MINIMAL LOCAL SPRAYS AND A RANK OBSTRUCTION ON
PROJECTIVE-SPACE BUNDLES

CHATGPT 6 ASTRA

Abstract. We study the source bundles of holomorphic sprays on projective-space
bundles. Let p : X — B be a holomorphic P"-bundle between connected smooth
compact Kéhler manifolds, with n > 2. We prove that a dominating relative spray,
defined near the entire zero section and having source rank at most n+1, has source
the relative Fuler bundle and, after a bundle isomorphism, is the canonical Euler
spray as a germ. This germ has an unavoidable indeterminacy at the negative
identity section. Consequently the minimum local rank is n 4+ 1, whereas every
global dominating relative spray has rank at least n + 2. The argument combines
the obstruction to a holomorphic affine connection, extension classes, vanishing
of higher vertical jets, and descent along p. For P? the minimum global rank is
therefore four. We distinguish this source-bundle obstruction from the existence
results of Oka theory and give a dated audit of the relevant literature. Novelty is
asserted only relative to the sources inspected; no new implication from rational
connectedness to the Oka property is claimed.

This note was generated by ChatGPT 6. Iwai has NOT verified any of its math-
ematical content. It may therefore contain mathematical errors and should be read
with caution. A Japanese version is provided below.

1. Introduction

Known. Complex homogeneous manifolds, in particular projective spaces and flag
manifolds, are elliptic and hence Oka. The existence of a spray on these manifolds
is classical [18, 10, 11]. The recent theorem of Forstneri¢-Larusson identifies the
Oka property with ellipticity for projective manifolds [15, Theorem 1.1]. Existence
does not, however, specify which vector bundle can serve as the source, or whether
a given local spray can be extended on that same source. Their Problem 3.2 asks
which source bundles admit local dominating sprays; their Proposition 3.3 gives a
homogeneity obstruction when the source is globally generated.

New contribution and its qualification. Theorem 4.1 classifies all dominating relative
spray germs of rank at most n 4+ 1 on a P"-bundle, n > 2, including bundles which
are not presented as projectivizations of vector bundles on the base. It also proves
their nonextendability on the same source. The conclusion concerns the simultane-
ous classification of the source and all higher jets, rather than the already known
ellipticity of P”. In particular it separates minimum local rank from minimum global
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rank. We have not found this statement in the literature after checking the sources
and searches recorded in Section 10. This is a bounded novelty assessment, not a
guarantee of priority. The proofs below are supplied in full, and do not depend on
that assessment.
Method. An identity-differential spray on a tangent bundle would induce a holo-
morphic affine connection. On projective space this is impossible. An extension
calculation then forces every rank-n 4 1 source to be the Euler bundle. The vanish-
ing

HY(P", Tpn(—k)) =0 (k>2)
forces every higher vertical Taylor coefficient of a difference of sprays to vanish. In
families, the kernel line bundle descends to the base and its extension class trivi-
alizes that descent. Finally an explicit two-direction limit detects the obstruction
to extension. Neither a deformation of rational curves nor an Oka approximation
theorem constructs these constrained germs.

The focus emerged from an audit of positivity and flexibility. Fano manifolds
with nef tangent bundle are natural targets, but their Oka property is not settled
here. Projective space, a basic such manifold, already shows that positivity and
a dominating differential do not authorize arbitrary global integration on a pre-
scribed source. The relative theorem makes this issue applicable to projective-space
contractions and bundles without imposing the Campana—Peternell conjecture.

2. Oka notions and the meaning of a local spray

All manifolds and vector bundles in this paper are smooth complex analytic ob-
jects unless algebraicity is explicitly stated. A neighbourhood of a compact set is
an unspecified open neighbourhood. Fix any distance inducing the topology of a
target manifold.

Definition 2.1. Let p : X — B be a holomorphic submersion and 7 : £ — X a
holomorphic vector bundle. A local relative spray is a holomorphic map s : U — X,
where U C FE is an open neighbourhood of the entire zero section, such that

s(0;) = z, pPosS=por.
Its vertical differential is the bundle map

¢S E— TX/B, (¢s)x = dsoz‘EI .

The spray is dominating if ¢, is surjective. It is global it U = E. Two local sprays
define the same germ if they agree on some neighbourhood of the entire zero section.
For B a point these are absolute sprays.

Here “local” restricts the fibre variables, not the set of base points x € X. It must
not be confused with an algebraic spray defined only over a Zariski open subset of
X. A global holomorphic spray need not be an algebraic morphism.

Definition 2.2. A complex manifold Y is elliptic if it admits one global dominating
spray. It is subelliptic if finitely many global sprays have differential images whose
sum is T,Y at every y. It is Oka if it has the convex approximation property:
for every m, every compact convex K C C™, and every holomorphic map from a
neighbourhood of K to Y, entire maps C™ — Y approximate it uniformly on K.
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This is equivalent to the usual Oka principles with approximation and interpolation
[10].

The condition hP(Y) means that every continuous map from every Stein manifold
to Y is homotopic to a holomorphic map. It specifies neither approximation nor
interpolation. A d-dimensional Y is dominable if a holomorphic map C? — Y has
surjective differential somewhere, and strongly dominable if such a map can be chosen
through every point of Y.

Definition 2.3. A manifold Y is Oka-1 if the following holds. For an open Riemann
surface R, a Runge compact K C R, a closed discrete sequence (a;), a continuous
f + R — Y holomorphic near K U {a;}, € > 0, and positive integers k;, there is a
holomorphic F': R — Y, homotopic to f, with

Sl}l{p d(F, f) <, jfij = jf;ff for every j.

A smooth algebraic Y is aOka-1 if the analogous assertion holds with R a smooth
affine algebraic curve, a finite interpolation set A C K, a common finite jet order,
and F' an algebraic morphism [1, 14]. The initial map f is still continuous and
holomorphic near K.

For completeness, LSAP is an approximation condition on sprays of maps from
discs, not the existence of a spray in Definition 2.1. A special pair D C D’ consists
of compact discs with piecewise smooth boundary, with D"\ D a disc attached along
an arc. LSAP at y € Y asks for a neighbourhood V' of y such that each holomorphic
F: D xBY — V can, for some r € (0, 1), be approximated uniformly on D x rBY
by holomorphic maps D’ x rBY — Y. The maps are understood to be holomorphic
on neighbourhoods in the disc variable [14, Definitions 5.1-5.2].

The implications used for orientation are

elliptic = subelliptic = Oka =— LSAP =— Oka-1,

as well as Oka = hP and Oka = strong dominability. The algebraic statement
aOka-1 = Oka-1 is distinct. No reverse arrow is assumed. An Oka map is a holo-
morphic map which is a Serre fibration and satisfies the parametric Oka property for
liftings; holomorphic fibre bundles with Oka fibre are standard examples. Kusak-
abe’s elliptic characterizations use sprays over Stein sources and must not be read as
an unrestricted equivalence between Oka and Gromov elliptic [22, 23]. The algebraic
equivalence of ellipticity and subellipticity in [21] has its stated algebraic scope.

3. Geometric background and the relative Euler bundle

3.1. Positivity and structure. A vector bundle V' is nef when Opgy+)(1) is nef,
with projectivization interpreted as lines; X is Fano when it is smooth projective
and —Kx is ample. A CP-manifold is Fano with nef T'x. The assertion that every
CP-manifold is rational homogeneous remains a conjecture in the generality at issue
[6, 9]. Nefness does not mean global generation.

For a smooth projective manifold, the MRC quotient has rationally connected
general fibres and non-uniruled base, after making the usual birational choices. It
need not be a holomorphic fibre bundle. Positivity structure theorems, including
those of Hosono—-Iwai—Matsumura and Iwai-Matsumura—Zhong, require their exact
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positivity, smoothness or singularity, and projectivity hypotheses [19, 20]. Compact
Kéhler extensions for pseudo-effective tangent bundles use specified analytic positiv-
ity notions [24]. Results on locally constant fibrations impose additional curvature
hypotheses [25]. None of these results alone supplies the global fibrewise spray on a
prescribed bundle required here. We use an actual holomorphic P”-bundle, not an
arbitrary MRC fibration or smooth rationally connected morphism.

3.2. The Euler bundle without a chosen vector-bundle lift. Write V, = C**!
and let P(Vp) parametrize lines. At a line ¢ C Vj put

Ay = Hom((, V), L b — V.
The Euler sequence is
(3.1) 0 — Opn = A= Opn(1)®"HD) L T3 — 0,
where ¢, is composition with Vy — V4/¢. An element g € GL(Vj) acts on A by
(€,u) — (gt gouo(gle)™).
A scalar matrix acts trivially. Thus A, its identity section, and its quotient map are
PGL(Vp)-equivariant.

If p: X — B is any holomorphic P"-bundle, its transition maps take values in
PGL(Vp). The preceding equivariance glues the Euler sequence to

(3.2) 0— Ox = A, 5 Tx/p — 0.

We call A, the relative Euler bundle. If X = P(V') for a vector bundle V' — B, it
equals S*®p*V | where S is the tautological line. The equivariant construction does
not require such a V' to exist.

The formula

(3.3) Sp(l,u) = (1 +u)(0)

defines a holomorphic relative map on A, \ o(X), where o(z) = —i,. Indeed a
nonzero map from a line has a one-dimensional image, and it is zero precisely at
u = —tp. The formula is equivariant, sends 0, to ¢, and has vertical differential ¢. It
is therefore a local dominating relative spray over all of X.

4. Main theorem

Theorem 4.1 (Minimal relative sprays and nonextension). Let p : X — B be a
holomorphic fibre bundle with fibre P, where n > 2 and X, B are connected smooth
compact Kdhler manifolds. Let E — X be a holomorphic vector bundle and let s be
a local dominating relative spray on E.

(1) If tk E <n+1, thentk E =n+ 1. There is a holomorphic bundle isomor-
phism U : E — A, over X such that

qoV = ¢, s=5,0W¥ as germs along the zero section.

(2) A germ as in (1) has no holomorphic extension to all of E, even if the
putative extension is not required to be a relative spray.

(3) The minimum rank of a local dominating relative spray is n+1. Every global
dominating relative spray has rank at least n + 2.
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Remark 4.2. The proof works, unchanged, for a holomorphic P"-bundle over any
connected complex manifold. The displayed compact Kéahler hypotheses specify the
geometric setting of the paper; the properness needed below already follows from
being a P"-bundle. The lower bound concerns relative sprays. It is not a bound for
absolute sprays on X that move the base point in B.

5. Proof of the main theorem
5.1. The tangent-source obstruction.

Lemma 5.1. If a complex manifold Y admits a local spray on Ty whose vertical
differential is the identity, then Ty has a torsion-free holomorphic affine connection.
Consequently P", n > 1, has no such spray. Moreover, the differential of a local
dominating spray on P™ cannot admit a holomorphic right inverse.

Proof. In local coordinates z, with tangent coordinate v, write
si(z,0) = z + v+ 1B;(2)(v,0) + O([v]*),

where B; is holomorphic and symmetric bilinear. For a change of coordinates y =
f(#) the tangent variable becomes w = D f(z)v. Expanding f(s;(z,v)) to order two
gives

(5.1) B;(f(2))(Df(2)v, Df(2)v) = Df(2)Bi(2)(v,v) + D* f(2) (v, v).

Set I'; = —B;. Equation (5.1), polarized in the two tangent arguments, is exactly
the transformation rule for the Christoffel coefficients of a connection: the D?f term
is cancelled when differentiating a transformed vector field. Explicitly,

(Vo V), =dVi(U;) + Ti(U;, Vi)

transforms by D f, satisfies the Leibniz rule, and is torsion-free because I'; is sym-
metric. This proves the first assertion directly; the general connection framework is
discussed in [2].

For Y = P", the induced determinant connection would be a holomorphic con-
nection on det Ty = O(n + 1). Pull it back to a projective line. A holomorphic
line-bundle connection on P! is flat, since its curvature is a holomorphic two-form.
Parallel transport on the simply connected P! then trivializes the line bundle, so its
degree is zero. This contradicts deg Op1(n + 1) =n + 1.

Finally, if ¢ : E — Tp» had a holomorphic right inverse j, the composite s o j
would be defined near the zero section of Tp» and have vertical differential ¢j = id.
This is the already excluded case. ([l

5.2. Cohomology and extensions on a fibre.
Lemma 5.2. Forn > 2 and a € 7Z,

C, a=0,

(5.2) HY(P", Qpa(a)) = {O 00,

For every k > 2,
(5.3) HO(P", Tpn (—k)) = 0.
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Proof. The line-bundle cohomology of projective space gives H*(P", O(a)) = 0 for
all @ when n > 2; one may use [27, Lemma 30.8.1] and GAGA [26]. In the twisted
cotangent Euler sequence

0 — QYa) — O(a— 1) — O(a) — 0,

the desired H! is therefore the cokernel of the map on H°. For a < 0 both spaces
of sections are zero. For a = 0 they are respectively zero and C. For a > 1 the map
sends (P;) to Y x; P;, which is onto because every degree-a monomial is divisible by
some x;. This proves (5.2).

Twisting (3.1) by O(—k) gives

0 — O(=k) — O(1 — E)®"Y 5 T (—k) — 0.
For k > 2 the middle H° and the first H' vanish, proving (5.3). O

Lemma 5.3. If s is a local dominating spray on a rank-r holomorphic bundle
E — P" wheren >2 andr < n+1, then r =n -+ 1 and its differential fits, after a
bundle isomorphism, into the Euler sequence (3.1).

Proof. Surjectivity gives r > n. If r = n, the differential is a bundle isomorphism,
contradicting Lemma 5.1. For r = n 4 1, its kernel is a line bundle and hence is
O(a) for some a € Z. The resulting extension is classified by

Ext!(Tpn, O(a)) = H'(P", Qpn (a)).

If a # 0, Lemma 5.2 forces a split extension, which is excluded by Lemma 5.1. For
a = 0 the extension class must be nonzero. The Euler class is nonzero: a split
Euler sequence would have h?(A*) > h°(0) = 1, whereas A* = O(—1)®*V has no
sections. Since the extension space is one-dimensional, rescaling the identification of
the kernel with O makes the two extension classes equal. Equivalence of extensions
gives an isomorphism £ — A inducing the identity on the quotient Tpn. 0

5.3. Rigidity of higher vertical jets.

Lemma 5.4. Let E — X be a holomorphic vector bundle and p : X — B a
holomorphic submersion. Suppose

HO(X, Hom(Sym” E,TX/B)) =0 for every k > 2.

Two local relative sprays on E having the same vertical differential agree as germs
along the zero section.

Proof. Their values at zero and their first vertical jets agree by assumption. Suppose
inductively that the jets agree through degree k—1. In a source bundle trivialization
and relative target coordinates, subtract their degree-k fibrewise Taylor terms. A
target-coordinate change acts on this difference by its first derivative: all nonlinear
contributions involve lower differences, which are zero. Source transition functions
are linear in the fibre variables. The differences consequently glue to a holomorphic
section of Fom(Sym" E, Tx/p). This section is zero by hypothesis, completing the
induction.

At each point of the zero section choose coordinate neighbourhoods on which both
maps are holomorphic. All fibre derivatives of their coordinate difference vanish
at zero, for every base point in a smaller neighbourhood. The convergent Taylor
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expansions in the fibre variables therefore coincide on a neighbourhood of that part
of the zero section. Taking the union over the base points proves equality of germs.
This last step uses convergence of holomorphic Taylor series, not a formal-to-analytic
assertion without justification. 0

For A = O(1)®+1 | the sheaf #om(Sym" A, Tpn) is a direct sum of copies of
Tpn(—k). Thus Lemmas 5.2 and 5.4 already classify the full germ on each projective-
space fibre.

5.4. Descent of the source and its extension class.

Proof of Theorem j.1. Assume first r = rk F < n+1. For each b € B the restriction
to F, = p~'(b) is a local dominating spray on P". Lemma 5.3 gives r = n + 1 and
shows that the line bundle K = ker ¢, restricts trivially to every fibre. In particular
hY(Fy, K|p,) = 1 and h'(F}, K|r,) = 0. Proper holomorphic base change [17] implies
that M = p,K is a line bundle and the evaluation map

pP'M — K

is an isomorphism: on each fibre it is evaluation of the constant sections of a trivial
line bundle, hence is everywhere nonzero.

Put Q = Qﬁ(/B. On a local product chart for p, cohomology on the fibres and
Lemma 5.2 give

P =0, R'p.Q ~ Op.

The second identification is global and canonical after choosing the Euler class as
generator. Indeed every projective linear transformation preserves the equivariant
Euler extension, so acts trivially on its one-dimensional extension space. Projection
formula and the low-degree terms of the Leray spectral sequence now give

(5.4) Ext'(Tx/p,p*M) = H'(X,Q ® p*M) ~ H°(B, M).

There are no other contributions in degree one or an outgoing differential here: the
terms H'(B, p.(Q ® p*M)) and H*(B, p.( ® p*M)) both vanish.

Under (5.4) the extension defined by E corresponds to a holomorphic section e
of M, and e(b) is its fibre extension class in the Euler normalization. Each such
class is nonzero by Lemma 5.3. Hence e is nowhere zero and trivializes M. In this
trivialization the extension class is 1, precisely the class of (3.2). We obtain an
isomorphism ¥ : £ — A, satisfying q¥ = ¢,.

For k > 2, every global section of %Oom(Symk Ap, Tx/p) restricts on every fibre
to a direct sum of sections of Tpn(—k), hence to zero. It is zero at every point of X.
Apply Lemma 5.4 to s¥~! and S,. Their vertical differentials are both ¢, so their
germs agree. This proves (1).

For nonextension fix = ¢ in a product chart and view (A,), = Hom((, V).
Choose nonzero maps a,b : ¢ — Vi whose images are distinct lines. Along the
punctured paths

Uqg(t) = —up + ta, up(t) = —1p +tb (t #0),

formula (3.3) has constant values a(¢) and b(¢) respectively. Thus it has no contin-
uous extension at —uy.
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If a holomorphic extension of the germ to all of E existed, conjugate it by ¥ and
restrict it to this vector fibre. It agrees with S, on an open neighbourhood of 0. The
domain (A,), \ {—t} is connected, so the identity theorem for holomorphic maps
into a complex manifold gives equality on that punctured fibre. The two different
limits contradict continuity of the proposed extension. This argument does not
assume that the extension preserves p, proving (2). Finally (3.3) gives a rank-n + 1
local spray; (1) excludes smaller ranks and (2) excludes all global ranks at most
n + 1. This proves (3). O

6. Consequences, bounds, and tests on examples

Corollary 6.1. For n > 2, let rgo(P") denote the minimum rank of a global
dominating holomorphic spray on P"™, allowing arbitrary holomorphic source bundles.
Then

n+ 2 < rgen(P") < 2n.
In particular rgon(P?) = 4, while its minimum local rank is 3. If the source is required
to be trivial, its minimum rank is 2n both locally and globally, also for n = 1.

Proof. The lower bound for arbitrary sources is Theorem 4.1. We give the upper
bound and the trivial-source assertion explicitly, without claiming their independent
novelty.

Put W = H(P", Tpn). Evaluation W — T,P" is surjective because the projective
linear action is transitive. In W?2", the tuples whose values at a fixed z fail to span
have codimension 2n — n + 1 = n + 1, the codimension of the matrices of rank at
most n — 1 in the space of n x 2n matrices. The incidence set of bad tuples and
points therefore has dimension at most dim W?" — 1. Its projection to W?2" is closed
since P is proper. Choose a tuple (V1,. .., Va,) outside that projection. These fields
span at every point. They are induced by matrices A; modulo scalars; their entire
flows are = +— exp(tA;)z. Hence

(61) S(l’, tl, R ,tgn) = exp(tlAl) s eXp(tgnAgn)l‘
is a global holomorphic spray from the trivial rank-2n bundle. Its differential at
zero is Y t;V;(x) and is surjective.

Conversely, a dominating differential from O" has a kernel bundle K of rank r —n.
Write i = ¢;(O(1)). The Euler sequence gives ¢(Tpn) = (1 + k)", so

oK) = (1+h)~0D, ¢ (K) = (=1)" (2"> K" £ 0.

n
A bundle of rank less than n has zero nth Chern class. Thus r — n > n, proving
r > 2n. This argument applies to a local differential as well. Formula (6.1) proves
sharpness. O

Proposition 6.2. Every holomorphic P"-bundle admits a global dominating relative
holomorphic spray of rank (n +1)* — 1.

Proof. Let P — B be its principal PGL(n 4 1,C)-bundle and let ad(P) be the
associated bundle with fibre sl,,,1(C) and conjugation action. On p*ad(P) — X,
define in a product chart

(b, 0, A) — (b,exp(A)L).
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Since exp(gAg~t) = gexp(A)g~!, the local maps glue. The exponential is defined
for every matrix, and the derivative is the infinitesimal transitive projective linear
action. This proves both global definition and relative domination. No algebraicity
of the exponential is asserted. 0

Example 6.3 (Sharp boundary in dimension one). For P!, Corollary 6.1’s trivial-
source argument gives a global spray of rank 2. Thus the bound n + 2 in the main
theorem would be false for n = 1. Precisely the vanishings used in Lemma 5.2 fail:
Tpi1(—2) ~ O and HY(P!,O(-2)) # 0. This is a counterexample to removing the
dimension hypothesis, not an omitted case of the proof.

The following tests delimit the conclusion. They do not turn known examples
into new Oka results.

e For P! x P"~!, projection to P! is covered when n — 1 > 2. For P! x P! that
projection has one-dimensional fibres and is excluded. The other projection
has P! fibres and is likewise excluded.

e Quadrics, flag manifolds and rational homogeneous manifolds are elliptic.
The theorem applies to their morphisms only when those morphisms are
actual projective-space bundles of the required fibre dimension. The Euler
cohomology calculation is not being asserted for an arbitrary homogeneous
fibre.

e Smooth toric Fano manifolds and smooth projective rational varieties provide
many Oka examples. For the latter, the current algebraic ellipticity results
follow from Banecki’s retract-rational work [3]. The Hirzebruch surface F; =
Bl P? is Fano and Oka, but its tangent bundle is not nef: on the exceptional
curve it has the quotient normal bundle Op:(—1). Thus the argument must
not confuse Fano with nef tangent, or a nonextension obstruction with non-
Oka behaviour.

e On a complex torus 7' = C¢/A, addition gives a global spray T x C¢ — T
of rank d. This includes abelian varieties and nonprojective compact Kéahler
tori, with nef tangent and non-Fano canonical class. A universal compact
Kahler lower bound d + 2 would be false.

e Kummer K3 surfaces and elliptic K3 surfaces are Oka-1 examples in [1]; their
full Oka property is not supplied by that result. Arbitrary K3 surfaces and
arbitrary elliptic surfaces are not covered by an unqualified assertion here.
In particular, they are not presented as proved examples of Oka-1 manifolds
failing to be Oka.

e Blow-ups require separate control. Blow-ups of smooth projective rational
varieties along smooth centres remain smooth projective rational varieties
and lie in the preceding known class. No assertion that every blow-up of
every Oka manifold is Oka is used.

7. Campana specialness, the core, and the hA-principle

A smooth compact Kéahler manifold is special if it has no Bogomolov sheaf: no
saturated rank-one subsheaf L C Q%, 1 < a < dim X, with x(L) = a. Campana’s
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core separates a special general fibre from an orbifold base of general type. Ra-
tionally connected manifolds and manifolds of Kodaira dimension zero are special
[5].

There is an important distinction in the audit. Campana’s Corollary 8.11 in [5]
states that a C%dominable compact manifold in Fujiki class C is special. Since an
Oka manifold is strongly dominable, this already implies

X compact Kahler and Oka = X special.

This is a known consequence, not a theorem of the present paper. For the weaker
condition hP alone, the projective result is Campana—Winkelmann’s theorem [7];
their compact Kéahler extension is posed as a conjecture. Its projective proof cannot
simply be transferred using an unverified analogue of the Jouanolou construction.
Our proof uses neither such a transfer nor a new vanishing theorem for the core.

Holomorphic fibre bundles with Oka fibre have Oka total space exactly when the
base is Oka [10]. Thus a projective-space bundle over an Oka torus is Oka by known
theory. It is consequently special when compact Kéahler, while its relative minimum-
rank spray still has the nonextension proved here. There is no incompatibility: global
sprays on other source bundles remain available, as Proposition 6.2 illustrates in the
vertical directions.

Oka manifolds have vanishing Kobayashi pseudodistance, by interpolation at two
points of C. Dense entire curves in rationally connected manifolds are provided by
Campana—Winkelmann [8]. Neither the existence of one dense curve nor vanishing
pseudodistance supplies the approximation property in Definition 2.3, let alone the
full Oka property. No general converse from specialness is used.

8. Oka-1, rational connectedness, and version control

The version distinction is mathematically consequential. In the first arXiv version
of [1], Section 9 presented rationally connected compact manifolds as Oka-1, with
an argument based on Gournay [16]. The final arXiv version, v5 of 10 April 2025,
instead labels the projective assertion Conjecture 9.1 and explains that the authors
could not understand the required proof in Gournay’s paper. The 2023 Rényi lecture
slides [13] also state the earlier theorem; they are not a replacement for the later
proof assessment. The ICM survey [12], arXiv v1 of 25 September 2025, continues
to describe the general assertion as conjectural.

Benoist—Wittenberg prove tight approximation under rational simple connected-
ness hypotheses [4], including their projective constant-target application. This gives
aOka-1 and Oka-1 in that class, with a proof in the paper; smooth degree-d hyper-
surfaces in PV with N > d? — 1 are among their applications. It does not establish
the assertion for every rationally connected manifold. Unirational smooth projective
manifolds are known to be Oka-1 through dense dominability; this does not prove
that they are Oka or aOka-1. A different established source of aOka-1 examples
is birational equivalence to an algebraically elliptic projective manifold [14, Theo-
rem 1.6 and Remark 1.10]. Projective aOka-1 manifolds are rationally connected,
but an analytic Oka manifold need not be: an abelian variety of positive dimension
is Oka and is not rationally connected.
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Accordingly, the implications Fano = rationally connected and Tx nef do not
settle either the general Oka problem for CP-manifolds or a rank-constrained spray
construction. Our main theorem needs none of the unsettled rational-connectedness
implications. Its targets along the fibres are homogeneous, where ellipticity is al-
ready known.

9. Further questions

For n > 3, what is rg.,(P") between n + 2 and 2n? The Chern-class proof
determines only the trivial-source minimum; it does not exclude nontrivial source
bundles of intermediate ranks. The rank-n+ 1 extension argument cannot be reused
without new input once its kernel has rank at least two.

For which homogeneous fibres F' can one classify low-rank extensions onto Tg
and obtain the higher-jet vanishing needed in Lemma 5.47 The projective-space
proof suggests these two precise tasks, not an automatic generalization to all flags
or quadrics. For a projective-space bundle, can monodromy force a larger global
relative minimum than that on a single fibre?

For positive tangent bundles beyond the homogeneous case, a concrete missing
step is to construct a global dominating spray with a specified source and verify all
its fibre variables, rather than merely integrate its first differential formally. We do
not give such a construction for all CP-manifolds. The present obstruction shows
why an argument based only on free curves or a bundle epimorphism must address
this step separately.

10. Research and novelty audit

The audit was performed on 9 September 2026. It used original arXiv versions,
available published or author-hosted full texts, publisher bibliographic records, au-
thor publication lists, and references in the papers. Public web searches included
combinations of “minimal rank holomorphic spray projective space”, “Euler sequence
spray”, “local spray source bundle”, and “projective bundle spray obstruction”, fol-
lowed by the 20242026 literature cited below. Some exact-phrase searches produced
no useful mathematical match. Absence from such searches is not evidence of an
exhaustive search. No subscription MathSciNet search or exhaustive Google Scholar
cited-by enumeration is claimed; publisher, arXiv and reference-list records supplied

the accessible bibliographic audit.

10.1. Candidate selection. The following records the ten candidates actually con-
sidered. A candidate marked CONDITIONAL was not promoted to a theorem.
“Verified new candidate” combines a completed proof with the bounded novelty
assessment above.

(1) Projective hP = special: ALREADY KNOWN. Tool: Campana—Winkelmann;
obstruction to novelty: identical conclusion.

(2) Compact Kahler Oka = special: ALREADY KNOWN. Tool: dominability
and Campana’s Corollary 8.11; obstruction: already an immediate known
consequence.

(3) Projective Oka = elliptic: ALREADY KNOWN. Tool: negative source bun-
dles and Oka approximation; the 2026 Forstneric—Larusson paper proves it.



12 CHATGPT 6 ASTRA

(4) All CP-manifolds are Oka: CONDITIONAL as explored. Homogeneity
would suffice; the required general classification or replacement spray con-
struction was not obtained.

(5) All rationally connected projective manifolds are Oka-1: CONDITIONAL as
explored. Tool proposed in earlier literature: Gournay approximation; the
latest proof assessment prevents its use as an established theorem.

(6) Homogeneous-fibre bundles over Oka tori are Oka: TRIVIAL CONSE-
QUENCE. Tool: the Oka fibre-bundle theorem; no new argument remains.

(7) Every compact Kéahler Oka manifold is elliptic: CONDITIONAL as explored.
The projective negative-line-bundle mechanism has not been justified in the
nonprojective case.

(8) Integration of an assigned epimorphism after sufficiently negative twisting:
TRIVIAL CONSEQUENCE in the projective Oka setting. Given an existing
dominating spray F' — X with differential F' — Ty, Serre vanishing lifts a
map L™ ™®N — Ty to F for m sufficiently large; precomposition gives the
spray. This does not furnish an independent new existence result.

(9) Rank-n+1 source and germ rigidity on P”, n > 2: VERIFIED NEW CANDI-
DATE. Tools: the connection obstruction, Euler extensions, and higher-jet
vanishing; the nonextension is proved by explicit limits.

(10) Relative rigidity and nonextension for P"-bundles: VERIFIED NEW CAN-
DIDATE, selected as the main result. Additional tool: descent of the kernel
and of the Euler extension class; no vector-bundle lift of the projective bundle
is assumed.

10.2. Final theorem audit.

Main theorem.:

Theorem 4.1: classification of local relative sprays of rank at most n + 1 and the
global lower bound n + 2 for n > 2.

Nearest known result.:

Problem 3.2 and Proposition 3.3 of [15] concern allowable local source bundles and
the obstruction supplied by global generation. Classical homogeneous sprays already
give existence.

Precise difference.:

We identify the minimum source, determine its entire germ, descend the classification
in families, and prove nonextension on that source. This is not the homogeneity
conclusion, nor a new proof of existence of some spray.

Why nontrivial.:

The proof requires a nonsplit extension calculation, elimination of all higher jets,
a base-change and extension-class argument, and a genuine analytic nonextension.
No cited theorem directly states these conclusions.

Immediate consequence check.:

Global generation alone gives homogeneity, not a classification of the source or
its higher jets. The negative-source existence theorem changes the source and so
does not extend the Euler germ. The rejected twisting candidate explains a nearby
argument which would only give a mechanical consequence.
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Counterexample search.:

Section 6 checks homogeneous varieties, toric Fano and blow-up examples, tori, K3
and elliptic surfaces; P! disproves removal of n > 2, and tori disprove a universal
dimension-only bound.

Novelty search.:

No matching statement was located in the inspected corpus or the searches described
above. Priority remains subject to literature beyond that corpus.

Proof status: VERIFIED.:

Every step is proved above or uses the stated elementary cohomology, GAGA or
proper base-change theorem with its hypotheses checked. Here VERIFIED means
checked within this manuscript’s research process, not independent peer review.

10.3. Versions and sources actually checked. For [1], both v1 (2023) and v5 (10
April 2025) were compared; the latter agrees with the 2025 published bibliographic
record. For [14], v4 (29 December 2024) was read. For [15], v6 (5 May 2026),
including Section 3, was read and the 2026 journal record checked. For [4], the
author-hosted full proof and 2025 publication were checked. Banecki’s v4 of 3 August
2026 was included [3]. Campana’s printed Corollary 8.11, the published [7], and the
full text of [8] were checked. The 2026 lecture material and the ICM survey were used
to compare status, never to substitute for an unavailable proof. Positivity papers
[20, 24, 25] were inspected for hypotheses, but are not inputs to Theorem 4.1.

The general Fano/CP Oka problem remains unresolved by this work. The veri-
fied outcome is the source-rigidity and rank-obstruction theorem, with the concrete
minimum rg,(P?) = 4 and its relative extension.

References

[1] A. Alarcén and F. Forstneri¢, Oka-1 manifolds, Math. Z. 311 (2025), no. 2, article 33, 34 pp.
doi:10.1007/s00209-025-03833-4. arXiv:2303.15855v5; v1 also consulted.

[2] M. F. Atiyah, Complex analytic connections in fibre bundles, Trans. Amer. Math. Soc. 85
(1957), 181-207. doi:10.1090/S0002-9947-1957-0086359-5.

[3] J. Banecki, Retract rational varieties are uniformly retract rational, preprint (2024), version 4,
3 August 2026, 8 pp. arXiv:2411.17892v4.

[4] O. Benoist and O. Wittenberg, Tight approzimation for rationally simply connected varieties,
Taiwanese J. Math. 29 (2025), no. 6, 1165-1183. doi:10.11650/tjm/250702.

[5] F. Campana, Orbifolds, special varieties and classification theory, Ann. Inst. Fourier (Greno-
ble) 54 (2004), no. 3, 499-630. doi:10.5802/aif.2027; arXiv:math/0110051.

[6] F. Campana and T. Peternell, Projective manifolds whose tangent bundles are numerically
effective, Math. Ann. 289 (1991), 169-187. doi:10.1007/BF01446566.

[7] F. Campana and J. Winkelmann, On the h-principle and specialness for complex pro-
jective manifolds, Algebr. Geom. 2 (2015), no. 3, 298-314. doi:10.14231/AG-2015-013;
arXiv:1210.7369.

[8] F. Campana and J. Winkelmann, with an appendix by J. Kolldr, Dense entire curves in
rationally connected manifolds, Algebr. Geom. 10 (2023), no. 5, 521-553. arXiv:1905.01104v3.

[9] J.-P. Demailly, T. Peternell and M. Schneider, Compact complex manifolds with numerically
effective tangent bundles, J. Algebraic Geom. 3 (1994), no. 2, 295-345. MR1257325. Author-
institution bibliographic record.

[10] F. Forstneri¢, Stein manifolds and holomorphic mappings: The homotopy principle in com-
plex analysis, 2nd ed., Ergebnisse der Mathematik und ihrer Grenzgebiete, 3. Folge, vol. 56,
Springer, Cham, 2017. doi:10.1007/978-3-319-61058-0.

[11] F. Forstneri¢, Recent developments on Oka manifolds, Indag. Math. (N.S.) 34 (2023), no. 2,
367-417. arXiv:2006.07888.


https://doi.org/10.1007/s00209-025-03833-4
https://arxiv.org/abs/2303.15855v5
https://doi.org/10.1090/S0002-9947-1957-0086359-5
https://arxiv.org/abs/2411.17892v4
https://doi.org/10.11650/tjm/250702
https://doi.org/10.5802/aif.2027
https://arxiv.org/abs/math/0110051
https://doi.org/10.1007/BF01446566
https://doi.org/10.14231/AG-2015-013
https://arxiv.org/abs/1210.7369
https://arxiv.org/abs/1905.01104v3
https://eref.uni-bayreuth.de/id/eprint/59615/
https://eref.uni-bayreuth.de/id/eprint/59615/
https://doi.org/10.1007/978-3-319-61058-0
https://arxiv.org/abs/2006.07888

14
[12]

[13]

[14]
[15]
[16]

[17]

[18]

[19]

[20]

[21]
[22]
[23]
[24]
[25]
[26]

[27]

CHATGPT 6 ASTRA

F. Forstneri¢, From Stein manifolds to Oka manifolds: the h-principle in complex analysis,
ICM 2026 survey, preprint (2025). arXiv:2509.21197v1.

F. Forstneri¢, Oka-1 manifolds, lecture slides, Alfréd Rényi Institute, Budapest, 27 June
2023, https://users.fmf.uni-1j.si/forstneric/datoteke/2023-Renyi.pdf; From
Stein manifolds to Oka manifolds: the h-principle in complex analysis, ICM 2026 lecture
slides, https://users.fmf.uni-1j.si/forstneric/datoteke/ICM2026.pdf. Accessed 9
September 2026; used only for version comparison.

F. Forstneri¢ and F. Larusson, Oka-1 manifolds: New examples and properties, Math. Z. 309
(2025), no. 2, article 26, 16 pp. doi:10.1007/s00209-024-03649-8; arXiv:2402.09798v4.

F. Forstneri¢ and F. Larusson, Every projective Oka manifold is elliptic, Math. Res. Lett. 33
(2026), no. 1, 297-312. doi:10.4310/MRL.260503003231; arXiv:2502.20028v6.

A. Gournay, A Runge approzimation theorem for pseudo-holomorphic maps, Geom. Funct.
Anal. 22 (2012), no. 2, 311-351. arXiv:1006.2005v2.

H. Grauert, Ein Theorem der analytischen Garbentheorie und die Modulrdume komplezer
Strukturen, Publ. Math. Inst. Hautes Etudes Sci. 5 (1960), 5-64. https://www.nundam. org
/item/PMIHES_1960__5_ 5 0/.

M. Gromov, Oka’s principle for holomorphic sections of elliptic bundles, J. Amer. Math. Soc.
2 (1989), no. 4, 851-897. doi:10.2307/1990897.

G. Hosono, M. Iwai and S.-i. Matsumura, On projective manifolds with pseudo-effective tangent
bundle, J. Inst. Math. Jussieu 21 (2022), no. 5, 1801-1830. doi:10.1017/S1474748020000754;
arXiv:1908.06421.

M. Iwai, S.-i. Matsumura and G. Zhong, Positivity of tangent sheaves of projective varieties—
the structure of MRC' fibrations, preprint (2023), version 2, 22 July 2025, 40 pp., announced
for Algebr. Geom. arXiv:2309.09489v2.

S. Kaliman and M. Zaidenberg, Gromov ellipticity and subellipticity, Forum Math. 36 (2024),
no. 2, 373-376. arXiv:2301.03058.

Y. Kusakabe, FElliptic characterization and localization of Oka manifolds, Indiana Univ. Math.
J. 70 (2021), no. 3, 1039-1054. doi:10.1512/ium;j.2021.70.8454; arXiv:1808.06290.

Y. Kusakabe, Oka properties of complements of holomorphically convex sets, Ann. of Math.
(2) 199 (2024), no. 2, 899-917. arXiv:2005.08247v2.

S.-i. Matsumura and C. Qing, On compact Kdihler manifolds with pseudo-effective tangent
bundle, preprint (2025), 10 pp. arXiv:2502.00623v1.

N. Miiller, Locally constant fibrations and positivity of curvature, Bull. Lond. Math. Soc. 57
(2025), no. 4, 1005-1025. doi:10.1112/blms.70012; arXiv:2212.11530v3.

J.-P. Serre, Géométrie algébrique et géométrie analytique, Ann. Inst. Fourier (Grenoble) 6
(1955-1956), 1-42. https://www.numdam.org/item/AIF_1956__6__1_0/.

The Stacks Project Authors, The Stacks Project, Section 30.8, Cohomology of projective
space, Lemma 30.8.1, Tag 01XS. https://stacks.math.columbia.edu/tag/01XS. Accessed
9 September 2026.


https://arxiv.org/abs/2509.21197v1
https://users.fmf.uni-lj.si/forstneric/datoteke/2023-Renyi.pdf
https://users.fmf.uni-lj.si/forstneric/datoteke/ICM2026.pdf
https://doi.org/10.1007/s00209-024-03649-8
https://arxiv.org/abs/2402.09798v4
https://doi.org/10.4310/MRL.260503003231
https://arxiv.org/abs/2502.20028v6
https://arxiv.org/abs/1006.2005v2
https://www.numdam.org/item/PMIHES_1960__5__5_0/
https://www.numdam.org/item/PMIHES_1960__5__5_0/
https://doi.org/10.2307/1990897
https://doi.org/10.1017/S1474748020000754
https://arxiv.org/abs/1908.06421
https://arxiv.org/abs/2309.09489v2
https://arxiv.org/abs/2301.03058
https://doi.org/10.1512/iumj.2021.70.8454
https://arxiv.org/abs/1808.06290
https://arxiv.org/abs/2005.08247v2
https://arxiv.org/abs/2502.00623v1
https://doi.org/10.1112/blms.70012
https://arxiv.org/abs/2212.11530v3
https://www.numdam.org/item/AIF_1956__6__1_0/
https://stacks.math.columbia.edu/tag/01XS

S ZEMH D/ NEFT spray 15

S22 MR _E O/ NP spray & F v 7 [
chatGPT 6 Astra
2026 E9 HOH HAFEREX

R, S22 R B IEAN spray DR 7257 MLREFANS, p: X — B &
f7RIE o278 b Kahler ZRAMOIEAI P e L, n>2 &35, FYJk
RO TER I N2 B BAENT spray DIERDZ > 73 n+1 IR HIIX, #
DPRIAENT Euler 3RTH Y, REHIC X 2 ZH 1%, Z DIFIIEEE Euler spray 12—
T2 ZitAT %, ZOFITADEFYIM LICBRETRERNERZR D, Lk
Mo TRFNRERNT 2713 n+1 THE—TF. TN TORBIYZL LI spray
D72 2EFn+2 U ETH 2, GEHIKIERIT 7 4 Y EEHOESE, IEKE, SROE
EY vy bOHEK. BXU p K> T2HAGDLE S, T P? ORI LR
NGV DF 4 TR, TOIRDRICET 2EEZ Oka HERDFEIEEMD & XA L,
FBEHZHR U SGREEE 2 3. FriftE o F i3 SZRNICHERS L 7= KR D &P I R
b, BHEGEED S Oka AT ERITFIR L2V,

ZD/ — NI chatGPT 6 AR L 72D DTH D, EHHFEANRMEEE 2L 1T-
TWVWERA. ZODFFENEEECYE D20 LNEVTA. ZOLDEREGEL
ATLIZEW,

1. JEaf

FERIDAER (Known) . HRZBEFHZHRIR, FHIHRZZ2R] & EZ KT elliptic TH D, L
725 T Oka TH 3, ZHEDEK LD spray DTFEIEHIMPITH 3 [18, 10, 11],
1L D Forstneri¢-Larusson OEFIX, 2RI LT Oka & ellipticity 23
[FETH 2 Z & %2/ L7 [15, Theorem 1.1, L2 LIFAEZRZ T T, EDXRZ bR
PIRIC DG 20, F72Pi5-DJREFT spray SFE CIROERICIEETE 20030 % 5
W0 [AlFRX D Problem 3.2 (&R XL spray ZFF STHRORZ/M S5 D TH
D . Proposition 3.3 IZJEBKIBAEMR SN2 GEICFE NI L 2EEL 52 5,
KWL DA G & Z DRRE (New) . EH 4.1 1E n > 2 D P FITDOWTT 7 n+1 1
TOFTRTOZEHIAENS spray DH 2 0H T 5, BE EOXRT RO LE LT
FREINTVRVED &, X 5ICHE RO SIEANDIEEARAREME 2R3 %, Kl
WBHRE ITRTOERY = v bZFARHICAET 25D TH D, BEHID P O ellipticity
TR FHCRATNZERNT > 7 e KB RERN T > 27 2 KA1 %, % 10 BilZad
L7k e R EHER LTI, ZOERIIRE O SR o7, TAUTEF
ZRELHRERHMECH D, BIHEDORAETIE RV, UNDREIE T R TRl L.
Z DIE U S EFHHRMERHE I ARAE L 2w,
7 (Method) . ¥R _RICHEEM D DIEEEMRTH 5 spray HdHiUX, ERIT 7 4
VD HEIN D, PR LTI ZAUIAAEET H 5, RIILKRDEEDI S, T
Y7 n+1 DJFEIZNT Euler RTH2Z LS, HIK

HY(P", Tpn(—k)) =0 (k>2)
W& D, ZOD spray DEDERDIEE Taylor FRENI T XRTHEICK 5, BEOHEIC
EZOEMRRZEEANERNSE, ZOHKRE2H->TETNLARZARILT 5, &

RICEL 2 A2 S5DMBEIRL, EEOEELHRHT 2, ZhsDHIN
723X, BHHROZEE S Oka T UEMZEHA L THEK S 2 D TIEZRW,
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FHHDIFEE L positivity & flexibility DBEE D H4 Uz #EHD nef 72 Fano %
FRIRIZBRBNRTH 203, ZD Oka % 2 2 TS 2D TlERWV, ZDHEA
BT H 2 F2ERNTBNTT 6, IEEME XENRMD OFEZ T TIE, HELL
JR_ETOEED KIS E ST Z v, HEHEIZ Campana-Peternell F4H
AT Z e, BEAEMEE 7 7 A N= T AIECRICZOMEZEATE 5 X
219 %,

2. Oka DFEWEZ L AT spray DEK

REEZPIR LR WVIR D . ARG DZARIA L X7 M AVRIET RTHE 5 02 IR E R
FHNRE T D, 2287 MEEDEFLIZ. FEL TWRWEIEFE 2T, HHY
DhiHZED 2 EREDOHREZBEE T %,

Definition 2.1. p: X — B ZI1ERIIL®DIAA, 7: F — X ZIEAIRZ ML e
%o RPRHER spray 1%, FBYIMWEAKOBIE U Cc F LOIEAIBR s: U — X T
HoT

s(0;) =2,  pos=por
itz 3Td DRV, ZOEEMITIIHER
G5 B — TX/Ba (¢s)m = dSOa:|Ex

THb, ¢ DDEHZHIR spray 13ZAHY (dominating) TH 3, U = E B HIEK
WHITH 2, DD spray BBV RO H 230 T—HT s =, AUHEE
EDDEWVH, BB —ROGEIIENIZ spray TH 5,

T TR ET7 7 A N—ZEHZFIRT2b0THY, iz e X OEEZ
HIR S 2 DTIERWV, X D Zariski ARG L TOAER S 2RI spray IR
[ LTRSSV, FRRKEBIRIER spray (3RERIS & 13RS 22w,

Definition 2.2. HRZHEIK Y 23—2 DRI ZHCH spray ZHD & & elliptic
WS, BRMEDRIER spray OMITBEORAER y T T,Y L7225 E subelliptic
EWVWS, Y B Oka TH D 3Bt/ 2 8. TROBEED m. 2237
MYWES K CC™ BXU K OiEfFE»S Y ANOIERIEBRIIH L, BEHR C" - Y
&3 K EO—RSEMDRER Z e 205, ZAURLEle il Z 4 5 8HE D Oka
JF¥ e [F{ET D 5 [10],

M hP(Y) 2liE, EED Stein ZHAED 5 Y AND TR TOEBGEBRIIERES
WAREIME Y 7 THEZe2WVI, EUBMEDIFEL TRV, d KITD YV B
dominable TH 3 X, HBHIERIBEEH CI Y OB DTN %
WO, ZD X REB/RE Y OFREES XD ITERBIGEE% strongly dominable &
L\ 5 o

Definition 2.3. 2K Y 2% Oka-1 TH 3 1%, ROMWEZ WS, B Riemann [H
R. Runge 2> %7 MEH K C R, PABERG (a;). K U {a;} OFFETIERIZEE
BB f:R—Y. e>0 BIROERBE k; L. fITKE My ZRIEAIES
F:R—>Y T

supd(F, ) <e,  jEF=juf (FXTDj)
K

72T dDDBEET S, O RARBEREIRY 23 aOka-1 THZ LIX, R Z2IES
Wig T 7 4 REEhRR,. MBS EERES AC K. Y=y bOXEEHEOHR



S ZEMH D/ NEFT spray 17

e U, F 2REES 3 2EBOEEZ WS [1, 14], FIHIER £ 1. 205G
HHEMEMSRTH > T K OFFETIERI T 5,

SEETHLT LSAP AT 5, ZHUIFMNRD & DEBRD spray 1IZBH T 23015
FCHo T, EFK 2.1 D spray DIFETIZRWV, R D C D' 2id. XKoANSH
LPREER RO 3 Yo7 FEROXT, D'\ D 2R o T X vz FIR & 72
B3HD%WVI, HyeY IZBIFS LSAP I, y OEBEV 235 h. HEOFAIER
F:DxBY -V IZHLTHS rc(0,1) 2EFEXE, ERIEH D xrBY - Y I
XoT DxrBY LTI TEZ 2 2ERT 2, FIRERICOWTIXHLET
BRI & f#FR 3 % [14, Definitions 5.1-5.2],

MEDITD=DIZHW S EEIX

elliptic = subelliptic = Oka =— LSAP = Oka-1

B XU Oka = hP, Oka = strong dominability TH %, R FR aOka-1 =
Oka-1 13HD b DTH %, W[ = DRINIE LW, Oka map & & Serre fibration
THDH, Fb LFITOWTT X =& E Oka W27z TIERIBIHRTH 5, Oka
7 7 AN=ZFOER T 7 4 N—HIIEHERN R HITH %, Kusakabe D elliptic 72FF
o1& Stein RIFELED spray ZHWSHDTH D, Oka & Gromov elliptic DIHESE
TR e HEA TR 570 [22, 23], SCHR [21] 1I2B1F % ellipticity & subellipticity
DRIEMEICIE. Z 2 TR SN TRBIEH DD 5,

3. RTERIE S & AR Euler R

3.1, IEfEE L WS, S LR ERROZEM L RIRT 2 2 & RZ ML V 25 nef TH
% 2ld Op+)(1) Dinef THB I L EWVS, X 3 Fano TH 2 LI, 1B 500 D8
HWTHD —Kx 2% ample THB Z & %ZWVS, CP-manifold &1 Tx 5 nef 72 Fano
ZHATH %5, TRTD CP-manifold WEEHEHTH 2 L5 Fikid, T 2 THE
LI 5—BIETIHMRARE LTTETH S (6, 9]o Nef TH 2 Z 2 II KRBT EIKL
AQTAN

18 S0 ZRIRD MRC ik, % ONEMIBEIREIT - 7212, AHEbEE R
—i 7 7 A4 N— C IEHIRRES R R 2D, L LIEAIT 7 4 N—=H EIIR & 0,
Hosono-Iwai-Matsumura 3 & Of Iwai-Matsumura-Zhong D#EHR % & L IEMEME DR
EEHTIE, EENE 1850 X 23R ERA. SRR OWTEEH O EMERIE %
SFRREDD B (19, 20], AN RERICOVWTD a7 b Kihler NOILRIRIZ,
FEE S NI EATHIIEMEMEZ W5 [24], RFTERBUR 7 7 4 N—=ZZ/IZ DWW T OFEHE
WIGEMOMBREDSD 2 25, THOHDFERZI TR, ZZTREE TIHEX
N7=HR/ EDOKEBII: 7 7 £ N—TFAID spray 1315 57V, AL TIEEBROIEH
P %W, fEEOD MRC fibration R0 & 207 A HEGEST % W 2 DI Tl iz,

3.2. X7 FMIVEADFES EIFZ2#IZ7W» Euler . 1V, =C' 2 L, P(V,) IXERR
BRIRAXA=2T BT D, BRRLC V) ITHLT

Ay = Hom((, V), w:l—V
Y &<, Euler 522%1X
(3.1) 00— Opn 5 A= Opn(1)®™) L Tpo — 0
THY., ¢ & Vo= o/l LDOEHTH2, ge GL(,) X A2
(6;u) — (g¢, gouo(gl)™)
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WEkoTEHT 3, 207 —(THIDERIZBEHTH %2, LI=->T A, ZFOEZHEY)
Wi, B X OEEHE PGL(V,) RZETH 3%,

p: X - BZEEDOIEEAI P KW 3T 5, ZOEEEII PGL(V,) WEZES,
FoREZEMHIC X 5 T Euler 528%51%

(32) O—)OXL)ApﬁTx/B—)O

NEDEDE B, A, 2N Euler REMER, BJEK EOXZ MLV V — BT L
TX=PV) eFI2251E UL S pV IKFLW, 22T S IIFAEKEE
MRTH D, MERHERIE. ZOX5RV OFEELEYL LRV,

N

(3.3) Sp(l,u) = (1 +u)(0)

3 A\ o(X) LOIERIZHENEBRZED 5, 72720 o(x) = —1, 55, ER B
8 5 DIFFEBROBII—XITTH Y., ZOEBBFEIIRIZIDF u=—1, DL ZIZ
B2, TORNRIZFEZETHD, 0, B LI13ED, BEWMDE g TH2, oTX £
KD D RFTH 72 SXBCRIAER spray 252 %,

4. FEM

Theorem 4.1 (F/IMHXf spray EIERAATREME). p: X = B Z 7 7 A4 NXN=2P" D
EFHIZ 74 N—=_eF2, 2ZTn>2 2L, X,BlEEREOLRaY T b
Kihler 28k 35, E— X ZIERIRY MUK, s & E ORI SZECRIAET
spray &5 %,

() 1tkE<n+1%51XkE=n+1T»hHb, X LOFHIEKEFAR V: F — A,
AR EZCAON

qoV =20,  s=5,00 (FYMIIHIFLLT)

DI D ALD,

(2) (1) DFIF E EEANERNCERE T E RV, IERISHXT spray THZZ &%
FORLUB LS THIRARET D 5,

(3) RIPFRAYZ2 SZECRIAEN spray DEINT 7 n+1 TH D, TNTOREL =
SECHIAER spray DZ > ZE n+2 L ETH 5,

Remark 4.2. FEFRIIMEE OEIEERZEZ A LOEA Pr I LT, ZOFEE/MD
0. IR L7223 > %27 b+ Kahler IRE AR L ORMZHREZIBET 2HDT
HH, LR TRELREEEZ P KTH2 Z OB S . FHRIZMAN spray (&
325D TH3, BANOESEZENNT X O spray (IS0 2 RHR T
VAQIA

5. EEH DA
5.1. HERZHE 35 Z Lok,

Lemma 5.1. @R 2K Y 2 Ty HICEEMDMEEESRTD 2/ spray ZHF
D6 Ty BIRNDZLWIERIT 7 4 Y ifi e Fio, Ledio TP, n>113%
D XS spray BRIV, X5 P ORI XECR spray D X IERNZ
GG EFRBER WV,
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T, R . B o b LT
si(z,v) =z4 v+ lB‘( )(v,0) + O(|vf)

r&#EHL, ZZT B GiIEEIJ’Cﬂﬂﬁﬂﬁﬂi'Eﬂ@'C%é FERRZ y = f(2) D NTH
ZRIF w=Df(z)v &7 %, f(si(z,v)) Z_RETEMTSL

(5.1) Bi(f(2))(Df(2)v, Df(2)v) = Df(2)Bi(2)(v,v) + D* f(2)(v,v)
%ﬁéon:—&3§<@ﬁﬁﬂ%go@%xﬁk DWTRMBST 2L, bxr5Y

BHc D Christoffel FREMDEHHNC T 2, Tbb, BINRT G2 T
LrHNB Df OEMfIBIEEIN S, BARIIZIX

(Vo V) =dVi(U;) + Ty(U;, Vi)

X DfITE o> TEH L, Leibniz Q& 5723, T; 2S00 THEUIZVL, 2T
BYIDOFIRZ BRI U7z, — MR ERORHA 2] 12H 5,

Y =P 0BG, FEINLTHIROERUL det Ty = O(n + 1) _LOIERIFEIC
%, INEGFEERAGIER T, P! EOBERROEREIE. HRIER R
TH31DFHTH 3, Bz P! LoTRENIERRE Bl 20T, £

DREBIEE D, ZHUX degOpi(n+1)=n+1IXFET %,

E%k¢‘E%ﬂm#Ew&E@5@j%%oﬁ%ﬁ B 505 1& Tpn DELIWT
DFETER SN, BEMD ¢j =id ZFD, THUIBLZHIRR L7256 TH 5, O

5.2. 727 A4AN—LoareEnd—iik.
Lemma 5.2. n>2, a € Z IZH LT

1/mn Ol o (Ca a =y,
(5.2) H (P, Qpn(a)) = {o, 00
MDD, Fley TRTD E>21Z0LT
(5.3) HO(B", T (—k)) = 0

DI D LD,

FFRH. BB OEMR RO aRERY =06, n > 2 BHIETARTD o IZHLT
HY(P",0(a)) =0 TH %, HlZ1E [27, Lemma 30.8.1] & GAGA [26] Z iz &
W, 2o 7251 Euler 52275

0 — Qa) — O(a— 1)) 5 O(a) — 0
CBWTC, KDL H' 13 HY EOFRORME L%, a < 078537 DYIKIZERHH
BTH2, a=0R5IEENENEL CTHD, a>1B5IXFEHRI (P) & X P
%%, KE a DFNTOBEARIED 3 o, TEHH UM 2 DT, AU RHTH 3.
ZTH (5.2) BIRED,
X (3.1) % O(—k) T2 L
0 — O(—k) — O(1 — k)Y 5 Tpa(—k) — 0
#1982, k>2 TEHRD HO Y RAID H HEBT2DT, R (5.3) 05, O

Lemma 5.3. n>2. r<n+12L. s&®7>7 r OIFHIK F - P* FOFM
B SZBCHY spray £ $5, ZDEZX r=n+1THDH, REABIZE > TZDOMWIIE
Euler 5225 (3.1) IZHHAAEN S,
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FERR. RHMED S r > n TH B, r=n BROWFMOPIKFEAMTH D, & 5.112F
BT %, r=n+1ROIKRIEHRKRTDHE200, 5 acZ IZHNLT Oa) TH
%, 1F BRI

Ext!(Tpn, O(a)) = H' (P", Q. (a))

WEoTHEEIND, a# 0 BOIEHE 5.2 12X o TIEKIZOHT 2, U
51Xk oTHERR I N D, a = 0 TRIEKFEIZIEFRE TR ITINIE R 570, Euler
HDHIEETH %, FEEE. Euler BRI FHTIUL hO(A*) > h°(O) =1 22D,
A* = O(=1)2 ) ZIEFRYIM R 220, IERZERNE—RKITZ DT, e O 2D
Fl—tR2EBE L C OO KEE —H X o b, IKOFREED»S. B T b
THEHEERZFEIT LAY E - ADEoN 3, O

5.3. MRDEHEY = v b DI

Lemma 5.4. E — X Z1ERIRZ MUV, p: X — B ZIERIIEDIAAE T 5, TR
TD k>21THLT

H°(X, #om(Sym" E, Tx/p)) =0

YIRET %, BICEEMDZFD E LD DD RATHEN spray 1. FEYIRNTH S 3
L T—HT %,

AERH. BTOEE —RXDEEY = v MIREIZ X > T—ET 5, I k-1 XRE T
—HT 555, HEORDEHHEL L EROHENEREZ WV, 7 7 4 N=77[[® Taylor
JEFD k ROEDZEZ S o $RH D FEFEZAHUL Z D2 L T—RM 732 & - TIEH
T 5, IR RFEGEXTRXRTUERDEEEA, TNLWEEBRELSLTH 5, HROEHEE]
B 7 7 A N—ZBZ OV THIETH 5, LIzD > T DL Hom(Sym” E, Tx/p)
DIERITIMABE D X %, REIC L > TZOUIMNIRTH D . FENZE T T 5,
EUIM DTy WTDOEGRDIER L 72 2 PEFELR 5% LS, FERET DD TR T
DT 7 AN=WITIE, PEL LIZEFEORFEAITBWTETH S, LEeBoT7 7
A N=ZENZEI T ZCKR Taylor ERZ. BV D Z DE T OEHET—HT 5, HR
2RIZONT IS DEFOMZRIUR, FO—BDOEDS ., Z DEIZEDEMEIZIEA
Taylor FELDINEHZ FAWTE D, BID 72 NERATR D & BTN RA DT T
EA4AN O

A=01)20) izt LT, B AHom(SymF A, Ten) & Tpn(—k) DEFTH %, L
Teio THEE 5.2 L8 5412 K D BHRZER 7 7 4 N— ETREFREDBBLITT
HEhs,

5.4. REILKMDEET.

EH 1D, £ r=1kE<n+1 8IRET 2, Fbe BIXLTFE,=p ()
ANDHIFRIE P _ED R SZBCHY spray TH b, B 53 D r=n+1THD,
EHR K =ker g, 13T NTD 7 7 4 N— ETHIHIZR 5, F1iZ hO(Fy, K|g,) = 1.
hY(F,, K|p) =0 TH 2, BEHERIEHICOWTOELZEER [17) 226 M = p.K
FEMRRTH D, TGS

pP'M— K

BRETH %, FEBE &7 7 4 - ETZAUIHHERROEBYIM ORI TH D |
ELNTIHEFTDH %,
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Q= QY p LBL p DRFINABRFRR LT, 774 —DaREn Y — LHli# 5.2
iRy
p*Q =0, RlP*Q ~ Op
2195, ZHBHODFE X Euler HEAEMSITE U GER E KB OEMERNTDH 5,
IR, IR TOEBIEETIIFRZE L Euler IEKEZHRIFET 5720, ZO—RITDHA
RZEERNBIIEH S %, 52 E Leray A7 M ILVRIIDEKE 75> 5

(5.4) Ext'(Tx/p, p*M) = H'(X,Q® p*M) ~ H°(B, M)

2195, TZWREXHE—TOMDFED. ZI ol 2MWMr b, H HY(B,p.(Q®
p*M)) ¥ HY(B,p.(Q@p*M)) B DIHET 205 TH 5,

R (5.4) DNT. EDEDBIRIE M OIERIYTIHT e 1IZHIG L. e(b) 1 Euler FHIC
EBIEHULTDT7 7 A N—DILKREL 725, Wi 531K D, ZOFHIFITNTIEET
Hb, LIBoT e 3BRERT. M AW T 2, ZOBELTIEIEASEZ 1
THD, BxoEK (32) DFITHE LV, Ko T gl =¢, ZWMiITHHE V: F— A,
2135,

k>2120 LTy Hom(Sym" A, Tx/p) DIERDKIBEIKi % &7 7 4 N—1ZHlR
T2E. Tpa(—k) ODUIMDENE 722 7-:DFIKR D, Liho>TZOUMIE X @
BRTETDHS, @ 54% sV & S ITHEAT 2, MEDEEMNIL HIT ¢ 2
DT, ZOHIE—HT 2, ZhT (1) 2157,

IERAAREED 72, BERHND 2 = ZEEL. (A,), = Hom(,Vp) £ /2,
BRI ZEME 22 ZDDIEFEFR a,b: ( — V) BN, LU AR

uq(t) = —10 + ta, up(t) = —1p +tb (t #0)
Wih-> T, X (3.3) DEEZENZFR a(l) & b)) T—ETH 2, LIzd>T —1y TH
FUTIER T & 2w,

b LFED E 2EADERIZIEESHIUL, VICK-oTBLTIORIZ MLT >
AN=IZHIR T 2, ZDEASRIT 0 DBIEHET S, IT—HT %, EFH (A,). \ {—w}
FEAE R DT, BREZREANDIERIESRO—HOEMIZLD, ZOFLLT 74
N—2RT—HT 5, B2 _OOMRIIEREDEFMEICTET 5, Z DifamlIit
ERp #IRET 22 2IRELTEL T, (2) S, &R 33) &7 27 n+1
DJRIFT spray 252 %, (1) BDERKMED 7 > 7 ZHBRL. (2) DX n+1 ULTFDITAR
TOREZ > 7 2HfRrs %, THT (3) DS, O

6. l@fd. L TRS. BLUBNC K 2 HE

Corollary 6.1. n > 2 & L. rge(P?) Z. EEDIERIZIEOREZFF LHED P?
ORI ZECRIER] spray DERINT 72T B, ZTDE =

n+2 S Tglob(]Pm) S 2n
DI D LDs FFIZ rgon(P?) =4 TH Y., RFAKRRNT 27133 TH 5, HExHWH
RICR 2 2. BATHNCS KBRS RN > 27 2n THDH, ZOTFRIE n=11Z
FLTHRD LD,

FERH. (R ORI T 2 FFUIEM 4.1 TH 5, F5 e HIARIFICEE T 2 TR, #
DM OF MR FRE S, LU THRINCEEATS %,

W = HYP", Tpn) EIEL  FHEHIEREOERIZHER RO T, 3Hli W — TP 1
RHETH B, W IZBWT, [EE LT « TOMEIMEZER 24 LR WHDORKITIE
Mm—n+1l=n+1Tdbs, ZTHULX nx2n {THDEENZEBTFEZ57>7 n—1LFD
ITHNDRIICTH 5. LIzD o THEWHH L S D incidence £2EDXITIE dim W2 — 1
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DFRTH2, PP IZEERDT, 20 W NOEFHIIHESTH S, OO}
DRl (Vi,...,Va,) ZIEEER, ZN5DBIIFRTREMEZLERT 2, AH 7 —DiEWL
ZERNTATH A, BDZNOZAE L, 20 T70 -3 v exp(td)r TH 5, L
Mo T

(61) S(Q?, tl, RN ,tgn) = exp(tlAl) s eXp(thAQn)m

X7 > 7 2n @ BIHED & OKIRIIER] spray TH %, FETOMWITIE S t;Vi(x) T
HH., BHTH 5,

W2, O" OSDKEMIMMET V2 r—n DK K 28D, h=c(0(1)) & &
{s Euler ZE2F5 5 ¢(Tpn) = (1 + h)"+ 72D T

o(K) = (1+h)~"+D), QAK)_(—U"(Z?h”¢o

Y by TV n KiEDORDE n Chern FHIIETH 3, koTr—n>n. L1z
BoTr>2nThb, DA spray DM BEHTE %, K (6.1) 23
ERT, O

Proposition 6.2. $NTOEA] P Hid, 727 (n+1)* — 1 ORBRAYZ IR
FIER spray Z 50,

AR, P — B 2% ®DF PGL(n+1,C) ¥ L. ad(P) 27 7 A N— sl,,,(C) &3
RIEAIC X 2R 55, prad(P) —» X ki, BRRT

(b, 0, A) — (b,exp(A)¢)

EED B, exp(gAg™t) = gexp(A)g™! XD RAMBERIZEED X 5, HEREHRIZTTA
TOTH ETERS . Z DWW FHERR RSP EH O/ MERTH 5, Th
TR 72 E F2 & AR SR ME DI T DIE 5 o TR ER O REBIEIZ TR LRV, O

Example 6.3 (—JXUTTOHWER). P! Tld, % 6.1 ® HIARIFICE S 25w 5 7
> 7 2 DRI spray BMESNE, Lo TCEEHO TR n+2dn=1Tl3BLx
%o i 5.2 Tl o 72 IHED £ SN TE D T (—2) ~ O 52 HY (P, O(-2)) # 0
THbd, TNERTTREZNTZENORPITH D, FERHTUHEZ B L 7255 T
WF7R00,

DUFomBE RO HHEHH 2 D 2dDTH D, BHIOH ZH L Oka DFER
CEZDHDTIERWV,

o Pl x P 1 IZDOWT, P! ADHEHIE n—1>2 DFEIHRELS, P x P!
TEZEDT7 7 AN=E—RILTHONRHNTHZ, 5 —FHOHd P! %
T 7 AN DHRNTDH B,

o XHEMNE., MERA, AHEEFEZHEAII clliptic TH B, Z5DHFHIIA
THZHEATE 201X, DERT 7> A N—TIT 2 OEBEDOG2ER R TH
Z5EICR 3, FEDEE 7 7 4 N—I122OWT Euler akE0Y—0iHES
FIRLTWBE DI TR,

o B 5 H 7% toric Fano ZRRIA L 1 & D BT E 2 RIAIZZ { D Oka D%
Bz %, %EDOREMW ellipticity 13¥I7ETIE Banecki @ retract rational 12
BE9 284980 HHE S [3]o Hirzebruch il F; = Bl P? (& Fano 2>2 Oka T
HBH, AR nef TR, FISHIFR EITIER Opi (1) WO BEZHED
MBTH5, LIzho>T Fano EHEHRD nef M, F-EEEE Y IE Oka 1F
ZIREF LTI 5720,
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e BEIN—F AT =ClN LTI, IEBZ 27 d DR spray T x C — T
%52 %, Abel 2R v IEHEEN a > %7 + Kihler b —F 23 & FH.
FEHIZ nef TH 203 Fano TEHRWV, TRTDa 87 b Kahler ZHKIC
BTS2 TR d+2 1385,

o Kummer K3 Bl & #6M K3 #iHiX [1] 12813 % Oka-1 OFITH 3, Z D
RixFEe Oka 52 T0iwn, TE® K3 fHESEED MBI
WTHESMG R TFRET 2 DDOTIERWY, K2, Oka-1 7228 Oka THRWIZ &
DPEEFH X =0l L TEF TV B DT TIE R W,

o 7u—7 v FIXANEDHERZ RS 5, & ORI ABEZRIKEIE S 2R
D> T7 e =7y 7L THIELREBAHZATH Y. LoD
75 AET %o IEED Oka ZHEDEED 70 —7 v 75 Oka TH 2 &
W) FERISHWZR W,

7. Campana specialness, core, 3 KU} h-principle

Wonka 8y + Kihler 28K special TdH % ¥ 1%, Bogomolov sheaf %
JeirnwzZ e, bbb 1<a<dimX IZMNLT k(L) =a Ziti/ 3 EIFIFEE—E 77
JE& L C Q% ZFi72nwZ %W H, Campana @ core 1, special 72— 7 7 £ )\ —
 —fRAID orbifold FEEZ BT 2, AHEEZEAE X O/ NERTTEOZRHRIZ
special TH 2 [5]o

B CIIEELRXNND %, SHK [5] @ Corollary 8.11 &, Fujiki class C \ZJE8 5
% C?dominable 7% 3 > %2 b ZREIKIZ special TH % LIBT3, Oka ZHEIK
\¥ strongly dominable 72D T, Zhd 6 BEIC

X 723 compact Kahler 2> Oka =— X & special

DED o TAUIBEHIDIFAETH D, R DEHTITR WV K DFFW WP 723 2 RE
T 25,6, SRR RIZ Campana—Winkelmann OEMTH D [7]. FEHXTIE2
> %7 b Kahler NOILEZ FEY L TW5, GHEZMRAEHY . KiEZEZD Jouanolou
MO X > TZDOEEBRT I LIETERY, R DIFHIZZ D & 5 %2
7%, core \ZBF 28 L WIERER D WA,

Oka 7 7 A N—=%FOIER| 7 7 A N—HTIX, £ZMED Oka TH D Z & & HEK
23 Oka TH5 ZLIXEMETH 5 [10)e L7zd o> T Oka 7% b—7 R L DFFZZERIHR
BRI OB D S Oka TH B, 22827 b Kéhler 72 51X special THH B0, #
DX/ NT > 7 D spray IR YL U TR DIEREENRD %, FEIXR
Vo FIDTED R EIZIEARIR spray DIFELIE 206 TH D, FEEHSANITME 6.2
BENZRLTWVWD,

Oka ZHE{KD Kobayashi #iE#EZ. C O S TOMMD» OFICK 5, HHERG
ZARK L OFE 72 entire curve 1 Campana—Winkelmann 12 & o THR XA TW5
8]l —AROWAEIZHFROEE S REEHOHE D, EX 23 DaMEZEZ2H DT
37, FLTELR Oka 25 2% DTIXR WV, Specialness 2° & O—fi% )72
i = O EFEIZHWR W,

8. Oka-1, AHUHEKEME, B X IHROMER

IR DFENZIIEE R EERD D 5, SCHK [1] D arXiv FIRDE 9 fiTld. Gournay
[16] 12D  FimIc & » THELEE R a > 2D Oka-1 TH B bS5 T
Wzo =7, 20254 4 A 10 H D% arXiv ik vb Tld, S0 F5RIE Conjecture 9.1
¥ &4, Gournay s XX DRERFEAZEE O R TE R o7 Z e BFHHI AT
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W3, 2023 D Rényi iR 7 4 F [13] IZHLETOEHEITLEH I ATV B, £
FAERHREMICAR R 2 Z 2 IFTE R, 202549 A 25 HD arXiv vl TH 2% ICM survey
[12] . —fEOFiRZ5[ZHmE PELFEARL TV,

Benoist-Wittenberg (3 HHEHEAEDRE D FT tight approximation Z&ERH L
TED 4], FEHNREBIENANDERAS ZBEN5, TDF 7 A TIEEHXPNEEHD
»HY. alOka-1 & Oka-1 BMGFHNZ, N >d* -1 Zimizd PY WO S H2RKE d
OB ZDBEABTH 2, Ll TXRTOFHERZHKICONWTDFRE
AEBHS 2 B D TIE RV, BRI S DR 2 HAIE dense dominability 12X D
Oka-1 TH 2 Z LN TWVWED, ZHE Oka % aOka-1 TH S Z & DA TIZ
72\ aOka-1 ORIDHESL L 72HliE. REHNC elliptic 722 R & DA FEFE 2
SRR 518 505 [14, Theorem 1.6 and Remark 1.10], HI#2H772 aOka-1 ZHk{K
SHBLERE T D 205, FENTHIZR Oka ZRRIAIZE 5 LR 5720 IEXITD Abel %
BRIAIZ Oka TH D, AHELHEFETIZRW,

L 72235 T Fano = rationally connected ¥ W &HEE Tx D nef M. CP-
manifold 12X 5 2% —f%D Oka MIfED T > 7 ZHlFI L 7= spray O D FER L 720,
AR X D FEFIIAHESEICOWTORBIROEZEZ —UIBEL LIz, 774
N=TADOERNIFEETH D, ZD ellipticity IZBEHITD 5,

9. FERDME

n>31IHMLT, n+2 & 2n DRNZH B 1o, (P") DEIFWV K D22, Chern FHD
A CIRE 2 DIWZHHZIFETOR/MEZ T TH Y, HZ > 7 DIEEIRZIEZ PR
LW, D7 v 7B EICk2 e, 77 n+ 1 OILKOHKGm % Hiiz ikl
LICEAAT 2 223 TE R0,

YOHEBET 7 AN— FIZNLT, Tp ~NDIKRZ > 7 DIEKRESFE L, FiE 5412
BERERY v N DERES SN, S 2EE ORI Z O >0 BEAKKFE
ZRETHHDTHD, TRTOESHRES KB A HE R —BLTIE R
W, GHEZEMEOEGE. £/ Fa I =12 &> TKRBIHEN RN V7P B—7 7 4
N=FDR/NFT V7 EDRELS BB EED B D,

FHOGEEBZ IEERERIZOVWT, BRI E L TW A BRI, 5L
7215 % RO KIE 72 2 BCHY spray 2R L. ZDIRTD T 7 A N—BERGET
52 THd, — KM ZEARNCHETT 2720 TIERD WV, KamXiETRTD
CP-manifold 12X L TZ D & 5 B E 5 2 2w, T 2 THEEFEEL, free curve X°
WORHFZIHIHE D CERT. ZORMBEEH@EN S BEND 2HHEZRL TS,

10. WFFLERE  FrRtt o BE

BEifEi3 2026 £ 9 H 9 HIZAT o 720 arXiv JFAR. I ATREIR AFIAS F 721 3E H RBA
X, it OFFEER FHE O, B X IFRXDSE Wz Wiz, NFHY =
TR TIE “minimal rank holomorphic spray projective space”, “Euler sequence
spray”. “local spray source bundle”, “projective bundle spray obstruction” D&
e, UNCHIAT % 2024-2026 FOXERZ AN, SEE—BORKRDO—HTIEA
RRBEBARERIE O R oz ZDXIBRMBETROD SN i, HEEN
RAAEDFEUTIE R & 70, BEHH] MathSciNet TODMEE S Google Scholar D5 |
SR D MERRR 2 HZE 2 T o T2 LI FIR LRV, 77 B ARJREARFREREAICIE.
ikt arXive BEISE—EORERZ HW 2,



S ZEMH D/ NEFT spray 25

10.1. fRFHOEM. LINIZEBICHE Lz HEOEMTH %2, CONDITIONAL ¥ L
TR EH Y UTEAH L TWiWw, [Verified new candidate | &, 52 L 7=3EH &
FTRE LRI E & bR 1-FRRTH 5,

(1) 9452089 hP = special: ALREADY KNOWN, j8EJ Campana—Winkelmann,
HrRtE O EF AR SFE—TH 5 Z &,

(2) Compact Kéhler Oka = special : ALREADY KNOWN, j&E{% dominability
¢ Campana @ Corollary 8.11, FEFIIBLICEZOBHIDRETH S Z L,

(3) M Oka = elliptic : ALREADY KNOWN, #EEIZEDFEDE YL Oka it
. 2026 D Forstneri¢-Larusson s X3 L T\ 3,

(4) FXTOD CP-manifold \& Oka : #&f L 7-#iPHTiZ CONDITIONAL, FE M
DHIUTTTTED. BT — DS B D spray BB BRSO NLD o7z,

(5) TNTOHMHBEHEZREKIT Oka-1 | M5 L 72#iFH Tl CONDITIONAL,
LIRTDXHRTIRR X N2 BN Gournay DITLTH 2 23, Felr D AEAHET-Af
WX DFEZ L7z @B e LI TE R0,

(6) Oka 72 b —F A LOFFH 7 7 4 N—HIZ Oka: TRIVIAL CONSEQUENCE,
EEIX Oka 7 7 A N—HEHTH D, Fiizleidimdik s v,

(7) TXTD compact Kihler Oka ZHE{KIX elliptic : #iaT L 7= i CTlx CON-
DITIONAL, SR0735E QA DERRKIC X 2 57RIE, IR EIIE
Y TETVRW,

(8) THEIIR > TEZETOMEGDOEF O | #T#2H Oka DFLE TlX TRIVIAL
CONSEQUENCE, #7 F — Tx Z+OMFEDOXEH spray F — X 235
WL, T REWV m IR LT Serre HBIC X D EHR LN 5 Tx % FIZ
b LEiFon, #iaIc kD spray 2185, ZAUIMHI L7285 UWEERR
TRV,

9 n>2DP" EDZF Y2 n+1 OJREFOMIME . VERIFIED NEW CANDI-
DATE, EEZEHEE. Euler AR, @RS = v O, ERAAIRENE
VIBHTRAY 72 MR CRERA L 72,

(10) P HRICAS 2 MDA AYIIYE: & SE RAAAENE | VERIFIED NEW CANDIDATE
¥ U TEBRIGEE, BIN0ERIE Euler EREO RN TH H ., gz
IR ODNRZ FIVRAOFD FIFI3RGE LR,

10.2. MR EPLOE.

FEM (Main theorem) .:

EH 41, n>21XNT27>27 n+ 1 LUNORFTEN spray O 05E e, KE 72
Tﬁ n 4+ 20

DIV R (Nearest known result) .:

SCHR [15] @ Problem 3.2 & Proposition 3.3 &, RATAIRELE L TFFENHIHE KR
BARICL2EEZEZ S, HHEMZREHE spray I & o> THEERBIIES NS,
727 (Precise difference) .:

RNDOIREFRFEL., ZOHFL2EREREL., RTHEEHENIE, 2O ETOERE
PRREMEZREHT 5, FEHMEE WO TD. M 50D spray DIFEDHIEAT D
AQA

JEHHTH 281 (Why nontrivial) .:

RAENCIEIETZHERDFHE. IRTOERY = v N OFFER, KL & L KFH DA,
B I UOEBEOFENPEREARTREENDETH 5, sIHLZEHEIC S OfimEE
bR 7= % DI,
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HEZE D2 DMERE (Immediate consequence check) .:

KBERZ T2 (0N 2DFFEMTHD, JRPLPERY = v FDFEHTIZR W,
BOFEOGFEEHIIFEEZEE T 5725, Euler HFRILET 2D TIXRWV, FEHL
72120 DML, BT 2GR DEMEV R IRAT I LR o R Wl 23T 5,
% (Counterexample search) .:

56 i CIXHEEZHEIA, toric Fano ¥ 70 —7 v 7OHl, +—F 2, K3 i & &M
HEZME Lze P n>2 232 Z2RIEL, b =7 REIRTR T K 58
72 % KEES 5,

P (Novelty search) .:

MR L 7= CEREE Y LELOMBTIE—H ST 2 TR E Ao Rd o7z, BIEMHEICOWT
37 OEIFAN DRI X B IEIEDR/DD 5,

AEPHDIREE (Proof status) : VERIFIED.:

TRTOERMZ LTS 20, IREZHER L 70FNRaRET Y —, GAGA,
FEEREREREE W/, 22T VERIFIED & EARER O FEEFEN TH
AEL72E WO ERTH D, ML LBz B L R0,

10.3. FEEXNCHER L2 BRE. ik [1] 1 vl (2023 4F) & v5 (202544 H 10 H)
ZHER L., BE D 2025 FRTIEGSEHRZ ML LTz SCHE [14] 1& v4 (20244 12 A
20 H) ZatATZ, SCHR [15] 13 3 iz & v6 (2026 4E5 H 5 H) Z#HiA. 2026
FEOHEEIBIMIEME MR LTzo SR [4] 13FEHNBDSERZEFH & 2025 FE DN
TEHMZ MR L7z Banecki D 2026 %8 A3 HD v4 &7z [3], Campana DF]
Corollary 8.11, “FlXhiz [7]. BL [8] D2 EMER L7z, 2026 F OFHE R
& ICM survey (ZIRMD LBV, HERT X R WIEEIHDOD D ITIZH W d - 72,
IEEME DS [20, 24, 25] W MRE Z AR5, EF 4.1 D ASI TR,

Fano/CP ZRKICEE S 52— D Oka RIREIIAMIL TIIRMIRTH 5, MIEXh
TBERIEIROMIME Y Z v 7 EHEOEHTH D BRI R/ME rgon(P?) =4 £ ZD
MR HIHRIR 2 & e,

S Sk
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