p-KAHLER THRESHOLDS FOR TWO-STEP NILMANIFOLDS
FROM RATIONAL NORMAL CURVES

CHATGPT 6 ASTRA

ABSTRACT. We determine all degrees admitting closed transverse forms on a fam-
ily of complex parallelizable two-step nilmanifolds. The structure equations are
dr; = dy; = 0 and dz, = Y 0, /\?_13:1- ANy;,, where 1 < r < m, 1 < a <,
and the \; are distinct. Every compact quotient has a p-Kahler structure pre-
cisely when m + 2r — 1 < p < 2m + r — 1. Gaussian rational parameters admit
explicit lattices. The proof combines degeneration of decomposable forms under
diagonal automorphisms with a Lagrange interpolation functional on a square-
zero algebra. A second example shows that dimension, center dimension, and
minimum rank of invariant holomorphic exact two-forms do not determine this
threshold. The one-dimensional-center case is classical; the proposed contribu-
tion is the evaluation-matrix calculation for higher-dimensional centers and the
rank comparison. The literature audit records the remaining priority uncertainty
separately from the complete proofs given here.

This note was generated by ChatGPT 6. Iwai has NOT verified any of its math-
ematical content. It may therefore contain mathematical errors and should be read
with caution. A Japanese version is provided below.

1. INTRODUCTION

The existence of a p-Kéhler structure asks for a closed real (p,p)-form whose
restriction to every complex p-plane is a positive volume form. It measures which
dimensions of complex planes can be detected by closed positive forms. On a non-
Kahler nilmanifold the answer need not be confined to the balanced degree p =
n — 1. We calculate the entire range for central extensions governed by polynomial
evaluation.

Fix integers 1 < r < m and distinct numbers Ay,..., A\, € C. Put n =2m + r.
Consider the complex Lie algebra with dual basis z;,1; (1 <i<m), z, (1 <a <)
and differential

(1.1) dr; = dy; =0, dz, = Z N ley, e; = x; \ ;.
i=1

Its simply connected complex Lie group is denoted by G, ,.(A). We regard it as a
real Lie group of dimension 2n, with its fixed bi-invariant complex structure.
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Theorem 1.1. Let M = T'\G,, (), where I' is a discrete cocompact subgroup. For

(1.2) M is p-Kihler <= p>m+2r—1.

FExistence can be realized by an invariant form; nonexistence applies to all smooth
forms. For every choice of distinct \; € Q(1) a lattice exists. The center and derived
algebra both have complex dimension r, so the Lie algebra has no nonzero abelian
direct factor.

For 7 > 2, the evaluation matrix has projective columns [1 : \; : --- : AI"!] on
a rational normal curve. Thus the hypothesis describes a geometric configuration
of bracket directions. The theorem remains valid after invertible row operations,
permutation of columns, and nonzero rescaling of individual columns: these are
changes of the z,, of the pairs, and of the y;. For r > 2, any finite set of distinct
points on a rational normal curve can be put in this form. Indeed, choose the point
at infinity outside the finite set and use the degree-(r—1) monomials as homogeneous
coordinates.

1.1. Comparison with previous results. Alessandrini-Bassanelli’s exact-form
criterion and their complex Heisenberg examples are recalled in [LM26, Proposition
2.15 and Example 2.16]; the latter give the case r = 1 of Theorem 1.1. The original
reference is [AB91]; its full text was not obtained in this audit. Sferruzza—Tardini
[ST22, Theorem 2.3] give an obstruction from the number of closed coframe ele-
ments. Lo Giudice [LG26, Theorem 4.1] proves upward propagation under Gaussian
rationality. Lo Giudice-Mainenti [LM26, Theorems 5.4-5.5 and Lemma 5.7 prove
propagation and dimension/rank obstructions without that rationality restriction.

Result Input relevant here Output in the present family

[ST22, Th. 2.3] 2m closed coframe elements No r-Kéhler form

[LM26, Lem. 5.7] Minimum half-rank m —r + 1 Necessary bound p > m + 2r — 1

Theorem 1.1 Polynomial evaluation Sufficiency at the bound and the
configuration full range

Proposition 5.1 Same minimum rank, different The bound need not be sufficient
configuration

The necessary bound is therefore not a new obstruction. The additional argu-
ment is the sufficiency calculation: it excludes decomposable boundaries in every
complementary degree up to m — r + 1. Neither the exact-form criterion alone
nor propagation supplies that exclusion. The counterexample below also prevents
replacing the evaluation hypothesis by the corresponding rank condition. Fino—
Mainenti’s averaging result [FM24, Lemma 2.4] is compatible with our conclusion,
but is unnecessary here. The fibration obstruction in [FGM26, Theorem 3.1] con-
cerns a semipositive (1,1)-class and does not supply this sufficiency calculation for
(2,0) brackets.

The concrete difference from these inspected results supports a claim of additional
content for 1 < r < m. This is not an assertion of exhaustive priority: the full 1991
paper, the full published revision of [LG26], and all related algebra literature have
not been checked. No unproved conjecture or cohomology comparison enters the
proofs.



p-KAHLER THRESHOLDS FOR TWO-STEP NILMANIFOLDS 3

1.2. Proof mechanism. Write £¥ = d(A*~!g*). An invariant decomposable ele-
ment of £¥ obstructs a p-Kéhler structure for £ = n — p. Diagonal automorphisms
reduce such an element to products of single z; or y;, paired factors e;, and central
covectors. Closedness excludes central covectors in the relevant range. Exactness of
what remains becomes membership of a squarefree monomial in an ideal generated
by evaluation linear forms. A functional with squared Vandermonde coefficients
annihilates this ideal and is nonzero on every such monomial.

2. GROUPS, QUOTIENTS, AND THE POSITIVITY CRITERION

2.1. An explicit group and lattice. It is useful to allow any rank-r matrix A =
(Au) € M,.,,(C) with nonzero columns, replacing ¢! by A, in (1.1). Denote the
resulting group by G4. On C™ x C™ x C" set

(2.1) (u,v,w)(u VW) = (u+u, v+ 0w+ w — A(u) ).

Bilinearity gives associativity: the central cross terms on both sides are —A(u;v} +
wv! + wivl);. The identity is zero and the inverse is (—u, —v, —w — A(w;v;);). The

underlying space is simply connected. The left-invariant holomorphic coframe is

Ty =du;, Yy =dv;, 2z = dw, + Z Agiu; dv;.

This verifies the structure equations and d? = 0, and proves integrability and holo-
morphic parallelizability directly. All commutators are central. Nonzero columns
imply that a central vector has no u or v component; rank r then gives Z(g) =
[g,9] = C". An abelian direct factor would contribute to the center but not to the
derived algebra, so cannot occur.

If Ae M,,,(Q(i)), choose an integer D > 0 with DA,; € Z]i]. Then

(2.2) [y = Z[]™ x Z[i{]™ x D™ Z[i]"

is a subgroup by (2.1) and the inverse formula, and is discrete. Left multiplication
first reduces u and v modulo Z[i] and then reduces w modulo D™'Z[i]". Every orbit
therefore meets the closure of a bounded product of fundamental squares, proving
cocompactness. Left translations are holomorphic, so the coframe descends to the
compact quotient. For non-Gaussian-rational parameters we assert the geometric
theorem only when a lattice is given.

2.2. Conventions and a self-contained criterion. All exterior powers in the
algebraic proof are over C and refer to the holomorphic coframe. Thus d : A/g* —
AT 1g* is the holomorphic Chevalley-Eilenberg differential, not the full complexified
real complex. A form is decomposable if it is a wedge of one-forms. We use positive
volume i"” VAP for a nonzero holomorphic volume v. A real (p, p)-form Q is transverse
if

OANFnAT>0,  k=n-—p,

for every nonzero decomposable (k,0)-form n at each point. A p-Kéhler form is
a closed transverse form. No condition that it be a power of a Hermitian form is
imposed for intermediate p.
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Lemma 2.1 (Exact-form criterion). For a compact quotient of G4 and1 < p < n—1,
a p-Kdhler form exists if and only if E"~P contains no nonzero decomposable element.
If it exists, an invariant choice is

(2.3) Q=i Z TN {#;} a basis of ker(d : AP — APT).
J

Proof. This is the classical criterion recalled above, with its proof included. If 0 #
n = d¢ is decomposable, then n A7 is exact. Stokes contradicts the positive integral
against any closed transverse {2, whether or not €2 is invariant. For the converse,
dA"'g* = 0: a basis monomial omits only one generator, and replacing any z,
by any e; repeats at least one horizontal generator. The perfect wedge pairing
consequently identifies Ann(E™P) with kerd|xs, since 0 = d(¢p A &) = dop N & +
(—1)P¢p AdE. If a decomposable 7 # 0 is not in £"7P, some ¢; A7 is nonzero. Writing
¢; A= cjv, (2.3) gives

QAF AT =Dl v AT > 0.

J

Conjugation proves that () is real; its summands are closed and descend to the
quotient. 0

This argument neither identifies manifold cohomology with Lie algebra cohomol-
ogy nor requires the algebraic automorphisms used below to preserve the lattice.

3. DIAGONAL DEGENERATION AND POLYNOMIAL EVALUATION

3.1. Reduction of decomposable boundaries. Put Z* = span{z,..., z.}. The
torus (C*)™ acts on the coframe by x; — t;x;, y; — t; 'y, fixing Z*. It commutes
with d for every matrix A.

Lemma 3.1. If ¥ contains a nonzero decomposable form, it contains one of the
form

(3.1) asNep A0, k=s+2d+q.

Here S, D C {1,...,m} are disjoint, s = |S|, d = |D|, ag chooses one of z;,y; for
eachi € S, ep = N;ep €i, and § = Oy N\--- N0, € N1Z* is nonzero and decomposable.
Empty products equal 1.

Proof. Act on an assumed decomposable boundary by the one-parameter subgroup
t; = t'. Divide by the smallest power of ¢ occurring and let ¢+ — 0. The limit is
nonzero, lies in the closed linear space £¥, and is decomposable because the Pliicker
relations are polynomial. It is an eigenvector. Its associated k-plane, recovered
as {v € g* : v An = 0}, is invariant under this subgroup. The one-form weights

1,....,m,—1,...,—m,0 are distinct except on Z*. An invariant subspace splits into
its weight spaces, hence selects individual x;,y; and a subspace of Z*. This gives
(3.1). U

Let a; € (Z*)* denote evaluation by the ith column: a;(z,) = Au. Set U =
{1,....m}\ Sand FF =U\ D. Closedness of (3.1) gives

(3.2) 10 =0 (i€ F).
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Indeed the terms agepe; for distinct ¢ € I’ are independent; the other terms in the
differential vanish by repetition. For a nonzero decomposable 6 of positive degree,
(3.2) means that each a; annihilates span{6,...,6,}.

If ¢ = 0, the torus weight component of the exterior complex containing agep is,
up to the fixed factor ag, the complex

(3.3)  By®AZ*, By=Cle:iecU]/(e?:ielU), =LY =Y Aes.
€U

The variables e; commute and have holomorphic degree 2; their polynomial degree
in By is 1. One may take the same torus weight component of a primitive since d
preserves weights. To obtain central degree zero its relevant component has central
degree one. Consequently

(3.4) agep € &5 = epc (LY,... LY) C By.

This is an equality in an explicitly defined complex, not a claim about Dolbeault or
Bott—Chern cohomology.

3.2. A separating functional.

Lemma 3.2. Let t; (i € U) be u = |U| distinct complex numbers and let L, =
ZieU tf’lei, 1<a<r. Ifd>1and2d <u—r+1, no squarefree monomial ep of
degree d belongs to (L1, ..., L,) in By.

Proof. Define
1
(3.5) w; = Fy(er) = [[ i =t [[wi (1] = a).

[lieon (b = 15) byt iy

1<J

Every displayed value is nonzero. Lagrange interpolation, by comparing the coeffi-
cient of T% 1, gives

(3.6) d wiP(t;) =0  (degP <u-—2).
iU
For completeness, interpolate P by >, P(t;)w; [];;(T —t;); equality holds because

both polynomials have degree at most u — 1 and agree at u distinct points.
For |J| =d —1, put ¢; = [];_;c;(ti — t;)* [ [;c; wi- Then
(3.7) Fy(Laes) = c; Yy witt [t = t))* = 0.
icU jeJ

Terms with ¢ € J vanish. The polynomial in the sum has degree at most r — 1 +
2(d—1)=r+2d—3 <u—2,s0 (3.6) applies. Thus F; annihilates the degree-d
part of the ideal and is nonzero on every ep, proving the assertion. In degree zero
the corresponding nonmembership follows from homogeneity. U

4. PROOF OF THE THRESHOLD THEOREM
4.1. Existence.

Proposition 4.1. For (1.1), the space E* contains no nonzero decomposable element
fl<k<m-—r+1.
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Proof. Assume otherwise and use Lemma 3.1. If ¢ > 0, then
Fl=m—-s—d=m—-k+d+q>r—14+d+q>r.

Any r evaluation columns are independent by the Vandermonde determinant. Equa-
tion (3.2) would make every element of (Z*)* annihilate the nonzero subspace
spanned by the 6;, a contradiction. Hence ¢ = 0. If d = 0, (3.4) contradicts
homogeneity. If d > 0, then u = m — s and s+ 2d = k < m —r + 1 imply
2d <u—r+ 1. Lemma 3.2, with ¢, = \; on U, contradicts (3.4). O

By Lemma 2.1, this proves existence for p = n — k > m + 2r — 1, including
the boundary. Formula (2.3) is a finite linear-algebra construction of the form:
compute a basis of closed holomorphic p-forms and sum their Hermitian squares.
The argument establishes transversality on all planes, not only on coordinate planes.

4.2. Nonexistence in every remaining degree. Choose a subset H of size r — 1

and set
,

Q(T) = H(T —Aj) = ZCQT“_I, 2g = anza.
jeH a=1 a
Its support I = {1,...,m}\ H hassize m—r+1. Fix h € [ and let a = /\;.;\ ;) @s-
Then

(4.1) d(zg Na) = Q(Ap)en N # 0

is decomposable of degree m —r+2. Wedging its primitive with any needed comple-
mentary horizontal basis covectors gives nonzero decomposable boundaries of every
degree from m — r + 2 through 2m.

Here is a construction for the remaining degrees, valid for every A with nonzero
columns. Let £ = [[_, ¢;, fix 4, choose ¢ € Z* with a,(¢) = 1, and choose
independent 6,,...,0, € kera; for 0 < ¢ < r — 1. Writing > = H#i e; and
0 =01 A--- A0y we have

(4.2) d(E: ANCAO) = ENO.

Only the e; component survives multiplication by Fz; it is 1 for d¢ and 0 for each df;.
The right side is nonzero and decomposable of degree 2m + g. Thus decomposable
boundaries occur in every degree m —r +2 < k < n — 1. Lemma 2.1 proves
nonexistence for all p < m+2r—2. Together with the group and lattice construction,
this completes Theorem 1.1.

5. RANK COMPARISON AND SHARPNESS

For any rank-r coefficient matrix define

S(A) = min #{i: Y, codui # 0},

0#ceCr

The ordinary matrix rank of the associated nonzero two-form ), c,Age€; is twice
its support size, since its skew matrix is a direct sum of 2 x 2 blocks If every set
of r columns is independent, then s(A) = m — r 4 1: a nonzero functional vanishes
on at most r — 1 columns, and one can choose it to vanish on a prescribed r — 1.
The construction in (4.1), applied to a minimum-support row combination, gives
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a boundary of degree s(A) + 1. The following shows why the corresponding rank
obstruction has no general converse.

Proposition 5.1. Let

(5.1) A=101 , V=N Dica<s, XN=i—1
001149 12i=6

Both groups admit lattices and have complex dimension 15, center dimension 3, and
minimum rank 8 in d(g*) \ {0}. For compact quotients with their indicated complex
structures,
{p:1<p<14, My is p-Kihler} = {11,12,13, 14},
whereas
{p:1<p<14, My is p-Kahler} = {12,13,14}.

Proof. The last three columns of A are (1,¢,2) for t = 1,2, 3. Every three columns
are independent: three coordinate columns have determinant 1; two coordinate
columns reduce to a nonzero entry; one coordinate column reduces to a nonzero
two-by-two minor of these three evaluation columns; all three evaluation columns
have Vandermonde determinant 2. The same independence holds for V. Thus
s(A) = s(V) = 4. Section 2 supplies the lattices (here D = 1), the dimensions, and
the center description. The range for V follows from Theorem 1.1.
For A, set

Sl :64+65+€6, SQ :64+265+3€6, Sg :€4+4€5+966,

50 dzy = €4 + Sq. Since €2 = 0 and the e; commute,

(5.2) eqes = d {% (1821(S1 — e1) — 929(S2 — ea) + 23(S3 — 63))} :

To check the coefficients, put R, = S2/2. Their coefficients on (e4es, e4€4, €566) are
respectively (1,1,1), (2,3,6), (4,9,36); hence 18Ry — 9Ry + R3 = 4eyes. This de-
composable boundary rules out p = 11. Multiplication by complementary horizontal
covectors, followed by (4.2), rules out all p < 11.

It remains to prove existence for p = 12,13, 14, equivalently absence of decompos-
able boundaries of degrees k < 3. Use Lemma 3.1. If ¢ > 0, then |F| = 6—k+d+q >
4; its columns span C?, contradicting (3.2). For ¢ = 0 there are only two possibil-
ities: d = 0, which is excluded by homogeneity, or d = 1 and s < 1. In the latter
case e; € (LY, LY, LY) would give a row combination vanishing at every column of
U\ {j}, a set of at least four columns containing three independent ones. The row
combination must be zero and cannot yield e;. Apply Lemma 2.1. 0

The example also shows that the column-independence data alone does not de-
termine the range: both matrices have every three columns independent. It supplies
a specific failed extension of the main theorem, not a classification of all coefficient
matrices.

Remark 5.2. The assumptions have visible roles. If r = 1, the theorem recovers the
classical complex Heisenberg threshold m + 1. If r = m, changing the central basis
gives dz; = e;, a product of three-dimensional complex Heisenberg algebras; only
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p = n — 1 occurs. Neither boundary case is claimed as new. Distinctness cannot
simply be omitted: with m = 3, r = 2 and A = (0,0, 1), the matrix still has rank
two but dzy = e is decomposable. The predicted 6-Kéahler structure in dimension
eight is then obstructed. Finally, compactness is essential to the necessity argument:
the group itself is biholomorphic to C™ and carries a non-invariant Euclidean Kéhler
metric.

6. SCOPE, VERIFICATION, AND REMAINING QUESTIONS

The statements concern the specified bi-invariant complex structure. They do
not classify other complex structures on the same smooth manifold. Varying A
varies the group data; we have not constructed a deformation on one fixed compact
manifold or classified parameters up to biholomorphism. The explicit Gaussian
rational lattices establish compact examples in all the asserted dimensions. The
result for any other lattice is conditional only on its existence, not on an unproved
cohomological assertion.

The file verify_algebra.py checks exact rational interpolation identities on all
subsets of eight specified rational points, the first boundary for 1 < r < m < 5, d? on
coframe monomials through degree three in those cases, and (5.2) with exterior signs.
It also checks all twenty maximal minors of A. The degree-two ideal multiplication
matrices for A and V have size 15 x 18 and ranks 15 and 14, respectively. These
finite computations are checks; the proofs above do not depend on an extrapolation
from them.

The proofs are complete within the stated setting and have undergone the internal
checks just described, not independent peer review. The exact-form criterion, the
rank obstruction, and the » = 1 case are known. The proposed additional results
are the evaluation-family sufficiency theorem and the explicit equal-rank comparison.
Their priority remains subject to the literature limitations stated in the Introduction
and in the audit.

A remaining problem is to determine which configurations of m bracket directions
in P"~! satisfy the sharp rank bound. For r > 3 the comparison above shows that
independence of every r columns is insufficient. The weight reduction (3.3)—(3.4)
isolates an algebraic obstruction, but the present interpolation proof only settles
the rational-normal-curve configuration. No general classification or deformation-
stability assertion is made here.
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FFICEEIZ 22 HTERWV. Fino-Mainenti O FELOFER [FM24, Lemma
2.4] AR BET 55, Z ZTIEHVWARW. [FGM26, Theorem 3.1] D 7 7
4 7L —a YOREEXFER (1,1) HIEST250THD, (2,0) BoFEMsts
55 BT IO REZEZ %5 DT,

DL EOMERFEABR e 0 BKPRZER, 1 <r <m BT 2BMPNEE FRT
LRI 72 5. 7272 USRI 2 MFERICHEE L7z & W S BIR TR0, 1991 FF DR
A, [LG26] OHRIRES, B & CBEES 2 RO I T RN T2 iR L 72Dl
TRV, GEHTEARGEHO 7S a st O — HEREM 2/ L.

1.2. GEHDEA. £F = d(AF1g) 2 EL. EF WWET 2 ofgnlaE R A AR,
k=n—p D& X p-Kihler EZ851F5. MABCFRAIIE->T, 20 &5 RER
RHMOD v, £720F v, TR0 72HTF e, HOHRDOHEERY FILOBEANIGFE S
%. MEOXBEMF T, AL SFROLAROEERY VA ZHRTE 5. Koz
R, FHRTF 2R 722 wBIEAD Tl — X cERE NS 4 T 7
B AW Y 72 5. Vandermonde D5 2R L 3 2B, o4
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2. Lie B, B, BIXOEMEEDHE

2.1. BEMTOUIRMRER. 2 2Tk, BHIPIEFROERDT 7 r DITH] A =
(Aui) € My (C) ZFFL, (1.1) D NP % Ay, WWEEHZ 2 M TH L. HT
L2 G 235, C"xC"xCr ki

(2.1) (u,v,w)(u, v W) = (u+u, v+ 0w+ w — A(uv)™ )

CEDD. WEREE» SRS . EER, MmdoFDmmIcEHN % 38 A2TH I
— A(wv) +uv! +ulp!); TET S, BAITEFET, Htld (—u, —v, —w — A(u;);)
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THhs. BZEFHERTHD, EALIERIa 7 L — 4l
Ty =dug, Yy =dvy,  zq = dw, + Z Agiu; dv;

THZ26N5%., TSI DEEAERE & =0 2HREETE, Al 2 ERIFE kAT
BEMEDEIMES . TR TORBTIIAFDICAS. BYDEFETHZ 0, FLOD
N7 I u,v D ERTZRO. EHIATHID T V205 1 DT Z(g) = [g,9] = C
THh5. AREMEKFEFICEFES T 20ERMRBUCETFE LRV, IEFED
b DIFELE LR,

A€M, (QGH) D&, DA, €Z[i| 7228 D >0 %2ER. T2k
(2.2) [y = Z[i™ x Z[i{]™ x D™'Z[i]"
i (2.1) EHTTOREDLOHARETH D, BRI TH 5. LEREIIED, £3 uo
Z LI 2B UTEAHEBICE L, Z20% w 2 D'Z[]" Zike U TEARHEBICHE
S Ledio TERPERERGEARESTEOROMTI L ZZDD, &Ra v 7 MR
>, EBENIERIZOT, a7 —2al3ay %7 I R $ 5. Gaussian AH
BTROVRT X =RIZOWTIE, MTFHEZONTHEICOARMFNRERT F
RS 5.

2.2. B HABER L. REMREEHTOMNEIZ T NT C LTHY, 1EH|
A7V —LIZETE DL TS, Lo Td: Mg — NMTig* [Z1ERI Chevalley—
Eilenberg {7 CT®H b, 5 Lie RBOBRRILEIh-2EBRZEKRLZV. 1TEADH
BICE T 2R DBATREL VWS . RO TR v IS LT i"vAy ZIED
R 5 5. F (p,p) R Q HHEFEITH S L 1E, BT, TRNTOIEBRDMEATHE
(k,0) FER n izt LT

Q/\ik217/\77>0, k=n—p

DD ILDZ B WS . BN E p-Kéhler X W5 . HREIREL p TlX, Her-
mitian FERDETH 2 &\ 5 FFIFR X 720,

i 2.1 (R XBHE). Ga Dav 7 b 1 <p<n—-11XHLT,
p-Kéhler TERMFET 2 2 &, &P pIERNMEAIREER Z & E 2V LIZFAE
TH5. FET BHEIIZ

(2.3) Q=1 ¢ Ad;  {d;} 1 ker(d: A” — APTT) DIEE
J

EWVIAEAZENRS.

AERA. 24U BRI HEETH D, T ZICHHHEED 5. 0 # n = dE D3R
A[REZR B, nAD TR TH 5. FAMMER Q & 05 O EMEMX Stokes DEITTF
BT 5. 22T QOARENEIARETH L. Wz, dA" g = 0 DI D 3D, FHER, FE
BIERIIERTTE — 2 TRV EZ LTED, FED 2, ZEED ¢, TEXZ 2
Y, YR b —oDKFEHRDOEMITHERT 5. sERBAEMCE LT, 24
D Ann(E7P) & kerd|ny DT 3. THRDOD 0=d(pNE) = dpNE+(—1)PHAdE
EHEZIE L. DRATRER n £ 0 D3 EPIBERITNURE, 5 j To;An#0T
HB. p;An=cr &E L, (23) 25

QA A=l i AT >0
j
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2135, HEAREZHUI QDPETH 22 e0h 5. FHEIATHD, Bk
5. O

COFEMTIX, ZHADaRERY — ¥ Lie f{aRxERY —2R—HLZW.
T/, URTHSYREBECHRANETF2RETLZ I ER LRV,

3. AR & ZIEK ORI

3.1. ANIRERBIRORAE. 7* =span{zy,..., 2} £BL. P=FX (C Y™ Za 7
L= B g,y Gy, EAEAL, 20 RIEET 2. ZOfERIMEE DTS
AIZDOWT d LA TH 5.

il 3.1. &8 PIEBAMAREL A2 B TR o, ROPDOLDIEE !
(31) OéS/\(iD/\Q, :S+2d+q.

ZZTS,Dc{l,.... m}IEFAWZIERT, s=15|, d=|D| £55%. asgld&Kiec s
&:OL\VC i, Yi 0)_‘75‘%%/117591‘$§, €D :/\iGD €; VG%D, 9:6’1/\/\9q S AqZ*
SIEBDEAIREIENTH 5. ZEDMEIZ 1 &5 5.

AERH. 8 U7 fRmTRE 7RIS, 1 BEGERBE ¢, =t 2EHEE 5. Bihb t D
BRANFETEID, t -0 255, WRIZIEFETH D, EARRIEZEM £F 1285 5. Pliicker
BRI ZIEA RO TR b D@ fETH 5. T2, MIRIZEHERZ v TH 3. it
535 kXt FEHIE {veg:vAn=0} ELTHILTE, ZOHIHTAETDH

5. 1R EOEA ... ,m,—1,...,—m, 01 Z* EEBRWTHER . L2
BUIEAZERICHHT 2720, HAD v,y & 70 OFHEMEEIFICKRS.
nn (3.1) 252 %. O

i JWHDOHINZ X 25 iz a; € (Z%) £EL. T2DD ai(z,) = Ay TH 5.
U={1,....m}\S, F=U\D 8. (3.1) O

(3.2) L =0 (i€ F)

5% 5. EWMERS i € FISHT 3 agepes IFH0TC, MO OMOENLELIC
DIMZ 5. EDIMDIEBIMRATHEIGR 0 10t LT, (3.2) 1%, % a; 3 span{fs, ..., 0,)
FTCHRYBRZZIE2EKRT .

g =0 ODBE, asen FEUIFEED b — 5 2EARME, FEET as 25
13

(33)  By®AZ', By=Cle:icUl/(ef:i€lU), de=LY=Y Aye
€U

TH 5. 28 e, \FAHT, FRIENE 2 7223, By TOZERXREIZ 1 255, di

HARRET 2720, FIHERXSFEL b= REAEDICHN S, LT FADREL

MEOIERZIE 212X, FBERXOBERT 2000 RIORENTI—TH 5. L
725 T

(3.4) agep € £ = epec(LY,....ILY) C By

218%. THEAREIN-EENDOZERXTH D, Dolbeault ° Bott-Chern 2 RER
O —IZBT A ERTIE V.
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g 32.t; GeU) Zu=|U| HOMEBLRZERBLEL, L=, ,t¢ e (1<
a<r) 2BL.d>1222d<u—r+17%5, X d DFHRETZHRI=WHIE
R ep &, By DA T 7 (L, ..., L) ITJBE W,

. KDk S ICHED D |
(35) wi— ! Faler) = TL (-t [[we (111 = ).

HjeU\{i} <tl o tj) NI el

1<J

FRLUAEIX I RNTIEETH 5. Lagrange il T T4 DR KT 5 &
(3.6) > wiP(t;) =0  (degP <u-—2)
i€l

213%. BRENCIE, P %Y, P(t)w [[,4(T —t;) THAT 5. FdOTENE u—1
RTHh, Wﬁ&5u5T#W?5®T%LD

I = d— 1128 L, =TLicjes(ti — ) Tlicywi BL. T
(3.7) qu@y:@E:mﬁ*Iﬂu—gf:O
ieU jeJ

T@%JEJ@ﬁ@ﬁxé1%@#@&@T@%ﬁir]+%d1}—ﬂ2d3<u 2
DIR72DT, (3.6) PHEHATES. Lo T Fy i34 T 7VORE d DF5%H
L, &ep ETIIEETHD, TRBES. XRBETOMCT 2 IEFEIEF XD
HIED. O

4. BRMEEF DA
4.1. f#+1E.

M 41 (L) ENLT, 1<k<m—r+17%5E, & ZIEFNMITREESE?S
EFA4AN

AERH. FET 2 EIREL, i 3.1 ZHWS. ¢>0%45
|Fl=m—s—d=m—-k+d+q>r—1+d+q>r

T»%. Vandermonde {THI:Uc & D, EED r KOFHEFNIIHLTH S, T5 &
(32) 1, (Z*) DFTXRTOEED, 0; DRZIFFHDZEM L TEITR D 2 L 2 EK
L, FIET3. LEPoTqg=0ThHb. d=07%5 (34) ZFRMECFET 3.
d>0%06, u=m—sBIUP s+2d=k<m—-r+1 &) 2d<u—r+1TdhH53.
UbLTt=\NLTHIE32 ZHEHT2L, (34) ITFET 5. O

W21k, BAEZEL p=n—k>m+2r — 1 TOFEIES. (2.3) 13,
ERITTHERENC X 2RO 252 TW3. ThbbHIER] p ERORKEZ
FTE L, #® Hermitian A X EBIE XV, EoiEm, FBEEHZIT TR TR
TOVH Lo EZ R L TV,
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42. MBI RTORBTOIEE. |H| =r—1 L RI2EDES H 2EY,

T

Q(T) = H(T - AJ) = anTa_17 2Q = anza
JEH a=1 a

EBL Z0BI={1,....m}\H DREZE m—r+1TdH%. hel ZIEEL,
a=Nepngm i £BLL,
(4.1) d(zg Na) = Q(Ap)en N # 0
EXBm —r + 2 OEATREIE A TH 2. Z DFAERICRE R HSE K75 1)
DEEHZENRY PV ZHETIUL, T m —r+2 25 2m $TORRLTIEFED
fRRJREZR IR 215 % .

D OTBUTONTIE, BHIDIEFOEED A ITHMTE 2 ROMKZE V2.
E:]_[Tzlej 2L, i ZEET 5. aZ(C)—l A CGZ* , 0<qg<r—11x
Ukera; OMILRESR 0,,...,0, BIER. B =]],e5, 0=0A---NO, EFFTIX

(4.2) d(EzANCNO)=ENO

Thd. B ZEITTRIE e RAZIHERD, TOHRBUT dC T 1, % di; T
X0 TH 5. FLEIE 2m + q DIFBHRAREBRTHS. LEr-T, T«f
Dm—r+2<k<n—1THMRAJBERERDEFET 3. ﬁﬁz1#6,?&f@
p<m+2r—2 CIFREEINMS. BB TOMKZEOE T, EH 1.1 O
T55%.

5. 77 OHREREDH X
7> 7 r DIEREDOBREATINC LT
s(A) = min #{i: > cqAu # 0}

0z£ceCr

DD, MBTBIEF 2K 3, cadaies DBHDITIHNZ ¥ 7 I3BEDKREZD 2
ETH D, ERE, ZOEMMTINZ 2 x 2 Tuy ZOENTH 2. [FED r KDF
DS, s(A)=m—r+1 275, IEFNEKIEL r — 1 KOF|TLHIHEIC
m%f,%iémtr—l$®ﬂ£@%mﬁém%ﬁ%%&éﬁaf%5.%mﬁ
DITREE T (4. )®%W%ﬁﬁ?ét KE s(A)+1 OEHRZEL. ROFERIT,

ﬁm?57/7F%k—$mm H W E R,

i 5.1.
00111

(5.1) A= 1012 3], V=" Nica<s, N=i—1
011409 1=i=0

L5, WENIKT RS, WERTT 15, FORTE3 THY, dg)\ {0} 1KBT 2
NS Y2138 Tha. 158 LHEMER >3 7 NI LT,

{p:1<p<14, My » p-Kahler} = {11,12,13,14}

OO =

THs—7,
{p:1<p<14, My P p-Kahler} = {12,13,14}
TH5.
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AEAH. A OFRED 350, t=1,2,3 1035 (1,4,t%) TH2D. HEED 3FNIL
TH5. EBE, 3ARL S EEHZATHIRIT 1, 2 KB & IEBM I ms
L, 1ADEESL S Zh o izl oIER % 2 KAMTAIRIC/mE ST 5. 3 AL BT
fiiZ!| 7z & Vandermonde 174 2 TH B. V ITHF UHHEDSEK D D, Ko T
s(A)=s(V)=4TH3. H2HOMEHEF (ZZTWE D=1), XL, FLDFC
hE5Z 5.V OFEHPIIERE 1.1 2260 5.

AL T

Si=es+e5+es, So=e4+2e5+3es, S3=e4+ des+ Yeq
Bl dzyy =€+ S, THB. 2=0THYH ¢ 1FAMHALRDT,

(52) €465 — d {% (1821(51 — 61) — 922(52 - 62) + 23(53 — 63))}

2195, BREOMRD® R, = S2/2 £BL. (eses, 466, e566) WZBHT D REUINE
2 (1,1,1), (2,3,6), (4,9,36) DT, 18R, — IRy + Ry = deges 725, Z DR
AIREZRIESHE p = 11 Z2HERR T 5. MiZEMZRCERTMORZER Y S L2, 51
(4.2) EHWZ &, TXRTO p <11 DRI h 3.

HDDIE p=12,13,14 TOFTE, TROERE k < 3 THRATREREGEA D2
CEDMATH L. 31 EHVS. ¢>0%5 |F|=6—k+d+q>4ThDh,
WIS 2503 C ZiEZDT (32) ITFETS. ¢ =0 Tld, FXMEroHREH
5d=00%58, d=1, s<1DHFELDPRV. BETe e (LY, LY, LY) 25,
U\{j} DFTXRTOH L THICKRZTHEE/HES. ZORSEIDPLREBAEXDY %
BH, TDOIBIRIMIUTHS. Lo TTHABEEFETHD, ¢, 5252k
WTERV. M 2.1 ZEATUL LW, O

ZOBNE, FNOHNHEDF — XIZTTHEERHPFAZRETESRNV L Z2/RT.
THITIXEED 3HNDBHN L5 TH 3. ZHUXTEFHDILEN KBS 3 BARH| %
BZ23DTHY, I XRTOEREATINE 7T 2D DTIERW.

HE 5.2 FREDKENIEARHNCHERTE 5. r = 1 T, SR EZ Heisenberg
DODFMEmMm+1 2HHETS. r=m TERHPLEEERZEZZL dy=¢; 2D, HFR
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6. JWFHHEIPH, MEE, B LIRS NT-[HE
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