190 114 8 106
41 780 590 190 120 0 120
42 820 610 210 127 9 118
43 861 651 210 133 0 133
44 903 672 231 140 9 131
45 946 715 231 147 0 147
46 990 737 253 154 9 145
47 1035 782 253 161 0 161
48 1081 805 276 169 10 159
49 1128 852 276 176 0 176
50 1176 876 300 184 10 174
51 1225 925 300 192 0 192
52 1275 950 325 200 10 190
53 1326 1001 325 208 0 208
54 1378 1027 351 217 11 206
55 1431 1080 351 225 0 225
56 1485 1107 378 234 11 223
57 1540 1162 378 243 0 243
58 1596 1190 406 252 11 241
59 1653 1247 406 261 0 261
60 1711 1276 435 271 12 259

APPENDIX E.B. ALGORITHMS AND REPRODUCIBILITY

Run, with Python containing SymPy and python-flint,

python compute_symmetric_triples.py --formal-max 60 \
--orbit-max 60 --q-order 40
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The routines formal matrix, orbit_expansion, eisenstein polynomial, and
structural_checks implement respectively the binomial relation matrix, rational
Fourier generation, the polynomial recurrence, and the explicit obstruction checks.
The supplementary archive contains the initial and test-range formal data, orbit
ranks and nullspaces, polynomial ranks, witness values, and validation records. The
optional low-weight formal parity columns are image ranks in the formal quotient,
not analytic parity ranks.

The two independent analytic checks use a divisor-sum Fourier formula and the
Weierstrass polynomial recurrence. The formal witness is checked both by the matrix
equations and by direct binomial extraction. For source verification the original
HST weight-four identity and its depth-three Table 4 are used. The weight-twelve
discriminant expression in its introduction was not reproduced, since that would
require the full individual-triple coefficient algebra absent from this implementation.

The supplied template was used as the preamble. Its incomplete title and pre-
vious author information were replaced; LuaTeX-ja and the LuaTeX compatibility
package for Xy-pic were added; optional unused font and decoration packages were
guarded when unavailable. Its mathematical macros, theorem environments, and
page dimensions were retained. The companion compile log records actual Luala-
TeX runs, not a compatibility prediction. Both languages use the same numbered
section structure, with prefixes E and J. Mathematical statements and proofs are
repeated in full.

REFERENCES

[HST26] T. Hara, K. Sakugawa and K. Tasaka, Symmetric multiple Eisenstein series, arXiv:2601.13626v1
(2026). All numbered citations refer to the vl PDF.

[BT18] H. Bachmann and K. Tasaka, The double shuffle relations for multiple Eisenstein series, Nagoya
Math. J. 230 (2018), 180-212; arXiv:1501.03408.

[HST15] M. Hirose, N. Sato and K. Tasaka, Eisenstein series identities based on partial fraction decom-
position, Ramanujan J. 38 (2015), 455-463; arXiv:1402.1585. The product basis cited here is
Corollary 2 of arXiv v1.

[KZ95] M. Kaneko and D. Zagier, A generalized Jacobi theta function and quasimodular forms, in The
Moduli Space of Curves, Progr. Math. 129, Birkh&user, 1995, 165-172. Author-hosted text.

[GKZ06] H. Gangl, M. Kaneko and D. Zagier, Double zeta values and modular forms, in Automorphic
Forms and Zeta Functions, World Scientific, 2006, 71-106. Author-hosted text.

[Kan19] M. Kaneko, An introduction to classical and finite multiple zeta values, Publ. Math. Besangon,
Algebre Théorie Nr. (2019), no. 1, 103-129. Author-hosted text.

[Mat17] N.Matthes, Elliptic double zeta values, J. Number Theory 171 (2017), 227-251; arXiv:1509.08760.

[Bro20] F. Brown, Depth-graded motivic multiple zeta values, arXiv:1301.3053v2 (2020).

[Reu93] C. Reutenauer, Free Lie Algebras, London Mathematical Society Monographs, New Series 7,
Clarendon Press, Oxford, 1993.

[Anz25] T. Anzawa, A Lie algebra associated with adjoint multiple zeta values, arXiv:2511.03177v2 (2025).

[BIM24] H. Bachmann and J. W. van Ittersum, with an appendix by N. Matthes, Formal multiple Fisen-
stein series and their derivations, arXiv:2312.04124v3 (2024).

[Kan25] H. Kanno, Shuffle regularization for multiple Eisenstein series of level N, Ramanujan J. 67
(2025), article 95. doi:10.1007/s11139-025-01136-0.

[BK26] H. Bachmann and H. Kanno, Relations and Derivatives of Multiple FEisenstein Series,
arXiv:2602.08176v1 (2026).

[BY26] H.Bachmann and J. Yu, Schur Eisenstein series and Schur MacMahon series, arXiv:2607.27702v1
(2026).

[BR26] H. Bachmann and Risan, Formal finite multiple zeta values, arXiv:2608.15480 (2026). Consulted
only for the overlap audit.


https://arxiv.org/abs/2601.13626
https://arxiv.org/abs/1501.03408
https://arxiv.org/abs/1402.1585
https://www2.math.kyushu-u.ac.jp/~mkaneko/papers/12quasimodular.pdf
https://www2.math.kyushu-u.ac.jp/~mkaneko/papers/35Double_zeta_values.pdf
https://www2.math.kyushu-u.ac.jp/~mkaneko/papers/Lyon_Proc_rev.pdf
https://arxiv.org/abs/1509.08760
https://arxiv.org/abs/1301.3053
https://arxiv.org/abs/2511.03177
https://arxiv.org/abs/2312.04124
https://doi.org/10.1007/s11139-025-01136-0
https://arxiv.org/abs/2602.08176
https://arxiv.org/abs/2607.27702
https://arxiv.org/abs/2608.15480

Symmetric triples and shuffle obstructions 15

Depth 3 @ symmetric Eisenstein #%% :
S ERM CER shuffle BRDES

chatGPT 6Astra

2026 £ 9 A 10 H

BHE

Hara-Sakugawa-Tasaka OIEFLIZHEWV, depth 3 @ symmetric multiple Eisen-
stein series IZf\FES 2 =D DS Z TN 5, #E shuffle BIfRIC & 2 TEBIRE D weight
kozotid (W) to s, BBk > 1018 L. TRTORFED 2 ETH S 6IHD
EELANDE 2 22MNE M2 S AME , & QAZA,_4 WTHEL L, KT [k/6] +2 &7z
%, ZOZEMOHRNEEY, 2BFREPHET 2Z2HEHAEBRET 525, X512, 3R
TOME k> 18 1ZBWVT, EHTHNCIETE R 2 DHRIE shuffle B TIXTE A 72 WEARE
R L. Z0IEMEZ RN IEED pairing THEAS %, FFHIE—%D weight 12
Xt UCRZL L. weight 60 £ TOHEEE EOFETHE T %, T2 depth 3 21K
DRITIFRE L TWIRW, FHTRAFSCEICEE 3 2 FiiERERE I e TH D, ik
BED EIRIIFTH R,

2D/ — MZchatGPT 6 MR L7=dDTH D, HHIIEFENBMGEEE 2L T-
TWEHA. ZODBAMNREECED 200 LNEEA. TORDFEFEL
AT IZE W,

J.1. Fif

11, BB HESWERRANE S L OBEY,. % ORFNEROBIGE T~ TH
S 200 HALZBETH 5, TITREMEBZELZLMEL LTHKS, Thbb,
symmetric triple 2RO EHTHIZER], S EEH OFETRIE D22, B X BRI
triple DFLSE Z#JE shuflle BAfRTHI - 7= 22/ %2 X7l 2,

J.1.2. BERNODFER. HFSIX [HST26] D 43 R— @ PDF, arXiv:2601.13626v1 T
B3, 20264E9 A 10 HICHER L7z arXiv OJBFETIZ. ORI L TRR
ENTWTz, FFRXD Proposition 3.9 3#RE shuffle BIfR., Theorem 1.2 1 depth
2 OFExX 5 2%, Lemma 6.5 £ Theorem 1.1 DFERHTIE. B £ > 10 12D\ T
M2 @ QDAg_g 3 symmetric triple DZEHIZE TN L, I T D = qd/dg. B8 r
WL A, =Gl 55,

J.1.3. EER. WRKKITORERITEHE J.4.1. B E D 22 052 PV ERE
HJ42TH 2, T J.A4313, $E shufle BRI TIRZER TRV & 2R3 HER R
DEERE52 3, ZOFEROMNRIFIAMICTEE L-BREMTH D BEHIOD stuffle.
Fay. 77, modular ZBRZ I NTMATDATELIE L ERT 2 DDTIER,

J.1.4. Known result versus new result.
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BEAI D5 R ARG THREA S 25558 GRHGE IERTERR
I shuffle & weight 16 £ TD depth £ weight OJERBIRIT & FATHENIRE R H
3 DOFIMEE [HST26, Table 4] i Lie fBUC & 2500,

triple 2{KA\® modular forms D EE LEEEM O M OFERIC X 2E L IE
modular 7253 Db,

RS 2 FD stuffle [HEF FTARTDEEL weight 18 DL ETHIE shuffle
P 5% 5 BRI 72 B £
HEY 27— RO ZIHANE f67€ L7z symmetric triple O#F722RICE

\F 552272 ZIHI kernel HiE & FRAVELER,

DURCf 5 2EEMOEEFRNBAIZ. stuffle 2> 5585 H AR HFFFIARTH D |
B UWEER TR0, EM J4.2 OFEAT A, ZHD K3 #7713 [HST26, Lemma
6.5] DHAAAAHED . ZDOHLD L 2T U7 FdE R 8 13m0, ZHUTNZ 3
FiRIE, WO EREOEERIE L. 2 weight ICDT 2IEFTBDIFAETH 3,

J.1.5. SERBD A . BAWHEETIE. =Z=ODBIBROER E. MNAEDIYDDELIC
BXZ 5, §5 HRE shufle 1X tensor length 4 D@ D alternality ICEHLX L
%, Poincaré-Birkhoff-Witt 153 & Hilbert fE 2R T 5, ATHIRIE T,
GIRMET LOMEFRO—HDMLEHFITE > THEIL, ZDETIRE I N7z RIEMR
BRAEE 5, BIRICFED length 4 @ Lie ZIHADN S, $XTOFHE shuffle Bz %
HIT—HT. EH J.4.3 OMNIIBEFRZ M 3 2 I IBEEZ RS %,

J.2. SYMMETRIC MULTIPLE EISENSTEIN SERIES

J.2.1. EEBCHRN. X7 PV EBEROFREIEIITRT Q ETEZX S, ¢ =2,
Sr>0 L. WEIEMT2IEFEZEHST 5 .

Chy,ooka) = ) a™eemgM k> 2

0<ny <--<ng

MQ 1Z SLy(Z) Ed weight m ®IER] modular forms @ 5 6., Fourier fREHHH
BTH2bDDEMERT, Qleg,e1) ICBWT e, =cep P 2L, HIFZDODXF
D573 ZFEDEE D shuffle L F 2, MFOMEFIEmr+n >0 m>0 FkIX
m=0,n>0 EfEICHRS XICED D, [HST26, Theorem 2.7] @ shuffle IEHI{L
Gl ZZDEFH.
d

(J.2.1) G5, =Y (=D)rtthagl G, G = (2mi) MG

7=0

LB, ZORFDMEILTH S, EHMLL 7 triple BIRDZER %2, [HST26, §6.3]
WD TE) v EL,

J.2.2. IEANE. TRTOHRFH 2L LS, GUIZIEOR A EofIicoWT, B
FHED ER N — oo 25812, 7 AHID ER M — co ZRICE - 72MfRICZEHE LW,
symmetric iR Tl [HST26, Definition 3.6, Proposition 3.7] @ TIEDER7T DEZICE D
HorE | BFEE#ES, TRTORTD 3L LR SRS 20, 2 2&055
X Z ORI Z HE Y § 5,

1 2 ELIRFITUE, 51 L7z shuffle IERIMEZ W, IEAE L TOARWIETFRIZ A
LW, IEMEIZIE, ¢U(1) = 0 %27z T IERHE zeta character &, IERIME divisor-sum
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character @ Goncharov coproduct 12 & % convolution 3% DMK TH 5, FHZ G

3ETIERAL.
(2mi)"'GY = =) oo(n)g"
n>1
THb. UTFOBHIILAEATIE, 1 2ERFICHHIRD stuffle 2N72#H Lk
Vo —7F. JERW shuffle 3L TE, DERICII L 2 ETLHEFH Ao TV,
BE r > 21013 L, =24, =2GY, #FBr>3103 L, =0 L@, T3¢

Br 2 n . . t tr
+ m ;Url(n)q (7". {l%%(), — = ZBTF

!
r>0

(J22) L, =-—

ZZToi(n) =y, & TH5, Lo T, EBUEZ 1 5 258H D Eisenstein #%
é& Er %)Eﬁb\é <\_)_ A2 = —E2/24\ A4 = E4/1440\ Aﬁ = —E6/60480 t 7Ld: ZDo Welght
2 DFBITHERT %,

J.2.3. $&H shuffle BR. F, % a,b,c> 1, a+b+c=k 725 [a,b,c] BHEEL T3
2T 5, RE IFRORXPERT 2 572=MTH S -

(J.2.3) [eny,; Leg . ky) — (=) Rt s [l ke ks K], j=0,1,2.

§EIME depth 3 OREICHBICHIRT 50 MEHTIIAH ovy([a, b, d]) = GLy W& RES %
M3,

Fo/RES ORE LShY, TH %, BRICIE w=Fk—3 L Lzt & K%k
TR w OFRZIEKX f(z,y,2) DZEETH 5 .
<J24) f(l',y,Z) = (_27 —-Y, _:C)a
(J.2.5) flr,x+y,z+2)+ fly,r+y,z+2)+ f(y, 2,2+ 2) = f(z,—2,~y),
(J.2.6) f(v,y,y+2)+ flr,o+2y+2)+ flz,o+2,y+2) = —f(r,y,—2).
pairing (ZFREHHH ([a, b, c], f) = [2*7Ty" 27 f TERT %,
J.2.4. BEF10 depth 2 OFER. D 729122 | [EFUL X172 depth 2 DZEH
BBk > 6 TR MEIOQDA, » THY, FE >3 TIR{G) 1<) <|k/3]}

DEJETDH % [HST26, Theorem 1.2], Z DAERIE depth 3 DXILEIET 5 S DT
7w,

J.3. HeEEHE & B

J3.1 POV X LEXRERH. 2 — NiX (1.2.4)(1.2.6) D=DDEKEH1% B
O IERECERT 5, 15503 BEITHNE 3(7,) 170 (1) FITH B, 17 rank 28
dim RES. nullity 2STEAWEDORITL 725, 1 ZEZ LT X TD composition % & H N
RT3,

a,by,c>2 0L, 6HDR

(J 3 1) Cavbvc = ZG ég;i),ka@),ka@)’ (k17 k27 k?’) = <a7 b7 C)?
L. cecBG3
Wi = Spang{Cap.: a,b,c > 2, a+b+c=k}
RERT 5, MUEHEROEEL TRA S0, C,u, =661, THB, UFT
FERH S 2 EERT

(J.3.2) Cope=LoLpyLe — Loy Le — Loy e Ly — Ly Lo + 2L
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THb, (J.2.2) DREF & HHE LD convolution 12Xk D, Z DD ZEM A% 5
BTx%, ZHUIEBOEE Fourier RETH D . RHDEE zeta H% HEINKF
AL U723 DT,

J.3.2. Rank & kernel OFt&E. BYIOHMHZ 3 < k < 30, Z4L& 135 DARAEHFH
%31 <k <60 &Ll TRTOEAM rank FEH J4.1 & —HT 5, REHA
WOWTIE 3 <k <60 DEHPAT ¢ 2206 ¢ X TOHRBEEMHEH L, (J.6.5) 1
& 23772 Z KGR T S [ U IR TT 2 1872 kernel D 7 7 £ MIZid. KL
10 < k <60 &R L. JE pivot FITEHRFN T ALK ERLER L 2. TERMEICE T 2
parity sector DD rank & weight 16 £ T, N ERLEBEEEB LF o0& %
FiO 2B sector @ rank & weight 60 £ TEIHE L7ze T—XTlE. ZhoHER
% rank DENZHRE L TVWE2ZHRLTWVWS,

J.3.3. #BEDIRM & REDIREE. [FFH Table 4 @ depth 3 DIT % ICHE L 7=,
weight 4 DR Gl = 44, — DA, 1% ¢ FCTHE L. AREOEIECE IETFH
TR FHITH. weight 6 225 16 FTD TR TD unordered triple {ZDWT (J.3.2)
EMNAHGE L7z 20O DFHEI SEM J.4.1, J.4.2 @ Hilbert #E & fRATHIRE
RRET L7, —GEIX ARG E 2RI e Lk wv,

J.3.4. RBHRFRLIRAR. weight 12 TFTTIZ Cozy = Coss VI BFRIBEN S, X
5T AR EZFANRS v CER )43 OERKEEZE, ZDRENC X 338
i, 1855 60 TTHO TR TDME weight T, shuffle FTHIDRFFITH L THE L
7z MEHFN TIEIAROEHEANDKHNI R DD 580 - 7=,
fl/’? D triple Z2KIZDWT, MZV ZREIR L § % Fourier THIIFFEE L TV
FDI= TE, OFFFTH rank 1S LWV, BRAZFKCOEH rank 7217
fm\%@ii@iﬁ@ﬁ%mf%ﬁmoé@@%ﬁ%mmamﬁéﬁﬁﬁwﬁﬁ
DENIRPETH 5, ZAUTHH L. W, ITDOWTIIELLFDZIER kernel 232 %%
5% %,

J4. FEH
Theorem J.4.1 (JEZ\W72 depth 3 OFFIE). $XTD k> 3 1IZXf L,

. . [k/2] . w_ 41
dimg (Fy/RE®) = dimg LSh(Y, = ( 5 ) Zdlm LSh®tw = =
w>0

LSh{® 13, AP DEEEBIC X D UEBOXE w OFATHEIALER alternal %
A D2 ¢ ERENICAANC G 5. FRC dimTES < (H2) TH 3.,
Theorem J.4.2 (REFMOE T ZZBOTERRIRE). TXTOME L > 10 1R L,

k
(J.4.1) Wi = M2 @ A;M2 ., ® QAZA; 4, meM@Z{EJ+z

Tﬁkﬁﬂi%@—OT@% 51K weight DIETRIZHZBEEFI W = QCha0 &
= Q0524 ®QCy33 TH 2, REMEMOIHRHNLMEERIC X2 EER §/.0.1 T

5250

Theorem J.4.3 (##/F shuffle DEEMED—FRZHN). EEOEE £ > 18 1T L

c=k—10 & L.

Ty = C3,7,c - C5,5,c € Fk, Ca,b,c = Z [ka(l)y ka(2)a ko’(B)]

oeBG3
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YL, SOLE evi(ry) =075 1, ¢ RES TH 2, 3512, BRIIA f, € LShY,
TdH-oT

42 <rk,fk>=2{(kg7) - (kz;?)}: (k‘—171)5(k—6) (kj) >0

iz TS DOPEET B, Lo T TS TNTOD weight T kerevy, /RES # 0
7%, ZOREFZX. TRTORTD 2D Lo2BEHEM OGS4 T 2 EAIEL
DEFOHICHFET 5, EH J /1 EbE S, BEHFOEIZ/NS WV ES

dimg TE; < (ké 2) -1 (k>18: %)

bFoN D,

J.5. FERH

J.5.1. #&H shuffle ST D Lie ZIERAN. ZHER H(2y, 10, 23, 74) 27 alternal
TH22iE, j=1,2,3 D% (j,4—j) shuffle THIEEBEIRL NPT HREZ %
W9, % block ONERDIEFIZRD, K/ FATHREIAZE L IE H(x, +u, ..., 04 +u) =
H(l’l,. .. ,I4) ﬁi’ﬁjj—é Z tfzé%o

Lemma J.5.1. Bi{%
(J51) ﬁ(H)(I,y,Z) ZH(—x,x—y,y—z,z)

i, AT alternal ZITHROZEEH & LSh®) NORBITH 2, FATHRBIFE
MEZFRE72W0E alternal ZIH ETIE ZDOXEL w D kernel V& (v1+xo+23+14) A1
Thb, TIT A, EXE w D alternal ZIEHRXDZE/ %2R T,

FERA. 2 ORI Y2, = 0 28T X=X T %, £ OEFHE LOZHEAX
TR A SR £, SRS 5 = (0 72 5 03 4.2
=1, — s CEX,

H<xlax27$37$4) = f(_zla —21 — 22724)

TRV, Lo TEEER ZoHiide HIi2 Q LTEHFESINS,

H(abed) = H(a,b,c,d) EM&EE L. S(a;b, ¢, d) = H(abed) + H(bacd) + H(bcad) +
H(bcda) B a+b+c+d=0 LTor=—a y=-b. 2=-b—c&T3&. S
DPY-DDIHZ

f(ZL‘,QT—f—y,[L’—{—Z), f(y,x+y,:v+z), f(y,z,w+z), f(y,z,—x)

272 %, (J.24) QX D TBROIEIZ — f(z, —2, —y) IZF LWV H D reversal I35 & 5
¥ (J.24) TH2, iE>T(J.24) & (J.2.5) 25, H & reversal TRHEZZEZ. (1,3)
shuffle DMNFEIZL 5,

INHDEMEDS, KD (2,2) shufle BHES, ZD 6IHE

H(1234) + H(1324) + H(1342) + H(3124) + H(3142) + H(3412)

rEL, 2K S(1;3,2,4) + 5(1;3,4,2) + 5(4;1,2,3) &, H(abed) + H(dcba) &
WO D =2DMZRNTEHEL WD, FITR5, reversal IZ K- T (3,1) shuffle
HIED . W alternality & tensor length 4 @ primitive JCIZH 3 % antipode [HEF
A5 reversal 252 5, EBE. Z D antipode 1ZPUXF % K#E L. primitive JTIZ
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MLTE -1 e LTEHT %, 22256 (1,3) shuffle 23 (J.2.5) 252 %, (3,1)
shuffle 1T (—z,x —y,y — 2,2) ZIAAT B &

f(l',y,Z)‘f‘f(fL‘,y,y—Z)+f(l’,[E—Z,y—Z)—f'f(—Z,l'—Z,y—Z) =0

Y323, ZHUE().2.6) DEZERE 2 WEEIRZX-RNTH 5, FITREHAREMIC
0., BYEH Lo Zh s 0FERIMER2ROERANTTREN S, Y ETHEZR
L7

kernel IZ2OWTIE, BFH ETHEASZE Y o THIOUIN S Z EAFEMETH
%o ZOMZ—RKXTHI-TD shuffle HFERIIMRIN D, FEBE. D shuffle D
NS oy 2 X2 HAIRTE 2D, 2HARIEE 6O b FEIC
7%, ZALT kernel Z5ERICHE L T2, O

EH J 41 2R EE SO, tensor Y, Y, T o2t ERI—WT 5,
Yo, Yi,.. . WEREBZNZFR n. tensor length 231 DEHBHAEMITTTDH b, primitive
TEDHIEIEIZ X D, alternal ZIHRITZ DEHMH Lie fRED length 4 DERITITHIG
T2, ZOHEERLE PBW 3HEHERNZEH Lie REODHEFTH % [Reu93], tensor
length r OXEUIBI T 2HE % a,.(t) £ EL . THHDERIT ED tensor KELDH
Bk 1/(1-2/(1-1t) TH3, PBW OFELAROXE D 5

= as(t) + 2as(t?) + tai (¢Y),

al(t):%, az(t):%((l_lty - 1—1t2>

185, Lo T
1 1
al®) =1 ((1 TG —t2>2) '

BDE VT T, alternal ZIEHRXE s = /4 DZIENX L LTEMT 2 &, B
s ZEET 5720 A=Q[s] @ A™ 725, Ko THETBENALRERTTD Hilbert £
B

(1= ault) = 11—

THb, w=2m+1 & w=2m+2 DFREFL DI (mf)\ ERIEIZETH 5,
w="Fk—-3ZRALTEHEINES,

J.5.2. BRTHVSR D ZEREOEEDERA. %3 (1.3.2) ZARMEDIEFH T RO 2NEFE

B LETRT, =D0 single sum OfFEZ, =R ITRXTELRZGE. b x5 /D
FLVW=20DHE, BXUZEPITXRXTEFELWEARISHIT 5, 6 HOIEF =D

E, =R ITRTRRLGAEZZ 5, =DD pair-contraction DFEZ5[L &, =
ROPFLWEGEZ =G Zickbe), mRICZHEET, ZORMED (1.3.2) £
DHDTH 5, WHRNERFZHZ 7= HRETFEAEITOWT, N — oo, M — 00 D
JEWCHRRR 2 B % o IRNFIE 2 LR DT, BIEFAT Z D1 & % single sum 13F5E L 72
MRz RS, Ol D ARTH 5, MEMORE21TH T ICEHFEXDVMBEARE 2,
. weight D3ET 872 5 AL DB IEIZFE weight DR FTEET 5 DTEIZKL 5,
DUR, k> 10 1B T %, (J.3.2) 26 W, A3 (J.4.1) OFEDCEENS, =D
DINFEDFRIL 5, BEL Eisenstein S DD —oDFEIRE T %, =ON
RS, MBI OEA =20 K5, k> 10 BDT, =DODEDOHIT Ay 1
HAZOULhBEIR, EAGEIE MY $7213 ALM2, KET 5,
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HDEUERRT, 7,5 >3 DAL t > 2 DMEES
(J52) C’r‘,s,t = 4(Ak - Ar+sAt)-

a+b=k a,b>2 REZEEDEHOHTIE, PR db—HE6UETHZ, £
D—F% 3+ (a—3) e3FUE A, A, = A, (mod W) 218 %, %7z weight 8 D
modular HF, £7213§J.6.2 DMifLXA 5 AT = LA TH S, (1.3.2) 12 (4,4,k—38)
ZRAT2 L

Ciap—s = S AsAp_s — 8ALA;_4 + 44, = A, (mod W),

MoT AL EW, THD, RIZTRTDIE A A, D W, IWET %, (1.3.2) & A A,A.
WZOWTHETIE., BE weight @ single series =D D#4 weight k DFED I RN TEE
Nz,
[HST15, Corollary 2, arXiv v1] @ modular product basis IZ& D, A, &, WG D
WEH 4L EDFEIZ MQ ZIR2, ZH%E weight k— 2 ISEHT 5 L. Boh—"o
it&i_oo)ﬁbi AZM,;@ , Bik2, A2A, 4 bEFND2D, ZEHOFEXDMES,
EAIPEICIE [KZ95, Proposition 1(b)] ZfEZ %23, EFEICHRD & 518 %, Ay
DEHRINTUZ
/5(77)::(c¢-+co2/h(7)-5§§b5%§2
TH b, f, B weight k — 2p @ modular form TH D, Z AL, = 0 & 5,
= (L) Z@EHL, (mr+1)F THIZ. & 7 ZEET 5 &, ?:Eﬁfoﬂt m/(mr+1) D%
IETGiEBE@@*HEEK BLIETHITL Do ARDFEDS fo =0T f1=fo=0
2185, ZotiE mk) +mk—2)+1THDH,

m(k) = [k/12] + 1 = L= a2y (k> 41 85
TH %, modulo 12 DRDODIEBFRIREZ MR T 5 & [k/6] +2 725, weight 6

¢ 8121F unordered triple 232N ZHN—D28 ZDO L 7% <, 8 DZHARRITLD
FIR S NTIRMEDNE S 6

J.5.3. ERFEDOFEZEDIEA. (1.5.2) 205 @D T2 E
C13,7,0 = 057576 = 4(Ak: - AlOAc)

2185, ZOFERXBIKRIZ stuffle DIFEETDH 5, LUFTIX, ZODOEDERIE shuffle D
HETIIR VW 2 B RT,
N=k—T=c+3 2@, ZHZ 11U ELOoFHTH 2, HH Lie RKEDIT

Py = [Yo, [Ya, [Ya, Yn]]]
ZEZ %, ML % ZIHNIZ

2,2 N 2,.N_ 2
Hy = vioiah — 2222l 2% 4 o) 222

Z U alternal 2D T, fiEJ51 K> T fp = Hy(—x, 0 —y,y — 2,2) € LShl(‘C‘{i)3
e85, TDOXBUII N+4=Fk—3 ff)éo

RAZERCLART 2720, B = (7) vl FR6HIEREAALL DL =
DDEBEIHIDFLHE & D pairing 1 FRDRICK 5, BIUHREVPEHNLGEDBEHRD
HEHBZATWVS,
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IE\ <C3,7,67 > <C5,5,67 >
1 0 0
2 2(Bg— By) 0
3 B, — Bg 0
4 B, — Bg 0
5 2(Bs— By) 0
6 0 0

ZORIZ. (—2)(x —y)(y — 2)°2% D 2yP2C DR

(J.5.3) (—U“bﬂ0(9<a, j=A—a, l=B-b+j
WD ZEDOMERTES, 7272L0<j<b 0<I<c, c—l+d=C HPRBRET
HH, WS RVWEEEFL TS, Tz (2,6,c—1) & (4,4,c—1) DF 6 EHUC
WHT %, N > max{6,c— 1} RO THE—-IHE F/NHEIIFBICRKR S, AURFEEHED
orbit TW&, H=IHLBWHOHPOFEH (V) = () KXo TR T 2,
ZNLANDIHIZ =2 DB ERIFICHHE T E v, THTROLH D L FFE DR
TZE %,

FANE 2(Bs — By) TH b,

%B«—BQ=<N_i2fV+D<Z>>O

Y725, RS DFTRTOITIL fi, & pairing T2 EFITR DD, r IEFITR SR,
ZAz kb rank OFREIEICKEE T, EHJA43 RS,

J.6. B/RIEK & 522 ZTHA R
J.6.1. EERMOBPEEICEZIERE. MBI L > 10 5L,
(J.6.1) U, = 304,4,/1@—8 + O35 k-8 — %C3,k—7,4;
(J.6.2) Voo =Ur — 1C54-30, u=max(a,b), v=min(a,b), a+b=~,
(JGS) Ta,b,c = %Oa,b,c + %(Va—i-b,c + Va+c,b + ‘/174.07@) - %Uk

YLEDD, TV, T ORFIIX2UUEDBETH %, HIFiOIEADS U, = A
V;z,b = AaAb\ Ta,b,c = AaAbAc ﬁiﬁﬁ%}&:ﬁé‘i o Eiﬂ@ orbit @Eﬁ?@i k=10 @i?%/a\
PEDTITRT2LULTH 3,

Jn={j €Z:[(m—2)/6]+2<j<[m/4]}
PEL, 2O E W, OIRIEEIZ
(J.6.4) {Ur} U{Vajpsj:j€ I} U{Voro} U{To2jk-2-92:J € Jp_o} U{Took 4}

THEZ N5, BAID_DDHESEIE modular product basis, XD DI weight k — 2
DZDRIRIC Ay NI 2D D, RiZIX (J4.1) ORBOEMETERZITTH %,
BEFED SIS . ZAUK triple IR SIC L 2 HETH D, &
FIETEHME 4 D triple ZDHDTH 3 £ FIRL TV B DT TIEARWV,
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J.6.2. Kernel DREHHE. P. 2 2<a<b<c. a+b+c=k 7% unordered
triple ZFEKE L. Cup ICFHIT 222/ T 5, deg X = 2,degY = 4,degZ = 6
DELNMN ERBMCHERBZEH 2, BL,=X,P,=Y,P = Z, 2R > 3T LT
P.=0. 561
(J.6.5)

3

(m—=3)2m —1)(2m + 1)
TED %, HRINERRIEE Gz
(J.6.6) Ui([a,b,¢]) = PaPyP. — Pary P — PayoPy — PyyoPy + 2P
TERT %o

Proposition J.6.1. P;, LOFHIlD kernel 1 XIEREIZ ker Uy, TH B, BEL k> 10 T

132 DXL
(k—3)2+3 El
] =[G -

£72%, 1o T (J.6.6) DFMRMEDHEIE D HRECE LT 2 5013, 2 Ofi7Z=2/IC
B 2GR HET 2w AHEREREEZ 5 2 5,

AL JEHE DI T DR p(2) = 272 + 3,5, (2n + 1G5y, 2> & TR o = 6p” —
Go/2 D 22" DR E. m >4 IZOVWTHET %, T4
m—2

(2m = 6)(2m — 1)(2m + )G, = 63 (2 — 1)(2m — 2r — 1)GEGL:

2m—2r
r=2

2185, (2mi)*™ TIERULT 2 &\ Loy, 10T 2 (J.6.5) DE D, weight 4 & 6 DAL
FIHHETH D Loy 133N S o 1€ o TRV, Uy, & (XY, Z) — (Lo, Ly, L)
DERIC RS 5,

HBE X weight k DZIHX L THHTH 5, 3| modular 2R ZHD L, DFEIZ.
HIEIDZHNUT K 53w CHINLTH %, modular weight Z[EE L7z & & LILE
%M#%h@yﬁ%l?%%<ptfﬁﬂﬁk%T%yﬁf@M%ﬁ%op®%ﬁd
TEROE & 55— Fourier 1R800 & IEERTZ L 9525 DT, ZD X 5 REURIIFIEL 2w,
2T kernel DFXHHES o unordered triple DEHUE 1/((1 - tP(l —t2)(1-13)) @
156 DIFELTH D [ ((k—3)2+3)/12) 1T LW, R CEEE S W3 (| (k—a)/2) —a+1)
EEELTHEONG, EH A2 DXTEFFIX IV, O

fRTF L 7z nullspace OFJEDOMIMEIIHET D 5, SBRIIIES 2 IE pivot 4
TR L 2Hb. MDIE pivot FIDOREIZFTRTETH 5, o TR SNz kernel
EIROEIRICKR %, (EED weight T (J.6.6) XFEUCFHixt 5 2. ARETEILT 2
ZEBIAEHEINTWVWS, #EEY 2 7 —ED Sturm bound ZRE L TIEWARW,

P2m:

m—2
> (@r—1)@2m —2r — 1)PyPopsy, m >4
2

r=

J.7. SYMMETRIC MULTIPLE ZETA VALUES \DIFfE

(J.2.1) OEEIEIL shuffle symmetric 7252 MZV (W9(k) TH %, HBE r > 2 150
Lfé:—BMﬂpﬁﬁTEBKﬂbfﬁﬁﬂ)UﬁQ(l&D@ﬁﬁﬁ%mét

> vees S (Ko, ko(2)s Ko(s))
(2mi)k

(J.7.1) = 0l — oyl — o oly — sl + 20y
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2H2, Bz, TRTOEE ¢ > 81T LT
> (M5(0(3,7,0) = Y ("MF(0(5,5,¢) =0

ThHb, ZHUTFE MZV OREL Z 12BT 2 ELREXTH %, BEHIOT ORI DIF
BTHDh, FHLWw MZVIEER  IEFRLERWV, Z/((2)2Z "NDIBHFEITR S, ZDRF
BIEFLZR U RICIARZHDTH D, 2mi OBZEIRICHML TV DT
20 JlHED MZV ¥ finite MZV OXHlE [Kan19] SR S 41720, KanekoZagier
FRFEDH I, finite MZV & DR—H FTH A0,

J.8. Bl ERDGE
X =1Ly Y=14,7=Ls £EL &, 1K weight DITIX
027272 - X3 - 3XY + 2Z, 0272’4 = XZY - 2XZ - %Yz, 0273’3 = —XZ + gYQ

ERBe TNHDH weight 6, 8 DRIT 1. 2D0E S, weight 10 1 4 fED unordered
generator & 7272—D DR

Cs34+ Co35 + §102,4,4 =0

%fj:%oo Wﬂﬁli {02,2,67 02’375, 02,474} Gi%fﬁfié %)o Weight 12 “C‘bi 7{@{‘15}3&‘77:@
RICIF 4, weight 60 TiZ 271 EDEBITTDRITIX 12, kernel DRKITIE 259 TH %,

TR TIE F3/RES = 0. weight 4, 5 DXTTIRE HIT1TH B, ThbHidiE
Hfb SN 7R F 2 E0FRTH D, ZORFLHIRL TR SN MERTIEI RV, [
E D pairing DIEIX k=18 T 264, k=20 T2002 TdH 3%,

J.9. FHEREA & ERE7R R 5T

MERIZ 2026 FF 9 H 10 HETENMGR L Lz, HFERDHMI D PDF IFFEH  BE X
HRZ 2O THEE L. arXiv @ abstract R—I2IE vl DA HR I N T Wz, FXR
Lesgstgik [BT18, Matl7, Bro20, Anz25, BIM24, Kan25, BK26, BY26] ¥ . diiLfy
7% modular 3 X Of shuffle DHA [GKZ06, KZ95, HST15, Reu93] TH %, [Matl7]
@ elliptic length 2/Fay OFZES. [Bro20] ® motivic depth-graded 723 TlE A
FARD R D, [Anz25] O scheme FIBID adjoint stuffle S 289, [BY26] D
Schur basis IFMEEY 2 7 —TFXDOF|DBEEIMRICT 5, O DHGEZ. TR
triple 22fK®D rank IZHE X2 TITWRWV,

i E D & DA Z MK TIE “linear shuffle space”. “depth three dimension”,
“translation invariant alternal”, “permutation sums symmetric Eisenstein”, “linear
shuffle incomplete”, 38 X UPEF (3,7, ¢). (5,5, ¢) ZHWz, 2025-2026 4ED multiple
Eisenstein series & & DM ICBI T 25X b RKB L 7z JAASCHR [BR26] (X E A
DT D IR, IR RICBHAHD ANICE LTV, ZDOZE XD S
adjoint OHERIZ HHEA TS, WHERRT Z 7= 3CHICIIARE O IH/RAY 72 JEAR 8 D RIERRE %2 38
NebDIEROP Loz LEULRKRTHOD RN 2id, JeHUEDREAT
=LA

KRR D Kaneko—Zagier @ preprint &, [BR26] 2355 |H 3 % 2025 FDELim
IZDOWTE, AMEETRERAHR TR R o 7o WA A OEERB LU
FHILEBRAD T 72 A B I TIER WV We have not been able to verify novelty
completely. TEBIXTTIEZ, LETD HHE Lie REUT & 23CBIZIFICE ENT W B AJHE
DD %, ENTEIER D 22 ORGSR E BRI 2324 & [HST26) OHUD ) L Dikam D
EhoBond, Eo TAMIZ., A ADMERIER & RN EE 25l T %
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HDTHD., WRFEADERIDIEIASR. depth 3 RIRDHEEDOBEREZEST2HD
Tz,

AR Fourier M D@ E| G RE S 5, Y] D REDF DN 72 & BARL D Il
VTH 5, EBOBERIIIXRTOBRBOEZRZEHITE205TH5, L LFIE—
ATIEOL L v 2 2Tl — ot EEn LR 25 2, FTYD rank & EHRO—
Iz ko T, BRFEL 7= kernel DYERED kernel TH B Z EDNED o FENIZNEBUS rank.
PSLQ. FAEICHRIES 2 MZV OMNEZFEH L TV,

APPENDIX J.A. BiERFIE T — 4

BH—DORIIEMEE . F_ORIIFIROMELHATH 5, g IFIED composition
IRDER, r 38R shuffle BARITHID rank, dp = g —r TH 5, AT 2E
PRI DER T ZEENTDOWT, b FIRFED 2 L E D unordered triple OEEL, dy 1 3REL
FTHIC b FRAE S NNTZREBHE ADRKIT. h — dy 1 kernel DXRICTH %, AL weight
DRBEHHRNIEITZ 5,

Table 3: FERIZH Wi : weight 3-30,

kg r drp h dw h—dw
3 1 1 0 0 0 0
4 3 2 1 0 0 0
5 6 5 1 0 0 0
6 10 7 3 1 1 0
7 015 12 3 1 0 1
8 21 15 6 2 2 0
9 28 22 6 3 0 3
10 36 26 10 4 3 1
11 45 35 10 5 0 5
12 55 40 15 7 4 3
13 66 51 15 8& 0 8
14 78 57 21 10 4 6
15 91 70 21 12 0 12
16 105 77 28 14 4 10
17 120 92 28 16 0 16
18 136 100 36 19 5 14
19 153 117 36 21 0 21
20 171 126 45 24 5 19
21 190 145 45 27 0 27
22 210 155 55 30 5 25
23 231 176 55 33 0 33
24 253 187 66 37 6 31
25 276 210 66 40 0 40
2 300 222 78 44 6 38
27 325 247 78 48 0 48
28 351 260 91 52 6 46
29 378 287 91 56 0 56
30 406 301 105 61 7 54
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Table 4: 37 OARFEEIPH © weight 31-60,

k g r dp h dw h—dw

31 435 330 105 65 0 65
32 465 345 120 70 7 63
33 496 376 120 75 0 75
34 528 392 136 80 7 73
35 561 425 136 85 0 85
36 595 442 153 91 8 83
37 630 477 153 96 0 96
38 666 495 171 102 8 94
39 703 532 171 108 0 108
40 741 551 190 114 8 106
41 780 590 190 120 0 120
42 820 610 210 127 9 118
43 861 651 210 133 0 133
44 903 672 231 140 9 131
45 946 715 231 147 0 147
46 990 737 253 154 9 145
47 1035 782 253 161 0 161
48 1081 805 27Y6 169 10 159
49 1128 852 276 176 0 176
50 1176 876 300 184 10 174
51 1225 925 300 192 0 192
52 1275 950 325 200 10 190
53 1326 1001 325 208 0 208
54 1378 1027 351 217 11 206
55 1431 1080 351 225 0 225
56 1485 1107 378 234 11 223
57 1540 1162 378 243 0 243
58 1596 1190 406 252 11 241
59 1653 1247 406 261 0 261
60 1711 1276 435 271 12 259

APPENDIX J.B. 712V XA HRGE

>

SymPy ¥ python-flint %{f % 7z Python TX%FEITF 5 :

python compute_symmetric_triples.py --formal-max 60 \
--orbit-max 60 --q-order 40

formal matrix,orbit_expansion,eisenstein_polynomial, structural_checks
NN IHRBIC X 2 BRITY. AR Fourier R, ZIHROMLI, BIRK
REEOMEZFET 5, ML T — 74 ZIIIHIHEP & MEEHEPH QTR 7 — &
orbit @ rank & nullspace., ZIHR rank, witness DfH, B X NFEEMIEDOFLERT &
B7zo & weight DIERH parity Fid. TERIEGIZE T 218D rank TH D, fEHTH
parity rank T2\,

FRAT I 72 — D PRI MBIV EF D Fourier N & Weierstrass D ZIHR L
K25, A witness 13ATHGRER & B O “IHREGHH O T TRET %, K
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Y OFEAICIE HST O weight 4 DTEHFE & depth 3 @ Table 4 Z W5, [F&HX
FFam® weight 12 @ discriminant OFRIFHEE L TWRWL, ZD7HI2iE, RFEE

Y Z TWARWME L D triple DRI BB 2205 TH S,

Mt T > 7L — b % preamble DHFER Y UL THW, RERR title & MATOHE
BIEMEE 2 LuaTeX-ja & Xy-pic H® LuaTeX HI Y 7 —I &N Z 7=,
HHATERWEEDOARMER font « 256fi package IIZRMT X DFHAAZHL 72, £
FH macro, EHIREE, B RUOR=IFERRE L, ™Y compile log 1ZEFRD
LuaLaTeX T2 LD TH D, BHEMEOHENITIIR WV, REER & HAGER
EFRICEFRS#HEZHW, E & J OFEHEEFCXAT 2, BEARER L AEIIEN S8
WZTERICEEER L T\ 5,
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