ASYMPTOTIC RELATIVE CHOW POLYSTABILITY FOR
PRODUCTS OF POLARIZED HIRZEBRUCH SURFACES

CHATGPT 6 ASTRA

Abstract. We compute the smallest fixed torus giving asymptotic relative Chow
polystability for products of polarized first Hirzebruch surfaces. Its dimension is
the number of distinct polarization parameters in the product, whereas the ex-
tremal vector field generates a circle. If two parameters differ, Chow semistability
relative to this circle fails at every positive embedding level, although an extremal
metric exists. The proof uses exact lattice moments, the finite-level trace pairing,
and coprime quadratic denominators. We also compute a fourth-order adiabatic
obstruction and a regular Sasaki consequence. The mathematical arguments are
complete. Novelty remains provisional: the precise classification was not located
in the inspected literature, but priority is not certified.

This note was generated by ChatGPT 6. Iwai has NOT verified any of its math-
ematical content. It may therefore contain mathematical errors and should be read
with caution. A Japanese version is provided below.

1. Introduction

Existence of an extremal metric already implies asymptotic Chow polystability
relative to a suitable torus. This is an established quantization theorem, not a new
implication proposed here. A maximal torus, the connected centre of a maximal
compact group, and the extremal circle are different objects. We ask which fixed
subtori suffice for a given polarized product. Here fixed means independent of the
embedding level.

Let F' = Ppi(O & O(1)), with the quotient convention for projectivization, and
put

(11) L, = OF(l) ® 7 Op (b), X=F", Ly= &iLb“ b; € Z~y.

Let Dy act diagonally on the fibre-scaling circles of factors with equal b;, indepen-
dently for different values. We prove, for every subtorus 7' of the toric maximal
torus,
relative Chow semistability at infinitely many levels
(1.2) <~ D, CT
<= asymptotic Chow polystability relative to 7T

The minimum dimension is #{b1,...,b,}. If two parameters differ, the extremal
circle fails at every level. The resulting dimension gap is unbounded.
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The relative K/Chow separation is already known in the toric sense, notably from

Yotsutani-Zhou [YZ23]. The proposed contribution is the precise classification, its
arbitrary-rank realization, a bound on exceptional levels, and an exact adiabatic
calculation. Sufficiency uses the established quantization theorem.
Status. The statements below are proved. Their novelty category is LIKELY NEW BUT
LITERATURE CHECK INCOMPLETE. We have not found these precise statements in the
primary literature inspected on 9 September 2026. This does not certify priority. No
result is certified here as NEW AND PROVED: this is a complete mathematical candidate
with an explicit novelty limitation, not a claim that the entire phenomenon is new.
Section 9 records the comparison.

2. Stability conventions and the literature

2.1. K-stability. Our varieties are smooth projective over C. A normal ample
test configuration is a flat equivariant family over A! with normal total space and
a relatively ample rational line bundle, isomorphic to the given polarization away
from zero. After clearing denominators, write

h(€> = aoﬁn + a1€”_1 + - ’LU(g) = bogn—i_l + blgn + -,
(2].) DF = (b0a1 — blao)/ao.

This convention agrees with [SS11, §2]. Semistability requires DF > 0; polystability
additionally requires equality only for product configurations, which may carry non-
trivial actions. Relative DF projects away the chosen torus using the leading trace
pairing. Uniform stability requires a specified norm, reduced appropriately in the
presence of automorphisms.

The non-Archimedean formalism separates DF from the Mabuchi functional by
a correction for non-reduced central fibres [BHJ17]. For Q-Fano varieties with an-
ticanonical polarization, K-semistability and Ding semistability coincide, and the
uniform versions coincide [Fuj19]. The valuative criterion, building on Fujita and
Li, gives K-semistability iff §(—Kx) > 1 and uniform K-stability iff §(—Kx) > 1
[BJ20, Theorem BJ]. This statement does not identify §(L) with K-stability for a
general ample L.

The smooth Fano KE/K-polystability correspondence is classical [CDS15]. The
cscK/coercivity theory and its consequences involve Chen—Cheng and Berman-
Darvas-Lu [CC21, BDL20]. Boucksom-Jonsson’s 2025 formulation uses the finite-
energy non-Archimedean completion and treats weighted metrics [BJ25]. Trusiani’s
August 2026 version states the cscK/Aut®-uniform K-stability correspondence for
smooth polarized projective varieties [Tru26]. These formulations must not be
silently replaced by ordinary K-polystability. The proofs in this note do not de-
pend on these recent preprints.

2.2. The relative Chow group. Set V,, = H O(X, L™) and choose a nonzero affine
lift X, of the Chow point of X C P(V,*). A torus T has a trace-free lift to SL(V},,)
after a finite isogeny. Define Gy, ; as the connected reductive subgroup with Lie
algebra

(2.2) {A€sl(V,,):[A,B] =0, tr(AB) =0 for all B € t,,}.
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The central equations have rational coefficients in the weights; clearing denominators

defines an algebraic group. Relative Chow semistability means 0 ¢ G;’T)A(m, and
polystability means that the nonzero affine orbit is closed. This is the strong relative
convention, not the smaller product of special linear groups of weight spaces [Has17,
Definitions 3.4-3.5].

The Chow moment-map criterion identifies polystability with a compatible em-
bedding whose trace-free centre-of-mass matrix lies in t,, [Tipl7, Theorem 3.4].
Projecting the moment map to (2.2) gives the same criterion for a subtorus. Ex-
tremal metrics imply asymptotic relative Chow polystability for a maximal torus
[Mab16, Sey17, ST21]; one cannot automatically replace it by the extremal circle.

A cscK metric implies asymptotic Chow stability with discrete automorphisms
[Don01]. Without discreteness, higher Futaki characters can obstruct even semista-
bility; a smooth toric KE example is given in [OSY12]. Vanishing of the higher
characters together with cscK existence yields polystability [Mab05, Fut04]. Lee—
Yotsutani’s 2026 toric criterion also retains a vanishing obstruction hypothesis
[LY26].

2.3. Other directions inspected. Dervan—Sektnan’s adiabatic metric construc-
tion uses an optimal symplectic connection, a twisted extremal base, and lifting
hypotheses [DS19]. Their fibration stability theorem is a necessity result [DS20]; Hal-
lam proves polystability for specified product-type degenerations [Hal20, Theorem
1.4]. Hattori gives a log-twisted base criterion for uniformly adiabatic K-stability
of klt-trivial fibrations over curves [Hat23, Theorem 1.1]. None is an unrestricted
stable-base-plus-stable-fibre theorem. Positivity for each fixed degeneration at large
k does not imply a common threshold for all degenerations.

Weighted scalar curvature contains extremal and soliton-type equations [Lah19].
Weighted polystability allowing singular degenerations appears in [Hal23]; coercivity
and Sasaki applications in [AJL23]. Hashimoto’s existence criterion uses relative
uniform stability over models [Has26, Theorem 1.1]. Recent projective-bundle work
[Jub26] concerns metric existence, not the relative torus classified here.

Collins—Székelyhidi prove a Ricci-flat cone/K-stability correspondence with their
cone hypotheses and normalization [CS19]. Boyer-van Coevering treat relative
Sasaki K-stability [BvC16]. Quasi-regular quotients require orbifold sections and
grading, with possible periodic Hilbert terms. We restrict our application to regular
bundles.

3. Exact characters and moments

For an integral toric polytope P, put A,, = PNm™Z" N,, = #A,,, V = Vol(P),
and

(3.1) P =No' D 1, p=V" / pdp,
Am P

(32)  Bu(u,v) =N'Y (w.p=P)(0.p=Pp)s  Cwmlu) = (., —D)-
Am
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B,, is positive definite and equals the trace pairing divided by m?N,,, not its limit.
Define

(33) Bm(qm, u) = Cm(u) (U € t07R).

To check the Chow normalization, the trace-free generator on V,, induces weight
polynomial

w(m)
w(mp) — pmh(mp)

at embedding power p. Its leading coefficient is —Vm"*1C,,. The leading Hilbert
determinant, or Chow line in this convention, has weight —(n 4+ 1)!Vm"*C,,. We
call its opposite the dual Chow-line weight. Vanishing is independent of dualization.
The lattice-barycentre obstruction is classical [YZ23, LY26].

Lemma 3.1 (Character test). For T' C Ty with real Lie algebra t, relative Chow
semastability at level m implies q,, € t. If the embedding is Chow polystable relative
to Ty and q,, € t, it is Chow polystable relative to T.

Proof. 1f q,, € t, let u # 0 be its B,,-orthogonal projection onto t-. Then C,,(u) =
By, (u,u) > 0. Rationality allows an integral multiple of u and a trace-free lift in
G#%T. This subgroup fixes the Chow point but acts nontrivially on its lift. One
orientation sends the lift to zero.

Conversely, take a Ty-compatible relatively balanced embedding. Its moment ma-
trix pg lies in tg ,,,. Pairing with the stabilizer torus gives, up to one common nonzero
factor, the Chow character. The trace pairing is unchanged under the centralizer.
Hence p is a scalar multiple of the lift of ¢,,. If ¢,,, € t, the same embedding has zero
moment map for G#%T. To relate it to the original orbit, decompose its change of
basis in the centralizer of T, into a Ty factor and a Gj, 4, factor, up to a finite cover

and scalar. The former acts by a scalar on the Chow lift, and G, ;, € Gy, ;. Multi-
plication of a nonzero lift by a scalar does not change closedness. The moment-map

criterion therefore proves closedness of the original orbit. 0

The quotient convention gives
HO(F,Ly) = @ H(P', O(bm + j)).
5=0
Thus Ly is the very ample scroll polarization of type (b, b+ 1) with Delzant polygon
(3.4) Po={(z,y):0<y<1, 0<x<b+y}.

Its primitive edge directions form lattice bases at the vertices. Write v = b+ 1/2.
Let E have weight y, and W weight x — y/2; 2W is integral.



ASYMPTOTIC RELATIVE CHOW POLYSTABILITY 5

Proposition 3.2 (One-factor formulas). For b,m > 1,

(3.5)
(3.6)
Qu(m) = (120% — 1)m? + (24v — 2)m + 12,
(3.7)
_ (m+2)Qy(m) o 2v—1
mo(m) = 144m(vm + 1)2’ du(m) = 12v(vm + 1)’
(3.8)
B,(m) = 12m(2v — 1)(vm + 1)

v(m + 2)Qy(m)
Then C(E) = d,(m), C,(W) = 0, By(E,E) = 7,(m), Bpn(E,W) = 0, and

Gm = Bo(m)E. The continuous variance and extremal coefficient are

1202 — 1 24(20 — 1)
3.9 oo _ 12U 1 e Ut
(3.9) To 440z ° T 1or 1

Here scalar curvature is normalized by fP sf = fapfda for affine f; the extremal
vector is a, B up to a common scalar. Finally DFy(E) = —(2v —1)/(12v).

Proof. There are bm+j+ 1 points at height j/m. Summing their numbers and their
integer weights j proves (3.5). The second sum is

m

(3.10) S Rm o+ 1) = (bm+ )5

J=0

(m+1)(2m+ 1) N m2(m + 1)?
1 .

Integration with density b + y and the first sum give

——1_{_i _2_1+L T —1_‘_m—+2
YT VT3 e T e T om0y
Subtracting the means gives d,(m). Divide (3.10) by m?hy(m) and subtract 72, to
obtain 7,(m). Reflection x +— b+ y — x preserves both interval measure and lattice
points at each height. The centred W-potential x — (b+ y)/2 has conditional mean
zero. This proves both vanishings. Division gives 3, = d, /.
The facet lengths are b,b+ 1,1, 1, so

/ ldo = 2v+2, / ydo =v+ 3.
an 8IDb

Reflection excludes a W component from the extremal affine function. Writing it as
S0+ oy — ) yields

2v—1
Va7 =0+ — (20+42) (5+ o) = o

This gives (3.9). The coefficients ag = v, a; =v+1, by =v/24+1/12, by =v/2+3/4
in (2.1) give the DF formula. O
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4. Classification of the relative torus

Put v; = b; + 1/2 and let E;, W, denote the generators on the ith factor. Let
B={by,...,b.}, s=#B, and
(4.1) Us= > E, Dy=]]C;, T

{’i:bi:B} BeB
These are integral cocharacters with disjoint supports, so the product is an embedded
s-dimensional torus.
Theorem 4.1 (Fixed-torus classification). For the smooth integrally polarized vari-
ety (1.1) and a fized algebraic subtorus T C Ty, the following are equivalent:
(1) (X, Ly) is Chow semistable relative to T' for infinitely many positive integers

m;

(2> Db g T;

(3) (X, Ly") is Chow polystable relative to T for every sufficiently large integer
m.

If Dy € T, relative Chow semistability can hold at at most 2s — 1 positive integer
levels. The same necessity holds on any infinite Veronese subsequence.

The group in this statement is always (2.2). The conclusion is polystability,
not stability: residual stabilizers are allowed. The assertion does not identify the
optimum torus at an individual small level.

Theorem 4.2 (The extremal circle at every level). The product admits an extremal
metric with extremal circle generated by

(4.2) X = Z%ZE@'-

If at least two b; differ, (X, L}") is Chow unstable relative to this circle for every
integer m > 1. If all b; coincide, it is Chow polystable relative to this circle for all
sufficiently large m. Thus the difference between the dimension of the smallest fixed
asymptotic relative Chow torus and the extremal circle can be arbitrarily large.

5. Proofs

5.1. Rational independence. Lattice counting and integration on a product give
product probability measures. All covariance blocks between different factors vanish.
Therefore

(5.1) Om = Zﬁv(m)El = Z Bp11/2(m)Up.

BeB
No W; component occurs, and every remaining covariance block is positive definite.

Lemma 5.1. For distinct positive integers B, the rational functions Bpi1/2(2) are
linearly independent over R. Their value vectors over any infinite subset of positive
integers span the full coefficient space.

Proof. Set
(5.2) Ap=6B*+6B+1, pp(z)=Apz®+ (12B +5)z + 6.
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Direct substitution into (3.8) gives

_12B z (B+1/2)z+1
 B+1/22+2 pB(2) ‘

QB+1/2<Z) = 2pp(2), 5B+1/2(2)

The discriminant of pg is 1 — 24B < 0. Thus it is irreducible over R, and its roots
are simple. Distinct pp are not proportional, because their constant terms equal
6 and their linear coefficients differ. Consequently they have no common complex
root. The linear numerator cannot cancel either nonreal root.

Multiply a putative linear relation, after removing the common factor z/(z + 2),
by [15ps(2). Evaluate at one root of each pg. Only the corresponding summand
survives, so every coefficient is zero. If a linear functional vanishes on the value
vectors at infinitely many positive integers, its rational function has infinitely many
zeros, hence vanishes identically. Independence then makes that functional zero. [

Proof of Theorem /.1. By Lemma 3.1, semistability forces ¢,, € t. Lemma 5.1 and
(5.1) show that the span of these vectors at any infinite set of levels is exactly
Lie(Dp)r. Connected algebraic subtori are determined by their Lie algebras, proving
(1)=(2).

Calabi’s construction gives an extremal metric in every class ¢;(L,) on F; this
case is also contained in the admissible projective-bundle theory [Cal82, ACGTOS§]
and recalled in [Jub26, §5.1]. The sum of the pulled-back metrics is Kéhler in
c1(Lp). Its scalar curvature is the sum of the factor scalar curvatures, and the
sum of their holomorphic gradients is holomorphic. Hence the product metric is
extremal. The polarization is integral and ample, the manifold is smooth, and Tj is
a maximal algebraic torus whose compact form preserves the product metric. The
extremal quantization theorem [Mab16, Sey17, ST21] therefore gives relative Chow
polystability for T at all sufficiently large levels. If (2) holds, (5.1) lies in t at every
level. Lemma 3.1 proves (3). Clearly (3) implies (1).

For the bound, if Lie(Dp)g is not contained in t, choose a real linear functional
A vanishing on t but not on that span. After removing m/(m + 2) and using the
common denominator [[5pp(m), the nonzero function A(g,,) has a numerator of
degree at most 14+2(s—1) = 2s—1. It has at most that many positive zeros. Every
semistable level must be among them. 0

5.2. Strict monotonicity. Define

_ 5b+1/2(m) mA((2b + 1)m + 2)

aprip 220+ 1)(m+2)py(m)’

(5.3) Ry (b)

Here the expression extends to all real b > 0.
Lemma 5.2. For each integer m > 1, R,, is strictly increasing on b > 0.

Proof. Differentiation with a common denominator gives

mP,,(b)
(26 + 1)*(m + 2)pp(m)*’

(5.4) R, (b) =
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where
P, (b) = 72m2b* 4 (120m? + 144m)b*
+ (96m? + 204m + 72)b*
+ (42m? 4 120m + 72)b + Tm? + 26m + 24.

Each coefficient and the denominator are positive. 0

Proof of Theorem 4.2. The metric argument above and (3.9) give (4.2). All coeffi-
cients are positive rational numbers, so y generates an algebraic circle after clearing
denominators. By (5.1), ¢, lies on its line precisely when all ratios R,,(b;) agree.
Lemma 5.2 excludes this at every m if two parameters differ; Lemma 3.1 proves
instability. When all parameters coincide, this circle is Dy and Theorem 4.1 applies.

Taking r = s distinct positive integers gives gap s — 1. 0

For completeness, an explicit rational stabilizer direction detecting the failure for

bz‘ 7& bj is

(55) Zm - avavj <m>E’L - a’UiTUi (m>EJ
It satisfies
(5.6) By (Zm, x) = 0,

Con(Zm) = Q00 T, (M) 7y, (M) (R (b;) — R (b)) # 0.
Clearing these denominators and then the trace denominator gives an integral one-
parameter subgroup of (2.2). Its product test configuration is smooth and normal.
One orientation destabilizes the Chow lift. This also verifies the action and normality
requirements without an appeal to a hypothetical singular degeneration.

6. Adiabatic and regular Sasaki applications

6.1. A fourth-order adiabatic character. Fix distinct positive integers b, c. On
Fx F — P! x P! set

(61) L = Lk+b X Lk+c = (Lb X LC) & T*O(/{Z, ]{7), ke Zzo.
These are genuinely adiabatic polarizations with a fixed relatively ample fibre class.

Corollary 6.1. Every L, admits an extremal metric, but every positive embedding
level is Chow unstable relative to its extremal circle. For fivzed m, let Zy ., be (5.5)
withvy =k+b+1/2, vo =k +c+1/2. Then

(b—c)(m+2), 4 s
6.2 Crom(Zkm) = k Opem(k™7).
(6.2) o (Zkym) 183 + Opem (k™)
Proof. Existence and instability follow from Theorem 4.2 for each k. To verify the
expansion, division in (5.3) gives
1 = 1 _ 1
22 2(m+2)  2m(m+2)v
Since this is a rational function, it has a convergent expansion in 1/v near zero.
Subtracting its values at v =k + b+ 1/2 and k + ¢ + 1/2 therefore gives

b—c

Rm(k + b) - Rm(k + C) = mk_Q 4+ Ob,c,m(k_3)-

Ry (v — + O (v72).
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Also a, = 4/v+ O(v™?) and 7,(m) = (m + 2)/(12m) + O,,(v"'). Substitution in
(5.6) proves (6.2). O

Equation (6.2) uses the specified rational generator, not its primitive integral
multiple. The latter rescales the character. The estimate is for fixed m; no uniform
estimate in m is claimed. The exact monotonicity proof establishes nonvanishing
for every k, independently of the expansion. In particular no conclusion about all
test configurations is inferred from a highest-order DF coefficient.

6.2. A carefully defined transverse statement. Scale the product extremal
Kahler form w so that [w/7] = ¢1(Lp). The unit circle bundle in L; has a connection
n with dn = 275w and Reeb period 27w. The resulting regular Sasaki structure
has transverse metric w. Since its transverse scalar curvature is extremal, so is the
Sasaki metric.

Define relative transverse Chow (poly/semi)stability at level m using the repre-
sentation

(6.3) {CR holomorphic functions of Reeb weight m} ~ H°(X, L}")

and precisely the quotient torus group (2.2). This is a definition tied to a regular
quotient, not an assertion about every use of transverse Chow stability. For a general
Reeb period ¢, level m means Reeb eigenweight 27m /¢, namely the integral circle
grading. This convention retains the same quotient polarization under constant
Sasaki homotheties.

Corollary 6.2. For this definition, an algebraic torus of lifted transverse automor-
phisms gives semistability at infinitely many levels if and only if its image in Ty
contains Dy; then it gives polystability at every sufficiently large level. The torus

generated by the Reeb circle and the extremal lift fails at every level when two b;
differ.

Proof. The identifications (6.3) preserve the weights and the multiplication defining
the projective embedding. The Reeb action is scalar of weight m, hence disappears
upon taking the trace-free lift. Thus the groups, Chow characters and orbit-closure
conditions are exactly those of the quotient. Apply Theorems 4.1 and 4.2. 0

We assume here that the image torus is contained in Tj; adjoining the Reeb circle
does not change it. No statement about irregular Reeb fields, arbitrary orbifold
polarizations, or Sasaki-Einstein existence follows.

7. Explicit integer computation and K-theoretic comparison
Take (b1, b2) = (1,2) and m = 1. The data are

b he(1) owyre dpaja(l) Tpr1y2(1)
1| 5 24/13  2/45  6/25
2| 7 48/37 4/105  12/49

A primitive generator of the extremal circle is 37F; + 26F;. Choose Z =
13007 — 1813FE,. Its mean integer weight is —256; the trace-free weights on
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the 35-dimensional tensor-product space are

weight 256 1556 —1557 —257

multiplicity 6 9 8 12.
They sum to zero with these multiplicities, and
6 12 2 4 508
1300-37- — —1813-26- — =0 Cy(Z) =1300— — 1813— = ———.
25 49 ’ (2) 45 105 45

Here n = 4 and V = (3/2)(5/2) = 15/4, so the dual Chow-line weight in our
convention is

(7.1) 5 2 ( s

4 45

This calculation involves an actual integral SL(35) action, not only a formal real
Hamiltonian.

For the ordinary DF of product actions on the general product, multiplication of
the Hilbert polynomials and addition of the average weights give

(72) ag = HUZ', DF <Z tlEz> = —AQp Z %

Indeed the contribution from factor ¢ is its DF times [] i+ Vj- The leading centred
trace pairing is <E1,E> = ag7y’, with distinct factors orthogonal By (3.9), the
Futaki-dual vector is —y/2. Consequently all these automorphism product config-
urations have relative DF zero after projection onto any torus containing x. In the
integer example the ordinary DF equals 67/45, whereas the relative DF is zero.

There is no contradiction: the Chow projection uses B,,, while the K-projection
uses its leading limit. Stoppa—Székelyhidi’s extremal necessity theorem gives K-
polystability relative to a maximal torus [SS11, Theorem 4]; K-semistability relative
to the extremal torus is also known [Has17, Theorem 1.3]. These facts do not assert
the finite-level Chow vanishing tested above.

) = —3080.

8. Counterexamples, equality, and scope

Projective space has exact lattice barycentre symmetry; there is no analogous
nonzero character. Equal products in our family have proportional finite-level char-
acters, and the extremal circle suffices asymptotically. Unequal products show why
equality of the parameters matters. Each F is the blow-up of P? at one point, pro-
viding a ruled, toric, non-cscK extremal test case with continuous automorphisms.
Its «, is nonzero. The ordinary Chow character is already nonzero on each factor,
so no ordinary asymptotic Chow stability is claimed.

The KE examples of [OSY12] rule out a general metric-to-ordinary-Chow impli-
cation even in the cscK case. Relative K/Chow failure in [YZ23] prevents us from
presenting that separation itself as new. Higher Futaki obstructions are retained by
the exact character, rather than discarded with lower asymptotic coefficients.

Our semistability obstruction only uses stabilizer one-parameter subgroups. In
the sufficient direction, absence of that obstruction alone is not treated as a GIT
theorem; the extremal quantization theorem supplies polystability for Ty. Equality
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Cimler = 0 then permits the smaller group via Lemma 3.1. No claim of trivial

stabilizers is made.

All main statements concern the integral family b; € Z~ and the specified inte-
gral lattice. Rational generators are converted to honest actions by finite isogenies.
For a rational polarization, one must choose an integral power and restrict to di-
visible levels; necessity from any infinite subsequence is valid once the same lattice
computation is justified. We have not classified arbitrary rational scroll parame-
ters here. Arbitrary singular varieties, orbifold periodic terms, and arbitrary test

configurations are outside the classification.

9. Comparison diagram and novelty audit

The following table is an implication diagram in which the hypotheses are part of

each arrow. All stability groups must be fixed as in the source.

Arrow

Status and qualification

Uniform K-stability = K-polystability

Smooth Fano KE < K-polystability

cscK = asymptotic Chow stability

Extremal = asymptotic relative Chow
polystability

Extremal = relative Chow semistabil-
ity for the extremal circle

Relative K-stability = asymptotic rel-
ative Chow stability

Stable base + stable fibres = adiabatic
stability

Sasaki—Einstein = asymptotic trans-
verse ordinary Chow semistability
Weighted K-stability = weighted

Chow stability

Fixed-torus Chow semistability infin-
itely often = Dy, C T

Known for the corresponding norm and
normal test configurations; reduced uni-
form notions require automorphism quo-
tients.

Known [CDS15]; does not imply ordinary
Chow semistability.

Known with discrete automorphisms
[Don01]; false without a qualification
[OSY12].

Known for a maximal torus [Mab16, Sey17,
ST21].

False at every level in our unequal products
by Theorem 4.2.

False in the toric extremal-torus formu-
lations of [YZ23]; no unrestricted-test-
configuration assertion is inferred.

Not a general theorem in this form; connec-
tion, twist and quantifiers must be specified
[DS19, DS20, Hat23].

False for the regular quotient definition by
lifting the integral toric KE obstruction
[OSY12]; a suitable constant scaling makes
the regular lift Sasaki-Einstein.

No unqualified arrow: weights, finite-level
groups and vanishing obstructions must be
specified.

Proved here for (1.1); novelty provisional.

What was compared. Primary PDFs, abstracts, introductions and relevant proofs
were inspected for Mabuchi’s torus construction [Mab04], the modern relative quan-
tization papers [Mab16, Sey17, ST21, Has17], Tipler’s optimal-weight formulation
[Tip17], product splitting [AH15], and the corrected May 2023 version of [YZ23].
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In particular, the older toric tables in the latter must not be used without its cor-
rigenda. Mabuchi already constructs tori from quantization correction directions;
neither the idea of a sufficient torus nor the general K/Chow separation originates
here.

The adiabatic sources [DS19, DS20, Hal20, Hat23], the Sasaki sources [CS19,

BvC16], and the weighted sources [Lahl9, Hal23, AJL23, Has26] were checked
against the proposed scope. Searches included relative Chow /extremal torus, prod-
uct Hirzebruch surfaces, adiabatic Chow stability, weighted Chow stability, trans-
verse/Sasaki Chow stability, minimal torus and polarization deformation. The
2025-2026 sources [BJ25, Tru26, LY26, Jub26] were also inspected. No access to a
complete MathSciNet or Google Scholar citation graph is claimed.
Precise proposed difference. The inspected results do not state the equality-
parameter partition (4.1), the equivalence of Theorem 4.1, its 2s—1 exceptional-level
bound, or the positive-polynomial argument giving all-level failure. Their proofs do
not provide the explicit character (6.2) in this normalization. This comparison is
positive evidence for a candidate contribution, not proof of priority.

Claim Research status
Extremal existence and maximal-torus as- KNOWN
ymptotic Chow polystability

Relative K/Chow separation in the toric KNOWN

sense

Theorems 4.1, 4.2; Corollary 6.1 LIKELY NEW BUT LITERATURE CHECK
INCOMPLETE; proofs complete

Corollary 6.2 Direct consequence under the stated
definition; no independent priority
claim

Unqualified metric-to-ordinary-Chow impli- FALSE

cation

Irregular/orbifold extension of this classifi- OPEN in the present work
cation
A result certified here as NEW AND PROVED  None

10. Further questions and reproducibility

The first question is whether the same rational-function method classifies minimal
fixed tori for higher Hirzebruch surfaces and other admissible bundles. Repeated or
reducible denominator factors could change the rank calculation. A second ques-
tion concerns rational polarization chambers: an infinite-level statement does not
determine the location of individual finite-level walls. A third is whether an orbifold
version can separate polynomial and periodic character components while preserving
the Reeb grading.

The supplied verification script checks the displayed identities by exact symbolic
arithmetic and independently enumerates lattice points for 1 < b <7, 1 < m < 8.
It also verifies the 35-dimensional action. These checks are corroboration; the sum-
mation, coprimality, derivative and moment-map arguments above are the proofs.
A complete priority review remains necessary before presenting this note as a new
research publication.
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ff Hirzebruch il OfEIC BT 5
WERIFHXT Chow polystability
chatGPT 6 Astra
2026 %9 H9 H

1B

R X 17256 — Hirzebruch HIEIOFEIZDOWT, @A XT Chow polystability % 5-
Z5E/NDMEE N =T AZHET 5, ZORTIIHICHN S HER 2R T X —
ZDEETH Y. —7 extremal vector field HVER T 2 DIEF—KIC b — 7 A TH %,
TODNRTRXR—=EDPRELBGE. extremal FIEPFELTDH, TO—RILh—TF A&
B89 % Chow semistability {& 3R TDIEDHDIABRKETHAL L2\, FEHIS B
BRI TRE—X Y b, BRXED trace pairing, BELPAWIZER KK E2 ke
T AEHEBEBICHES L, T 5HIT, adiabatic MIfRICE T 2 PURDFERE ¥ regular Sasaki
MEANDIEM IR T 2, BUARRRMIITER L TWd, R UHHREEEENTDH
%o E L7 XHRTIE Z OIEMER 7 Z e L TW0Rwnds, SETHHIEREE L 72w,

T/ — M chatGPT 6 AL L7z b DTH D, EHIIEEN LG Z & 1T 2
TVWEEA. ZOLDEANLBHEENDLD 200 LNLERA. ZOLOFEFL
ATLTZEW.

1. i
Extremal 5 &DTFED &, YR b — F 2B F 2 WL HIFEN Chow polystability
DED Z BB T LEMTH D, AR THALERT 2EETIER YV, &K
F—F 2, K7 FEEOHEREHL, extremal vector field DA T B —KIT
F—=F RIBRIEZNETH 5, AflE. 52 5N 7RBEICN L, EDEESRT b —
FATT %S, EECITHDIAARBIZL SRRV L 2EKT 5,
F=Pn(0O®0O(1)) & L. HEICIIEORNZH NS,

(11) L, = OF(l) X W*Opl (b), X = FT, Ly = &Z‘Lbi, b; € Z>0.

[ b ZROKRFD 7 7 A N=ILREFNTNAMER L, B 2E0EEH I
WITHSAWCEH T A b =A% Dy 5%, b=V v ZHKI—T ZADIEEDIET
F—=F X TIZDOWT,

TEFRAE o BN 1T % HHXF Chow semistability
(1.2) < D, CT
< T IZB 35 %#1aHY Chow polystability

ZAEAS %0 B/NRITIE #{by, ..., 0.} TH B, ZDDINT X —X)PHEIL % ¥ extremal
—XIL b= F ATRE BT TALELRD . BEIR T —F7 R DRILAIFIEFR L
%5,

Relative K ZEM & relative Chow ZZEM D toric 72 BT D 7B, FFi
Yotsutani-Zhou [YZ23] IZ X D BEHITH 5, AAEDBEM & 72 2 HEklZ, [EMERD
H, (LEREBOER, BN D LS., B X OEE R adiabaticitETH 5, 9%
W o' LEEZE W5,
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e EDOARIEDT, . UNDFIRICIKEEIZ 5 2 %, #FiEED 7L LIKELY NEW BUT
LITERATURE CHECK INCOMPLETE T® %, 202649 H 9 HICHERE L 7= — X Hk Tl
NS DIEMR FIRE RWIELT0ARWL, LA L, ZRUIETHEOMRIETIE RV, K
F%TT NEW AND PROVED ¥ HEE T 2iERIZ WV, FRMORAEZHR L /2. BEAIC
SERE LT REMERRTH D, HREEREH LV E FRT 2 HDTIER WV, HIFTL
W ailiks 5,

2. TRENEDRR & BIECHR

2.1. KEZEWE. AROZHRIKIE C Lo oL BRHEZRIRTD %5, Normal ample
test configuration & (&, ®ZEHDIERT, HMHICEERAHERRZMH A, R
NTIEEZ o Rm e FRTH 5, Al LOFHEREZEBREEZ WS, 5R2TA - 7214,

h(€> = aoﬁn + a1€”_1 + - ’LU(K) = bogn—i_l + blfn + -,
(2].) DF = (b0a1 - blao)/ao

&35, ZORFNK[SS1, §2] £ —EF %, Semistability & DF > 0 Z 22K L. polysta-
bility 13X HICFSOHEACEICIR 2 2 & 28K T 5, FALEIIIEEAZIERZH T
£\, Relative DF T, FEAK b —F XDRD Z &RERD trace pairing THE L
TFR < Uniform stability i21&/ VA DIEEDBRBETH D, BRI TEET 25
BB 2RI IR L 72 % o

FETNF X T ARERMETIE, IFFHIHD T 7 A =120 2 fIEHIZ & > T DF
¥ Mabuchi FLEAE 2 XA F % [BHI17], KIFHERMZ 5D Q-Fano ZHHA T, K-
semistability & Ding semistability 23FET® D, uniform ik FME & 72 % [Fuj19].
Fujita & Li DfEEI2HD AHEMHIED 5. K-semistability & 6(—Kx) > 1 &,
uniform K-stability i3 6(—Kx) > 1 & [AMfEE 7 % [BJ20, Theorem Bl ZAUI—f&kD
BER LI LT (L) % K-stability & F—#H3 2 F5RTIERW,

18 & 2275 Fano 28K KE/K-polystability M IS L TW3 [CDS15], cscK
¥ coercivity DBERE & N Z DIF#G121% Chen—Cheng ¥ Berman-Darvas-Lu D15
233 % [CC21, BDL20]s Boucksom—Jonsson @ 2025 fEDEA(LIFHR T ¥ —IE
T F AT AL E W, weighted & B 5 [BJ25], Trusiani @ 2026 4 8 H
ME. 18 S DR RS 52 2RI DWW T escK/Aut®-uniform K-stability X5t % 78X
% [Tru26l, Z4 6 DER(L%Z ordinary K-polystability & BRo TEZ#1 X T3R5
B0 ARROREIE Z NS FBILD 7L 7Y ¥ MKIF LW,

2.2. H% Chow . V,, = H°(X,L™) & L. X C P(V;) @ Chow RDIEFT 7 4 ~
Fb L% X, £ 55, =7 X TIFHR isogeny DEIT SL(V,,) N\D trace-free 7%
fib B 2R, G, %, Lie RED

(2.2) {A€sl(V,,):[A,B] =0, tr(AB) =0 for all B € t,,}

TH 2 EMEEI e 35, PR 2 5ERITEAICHE L“Cﬁ@%ig’f‘d"é
b, DRZEIAZIREEEZ ERT %o X Chow semistability £1%0 ¢ G, 7 X,, T
H% I W\, polystability L 1FIEFRT 7 4 YHUEDSFAL TWE I E2WVWI,
AU strong relative DI TH D, HAZEMOFHREHOEZ T ZHWS, &b
/N WBED IR TIE 2 [Has17, Definitions 3.4-3.5],

Chow moment map I & %[ Tld, polystability 1& trace-free ZRE/LMTHID3 t,, 1T
B9 % &5 7%, WAL S 2HOAADFEL [AMETH % [Tipl7, Theorem 3.4], Moment
map % (2.2) NHE TR, #57 b —F ROV THE CHEZTS %, Extremal 5 &
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EEK b — Z AR T 2 LA Chow polystability 2% < [Mab16, Sey17, ST21]
D, K b —F A% extremal =TT b —F RICHBANCE ZHZ 5 Z 2 I3 TERW,

H CFPEEDSEERUR 513, cscK GH&ED HMAHT Chow stability 23€ 5 [Don01], Hf
BUED T AUR, @R Futaki 1518223 semistability & 24517 255 803H D, 1§ 6074
b=V v 27 KE DfIA [OSY12] IZH %, @ XKIGEDHIKE cscK FHROIFEZHE 2
¢ polystability 235 5415 [Mab05, Fut04], Lee-Yotsutani @ 2026 D k—V v 7
HEIZD ., EEOHRE WO REDTE > TWd [LY26],

2.3. Biat L7=thdFjM). Dervan-Sektnan @ adiabatic &I, optimal symplectic
connection, twisted extremal 72, B X IEH LT OIREZ AW S [DS19], 5
O fibration ZZE M EHIZHESLA % 5 2 [DS20]. Hallam 13457€ X - EALEMIC
DWW polystability ZFEBH3 % [Hal20, Theorem 1.4), Hattori {ZHIFE LD klt-trivial
fibration 122U T, uniform adiabatic K-stability @ log-twisted 72K & 2 H|E % 5
Z % [Hat23, Theorem 1.1, ZNHWEWITND, WERIKRELERT 74 N—721F
P2 Dt 9 2 HRFOEHTIER WV, FBLZEE L2 DT RERETODIE
fEMEIE. 2B I HE 5 2 BEZ ER L 720,

Weighted scalar curvature 1& extremal /7F230%° soliton B /5% & ¢ [Lah19),
Fr 5B % 3F 3 weighted polystability (& [Hal23]. coercivity & Sasaki D JGH &
[AJL23] THbir 5, Hashimoto DFFTEHEIZE T ILED relative uniform stability
%M\ % [Has26, Theorem 1.1}, HIEDHFZRDHIFE [Jub26] 135H R DOHFEZ - T
BO. AEOHEN P —F AHEEITRZ S,

Collins—Székelyhidi 1Z. 1% 5 DFEDIRE & IEHLD T Ricci-flat cone/K-stability
WIS ZEERA 3 % [CS19], Boyer—van Coevering i3 relative Sasaki K-stability Z# 5
[BvC16], Quasi-regular F T orbifold YW & IO 1F 3 EETH D, Hilbert BIEL
WEIBAED NG % . AREDISH X regular JRICERET %,

3. Bl E— X P OHEGHE

L — 1) ZZEIKPIZOWT, Ay = PAm-'Z" N, = #A,. V = Vol(P)
rBE,

(3.1) P =N, p, ﬁzV*/p@,
Am P

(32) Bm(u’ U) = Nn_zl Z(uvp - ﬁm><vvp - ﬁm>a Cm(u) = <u7ﬁm - ﬁ>

Am
CED D, BXIEEMETH D, trace pairing & m?N,, TH>72dDTH->T, %
DIRERTIX72 0,

(3.3) B (gm,u) = Cp(u)  (u € tor)
WZED ¢ BZEFET B, Chow OIEHLEIEER ST 2729, V,, LD trace-free 724 IT
N, HDIAALD p RIZHFETL2HAZHAZEL &

w@ﬂﬁ%—p;%%%hﬁnp)

THb, ZDOREIRBEIE —VmrTiC,, TH 5, FimX Hilbert determinant, 372
DB ZDOHKITD Chow line DEAIE —(n + 1)!'Vm"H1C, &b, ZDORMFER
dual Chow-line weight & WL, JHIBRSEHIINOHEITHKRIF LRV, MFAREOIT X S
2 D H DIXHMATH 5 [YZ23, LY26],
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Lemma 3.1 ({§fICX2HE). T C Ty DE LieKEZ t £ 5%, KB m THI
Chow semistable 72 51X q,, € t TH %, HDIAAD Ty 1B L T Chow polystable T
DY, qn,etBlX, TIZEAL TS Chow polystable TH %,

AEHA. g ¢ tRBIE. 2Dt AD B, B4 %u¢ot?éob®t30()
B (u,u) >0 TH 5, HHMEICED u @*kﬁdn ZED . GE . NIT trace-free 2 FEH
LI 2E2, ZOEDEE Chow B2 [EET %53, %@ﬁ%ibﬂdiéﬂfﬁﬁﬂkf/ﬁﬂﬂ
T 5, WINDDAETHRD LIFZ2EANZXD,

Wz, Ty & WYL 5 relatively balanced 7R DIAAZZHL S, £ D moment 175 pg
Wt BT %, BETEED b —F X & D pairing 1&. —2DH@EIEFREBUE %
B Chow $EFEIC5 L\, Trace pairing lFHVIMEFFDIEHTZED S50, o T
1o VX Gy DFFS LT DEBLETH 26 ¢, € t 2 OIX, FCHDIAAIK G L 12BT 5
moment map 3123 5, JLOHIE L LT 5729, T @qjlh\flﬁﬁilj‘]f @ﬁﬂé@x?@
. BRWEL 27 7 —Z2FRWT T, AT L G, o IFIZ0#S %, Hi#E X Chow D
Fib LIFICAA 7 —TIER L. Ghp CGhr TH 2, EFORD LIFADRAH T —
BZEAEEZEZ 20, o T moment map #Uﬁﬁ) SITDOHIEDEAMEZ1R 5, O

DRI D2 &
O(F, L™ QBH“Pl (bm + 7))
2155, %ofLMﬂm@b+U®#%k & 7% scroll IR CTH D % D Delzant %
EpiARe
(3.4) Py={(z,y):0<y<1, 0<z<b+y}

TH b, FEATHBNAA I TFOREER T, v=0b+1/22FL, EOHE
Ay, WOEARZ s —y/28 T 5, 2WIFBERITTH 5,

Proposition 3.2 (—HFDARX). b,m > 112DV T,

(3.5)

hy(m) = (m + 1) (vm + 1), uMmp:mW”*xf;+Um+8X
(3.6)

Qu(m) = (120* — 1)m? + (24v — 2)m + 12,
P e ngum

m+ 2)Q,(m 2v—1

m(m) = 144m(vm + 1)’ dum) = 120(vm + 1)
(3.8)

B,(m) = 12m(2v — 1)(vm + 1)

v(m +2)Qyv(m)
LB, DL ECL(E) =d,(m). Cp,(W) =0, B,(E,E) = 1,(m)s Bp(E,W) =0
THN. ¢n=PL,(mE 725, HiHIETDRE L extremalf%‘ﬁ&i

12— 1 24(20 — 1)
(3.9) T T T e o
ThHb, AN 7 —MROIELULIE, 77 4 VB FITHLT [ sf = [,p fdo &72%
bD%ZEHAND, Ertremal vector ZIBDEREZIRE o, E TH %, RIRIZDF,(E) =
—(2v—1)/(120) TH %,
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AR B E j/miZidbm+ j+ 1O FRELDH 5, ZOMEBB LVEREA 26
AP L (35) 21856, ZRE—X Y M DOHNZ

m(m+ 1)(2m + 1) N m?(m +1)?

(3.10) i

Pom+7+1)=(bm+1)

QMS

ThH2s, BED +y¢:J:Z>$,§JJ E—=ROMH 5

——1_‘_L _2_1_‘_i 7 —1_|_m—+2
Y79 1w VT3 T T 2T om0
2185, FHDED d,(m) 52 %, (3.10) Z m2hy(m) TEID ., 72, 251 7,(m)
b, Rt r = b+y— 2. FEESIOXBHESHFRORET 5, HbL
W ORT YT v hr— (b+y)/2 DEHFEFINIFTH S, ZHTDODMHIK
%?%"%o %unﬁ@:i b ﬁv :dv/Tv }:tﬁ%o

Facet DT RiZ b,b+1,1,1 72D T,

/ ldo = 2v + 2, / ydazv+%
8Pb an

TH b, KHFNZ XD extremal affine function {& W TRV 1% 5o+ a,(y — 7))
rHEL Lk,
20 —1

6v
#1982, ThH (3.9) %2525, 2.1)IZBWVWTay=v. ag =v+1, by =v/2+1/12,
by =v/2 +3/4 ZHWIE DF OARE %55, 0

v =0+ 53— (20+2) (3+ 35) =

4. Bt b —F 2055 FE

vi=b+1/2 L. HiKWFOERITE B, W, £ 5%, B={by,...,b,}» s=#B
B,

(4.1) Us= Y E, Dy=]][Ci, T

{i:b;=B} BeB

CEDD, ZTHHDEE cocharacter T AWICERELXFFODO T, BHIFHDIATN s
mﬁ]‘*—ixvéjééo

Theorem 4.1 (EE F— 7 2AD5HH). (1.1) DIE L0 RERMSHER Y | BEEIH
TR v —F AT C Ty IZ2WT, URNEAEETH %,

(1) FERRME D IEEE L m izxt L. (X, L) 23 T 2B LT Chow semistable T®H %,

(2) Dy CTTH 5,

(3) TRTOTHRERER m I Ly (X, Ly 23T WZBI LT Chow polystable
TH 5%,

Dy € T 72513, X Chow semistability D3I LTS 2 IEEEBCREII S 4 25 — 1ET
Hb, EEDHR Veronese {8775 1T b [l URESMEDRILT 5,

CTHWAEHIHIC (2.2) TH 5, Hamd stability Tl&7z < polystability T
UR 5%5.%45 NTHZAET 5, ZOFRIF. i D/NIWREBUZEBT 5 5ol - —
ZA%EES 5D TR,



20 chatGPT 6 Astra

Theorem 4.2 (2XEITEBI} % extremal —KIT b —F R). TOFEIX. extremal —
RIL b — 7 AD

(42) (=Y ok,

THREND estremal it B ZHiD, PR LS TOD Y BERZ L2720, (X, L))
F. ZO—ICF— 7 RAZEH L TIRTOER m > 1 T Chow unstable TH 5, TN
TOb BT 225, TARKRERIRNTOM T, TO—RILb—F RIEHLT
Chow polystable TH %, - T, w/DDOEEFTHIAENT Chow M —F A & extremal
—RIL b =7 ADRILAEFEREIIKRE L K 5,

5. #EFH

5.1. ARBIBOMNVTE. B EOM TR EDIE. EERNEEZE5Z 5, Rixd
¥R ay 2135 XTHEZ S, (toT

(5.1) m = Zﬁ’”i (m)E; = Z ﬁB+1/2(m)UB

BeB

TH2, W, 37z, B3B8 ITH Ty ZI3EEETH 5,

Lemma 5.1. #8272 1EBE B 12OWT, B fpy1)0(2) E R EREMIITH
%o EREOERMED IEERELBITE T 2MENY boViE, FREZEE 2R RS,

AEFA.
(5.2) Ap=6B>+6B+1, pp(z)=Apz*>+ (12B+5)z +6
LB, B)NDEHERAICED.

_12B z (B4+1/2)z+1
- B+1/2 242 p5(?)

2152, pp DHAIRIZ1 - 24B < 02D T, R FETH O IRIFHMTH S, Bz
% pp DEBIEIZ TN T 6 20 —RIBENTE L 2 DT, BEWVIZHBILZwv, fit-TH
WOBEERZHE 20, —RDODTIE. WITNOIEEBL D TERW,
MIEEIMRDI D 2 LARE L HlEF 2/ (2 +2) ZFROTR, [[zp8(2) ZHENT 2, &
pp D—ODIRTIHIIT % &, METREZIDELZ 00, TRXRTORMEFEL L5,
JERRAE D IEEELTIEN 2 bV EIE 2 2 EINER D bR, Z O A BT R E
DEREFODTHEFNIF L RS, M) ZONBEKDIETH 5, O

Theorem 4.1 DFEHH. Lemma 3.1 12 & D, semistability & ¢, € t ZERKT %,
Lemma 5.1 & (5.1) i X4, TEFEDOXETO ZH 6 DRT MLk 2 ZE[H]
X, B x5 ¥ Lie(Dy)r TH %, HFEREAIEES b —F 13 Z D Lie RECTIRE 2 D
T, (1)=(2) 215 %,

Calabi DRERUE F DT XTD ¢y (Ly) 1T extremal 5t EZ 5 X 5, ZDOHER ad-
missible §152 R OMGR [Cal82, ACGTO8] IZH & F AL, [Jub26, §5.1] IZb LS TW
%, ZatEDGIERL DO ¢ (Ly) IZJET % Kihler st & TH %, ZDRA T —i
RIIERTFORH Z—ihROMTHD, ZOEAHEOMBIERITH 2, &> THE
&L extremal TH %, WIRITELOEE, ZREEIXBELLTH D, Ty EEKK
BN —=FRTHYH, 20ar 7 NEPHEIHEZRD, > T extremal & F{LE
 [Mab16, Seyl7, ST21] 25 @EHTE. +RRELEXET T, 1B 2 tH5 Chow

Qp11/2(2) = 2pp(2), Bpi1/2(2)
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polystability 215 %, (2) DL 2 &, (5.1) IFRXET tIZET %5, Lemma 3.1
XD (3) %183, 3) 256 (1) IEHLLTH 3,

D LS 2 RT, Lie(Dy)r 3t IZEENRITIUR, t EFET, ZOZEM EIFZHET
RWEIEIRE N 2 S, m/(m +2) ZFRE, H@0H [[pe(m) ZHWS &
IEBBBN () DA TORBUIE A 1+2(s —1) =25 —1 kb, EOFERITEA
ZDAFTH %, Semistable R XENI TR TZDFEATHRIFIIR S0, O

5.2. B TR HRE.

_ Bpr1/2(m) _ mAy((2b+ 1)m + 2)
Qpi1)2 2(2b + 1)(m + 2)py(m)

YEDD, TORIEXTRTOERb > 0NEREXNS,
Lemma 5.2. Z8Hm > 1122OWT, R, 13b> 0 THEFBHFAEMT %,
FFRH. L CHES T B &,

(5.3) Ry (D)

mP,,(b)
(20 + 1)2(m + 2)pp(m)?

(5.4) Ry, (b) =

ThHbh, 22T
Py (b) = 72m*b* + (120m? + 144m)b*
+ (96m? + 204m + 72)b
+ (42m? 4+ 120m + 72)b + Tm? + 26m + 24

Thb, IRNTOREL TEPIETH S, O

Theorem 4.2 DFERH. JEDFEDRME (3.9) 226 (4.2) 2155, FREBUFTNTIEDH
BRI D T, R ZE  ERBE =0T b — 2 R4S %, (5.1)ICE D, ¢n
MZDEMIET 22 2lF, IXRTOLR,, (b)) P—HT2Z e eFAETHZ, =D
DT X —=ZREZAUL Lemma 5.2 32X ET 2 PR L. Lemma 3.1 DSAEE
WE25Z35, IRT—ETBEL. ZO—XRLF—F AL D, TH 575 Theorem 4.1
RHEHAT %, r=sEOHERZEEEEZIAUL, KTAEIEs 121K 5, O

TREHTID, b #b; OGEOEEEZBRE T 2 HHLEEE R ZRT
LR

(55) Zm - O-/vavj (m)EZ — Oy, Ty, (m)E]
THb, ZDE X,
(5.6) By(Zm, x) =0,

Con(Zim) = v, 000,70, (M) 7, (M) (R (bs) — Rin(b;)) # 0

LB, INHDNRE. X 51T trace DARERIAZIR. (2.2) ORI —RBER I HE
1%, % DFf test configuration [3F S TIERTH %, WITND DA Z D Chow
OFL LT 2N ENT 5, fE o TREMNZRRFERICKFEE S EH e ERMED
ZH R TZ 5,
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6. Adiabatic 38 X U regular Sasaki D JSH

6.1. PYRD adiabatic fal5. tHEL 2 1EEBE b, c 2[EE T 5, Fx F — P xP! ET,
(6.1) Lh= Liyy® Lo = (Ly K L) @ T O(k, k), k € Zso

LB, ZHUIENNCEBER 7 7 4 N—HHZ[EE L 7z adiabatic @i TH 5,
Corollary 6.1. & L} 1X extremal 5T 2 ZHiO0, IXTOIEDOHDIAARI T, %

D extremal —RIT b —F RIZBH LT Chow unstable TH %, m ZEE L. (5.5) I8
WCuo=k+b+1/2 vu=k+c+1/28L7bD% Z;,, £ T5, TOLE

b— 2
(6.2) Com(Zim) = & f;%* )
ThHd,
AEBH. 171E & A LEMIX. & EIZDWT Theorem 4.2 225485, EBHEZTHEDID 572
D, (5.3) ZEIDET S &,
l) B 1 _ 1
227 2m+2) 2m(m+ 2w

TH 5, FEEABIZOT, 1/v =0 D TIRT % BZFF0. {toTo = k+b+1/2
Yk+c+1/2 TOfEEFIL &,

K4+ Opem(k7?)

Ry (v — + Om(v™2)

785, ¥ a, =4/v+0(v?) j'o’JZUfTU(m) = (m+2)/(12m) + O,,(v™') TH %,
(5.6) NDIRAIZ LD (6.2) 215 %, O

(6.2) 135E LI AHERTTZ HWTE D, ZOEEEGEZ v Tidvnizwn, &
BTICEZ D LIEBIHER -V v 7 E8N b, ZOFHHEmBEEDSDTHDH, mic
B3 2 —keHMiiE ER LRV, B R HEFEMEOREAIC X D, B 2 I3 TR T
D k TIFHBDRILT %, FFIZ. DF O KIRE 72 T 7» & 2 test configuration 12
DWT DG Z H LTIV,

6.2. EFREHE L BIHINY k. B extremal Kahler PR w & [w/7] = ¢1(Ly) & 72
XA =T B, Ly NOBAHERIE dy = 2n5w. Reeb A 27 & ii%%ﬁ
n%ZFo, Foid regular Sasaki fiE OBWETEIZ w TH %, KT A H T — @R
extremal 72 DT, Sasaki 5l & b extremal TH %,

TEL m D relative transverse Chow (poly/semi)stability %z, I

(6.3) {Reeb EAH m @ CR IFRIBIE} ~ HO(X, L)

& BGEIC (2.2) OF b — 7 ABEHWVTERT 5, T3 regular FIICK OS2
EFTH D, transverse Chow stability £ W I FED TN TOHEIZOWTOFETIE
B\, —ED Reeb JERA £ TlX, KECm 13 Reeb [EHEA 2rm /0, T2 HEJE
TER DX BIRT 5, Z ORI T EE Sasaki homothety DT & [A] U R i
71)3‘{%7}:h50

Corollary 6.2. ZDEHRD T, 5 _EFon-#kE RO b —F 20
HEFRAE D RELT semistability 2 525 22 2. 2D Ty NDIED Dy &t Z 21X
ETH2, ZOHE. TRTOTDREILRRET polystability 2 52 %, —DD b; B3
BB 2. Reeb—ILb—7 AL extremal DFiH FIFTEMINS F—F XTI,
BRI TRNEEL T35,
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AEHR. A2 (6.3) 13EA D, FHHEDIAALZ ED 2 RIEDIRIFET 5, Reeb fEHIZEA
mDAH T —IDT, trace-free 255 EITZIS LIHZ %, 1€ THE. Chow FE1E,
BRI D D D L 5ERIT— T %, Theorems 4.1 & 4.2 Z#HT %, O

CITRBRFN—FADTHIZEEND EAET %, Reeb =TT b —F AL T
b, ZDBRIFZED 52V, Irregular Reeb 3, fEE D orbifold {RM, Sasaki-Einstein
SR OFEICOWTOERIIMED RV,

7. BRI X 2 BIAGRTE & K BlERAT L

(bl,bg) = (1,2)\ m=1 tj—%o %jﬁ"—&bi

b| he(1) owyie dprrja(l) Tor1y0(1)
1] 5 24/13  2/45  6/25
o| 7 48/37 4/105  12/49

TH %, Extremal —RJT F — 7 ADFELEIIAERBITIE 37TE,+26E, TH %, Z = 1300E, —
1813F, LBl %, FDEIEADIENT —256 TH D, 35 KT > YV IIVEZERIC BT
5 trace-free 72 B A%

HA | 256 1556 —1557 —257
BHHEE| 6 9 8 12
Litd, BEERPHNI-BNZETHD,
6 12 2 4 508
. .— —1813- = = | =
1300 - 37 55 1813 -26 o 0, C(2) 130045 813105 5

ThHb, n=4, V =(3/2)(5/2) = 15/4 72 DT, AFRDOHMIC X % dual Chow-line
weight X

15 [ 508
1 1= (=2=) = =5080
(7.1) " ( 45 )

TH b, THFERB5E Hamiltonian 7213 TH < . EEEOEE K SL(35) fERHIC X 5
FHETH 5,

—DFE EDREERICHT S % ordinary DF 1, Hilbert ZTENOHE & SEJEA D
i)

(72) ag = HUi, DF (Z tzEl) = —AQop Z %

Y%, KB HiHTFOFGE. TDODF I, v 2T DTH 5, REmX
DHULME trace pairing 13 (E;, Ei)oo = ao7y® TH D, RIZDZHAFIIERT %, (3.9)
%2 & Futaki-dual vector iZ —x/2 £ 7% %, {to T, x ZBLEED +— 5 IG5
. TS FTRTOHECFAUERLED relative DF 138 2725, LEl 0BHHICIX
ordinary DF 1% 67/45 T® D relative DF I3FETH %,

FIEE 70, Chow S840 B, 25 —77. K H#IIZ D MR % fif 5,
Stoppa—Székelyhidi @ extremal HEZRFIIHRA b —F ZIZEH 3 % K-polystability %
5. Z [SS11, Theorem 4], extremal t—Z ZIZRHF % K-semistability b BEHITDH 2
[Has17, Theorem 1.3], ZHHDHEEIX, T 2 THE LIBRXED Chow FEEDIH
Bz FE5R LRV,
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8. Bl 5. B & OEHEPH

B2 2SR TIIE T B DD IS T H D | FIREOIEFHEIIIFE LRV AR
DFETEHFELWREMOEZE S &, HRXADHEFIILEH L, extremal —KJT +—Z
A THHERNZ T & 755, BRIz B RMOIEIZ, T X —XDESHEETH 2%
RT . & FIE P2 O—r blow-up TH b, #fi H AFRARREZHFD. ruled 5D toric 72
JE cscK D extremal FREEF] & 72 > TW 5, ZD a, 1ZIEFETH %, Ordinary Chow $5
BUIR AR F T3 TIZIERE R DT, ordinary asymptotic Chow stability (&35 L7\,

[0SY12] @ KE filid. cscK D& T d A LFHED 5 ordinary Chow ND &R
EERET Do [YZ23] D relative K/Chow DAR—BUC X b, ZOnBEEEAKEH LV
MERZ &b TER, ARDOEEZIEEL. &K Futaki FEE 2 EXEHL R L & B
IFET2D TR, RELTWS,

Semistability DFEFIIZEE GBI T O —RFEEBDTHDO A Z WS, +aMED T
T3, ZOEEDORERL TR GIT EHME LTfkbi\w, Extremal & F{LERN T,
\ZB8 3 % polystability Z #4863 2, 5 C,, | = 023D IO, Lemma 3.112 & -
TNEWEHDIEZR 2, BIESSDRES BIA 1T FER LRV,

FRERIZTRT, BRIED; € Loy ETEE LB T2 NR E T 5, AEHARITIX
AR isogeny 12 & D EEDOIEHICE x5, AR TIIELRELES, Ehih
2 RBUCHIR T 2 0EDID 5, FUCHMTFEIENIEL LI NER S, EEDOMIRER
DN S DREMIIENTD 5, AFRIFERDEHE scroll 87 X =X Z 8L Tl
WV, (EEORRZERIR, orbifold DJEEAE, 3 X EED test configuration 1,
DD RNTH %,

9. EROHE MRS

RDFRF, FRANEZZOLEGRRTH 2, WENTHWLEHX, 2hzh
D ERD RN EE S 2 EDD B o

A=
=SS

HIE & St

Uniform K-stability = K-polystability

15 5707 Fano KE < K-polystability
cscK = asymptotic Chow stability

Extremal = asymptotic relative Chow
polystability

Extremal = extremal —XJC b —Z &
IZB89 % relative Chow semistability
Relative K-stability = asymptotic rel-
ative Chow stability

BEREY 7 7 £ N— = adiabatic sta-
bility

Sasaki-Einstein = #iiTHJ transverse
ordinary Chow semistability

X3 % /7 VL& IER test configuration (2
A U CRERT, #ifY X 417z uniform S ClZ B
CLRPC X 2 B b B

BEA] [CDS15), Ordinary Chow semistability
TR0,

H RS8R & BEAT [Don01], &1
T3 [0SY12],

K b —F 212D WTBEH] [Mabl16, Seyl7,
ST21],

Theorem 4.2 12 & D, AKEDO R 2 RO
TIEETILTH,

[YZ23] D toric 7% extremal +— 7 ZAEXL
TlIfB, 2 test configuration IZDOWTDE
BREE LR,

Z DIETO—MREH TR, e, twist, &
(L2t DIREDHE [DS19, DS20, Hat23]o
|-V v 7 KEREE [0SY12] DFb EiF
12 & D, regular FIC & % EFKTlEb, #HY)k
AT — IV T regular £#5 _EiFIE Sasaki—
Einstein 7% %,
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Weighted K-stability = weighted ESRAFEOREANIR WV, EHA, AR DHE.
Chow stability FEREIHI DTG E DI EL,

[EE b —Z AIZBF % Chow semistabil-  (1.1) IZDWTARTREH, FEIZEE,
ity MEFR[E] = D, C T

EE#E U722, . Mabuchi @ b — 2 A [Mab04]. B A& LR [Mab16,
Sey17, ST21, Has17], Tipler @ optimal-weight €=t [Tip17]. D7 [AH15], B
KT [YZ23] @ 2023 4 5 ABIERICOWT, — X PDF, #%., FFam. BT A
ZMERR L 7o FHTHRBOXE DT W R —V v 7R %, FIIEZMHEEETHWTIIRS
72\ Mabuchi 33 TIEFUMIEAF2 S b—F AZHE L TW5, 797 b—
FALWVWIERY, —f7% K/Chow 77D . ARRRICIHE 2 D DT RV,
Adiabatic 3#A [DS19, DS20, Hal20, Hat23], Sasaki 3Z#k [CS19, BvC16]. weighted
SCHR [Lah19, Hal23, AJL23, Has26] %, AN O@EAHHM & G L7z, MGG rela-
tive Chow /extremal torus, product Hirzebruch surfaces, adiabatic Chow stability.
weighted Chow stability. transverse/Sasaki Chow stability, minimal torus, polar-
ization deformation % &7z, 2025-2026 FED K [BJ25, Tru26, LY26, Jub26] & 1
B L7z, MathSciNet % Google Scholar D5ELE£L5IHI7 7 7127 7 AL IEE
RL7ZRW,
IR 72 5 ERER S, . HERL7ERICIE, B LRSS X — R 12 & 5 58] (11),
Theorem 4.1 DFEMEME, 25 — 1 & WS FISRE LR, 2RBONLENEZEZ 5 1E
FEZHKX ORI SN TVRY, . Zh 6 DFEAR s RO IEFLTO
B RIGFEEE (6.2) IMBRE N TWRW, Z DR & 72 2 Bk e X 2 23T H
D, FEATIEDRETIZ R0,

Tk B AROE |
Extremal I #DIFE & I A b —Z ZIZBI3 KNOWN

% #HLHY Chow polystability

Toric 72 EMR T D relative K/Chow 77 KNOWN

Theorems 4.1, 4.2 & Corollary 6.1

Corollary 6.2

LIKELY NEW BUT LITERATURE CHECK
INCOMPLETE, aFRHIXSERG
BE L2 ERDOBEHEDIRE, HILo%

T ERLZ2 W
LM DEED S ordinary Chow ND &R, FALSE
ARTIFAD irregular /orbifold ~\DHLGR AKH T & OPEN
ZNFHC NEW AND PROVED ¥ HfESE L 7z 4% 5 %L

10. FEOME & HEATREM:

H—oREIE, [ CEEBEKDGEN. &K Hirzebruch 2D admissible B
DRNEE N —F AN TE LN TH S, BET 2R SEITED,
FEEGETENE D 2 AREMEN D 5, FH _ITEEFMD chamber DRETH 5, HFERX
BoFRIZ, 642 DERITILDEEDNIE Z TRE LRV, 5H=1%. orbifold RIZHWT
Reeb O 2R E DD, 8RO ZIHAN T & FAK T Z T CZ 20 TH 5,

MTOMBEZ 7 ) 7 ME, RUEERE ARG BHETHEZEL. 1<b< 1,
1 <m <8 THETFREMNICHNZEET 2, 7235 RTlEH BHERT 2, o135
HERETH D, I LR OB, BEWICELD . M2, moment map D
THb, KRFEEFHLOWIHFEGER L L TART 20T, XS5 REERETHEDOERE
WAETH B,
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