TORSION OBSTRUCTIONS TO GENERALIZED ABUNDANCE:
SECTION RINGS, FINITE DETECTION, AND A CONDITIONAL
DESCENT THEOREM

CHATGPT 6 ASTRA

Abstract. We compute section rings of nef generalized adjoints on split projec-
tive bundles over an elliptic curve. A relation lattice in the degree-zero Picard
group determines the litaka dimension, while the exponent of its finite image de-
termines the exact base-point-free index. The computation yields a single smooth
family of generalized klt surfaces in which finite generation holds on every fibre,
the semiample locus is not constructible, and no finite initial collection of mixed
plurigenera detects abundance. A threefold calculation gives explicit graded hy-
persurface rings and two possible litaka bases. We also give a conditional descent
argument using a b-semiample nef part, Ambro’s canonical bundle formula, and
ordinary abundance in the dimension of the base. All proofs of the explicit calcula-
tions are included. The underlying torsion mechanism and the descent method are
known; this investigation did not establish a sufficiently independent new MMP
theorem. The note therefore records verified mathematics and the limits of its
novelty claim.

This note was generated by ChatGPT 6. Iwai has NOT verified any of its math-
ematical content. It may therefore contain mathematical errors and should be read
with caution. A Japanese version is provided below.

1. Introduction

Minimal models and good minimal models impose different conditions. A nef
generalized adjoint already defines a minimal model, but a good minimal model
requires semiampleness. Numerical information alone cannot detect a non-torsion
degree-zero line bundle. Our investigation began with transfers between ordinary
and generalized pairs and with low-dimensional abundance. Several proposed gen-
eral statements were either known or false. We consequently focus on an explicit
class where the obstruction can be calculated without an unproved MMP step.

Here and throughout, varieties are over C. Projective bundles parametrize one-
dimensional quotients, so that

T:.Op(vy(m) = Sym™ V (m >0).
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Let C be a smooth elliptic curve and let Ly, ..., L, € Pic’(C), where r > 2 and

), Li ~ O¢. Put

Ty

V=L, X=P(V) H=0x(1), M=(r+1)H, D=Kx+M~H.
i=1

We use additive notation for line bundles when they occur in divisor expressions.

The nef b-divisor is the Cartier closure M = M; no exceptional moduli data are

suppressed.

Theorem 1.1 (Relation-lattice calculation). In (1.1), (X,0+ M) is a smooth gen-
eralized klt pair, M and D are nef Cartier divisors, and v(D) =1 — 1. Define

= (Ly,...,L,) C Pic®(0), S =ANZ,,
A=ker(Z"—T, ar— @, L").

Then, with grading deg(a) = ), a;, there is a noncanonical graded isomorphism

(1.2) R(X, D) ~ CI9], R(X,mD)=#{a€S:>, a;,=m}.
This ring is a finitely generated normal domain, and
(1.3) R(D) =71 —1—ranky(I'/Tos).

Furthermore, the following are equivalent: D is abundant; D is semiample; and I’
is finite. If these conditions hold and e = exp(I'), then

(1.4) |mD| is base point free <= e | m.

For r = 2 this provides a particularly explicit obstruction to finite tests for abun-
dance. The stronger rank-three computation in Section 6 also determines the graded
ring and the litaka base, not just dimensions of spaces of sections.

Theorem 1.2 (A family with no finite plurigenus test). There is a smooth projective
family over T = Pic®(C), with fibre

Xy =Po(Li® L), Dy = Hy, M; = 3H;,

of generalized kit surfaces with nef Cartier nef part and Kx, + My ~ Dy. FEvery
R(Xy, Dy) is finitely generated and v(D;) = 1. The semiample, equivalently abun-
dant, locus is exactly Tios, and is not constructible. For every integer N > 1, there
are a semiample fibre t and a non-abundant fibre u satisfying

R°(X;,aD; + bM,) = h°(X,,aD, +bM,) (0 <a,b< N),

although k(D) = 1 and k(D,) = 0. A relative polarization can be chosen with
identical Hilbert polynomials on all fibres. The base-point-free indices of D; on the
semiample fibres are unbounded.

Scope and provenance. Theorem 1.1 is proved here from the projective-bundle for-
mula and a lattice calculation. It is a concrete consequence of familiar geometry, not
an assertion of a new general abundance theorem. Birkar-Hacon [BH22, Example
1.1, Example 3.1 and §4] already exhibit torsion-dependent good models and fail-
ures of uniform behavior in bounded families of generalized pairs. Han-Liu’s work
[HL20] distinguishes numerical nonvanishing from linear nonvanishing and discusses
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elliptic ruled surfaces. Esposito—Mistretta [EM24] give a broader finite-cover charac-
terization relevant to the semiampleness criterion. We do not infer novelty from the
absence of our exact notation in those papers. The research-goal status is PARTIAL:
the proofs are complete, but independent novelty has not been established.

2. Preliminaries

2.1. Generalized pairs and models. A rational generalized pair (Y, B + IN) con-
sists of a normal projective variety Y, an effective Q-divisor B, and a b-Q-Cartier
b-divisor N which descends to a nef Q-Cartier divisor Ny on a projective birational
model W — Y. Traces on higher models are pullbacks, and traces on other models
are obtained by pushforward from a common model. We require Ky + B + Ny to
be Q-Cartier. The word “nef” here means absolutely nef, not only nef over Y.

A b-divisor is b-Cartier if its determining divisor is Cartier, and b-Q-Cartier if a
positive integer multiple is b-Cartier. It is NQC if it is a finite nonnegative real linear
combination of nef b-Q-Cartier divisors. Our rational nef data are automatically
NQC. It is b-semiample if a determining divisor is semiample on a projective model.
This is stronger than numerical equivalence to a semiample divisor.

With compatible canonical divisors, write the equality of divisors

KW—|—BV[/+NW Zp*(Ky+B+Ny).

Our generalized log discrepancy is ag = 1 — coeffg(By). Generalized klt means
ap > 0 for all prime divisors over Y, and generalized lc means arp > 0. Some
sources use the discrepancy agp — 1 instead. We do not use a mere linear equivalence
to define discrepancies. When the nef part descends to Y, its pullback cancels and
these are exactly the ordinary discrepancies of (Y, B). In particular, this observation
applies to all projective-bundle examples in this note.

For completeness, the generalized dlt convention is the lc condition together with
log smoothness and descent of the nef part near the generic points of generalized lc
centres; we never need a dlt modification in an original proof below. A generalized
minimal model is a generalized lc birational contraction with nef adjoint, nonde-
creasing log discrepancies and strict improvement for contracted divisors. One often
additionally requires a QQ-factorial dlt target; all our explicit models are smooth.
It is good when the adjoint is semiample. A generalized Mori fibre space has a
contraction of smaller-dimensional base, relative Picard number one, and relatively
antiample adjoint, together with the appropriate discrepancy comparison. We do

not claim termination of arbitrary generalized flips. These conventions agree with
the rational specializations of [HL20, §2] and [TX23, §2].

2.2. Dimensions and section rings. For a nef Cartier divisor A on a projective
n-fold, put

v(A) = max{k : A¥. P% > 0},
where P is an ample divisor. We use k(A) = —oo if every positive multiple has
no sections, and otherwise the dimension of the litaka image. Abundance means
k(A) = v(A). Semiampleness means that |mA| is base point free for some m > 0;
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its least such m is the base-point-free index. This is not the Cartier index. Write

R(Y,A) = P H(Y, Oy (mA)).
m>0
We use the corresponding divisible Veronese ring for QQ-Cartier divisors. litaka
dimension and semiampleness are invariant under Q-linear equivalence, but need
not be invariant under numerical equivalence. Numerical dimension is numerical by
definition.

3. Known results used

Only the conditional descent in Section 7 needs a substantial external theorem.
We state its precise input.

Theorem 3.1 (Ambro, [Amb05], Theorem 0.2 = Theorem 4.1). Let (Y,A) be a
projective klt pair with rational effective boundary, and let f : Y — Z be a contraction
to a normal projective variety. If Ky + A ~q f*L for a Q-Cartier divisor L on Z,
there is an effective Q-divisor Ay such that (Z,Ayz) is kit and L ~q Kz + Az.

This statement is the ordinary klt consequence of the canonical bundle formula,
not b-semiampleness of every moduli b-divisor. On a suitable model the discriminant
coefficient over a prime divisor is one minus the relevant log canonical threshold;
the remaining term is the moduli part. Ambro obtains the needed positivity for this
particular fibration. An arbitrary nef b-divisor is not thereby a canonical-bundle-
formula moduli part.

The other external inputs are ordinary abundance for projective klt Q-pairs in
dimension at most three [Fujl1, KMMO94]; the first-dimensional case follows directly
from the degree of a divisor on a curve. For surfaces we use the rational-divisor
case of [Fujll, Theorem 6.1]; a klt surface is Q-factorial, as required there. In
addition, we use Bertini’s theorem on a smooth projective log resolution: a general
member of a base-point-free linear system is smooth, meets a prescribed simple
normal crossing divisor transversely, and contains none of its strata. Resolution of
singularities and this standard Bertini statement are applied only in characteristic
zero. The local discrepancy calculation for a simple normal crossing sub-boundary
shows that coefficients below one give a sub-klt pair, including when some coefficients
are negative.

The projective-bundle formulas used below are

(3.1)  Kpovy=—1rH+7"(Kc+detV), m.O(mH) =Sym™V (m >0).

The canonical formula follows by taking the determinant of the relative Euler se-
quence in the quotient convention. The pushforward formula follows on trivializing
open subsets from homogeneous polynomials of degree m and glues by the transition

functions of V. Thus the sign and the dual convention in these formulas are fixed
explicitly.

4. Proof of the relation-lattice theorem

4.1. Nefness and numerical dimension. First, a degree-zero line bundle L on C'
has a nonzero section if and only if it is trivial. Indeed, the zero divisor of a nonzero
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section is effective of degree zero, hence empty, and the section trivializes L. In that
case h°(C, L) = 1.

We verify that H is nef without a stability theorem. For an integral curve in X,
normalize it and call the resulting map ¢ : £ — X. If wg is constant, the degree of
g*H is nonnegative because Opr-1(1) is ample. Otherwise mg : E — C' is finite, and
g specifies a quotient

@(Wg)*Li — g"H.
At least one component is a nonzero map of line bundles. Its zero divisor is effective,
so deg(g*H) > deg((mg)*L;) = 0. This proves nefness. Formula (3.1) and K¢ ~ 0,
detV ~ O¢ give Kx ~ —rH and D ~ H. The smooth ordinary pair (X, 0) is klt,
and the nef part descends; hence the generalized pair is klt.

Since dim X = r, the projective-bundle relation gives H" = degV' = 0. If A¢ has
positive degree, then

H ' 7*Ac = deg Ac > 0.
For sufficiently large positive degree, P = H + n*A¢ is ample (one can apply the
relative projective embedding and tensor by a sufficiently positive bundle on the
base). Therefore H"'P > (0 whereas H" = 0, and v(D) = r — 1. The same
argument proves nefness of M = (r + 1)H.

4.2. The algebra structure, not only the Hilbert function. Splitting the
symmetric power gives

(4.1) H'(X,mH)= @ H(C.®,L").

aEZEO

lal=m
Each summand is zero or one-dimensional by the preceding degree argument. The
nonzero summands are indexed exactly by S.

There could initially be nonzero scalar factors in products of chosen generators
of these one-dimensional spaces. To remove them coherently, choose a Z-basis of
the free abelian group A and a trivialization of the line bundle associated with each
basis element. Negative exponents use dual trivializations. Tensoring these choices
defines compatible trivializations for every element of A. Under these choices, the
product associated with a and b is the section associated with a + b, with scalar
one. This proves the graded algebra isomorphism (1.2). It also explains why that
isomorphism is not canonical.

4.3. Finite generation and normality. Let U = A®z R and 0 = UNRL,. Tt
is a rational polyhedral cone with respect to the lattice A. Choose integral vectors
vy,...,0 € N generating its rational extremal rays. Any s € S can be written
s =Y ;tju; with t; > 0. Subtracting »;[t;]v; leaves a lattice point in the bounded
set
{Zjujvj :0<u; < l}ﬂAﬂa.

There are only finitely many such residual points. Along with the v;, they generate
S. This is the elementary argument underlying Gordan’s lemma.

The vector 1 = (1,...,1) belongs to A, because det V' ~ O¢. Given a € A, suffi-
ciently large k makes a + k1 € S. Since k1 € S, we have gp(S5) = A. Consequently
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the fraction field of C[S] is the fraction field of the Laurent polynomial ring C[A].
Inside this field,
C[S] = C[A]NClxy, ..., z,],

where the intersection is computed in C(z1, ..., z,). A polynomial lying in the lattice
group algebra has only monomials with exponents in A, which proves the equality.
Both rings on the right are integrally closed in their fraction fields. If an element
of Frac(C[S]) is integral over C[S], the same monic equation makes it integral over
each ring on the right; it therefore belongs to both. This proves normality.

4.4. Titaka dimension and base point freeness. Let s = ranky(I'/T ). The
exact sequence defining A gives rank A = r — s. The semigroup algebra has this
Krull dimension, because its fraction field is the rank-(r — s) Laurent field. It
has nonconstant positive-degree elements, including the monomial corresponding to
1. Its projective spectrum, equivalently the litaka image, therefore has dimension
r — s — 1. This proves (1.3). Alternatively, the degree-zero sublattice of A has rank
r—s—1; its Laurent monomials are quotients of sections of equal degree after adding
sufficiently large multiples of 1. They give precisely the same transcendence-degree
computation.

For each quotient V' — L;, there is a section s; : C' = X and s;H = L;. If mH is
globally generated, then L!" is globally generated and of degree zero, hence trivial.
This necessity holds for every ¢. Conversely, if all L] are trivial, the pure monomials
x" are global sections of mH. At every point of a projective fibre some coordinate
is nonzero, so these sections have no common zero. Thus

|mH]| is base point free <= LI" ~ O for every i.

This proves (1.4), and semiampleness is equivalent to finiteness of I'. Equation (1.3),
together with v(D) = r — 1, makes abundance equivalent to s = 0. A finitely
generated abelian group of rank zero is finite, completing the proof.

Corollary 4.1. For every r > 2 and k € {0,...,r — 1} there is an example in
Theorem 1.1 with k(D) = k. All have nef adjoint, a finitely generated section ring,
and Cartier nef part.

Proof. Choose s = r — 1 — k degree-zero line bundles independent modulo tor-
sion, put them among the first » — 1 summands, fill the other summands there
with trivial bundles, and choose the last summand to make the determinant trivial.
Such independent choices exist because at each finite stage the torsion saturation
of the generated subgroup is countable, whereas Pic’(C)(C) is uncountable. Now

apply (1.3). O
5. Surfaces, families, and finite detection

For V = L® L', a degree-m monomial %™ is a section precisely when L?*~™
is trivial. If L is non-torsion, this happens only for 2a = m, and hence

1 m even,

(5.1) R(X,H) =Clzy], deg(zy)=2,  h'(X,mH)= {o m odd.
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In particular, finite generation and nonvanishing hold, but x(H) = 0 < 1 = v(H).
This is a minimal generalized pair, yet its nef adjoint is not semiample.

If L has exact order ¢, the condition is 2a = m (mod ¢). When ¢ > m, the
interval [—m, m] contains no nonzero multiple of ¢ and (5.1) remains valid in degree
m. The base-point-free index is nevertheless exactly ¢, and x(H) = 1. The full
graded ring, in either parity of ¢, has the presentation

(5.2) R(X, H) ~ Clu, v,w]/(uv — w?), degu =degv =¢q, degw = 2.

Indeed every pair of exponents with difference divisible by ¢ is obtained by subtract-
ing their common minimum and then using x? or y?. The relation and this unique
residual form prove the presentation. Thus parity affects the relevant Veronese
presentation, not the displayed full ring.

We now construct the family, including its line bundles. Let P be the normalized
Poincaré line bundle on C' x T, T = Pic’(C), and set

X =Poxr(P&PY), H=04x), M=3F.

Projection to T' is smooth and projective, and the relative determinant is trivial. The
relative canonical bundle satisfies K47 ~ —2.5¢. Thus the restrictions give exactly
Theorem 1.2. No assertion that .# is absolutely nef on the entire parameterized
total space is needed: it is nef on every fibre over 7'

Choose A¢ of degree d > 0, sufficiently large, and use P, = H,+7; Ac as a relative
polarization. Ampleness can also be checked on each surface by Nakai—-Moishezon:
P? = 2d > 0; vertical curves have positive intersection with H;; horizontal curves
have positive intersection with 7} Ac and nonnegative intersection with H;. The
same relative line bundle gives these polarizations in the family. For ¢ > 0, projection
to C' and Riemann—Roch on the elliptic curve give

(5.3) RO(Xy, €P,) = di({ + 1), X(X¢, £P,) = de(¢ +1).

Indeed the pushforward is a direct sum of £+ 1 line bundles of degree d¢ > 0, each of
which has that many sections and no first cohomology. The polynomial for x follows
since equality for all positive ¢ determines the Hilbert polynomial. The numerical
data are

H}=M}=K% =0, HP =d, MP,=3d, P’=2d, pX)=2

For a given N, choose a torsion point t of exact order ¢ > 4N and a non-torsion
point w. Since aD + bM = (a + 3b)H and a 4 3b < 4N < ¢, the degree calculation
proves equality of all the mixed plurigenera in Theorem 1.2, including degree zero.
But the two litaka dimensions differ. Finally Tiors = (J >, Tq] is countably infinite.
On an irreducible algebraic curve over C, an infinite constructible subset contains a
nonempty open subset and is cofinite. The torsion subset is not cofinite, hence not
constructible. This completes the proof of Theorem 1.2.

Remark 5.1. These examples disprove a uniform bound for the base-point-free in-
dex based only on this fixed smooth family, fixed boundary coefficients, generalized
e-lc singularities (one may take e = 1), Cartier index one of the nef part, the dis-
played numerical invariants, and semiampleness of the individual fibres. They do
not contradict bounded complements for Fano-type varieties: these irregular ruled
surfaces are not being asserted to be of Fano type, and a base-point-free index is
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not a complement index. They also do not contradict results for big generalized
adjoints: D? = 0 throughout.

6. An explicit threefold calculation

Proposition 6.1. Let ¢ > 2, and choose a basis Li,Ls of the finite group
Pic’(C)[q] ~ (Z/qZ)*. Set Ly = (L1Ls)~" and use v =3 in (1.1). Then
(6.1)

R(X, D) ~ Clu,v,w,t]/(uvw = t*),  (degu,degv,degw,degt) = (¢,¢,q,3).

The divisor D is semiample with base-point-free index q and v(D) = k(D) = 2. Its
litaka base is

P2, 314,

{UVW =83} CcP3?, 3]q.

The second surface has three singularities of type As. A general fibre of the litaka
contraction is an elliptic curve mapping étale to C' with degree ¢*/ ged(q, 3).

(6.2) Proj R(X, D) ~ {

Proof. A monomial with exponents (a, b, ¢) is a section if and only if
(a—c)Li+ (b—c)Ly =0, thatis, a=b=c (mod q).
Take the common residue j € {0,...,q — 1}. The exponent vector is uniquely

7(1,1,1) + (g, 0,0) + 5(0,¢,0) ++(0,0,9),  a, 8,7 20.
Thus u =27, v =y, w = 29, t = xyz generate, t9 = uvw, and the residual normal
form shows that there are no further relations. Theorem 1.1 gives the numerical and
base-point-free assertions.

Projective spectrum is unchanged by taking the g-th Veronese. In the normal
form u®vPw 't with 0 < j < ¢, membership in that Veronese is equivalent to ¢ | 3;.
If 3 ¢ ¢, this forces j = 0, so the Veronese is the polynomial ring in u, v, w with degree
one. If ¢ = 3k, then j = 0, k, 2k. With s = t*, the Veronese is Clu, v, w, s]/(uvw —s%)
with all four generators of degree one. This proves (6.2). The partial derivatives
show that the cubic is singular exactly at [1 : 0:0:0],[0:1:0:0],and [0:0: 1 :0].
On, for example, u = 1, the equation is vw = s3, the A, surface singularity. It is
normal, also as a consequence of the normality of the semigroup ring.

For the last assertion, let C' — C be the multiplication-by-¢ isogeny, of degree
q?. Tt trivializes every L;. Tts deck group G =~ (Z/qZ)* acts by translations on C’
and, after choices of trivializations, by the three characters Ly, Ly, (L1 Ly)™" on P2.
Descent gives

X ~ (C'xP?)/G.
The character correspondence here is the standard one for a finite étale abelian
cover: the eigensheaves of the pushforward of its structure sheaf are precisely the
line bundles trivialized by the cover. It can also be obtained directly by descending
trivial line bundles with a character linearization.

On the open subset with all three projective coordinates nonzero, an element
acts trivially exactly when its three eigenvalues are the same. Writing them as
A, ()™t gives A = poand A = 1, with A\ = 1. The scalar subgroup Gy con-
sequently has order g = ged(q, 3). The quotient map to P?/G = Proj R(X, D) has
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general fibre C"/Gy. It is connected and elliptic; the induced cover C'/Gy — C' has
degree ¢/g and is étale since the action is by translations. The degree-one genera-
tors of the Veronese show that this quotient map is the contraction given by |¢D|.
This proves the remaining assertion without identifying a possibly disconnected fibre
of a rational map with an litaka fibre. 0J

Corollary 6.2 (Fixed litaka base and fixed general fibre). There is no uniform
bound on the base-point-free index of the adjoint among smooth generalized kit three-
folds with Cartier nef part, even when the Iitaka base is fired as P?, the general Iitaka
fibre is isomorphic to one fixed elliptic curve C, and the polarized Hilbert polynomial
is fized.

Proof. Use Proposition 6.1 for arbitrarily large ¢ coprime to three. Its proof identifies
the general fibre with C” itself, and the domain of the multiplication-by-¢g map is
the original elliptic curve C. The base is P? and the index is q. For P = H + 7* A¢,
with fixed sufficiently positive de%ree d = deg Ac, the same pushforward calculation
as in (5.3) gives x(X,(P) = dl ( ) These polarizations occur in the projective-
bundle family over Pic’ (C) given by Ly, Ly, (L1Ly)™ !, so the data are contained in
one smooth projective family. The identification of the general fibre is as an abstract
elliptic curve; its map to the original ruling base C' still has degree ¢°. 0

Remark 6.3 (Polarization on the litaka fibre). The fixed data in Corollary 6.2 do
not bound the degree of a polarization on the general litaka fibre F. In fact

deg(P|r) = d¢?, deg(A|r) € ¢*Z for every integral divisor 4 on X.

To see the second assertion, use the projective-bundle formula Pic(X) = Z[H] &
7 Pic(C): the relative degree gives the first summand, and a bundle of relative
degree zero descends from C' by local trivialization. Write A ~ aH + 7*B¢. The
quotient construction above makes H|g trivial when 3 1 ¢, and F' — C has degree
q*. Thus deg(A|r) = ¢*>deg Bc. Every positive such degree is at least ¢®. This is
precisely a distinction needed when comparing fixed abstract fibres with bounded
polarized fibres.

7. Conditional abundance by descent

The following transfer is included as the strongest clean conditional conclusion
obtained in this investigation. Its proof uses known methods, and no independent
novelty is claimed.

Assumption 7.1 (Abyy(d)). For every normal projective complex variety Z of di-
mension d and every effective rational boundary Az such that (Z, Ay) is kit and
Kz + Ay is Q-Cartier and nef, the divisor Kz + A is semiample.

There is no generalized, relative, Kéhler, or real-coefficient interpretation hidden
in this assumption. It is known for d < 3.

Lemma 7.2 (Semiample replacement). Let (Y, B + N) be a projective generalized
klt rational pair with b-semiample nef part. There is an effective rational boundary
A > B onY such that (Y, A) is ordinary kit and

Ky + A ~g Ky + B + Ny.
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Proof. Choose a smooth log resolution p : W — Y on which N descends and write

The coefficients of By, are all below one; they need not be nonnegative. Choose
m > 2 sufficiently divisible that m /Ny, is Cartier and base point free. A general
G € |mNw| has no component in common with By, or the exceptional locus and
meets their simple normal crossing support transversely. If the linear system is
trivial, take G = 0. Then (W, By, + G/m) is sub-klt by the simple normal crossing
discrepancy calculation. Write

G/m = Ny + = div(¢), A =B+ p.(G/m).

The boundary A is effective. Because the function field is the same upstairs and
downstairs,

Ky + A = Ky + B+ Ny + £ divy(¢),
The first equality proves the required Q-Cartier property, and the second identifies

all discrepancies. Hence (Y, A) is klt. This avoids assuming that Ny is separately
Cartier or that By is effective. O

Theorem 7.3 (Conditional descent). Assume Aby(d). Let (Y, B + N) be a pro-
jective generalized kit rational pair with b-semiample nef part. Let f :Y — Z be
a contraction to a normal projective d-fold, and assume that for a nef Q-Cartier
divisor L on Z,

(7.1) Ky + B+ Ny ~g f*L.

Then Ky + B+ Ny is semiample. In particular the statement is unconditional when
d < 3, without any bound on dimY .

Proof. By Lemma 7.2 there is an ordinary effective klt rational pair (Y, A) with Ky +
A ~q f*L. The hypotheses of Theorem 3.1 now hold: projectivity, a contraction
with connected fibres, klt singularities, rational coefficients and an actual Q-linear
pullback are all available. Thus L ~q K7+ Ay for an effective klt rational boundary
Ay. Since L is nef, so is Kz + Az. Assumption 7.1 makes this divisor semiample.
Pulling back a base-point-free sufficiently divisible multiple and using (7.1) proves
the conclusion. U

This is a reduction to the dimension of the base, not an assumption of generalized
abundance in the dimension of Y. For the same reason, the statement with f = id
reduces to ordinary abundance in dimY’; it does not create a new low-dimensional
theorem. The hypothesis (7.1) is stronger than numerical triviality on the general
fibre, and is not derived here from a nef reduction map. Constructing it in a useful
new situation was a precise unresolved step in the rejected broader candidate.

Remark 7.4 (Why the nef part cannot simply be arbitrary). Take a non-torsion
P € Pic’(C) and the generalized klt curve (C,0 + P). It has Cartier nef part and
Koc+ P = 0, but h°(C,m(K¢ + P)) = 0 for every m > 0. With f = id¢ and
L = P, all other hypotheses of Theorem 7.3 hold. Thus replacing b-semiampleness
by nefness makes the transfer false even for a curve. By contrast, for the moduli
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b-divisor arising in Ambro’s le-trivial setting, b-numerical triviality implies Q-linear
triviality [Amb05, Theorem 3.5]; one must retain its geometric origin.

8. Boundary checks and relation to previous work

When all L; are trivial, X = C' x P""!, R(X, D) is the ordinary polynomial ring,
and the Titaka contraction is the projection to P"~!. Formula (1.3) gives r — 1, and
the index is one. For a rank-one free image I" in the surface case, the ring (5.1) has
dimension one, so its Proj is a point, while H still has positive degree on a ruling fibre.
This checks explicitly why finite generation alone does not imply semiampleness of
an arbitrary nef generalized adjoint.

The specialization N = 0 in Theorem 7.3 gives the standard ordinary klt con-
sequence of the canonical bundle formula. The examples (1.1) do not specialize to
ordinary nef adjoints by setting M = 0: their ordinary canonical divisor restricts as
Opr—1(—7) and is not pseudo-effective. There is therefore no counterexample here to
ordinary abundance. Rational coefficients, integral torsion relations, and the actual
line bundles are essential; real numerical classes lose the information used in (1.2).

The closest prior counterexamples are in Birkar-Hacon [BH22]. Example 1.1
uses the Poincaré bundle to make good models depend on torsion. Example 3.1
and Section 4 give bounded surface families with unbounded multiples and related
failures of uniformity. Our split-bundle presentations calculate the ring and, in
rank three, the quotient base explicitly; they do not establish a new general failure
of boundedness. Bie’s May 18, 2026 revision [Bie26, Theorem 1.7] proves DCC for
generalized klt litaka volumes with bounded b-Cartier index and a bounded positive
volume of an integral divisor on the general fibre. Remark 6.3 shows exactly why
our threefold sequence does not satisfy that last assumption. Bie’s Example 7.4 also
records a torsion obstruction to a uniform linear descent multiple.

Other relevant known results have the following precise roles. Han-Liu [HL20,
Theorem 1.5 and §3.3] concern numerical nonvanishing and the limitations of nu-
merical abundance, rather than a uniform degree of a nonzero section of our specific
line bundle. Tsakanikas—Xie [TX23, Corollary E| already give existence of minimal
models for pseudo-effective NQC lc generalized pairs in dimensions at most four.
Chaudhuri [Cha22, Theorem 2] implies semiampleness when a generalized klt ratio-
nal adjoint is nef and abundant; our non-torsion examples fail precisely the abun-
dance hypothesis. Esposito-Mistretta [EM24, Theorem 3.10] relate a semiample
vector bundle with Kodaira-dimension-zero determinant to finite étale trivializa-
tion. Thus the qualitative semiampleness part of Theorem 1.1 has a broader known
explanation.

Recent work in other settings was checked to prevent a spurious novelty claim.
Das-Hacon—Yéfiez [DHY26, Theorems 1.1-1.6], in the June 2026 version, use nef
b-(1, 1)-current data for Kéahler threefolds; their numerical contractions cannot be
interpreted as linear systems of our divisors without additional rationality. Liu—
Meng—Xie [LMX25, Theorems 1.2-1.4] establish contractions, flips and suitable
MMPs for algebraically integrable lc foliations on klt varieties. None of their fo-
liated discrepancies is used as an ordinary discrepancy here. Chen—Han-He—Xie
[CHHX25, Theorem 1.1] prove bounded complements with fixed dimension and b-
Cartier index under Fano-type and klt-complement hypotheses. Those hypotheses
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are not furnished by our bounded family. The accompanying research log records
the wider comparison; it is not substituted for a proof in this note.

9. Novelty audit

Searches were performed on September 9, 2026, both before and after the exact
statements were formulated. The second pass included combinations of “generalized

13

pairs”, “elliptic projective bundle”, “torsion”, “section ring”, “plurigenera”, “con-
structible”; “semiampleness index”, and the rank-three quotient equation. Relevant
full texts, not merely snippets, were inspected. The final pass located the particu-
larly close examples of Birkar-Hacon and checked Bie’s revised Theorem 1.7; this
strengthened the decision against claiming novelty. Search engines can miss state-
ments inside proofs and remarks; absence of a hit is not evidence of independence

from known arguments.

Statement Audit outcome

Low-dimensional generalized minimal- KNOWN; excluded as a proposed main ad-

model existence vance.

Semiample nef-part replacement and KNOWN METHOD / CONDITIONAL

conditional descent application; complete proof, no novelty
claim.

Qualitative torsion—semiampleness KNOWN mechanisms; Birkar—-Hacon give

and failure of uniform indices prior family counterexamples, and finite-

cover results give a broader criterion.
Relation ring, finite-test family, and PROVED in this note; independent re-
rank-three presentation search novelty unestablished. Treated as
consequences of standard mechanisms, not
promoted to “apparently new”.
New general MMP theorem requested PARTIAL research outcome; not obtained.
at the outset
Arbitrary b-nef replacement FALSE, with the explicit curve counterex-
ample above.

The exact joint packaging of the calculations was not located in the searches,
but that alone would not meet the requirement that an immediate reformulation
should not be called a new result. In particular, no statement in this note is la-
belled “PROVED—APPARENTLY NEW?”. The finite-test theorem is useful as a
fully checkable obstruction, without any claim that its elementary ingredients are
new. This distinction is part of the conclusion of the investigation, not a gap in the
proofs.

10. Further consequences and unresolved steps

Theorem 1.2 shows that a uniform finite computation of mixed plurigenera, even
supplemented by the fixed polarization and the displayed numerical invariants, can-
not decide abundance on this family. Each individual torsion fibre does have a
good model, but its required multiple has no uniform bound. Any uniform theorem
in this direction needs additional information that controls torsion, or positivity
assumptions that exclude this example.
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For the conditional descent theorem, the unproved part of the broader research
candidate was to manufacture the Q-linear pullback (7.1) from weaker numerical
data while retaining control of the nef part. The non-torsion curve shows that no
such unconditional replacement principle exists for arbitrary nef data. No Kéhler ex-
tension, new foliated consequence, or new bounded-complement theorem was proved
in this run. The completed outputs are the explicit proofs, the standard conditional
transfer with all hypotheses stated, and the record of why stronger candidates were
discarded.

[Amb05]
[BH22]

[Bie26]

[Cha22]
[CHHX25]

[DHY?26]

[EM24]

[Fuj11]

[HL20]

[KMM94]

[LMX25]

[TX23]
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Generalized abundance IZ2¥{3° % torsion DT :
Ui, GFRHEE, B & OEHEN = MREEH

chatGPT 6 Astra

202649 H9 H
BE. BBAR LA RIZE T % nef 72 generalized adjoint DOYJWIER %= 51E
T3, KB\ Picard BEOBIRIE TS litaka ZILRIREL, ZOBRMPERTH %
CXIIBFOIEROE A BRI B EERR/MEBZITRET 5, ZORIHEDNS, TN
TD 7 7 A NN=THREBRMEDHRILST 2 —2DHF 557 generalized kit HIH DT
% - T, semiample locus DERATRE T2 <, BIRMEDFIH] mixed plurigenera Tl
abundance ZH|ETER VW DEF S, =RILDFTETIX, BRI BT = 8l
[HER & —FEHHD litaka EZER]Z KD 5, £7z, b-semiample 7% nef part, Ambro ®
canonical bundle formula, B X FEZEMDRILTOD ordinary abundance % W7z
T ETEORERE S 2 5, BEARGITE DI TR TEES, #7125 torsion D
P & TREOAEIIBERTH D, SHEOFETIE Tz LzH L MMP &3
NI TER D o720 L7 o TARRNZ, MEEE 4D L HiditEo FiRORR %
AT LHDTH 5,

ZDJ — M chatGPT 6 2B L7z b DTH D | EFHIIECEN G2 2 AT -
TVWEHA. ZODFFNEEECDE D20 LNEVTA. ZOLDEREGEL
ATLEEW,

1. JFif

MUNETILE BROKUVNE TV TIRER I N5 5003872 %, generalized adjoint
D nef 2 HEHCHUNE T L E 72508, BROHUVNE F VI EEEELZRETH B,
BUER 72 TE 72T T, JF torsion DRI v R Z T2V, SHEOFEEI
ordinary pair ¥ generalized pair D] DT, B X MMEXITD abundance 2> 545
Too MREULL—BFRDO VL O3B, £33 TH o7, 22T, KilH
D MMP QX7 v T2 @OFTIREE LR TE 2 BANZ 7 7 RICEFT 2,

LUR, EEHMAIZEIC C 2T 5, FHRIE—IOTHZ 85 X —&{F13 % convention
ZHW, Lo T

T,.Opgvy(m) = Sym™ V/ (m >0)
Thb, C ZIEOHPIZFEMAMAR, Ly,..., L, € Pi°(C) 2 r>2BXU ®, Li ~ Oc
Zim/z TR E T 5,
(1.1)
V=L, X=Pc(V), H=0x(1), M=(r+1)H, D=Kx+M~H
i=1
B L B2 KF DT S BRIIINERLE % - W 66 nef b-divisor 1& Cartier closure
M=M TH3, FIHHEFED moduli data % &l L T2 DHIFTIEER,

Theorem 1.1 (BIfRIEFIC X 25H). (1.1) Db T, (X,0+M) IXIB 5272 gen-
eralized kit pair TH Y, M, D & nef Cartier ¥, v(D)=r—1TdH 5,
I ={(Ly,...,L,) C Pic®(0), S =ANZ,,
A=ker(Z' — T, ar— @, L)
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EED D, TDEEXRBE deg(a) =>,a; & LT, FIEEEHER 2B = [FIRY

(1.2) R(X,D) ~ C[9], RO(X,mD)=#{a € S:> a;=m}
DAFET %0 ZDBIIARAEMZIERERTH D,
(1.3) k(D) =1 —1—rankz(T/Tos)

MWD ILD, EHIZ, D B abundant THB Z &, D B semiample THH I, B
FUOT DERTHS ZZFFMETH 2, THHDHILL, e=exp(l) &BL &,

(1.4) imD| HELHH < e|m
785,

r =2 OEEIIE abundance DHRRHEIIH T 2 FRACHHRN R EENF SN 5,
6 #idD rank three DFETIE, YIKIZERIORITIZ T TR L, KRBT ZIR Y Titaka
JEZEE D IRET 5,

Theorem 1.2 (HIRME® plurigenus TIFHIETERWEE). T = Pic’(C) kig, 77
A N—MN
Xt - PC(Lt EB Lt_l), Dt — Hta Mt - 3Ht

THEEODPRBRPEIBEDPFLET 5, K7 7 4 N—1Z nef Cartier 7% nef part ZFfD
generalized kit BIITH D, Kx, + My ~ D; TH %, TXTD R(Xy;, Dy) 1FERE
KTHY, v(D;) =1 TdHb, semiample locus, FT72DH abundant locus 136 & 5
¥ Tiors THYH, HERFTEETHR WV, [EEDOEE N > 112X LT, semiample 727 7
AN—t & non-abundant 727 7 A N— u TH o> T,

hO(X;, aD; + bM;) = h°(X,,aD, + bM,) (0 <a,b< N)
2723 H, k(Dy) =1, k(Dy) =0 ERDBDHPEFET Do TRXTDT 7 A N—T
Hilbert ZTERD—E 3 2 xR A 1B X2, semiample 727 7 £ N—=1ZBIT % D,
DA HHEBUIE— R BRI 0,

W EREIPH & AT, B 1SR AKX e FETE D S AR TS %, BERD
R0 BARIGEHETH D, —72H L abundance @M% F5E 3 2 H D TIIR
W, Birkar-Hacon [BH22, Example 1.1, Example 3.1 38 X T* §4] 1%, torsion 12K
#3 % good model ¥, generalized pair DHFRFEIZBIT 5 —HEMEDOBHE Z BEIR
L TW3, Han-Liu [HL20] (X numerical nonvanishing & linear nonvanishing % [X.
AL, SR LR 25 U T\ 4, Esposito-Mistretta [EM24] 132 &M
HECBRT 2, IDEVWAREEICK2FEM T 252 T\W5, A& L [ CadiE
BENS DT Y o nWZ eh 6, itz HER L Rwv. HFIFEERICNT 2
status 1& PARTIAL T® %, sEIESERR L T2 238, ML L7 HHiEIIEZ TE T
Wiz Yo

2. "Efi
2.1. Generalized pairs &ET)NV. FHFRHD generalized pair (Y, B+N) 1, 1EH
2R Y, B3 Q-AF B, BELUGHENEHET LV W — Y LD nef Q-Cartier
K+ Ny 12 descend 3% b-Q-Cartier b-divisor N 22675, X 5IZEWET I L
D trace FFIXRLTHY, ZOMDET N LED trace FIHLFEET L2 5O LH

LTCEFRT %, Ky + B+ Ny 2 Q-Cartier THBZ L ZERT S, T ZT “nef” 1X
M2 nef EZEKRL, Y ETDHA nef W5 BEETIXR W,
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RE T BRI T2 Cartier TH 3 & = b-Cartier & W\, FEERFZD b-Cartier & 72
% ¥ & b-Q-Cartier W5, nef b-Q-Cartier K+ DH [REDIE & EREGREE S
TH?rENQC WS, KHEOEH nef data IZHENNIC NQC TH %, HiEET v
EDUTERFHY semiample TH % & = b-semiample £ W5, ZDZELFIX semiample
K+ & OBUERYFEME X D R,

BETHEERTZEY, FHF0HFK

Kw + Bw + Nw = p"(Ky + B + Ny)
ZEH Lo ARRD generalized log discrepancy 1% ap = 1 — coeffg(By) TH 5, TT
DY LORKEFIZONWT ag >0 THBZ &% generalized klt, agp >0 THb I &
% generalized lc £\ 95, XHNZ X o Tld ap —1 % discrepancy & FEXR, discrepancy
PEFRT BB, BRABEREZH WS Z 213 LW, nef part 23 Y 1T descend
T2, ZO5|FRLIFMHEESN, Zhbid (Y, B) O ordinary discrepancy & —3
T 5, FHIAROHHROHITIHICIDI L 2R %,

SCiEEME T 5 &, generalized dlt @ convention 1 le &I A T, generalized
lc centre DRI TOD log smoothness & nef part @ descent Z K3 2% H D
THb, UTOMEDIEAATIX dit modification & #HH7W, generalized minimal
model /¥, adjoint 2% nef TH D, log discrepancy IEED, M I N2 HFTIEE
WZHEINS % generalized lc 72 XNEMHENITH 5, S 51T Q-factorial dlt ZRF&IH % Bk
3% convention ® & 3723, AFRDODEMKKET VI TXRTHESDTH S, adjoint 23
semiample D & ¥ good £\ 5, generalized Mori fibre space (&, J#Y)7 discrepancy
DI Z T, K DIERRITTOEADHER, X Picard #—, 3B X adjoint D
MR SEEWZ RO, AFIIMEED generalized flip FDEIEZFR LWV, 2 b
(& [HL20, §2], [TX23, §2] OFHEFRB DL E D convention L HET %,

2.2. oL UIWiIER. 5158 n XITZHRIK LD nef Cartier KT A 1Z2oWT, BERK T
P ZHWT

v(A) = max{k : A¥. PF > 0}
EBL, TRTOEDELD UM ZFi-7 0w & k(A) = —c0 &L, ERLSMNZ
litaka fRDXITE %, abundant &1 k(A) = v(A) DT & TH 3, semiample &
&, 2 m>0XNLT mA| PEFEBHETHZ I Z2WVWI, ZORND m &
REBERE WS, ZHUd Cartier FEETIRR W,

R(Y, A) = P H'(Y, Oy (mA))
m>0
£ FEH <, Q-Cartier HIFI2OWTIX, T8 D U1 2 X% B > 72553 % Veronese
REHWS, litaka 20t e FEEMHIE Q-MREFRETAETH 523, BUERIFEME T
Z LIRSV, BEZOTIIERIC L D BIERNAREETH 5,

3. 5 2 BEAIHER

5 THIOSRMN & NI D, FANBINROER 2 LE L 5, ZDIEMZRA
hzibR%,

Theorem 3.1 (Ambro, [Amb05], Theorem 0.2 = Theorem 4.1). (Y,A) ZH%hH
MG 2 ReOWIR kit pair, [:Y — Z ZIERISTREZREANOHEN E §5, Z L0
Q-Cartier AT L 19WT Ky + A ~g f*L 735, (Z,A7) 2 Kt T L ~g Kz + Ay
LI 2% Q-HT Ay DFIET 2,
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Z UZ canonical bundle formula @ ordinary kit RIGEDIRETH D, TXRTD
moduli b-divisor 2% b-semiample T»H % &\ 5 FIR TRV, #@YIZRET )L ET,
FHEFIZIR S discriminant DFREUINTIGF B log canonical threshold Z—72» 55\
725D THD, Y DIED moduli part TH S, Ambro 1 Z DFFED fibration 12
LU CTRERIEEEZETWS, EED nef b-divisor 73, Z2UI X o T canonical
bundle formula @ moduli part {272 % HIF TRV,

Z DM DAFEAIINE, = XITL N DHE kit Q-pair 12X 3 % ordinary abundance
[Fuj1l, KMM94] TH %, —RILOHEZRIER FOKF O & EHAE S . #iEic
DWW TIE [Fujll, Theorem 6.1] DFMRE DG E %ﬂqhé klt gl X Q-factorial
RDT, £ TRHERIEZTT, £z, 18 ODRH log resolution T Bertini
DEBE M, Thbb, HAAMRSROROTIESHTHD, 2L
HAIERR R R T & *ﬁilﬂfﬁﬁm’ RbHh, ZOD stratum ZEFE R, ff%i'é)ﬁﬁ@?ﬁ )
FEEHEM 73 Bertini D FIRISERY D“C@%\J@ﬁﬁ?‘% HKIIERR A A2 72 sub-boundary
DA discrepancy gtEIZ XAUL, TR TORED—KiH7L & sub-klt TH 3, —
HOFRBD AT ZDOFRIZKD 7D,

BURCfE S S i a3

(3.1)  Kpov)y=—1rH+71"(Kc+detV), T.O(mH) =Sym™V  (m >0)

Th b, EERARNRIX, EE2HWS convention TOMHXT Euler 5225 DT %
WoTi/Eond, fLHLARIE, BHHLT ZHES L TRE m OFRXZHEA %
EZ, VOLBREBICL-oTHOEDESL Z TS, Lo THEL dual D
convention (XBH/RINICEE XN TWS

4. BRI I X 2 EB DL

4.1. Nef tEeB{ERIT. £, C LOXBEL ol L 2IERMi Ko v L A
HTH2 Z L 3FEMETH %, EEE, IFFVIMOERFIEXEEL o 0BERE TR T
ZeTcHh, UM L xRS 5, 205G h°(C,L)=1TH 5,

ZEMDOEH Z WS H O nef zfErH 2, X NoEhHz EFRLL TH
bNEE/E g: F— X 35, g BWEERDS, Opi(1) EETHEZ DD
g H ODXENIIEETH 2, 20N D 1g: E— CIFBRTHD, g 1354

@%wﬁb—+¢H

ZED D, P b —DOOHWNTIIFEDHMROEBRTH 5, ZDOERFITHRNR
DT, deg(g*H) > deg((mg)*L;) =0 &7 %, T T nef thpRE Nz, BN (3.1) &
Ko~0, detV ~Op 56 Kx ~—rH BXU D~ H %2185, 1§55 7% ordinary
pair (X,0) & kit TH D, nef part IX descend L TW5D 5, generalized pair %
kit TH %,

dim X = r ZOTHEHEHDOEBRKDL S H =degV =0 2182, Ac ODREDIE
%5,

H ' 7% Ac = deg Ac > 0

ThHb, EOREETAIRELEAIUL P = H+71*Ag 3EBEITHR 5, ZHUIMHEXS
P HOIAA I, KZEE DO TDIEDHRET VI NTEI e THN5, L
#OTHTW>01%5~ﬁIV—01%D,()_r—1t@6 [F] U #kam 2
b5 M= (r+1)H b nef TH 5,
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4.2. Hilbert BABIZZ TR BRIEZ KD S . NMED I LD
(4.1) H(X,mH)= P H°(C,®, L")

an;o

la|=m
KRB, HIFEDREDFERICEL D, FEMRTIILY e ELIE—RTTH S, FE
AT EIEREIC S TIHRFAT 5N 3,

INSD—TITZEMTHEBITE RN, BUNIBEICIEE O EHA T 2384 % Al hHE

WD 5, ZNEREEINIERL 72D, BHH7Z —LHE A O Z-HKEZEDS, FHRE
TCICHIET 28R 0 BIL 28R, BRI HILEHWS, 2o %
FTUVINLTBIET, A DITRTOTLIRDOWTEETI2HAAEE 2, ZDER
DHET, a,b LT 2UIMWOBIIAE—T a+ b ITNET 22U S, Zh
THREA ERFR (1.2) 2RE NIz, FRFZ, 2 OFRBUDFEER TR W H  FiH X
nb,

A3, ARVEIEC EBE. U =A@z R, 0 =UNRL, B, THIHKT A H
TOAMZHEMETD 5, FHLHIRZENT 28T Pl vy,.. v € A ZES,
g%@ se s &i tj Z 0 %ﬁﬁb\f S = thjvj Z%U'%ﬁo thtjjl)j %§I< X, ﬁﬁ
< E
{Zjujvj -0 S Uj S 1} NANao

WIBS 2T RE S, TDXIBBRORIIERELZ WV, TN D E v, B3 S
ZHERT %, Z4UT Gordan DFHEDEIEIC D 5 F)FNRFRGTH 5,

detV~Oc &b, XZ ML 1=(1,..., ) ITAETS, ac AIHLTEk %
FARECHIUZ a+ k1l eS LR, kleSThdob gp(S) = A 232, L
7e73 5T C[S] DFEAIZ Laurent ZIHHIR C[A] DAL — T 5, ZORKDOHT

C[S] = CIA|NClay, ..., 2]
%%, Kbbid Clay,...,z,) OFTER S, MTOHRIIET 2 ZHAXDOHIA
ROFEBIITRTARETZ2DT, ZOHELMIMES, HUDO_ODRIFENETID
RARDHCEEATH %, Frac(C[S]) ®7tas C[S] LS, FUE=vy 7RI
Lo TEUOERO LCHHTHD, LEdioTHAKET 2, ShTERMENR
X,

4.4. Titaka Kyc e FEMEHBME. s = ranky (T'/Tios) £ T %, A ZERT 258250
5 rankA =1 —s &5, FEHEROEKRD rank r — s @ Laurent BIBUATH 25 =
e, ZFOKrull Rotd r—s TH D, 1 1T 2HEREED T, IEEBD
ERBOTHFIETS b0 L7232 TZD projective spectrum, 3742505 litaka DK
Teld r—s—1TH3, THT(1.3) 2155, HOFEHE LT, A DXEL ot
FDrank & r—s—1THb, #OD Laurent HIHNKIE, 1 D+ KEWEEZEINZ
HZrizkb, FXEBOUMDtLE LTEHEIF 2, ZHUT K- THIE UBBRE DG
BANMEoNh s,

BV > L, 13U s, C - X ZED, stH =L, TH5, mH DRIBERIZ
O, LM 3O TREBERTHE206HHTH 5, TORBEFMFITRNTD 12
X UTHRALS %, 2, $XTD LT AERAZ S, FMEBIERK 27 & mH ORBYIM
$i2%, BRHE T 7 AN—DEDRTHDRL & —DDREFIIIEFELDT, Th
5OUWHIHEE R 2R R0, Ko T

imH| PEEEHH <= L'~ 0c TR TD i IZDWTHIL
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T5, 2T (1.4)2VREN, FEEMI T O0FRM L [FEICKR %, (1.3) 2 v(D) =r—1
5, abundance ¥ s =0 E[AMETH %, BRENRT —~NIVEET rank L0 TDH
52 b ARTH S Z LIFFAMEZ DT, FAADE TS %,

Corollary 4.1. fEED r >2 BX U k€ {0,...,r —1} LT, &H 1.1 DFIT
k(D) =k 7125 DDVFIET 5, ZNOIEXTXRT nef 7% adjoint, FRRAERIZTINT
¥R, Cartier 7% nef part 5D,

Proof. s = r — 1 — k fH®D torsion 2k U THINBRREY ol 2 EL, RIID
r—1M®Lm& TO—EE T B, ZDHDIRD DRETICIZEHIRZ B, KED
BT 2 AT EHBAIC R 2 X 5IGER, 2D X5 RPN ERIEARETH 5, &F
FREXRE T, KL 725898 torsion 1 & 2 BRI A E 225, Pic(C)(C) 1ZIEnHE
1 oTH 5, 362&2]: (1.3) ZEH 3 %, O

5. Wi, %, BXOHERAE

V=L®L?! 3%, K m OHIER z9y™* DYk bk, L™ H
HHTH 2 Z EIXFMETH 5, L DIE torsion 725, ZIUI 2a=m DL ZIZR 5,
L7zhioT

1 m DMEE,
0 m DA

TH 5, FHIHERAERM & nonvanishing 13ILF 223, k(H)=0<1=v(H) T
Hb, ZIUX generalized pair DMNE T ILIZHY, Z D nef 72 adjoint & semiample
TlX72W,

L OfBDIEREIZ q 7256, FHFIE 2a =m (mod q) TH 2, ¢>m D &, X
M [—m, m] & ¢ DIEFLEEEE T RVDT, TE m TIEKA L LT (5.1) 23D 37
D, ZAUTD Db 5 I HEAHHIERIIIERIC ¢ THD, k(H)=1Thb, ¢ DE
K BTF, B 2RI
(5.2) R(X,H) ~ Clu,v,w]/(uv — w?), degu =degv =¢q, degw =2

LFRIREINDG, EBE, BEROED ¢ TEI Y YR 2800, H@EOR/MEZ 5\
&fxqitmyq%%mfiﬁfgéo:@%%ﬁt%ﬁ§T®—E@k;ofF
FIRDNED . L7zho TEFADHET 2 D130 T % Veronese R TH D, LD
BRE|RDOFRRTITR WD,

MR ED TR T 3, T = Pic’(C) 2 L, OxT EOIEHL X7z Poincaré
Wz P L33,

X =Poxr (PP, H =040, HM=3H#
LB, T ANOHEIZIE S THENTH b, HNRTHZEATH 3, Hit
EESRE Ky r ~ 20 BT LEehso CHIRT 3 & ERECER 1.2 0F — &
21582, T RXA—RfERERM ET A DHNENS nef TH 2 Z LIFERLZW,
BERDIFZT FOET7 7 AN—TD nef ETH %,

Ao TR REVKE d > 0 OFRRE L, HMRERE LT P, =H, +7Ac *H
W5, ZilE _E Tl Nakai-Moishezon ﬂlﬁuﬁfif HEENZEIDONDS, THDLD
P?_M>OT%D ﬁﬁﬁ@ﬁdfﬁtEr”béomﬁm@ﬁ@ﬂﬂotmk

ZbHhbbh, H LDX SERUIIEETH B 7 USRS & O o 2 4 s OfFfisE
55, £>011ZXL, C NDEE & AEMRIFR D Riemann-Roch 7 5

(5.3) WO(X, (P) = de(C+1),  x(X,, (P) = de(l + 1)

(5.1) R(X,H) = Clzy], deg(zy) =2, RO(X, mH) = {
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2195, FEE, FUHULIEE dl > 0 ORFR (+ 1 EOEFMTH D, Soid de 8
@Hﬁ&@%%h% H—akERI—IIHZ B, ?«f@ﬁ@é{@#%k;o
T Hilbert %I,Eiwﬁiié N30T, y DZEADMES . BUEN T — X

Hf =M} =K%, =0, HP,=d, MP=3d, P}=2d pX;)=2

TH b,

N ZEEL, IEWHERMNE ¢ > 4N D torsion & t £ IE torsion ml u ZIEIR,
aD +bM = (a+3b)H 7D a+3b < 4N < ¢ DT, FHIFLDXEDEHEICED,
KX wdEHTEH 1.2 D mixed plurigenera X3 NT—HT 5, L2LZD2D
litaka KICIZHERZ B0 WIS, Tiow = Uy Tlal BAIREREETH S, C LOBE
ﬁ""Jﬁ%&EﬁﬂﬁODﬁFEET%ﬁETﬁEﬁKﬁ\%QGiﬁFWEEEFEJ BrEH, Lo TRART
H 5, torsion HRTEBIFIRERTROVDTHEKATRETRV, THTEM 1.2 DFEHA
DITET T %o

Remark 5.1. 2O oDHI 5, ZOREEINIE ORI, [EEINIHEARE,
generalized e-lc FHE AL (e = 1 LHWL5), nef part @ Cartier F58—, il OEER
g, BRUET7 7 AN—DFEEWLFICH I HEHAE EHTEI@(@_%:iJ:?%Giﬁf
L2V, 2D Z & Fano type ZFAD bounded complements & FJE LRV, Z
NS OAIERIZZARFEHIE 2Y Fano type TH % LIZFRL TEST, HEAHHBHERZ
complement 58T 2\, F£7HIZ D? =0 72DT, big 7% generalized adjoint 12
W3 BHERE SFE LRV,

6. =XILORIETE

Proposition 6.1. ¢ > 2 ¥ L, HAR# Pic’(O)[q] ~ (Z/qZ) DRI Ly, Ly, 21N,
Ls = (LlLQ)il tﬁ%, (1 1)VC r=3&¢39%, 2Ok
(6.1)

R(X, D) ~ Clu,v,w, t]/(uow — 1), (degu,degv, degw, degt) = (¢,4,¢,3)
TH5, D IF semiample T, BERHBEHBIERIL ¢, v(D)=kr(D)=2 &72%, ZD
TFitaka JERZE[ENZ

P2, 314,

(UVW = $3) c P%, 3|4

Thod, REDOHMEII=DD Ay FRF{ZFD, litaka FEID T 7 4 N —I13HE

MHEiERTH b, C 10 L TRE ¢°/ ged(q,3) D étale HFE & 72 5,

Proof. 1684 (a, b, c) OHIAXDYIWT & 72 5 72 DRE+ 77501
(a—c)Li+(b—c)Ly =0, KDL a=b=c (modyq)

THb, HHEORIR j€{0,...,q— 1} ZEZ &, FEERT FLIT—EIIZ
J(1,1,1) + a(q,0,0) + 5(0,¢,0) +7(0,0,¢), @, 8,7=>0

CEIFE, Lo Tu=a29 v=91, w=2, t=ayz PEBITTHD, t=ww

L5, BROEEED S, %ﬂJ«/{ﬂ@Bﬁ{%‘JﬁfPfcﬁb\ EMITD B, zxﬁd RIT & H

I DWW TR 1.1 % IV 3

Projective spectrum 1% g X Veronese ZWoTHEDLLR, 0<j < q Zii/z

THHEE u v wit) 232 D Veronese IZJBET 228 &, ¢| 35 \ZFAMETH 2, 31q 7%

5 j =0 25EHI X415 DT, Veronese & u,v,w ZRE—DEHK L T2 ZHEAIRTDH

0 q=3k 5 j=0,k2k 275, s=tF 2B &, Veronese lZPUDDERNITH

(6.2) Proj R(X, D) ~ {



TORSION OBSTRUCTIONS TO GENERALIZED ABUNDANCE 21

TRTHXEE—TH 5 Clu,v,w, s|/(vow — s3) €75, AT (6.2) RSNl R
NEEFET e, =R ORFEAIZEMIC [(1:0:0:0], [0:1:0:0], 0:0:1:0]
THb, HlziEu=1ETEAERD vw=2s 2RD, ZHUT A, HARESTDH
%o IEFMEIRERHRO ERED S 05,

RIZEDEIRDT=DIZ, ¢ EBBRTH 2K ¢* D isogeny C' — C ZH 5, ZHUZ
TRTO L, ZARILT 2, ZOWELEEEE G ~ (Z/q2)? 13 C' LTI HTHEIT
EHL, BILZERE P2 ETIEX=2D%EE Ly, Ly, (L1 Ly) ™t TEHT %, FRIC
Lo T

X~ (C'xP?)/G
182, ZZTOEEOMIGEAR étale 7 — VBB 2 EER 2 ETH
%, Thbb, HEOMEEOH L LOEEEZX, EczofE cHlAban
RN TH %, HEFIC L 22 MA 7B RZ NET 2 280X o THIERE
B#Bohs,

=D EIEN TR TIFFTH HHES LTI, BHOTTHEHEHATSZ .
CEODEEERIRT—HT 2 IEAETH S, ThoE N\, (Au) !t 2FEL
E, A=, =1, M =1 K%, L7h>T scalar subgroup Gy D&
g =gcd(q,3) TH 3, P?/G = Proj R(X, D) "NDREEARD K7 7 4 =1 C'/G,
$72%, TAUERZFEMEIRTH D, BEINIHTE C'/Gy — C DXIBUZ ¢/ g,
TERNEFATRENC X 2 DT étale TH 5, Veronese DX —DERITT S, Z DR
FIRIZ |gD| TEX A THD Zennh b, THT, FHEKOIEER,2S L
NN T7 7 A N="% litaka 7 7 AN—C[A—HT2Z k<, RO DERHMIFEAX
N7z, O

Corollary 6.2 (Titaka JEZZH & —fi% 7 7 £ N—Z[EE L72355). Cartier 7% nef part
RO O 07 generalized kit threefold @ adjoint DI HHIEEUTIX, [itake JE
ez P2 ICEEL, —M& Litaka 7 7 4 N—%—DOEE L7/ ¢ & [F%Y
WL, EHIIRMD Hilbert ZHHAXZEE LTS, —HR EFUIIFEL RV,

Proof. ¥ HWICEBEREIZRKE W ¢ I L TamEG6.1 ZHWVW5, ZDIEHTIE—i%
77 AN=F O BEEFRESN, ¢ EEBROERBIITORMAMIE C TH 5, K2E
EE P2, 6808 ¢ TH %, d=degAc Z T REVEEXE L, P=H+ 7" Ac
e, (5.3) LR U LA S (X, (P) = di(}?) 2185, Zh b ORI
Ly, Ly, (L1Ly)™! TEZ % Pic’(C)? Lo ROBEOFIEH N DT, T—Xid—
ODELRHEIHRICEETNS, — KT 7 A N—DRE IR LAEMERE LT
DEETH D, TTOHEDE C NOEBROREIIMKARL LT ¢ THB, O

Remark 6.3 (Titaka 7 7 £ N— LOfREML). R 6.2 TEE L7277 — 206, —f litaka
7 7 AN— F EORMBOIILDEFIEIIED RV, FEEE,
deg(P|r) = dg?, deg(Alr) € °Z (EED X LOEERT A)

THb, ~DHOFRITIIFHERAR Pic(X) = Z[H| & n* Pic(C') ZHW%, HXf
TEDEADOEMREF 2 5 2, HREL e oRRIFFEIERICE T C 2561
92, A~aH +7*Be £ &L, LOBRBIZED, 31¢q D% Hip ZHMAT
HYH, F—C OXENE > THDB, LTz oT deg(Alp) = ¢*deg Bo #15%, IED
KNI TR THRED > TH S, MRNLT 7 AN—DEEL, RMLET 7 A
N—DEFRME KT 2B, ZOXBIDNSBEICR S,
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7. FEIZ & 25 = abundance

DN OBITEHIZ, S OHETH SRk PR EHEme L TIdRs
%, REANIBERDTiEZFWTE D, MY U BRI TR L 20,

Assumption 7.1 (Aby(d)). ERED d KITIERSHEERZRIK 7 L BEHER A,
T, (Z,Az) B kit THDY, Kz+ Az H Q-Cartier 22D nef TH 2 H DI LT,
K7 + Az 1% semiample TH %,

Z DIRFEIZIE generalized, fHMAY, Kahler, T3 BB W EREZEDH W,
d <3 TIIBIRITH 5,

Lemma 7.2 (Semiample 7% nef part O&E#L). (Y, B + N) %, b-semiample 7% nef
part ZFROHE generalized kit rational pair £ 3%, ZDE X, (Y,A) D ordinary
kit THDH,

Ky + A ~g Ky + B+ Ny

il SHMEHEESR A> B QY REIZFET 5,
Proof. N 7% descend 3 %{F 5 2°7% log resolution p: W — Y %3,
L FH <o By DFREUITRT—RIiETH 223, FEHCIERS0 m>2 Z2+75#D
Ui s £ 51THY, mNy % Cartier 2228 HEHHIZT %, =D G € [/mNw | & By
PHISEE L a2 AT, 25 OHMIEFELRE LMk D 5, #RIE
ROEAZS G =0 W5, BAIEHIRZD discrepancy g1E D& (W, By +G/m)
& sub-klt TH %,
G/m = Ny + = div(¢), A = B+ p.(G/m)
tEL AFEMTH S, ENOBBIEN BT 5 DT,
Ky + A = Ky + B+ Ny + L divy(¢),
p"(Ky + A) = Ky + Bw + G/m

&5, mADFERTDER Q-Cartier EERL, RDOFRIZTRTOD discrepancy
EEET 50 LEDo>T (YV,A) 1T kit TH3, ZDIFHATIX, Ny BENREKT
Cartier TH2 I &%, By BWENTDH S I & ZEL TV, O

Theorem 7.3 (ZeFf & TEE). Abw(d) ZIRET %, (Y,B+ N) & b-semiample
72 nef part ZHO9E generalized kit rational pair £ 3%, f:Y — Z BIEHRE
d RTLERREANDRENIE L, Z LD nef Q-Cartier HF L 12DWT

(7.1) Ky + B+ Ny ~q f*L

PIRET b, TDE X Ky + B+ Ny & semiample TH B, FiiZ d <3726, dimY
W ERZRT Z e {EEMTHALT 5,

Proof. fiE7.212K D, Ky +A ~q f*L %Z{ifi7=3 ordinary effective kit rational pair
(V,A) DFET %, T2 TEM 3.1 DIREIF TN TIN5, S, @7 » A
N=Z2FrOMER, kit FiEA, FHERH, BLXUERED Q#EIZRELED 5, L
723 5 THF) Kt rational boundary Ay WX U T L ~g Kz + Az 2135, L & nef
BDT Kz 4+ Ay b nef THD, IRET1ICED ZHUX semiample TH 3, T3
UM ERBHRERZSIZREL, (7.1) ZHVWIUISRER 5. O
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CHUIEZEB DORITADIZRITLTH D, Y DXRITD generalized abundance % RE
LTWBDTIEHRV, FUHEHT, f=id DEEIE dimY @ ordinary abundance
WKIRE L, Bt LWERZOTEME AL DI TRV, RE (7.1) 1F— 7 7 4 ~N— Lo
BUER BEAME & DR <, AR TIE nef reduction map 2> HEFENTWR, HHHT
LWIRIHTZDFIERLBREZWNT 2 Z 8D, KDIEWEFICOWTHRRTE R
Mo IEHER AT v T TH 5,

Remark 7.4 (Nef part Z{EEIZTERWHEE). JE torsion ® P € Pic’(C) ZHD,
generalized kit curve (C,0+4 P) 2% X %, nef part {& Cartier T K¢+ P =0 72723,
FTARTDm > 0L TR(Com(Ke+P)=0TH5, f=ide, L=P &35k,
EH 7.3 OMDOIET TR THTz 35, L7zd > T b-semiampleness % nef P12
EXZ 52, HROGETOIBITEHIXMAY 75, —77, Ambro @ le-trivial 724K
A 54 T % moduli b-divisor Tl&, b-numerical triviality 2> 5 Q-linear triviality
DMES [Amb05, Theorem 3.5}0 Z DRANER R R 2 R EF LR AR & 720,

. BEFB oM L AT e O BEfR

FTRTO L BEWABD, X =CxP' ThD, RX,D) LEHOLERE L 2
%, litaka ﬁﬁ"fmi Pt /\ODE]L CTCH 5, (13)1Fr—1 %252, 88— TH 5, dh
ﬁ@i% 12 T 2% rank one D HHREZ S, B (5.1) D DRIEE— 12D T Proj I3—/T

. —75, H SEHRED 7 7 4 A~ ETKAY LTEORMER>, <z,
ﬁﬁﬂ%}ﬁ‘lﬁffh‘“ﬂiﬁ%ﬁ@ nef generalized adjoint DS EHEDED R VWHEZ E
RENCHREL T\ 2,

EH73TN=0 &38< ¥, canonical bundle formula OEH¥ER 7 ordinary klt
DIFfE 2155, (1.1) DFlE, M =0 2L Z 212X 5T ordinary 72 nef adjoint
DRENZ 72 2 DI TlE72\0, ordinary canonical divisor DH5F2 7 7 £ N—ADHIBRIZ
Opr-1(—1) TH D, pseudo-effective TIZ7ZR\W, L7253 > T ordinary abundance @
RONFE T TRV, HERE, BEAREOD torsion BIfk, B X NERDOFRIIA
B TH 5, FRIROEBMEETI (1.2) THWERB KD S,

i DI WEBERI D il Birkar—Hacon [BH22] 128 %, Example 1.1 1% Poincaré 3R
Z AW, good model DFEMEZ torsion ITIKIF S E %, Example 3.1 & 55 4 Hild, 54K
z’)ﬁlfﬁﬁ'»k AR, BT 5 —REONGEE 5 2 5. ARDDRGTR
KOFRFVIMERZFEL, rank three TIEIBDEDIHRT 223, HrLwvw—iki7
boundedness @Eﬁ%ﬁ%ﬁﬁﬁ?% b DTIF7RW, Bie D 2026 4F 5 A 18 HIGET IR [Bie26,
Theorem 1.7] 1%, b-Cartier {58 —f& 7 7 4 N— L ORRKF D IEDIRFEZ H U
L 7z generalized klt Titaka volume @ DCC %iEHAS %, FE 6.31%, RO =T
DI IIZDIRE 2 i 7 7R WE 2 IEfEIR L TWd, £7z Bie @ Example 7.4
X, BB RIS S B O — I3 % torsion DFEEFEZFIFKL TWVW5

D BEH 3 2 BEAIRE SR O IEME/2 1% 2 50§, Han-Liu [HL20, Theorem 1.5 B X T
§3.3] 1% numerical nonvanishing & numerical abundance OFRF 2K\, REFOFFE
DR DIFFIWr DTN 2 KD —HlE 2 o TV % DI TII7R W, Tsakanikas—Xie
[TX23, Corollary E] 1&, FARTTLL R D pseudo-effective NQC lc generalized pair DAl
/NETFTVDIFEZ BEIZR LTV 3, Chaudhuri [Cha22, Theorem 2] 2> 5, generalized
klt rational adjoint 2% nef >2 abundant 72 & semiample T % Z £ DE D . AFHD
JE torsion DBNFIEMEIZ abundance DIRE %7z E 72\, Esposito-Mistretta [EM24,
Theorem 3.10] 1%, 177X D Kodaira RILHE R TDH % semiample X7 hLIREFH
fR étale #7EIC & 2 BI{LZBAMRAT T 5, L7ehio CER 1.1 ORI EEEED
Bz, &k DIRWBERIDFRBADEIE S 5,
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Mo WD FRE BT 2728, FID setting DITFEDIHIL D HEZL L7z, Das—
Hacon—Yaniez [DHY26, Theorems 1.1-1.6] @ 2026 4F 6 AfiklZ, Kahler threefold {Zxf
LT nef b-(1,1)-current D7 — X ZH\\ 5%, ZDOEMEAIFEN Z, BMOEHMELR LIZ
AFRDR T ORIER L f#R S 5 Z 13T E W, Liu-Meng-Xie [LMX25, Theorems
1.2-1.4] 1%, kit ZHK LD algebraically integrable lc foliation (ZXf U THAY, flip,
B XY MMP 2. L TWb, Z 0 foliated discrepancy % AF&®D ordinary
discrepancy & U THW 3 Z X L7V, Chen-Han-HeXie [CHHX25, Theorem 1.1]
'%, Fano type & kit complement DRED D &, KIt& b-Cartier FEEZ[EE L7z
bounded complements ZFEHH L T\ 5, AROFRZRIBEIZ NS DIREZ G Z T80,
MO a 723 & D ISV Z Gldk L 7223, ARROFERHORHIIZ LR,

9. FIRMEREE
M1 2026 4E 9 A 9 HIZ, [EfifE7s statement Z € RALT 21 & RO 5 THEHML

PREN14

7zo ZIAIHIZIE “generalized pairs”, “elliptic projective bundle”, “torsion”, “section

%W PRENA4 PREN14

ring”, “plurigenera”, “constructible”, “semiampleness index”, 3 X U rank-three @
DA ZHAE OB 2, BlET 2 3HkZ snippet 72T TRAARA 2R L7z, M
RV VFAAPEROFOTRE RE L LIG2 DT, MRTHRO26HRWI
FEERI O SMATTH 5 2 & ORPUTIER S0,

B D MR TIIFRAIZU W Birkar-Hacon D% H-21F, Bie DERETHR Theorem
1.7 ZWER L7z Z OWERRIX, FEEZ FR U R WK Z X 51258 7,

Fik BE TG R

{RRTT generalized minimal model @ KNOWN, FERHHIBERDIEMD &R,

L

Semiample 7% nef part DEH#L Y & KNOWN METHOD / CONDITIONAL 7

ElNES . FERNSER, Btk F5RZ L,

Torsion & FEEM:, —HEREHRONHE KNOWN 7Z2##, Birkar-Hacon DJGiT$

BIBEDOREIE, XD IENEREEDHE D

H%,
BIfRER, BIRHIEDIR, rank-three DB AFT PROVED, 37 U 7=#7E L D#rkE
ET PEERIENL, BRI DIRAE & L TR,

“apparently new” IZHM X E W,
RANTKD ST L W—fk MMP & #FIFERIRIE PARTIAL, ERTE R0 o7,
i)
fEE D b-nef 7% nef part DEHL FALSE, Lt OBH/RINZZBRFRD RBID3 D % o

AEZIEMHICZOETE Db DIEMKRTEROr Lo, LL, Eh
TR TEENLRE WIRZ ZHHER e b v 05 BRI 780, R
AT, Y¥DOFRIZDH “PROVED—APPARENTLY NEW” W5 Z L1
7w, HRHEDEMIE, FIERNREREROFRMNZFRLLS TS, ZRICKR
RAT22MEL L THEHTH S, ZOXHNIZEORHEDHERD—ETH D, FEH
D gap TRV,

10. It anizxrv 7

EHE 121X, BRME® mixed plurigenera = —HICEIE L TD, EERMm°_LELD
BMEAZEZBMLTYH, ZOBED abundance I3PIETERNWI EERT, 42D
torsion 7 7 A N—IZIERWE T A0 D 553, BEREEIIE L BRIV, &
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DOFH A DO—ERMEMICIX, torsion ZHIHIT 2 EMIER, FxZ OHlZFRNT 21E
EEDIREDRETDH 5,

ST 2 TREEHICOWT, K D IRWIHFFEIEM ORI D 771X, nef part % il
LS, F9OEIENT — 20256 QFESIZREL (7.1) 2T 2 Z 8 iTh o7,
JE torsion OMIFERDE]D S, FED nef data 13T 3 ML O BEEFHIIIELE LR
WV, SHEIDOSEITTI, #H LW Kahler NOHRER, foliation X3 28 L WS, H5
WIEHT LW bounded-complement EHUIFEA L TR, 5B L 72ARIE, BARE
TREERA, AR T ORE Z el U 7oA ME IR S - 2 8847, B X X D sl R 2 R
AN L7-HHBEDRHRTDH %,
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