HEAT-SEMIGROUP DEFECTS, GAUSSIAN APPROXIMATION,
AND SPECTRAL MULTIPLICITIES ON RCD SPACES

chatGPT 6 Astra

ABSTRACT. Let fi,..., fr be orthonormal eigenfunctions on an RCD(1, co) prob-
ability space with eigenvalues in [1,1 + £]. We prove an explicit bound of order
ke(1 + log(Vk/e)) for the Wasserstein distance between their joint law and the
standard Gaussian. The proof controls a positive semidefinite heat-gradient defect
and balances its linear growth against exponential mixing. We also prove that,
for every fixed r and 0 < a < 1/2, the spectral band of radius C(k,r, a)e® around
each integer 1 < n < r has rank at least (k+”71). The argument includes the
generator-domain and Gram-matrix estimates needed for unbounded multivariate
Hermite quasimodes. Singular quotient examples show that the multiplicity lower
bounds are sharp. The proofs are complete relative to standard RCD analytic
inputs; bibliographic priority remains subject to further checking.

This note was generated by ChatGPT 6. Iwai has NOT verified any of its math-
ematical content. It may therefore contain mathematical errors and should be read
with caution. A Japanese version is provided below.

1. INTRODUCTION

Let M be a complete smooth weighted Riemannian manifold with probability
measure. If Ric+ HessV > g, a nonconstant L? eigenfunction of eigenvalue 1 pro-
duces a parallel gradient and a Gaussian factor. The smooth proof uses the Bochner
identity to make the Hessian vanish and integrates the resulting parallel vector field.
The nonsmooth counterpart, including several Gaussian directions, is already estab-
lished in [GKKO, Theorem 1.1]. We investigate two quantitative consequences of
almost equality: the distribution of a finite family of eigenfunctions and the multi-
plicities of the higher spectral bands that this family generates.

The nearest quantitative result is Bertrand—Fathi [BF, Theorems 1.2 and 1.3]:
a low eigenfunction has a Gaussian law up to an O(y/c) Wasserstein error, and
produces spectral points near the positive integers. Their introduction explicitly
anticipates multivariate Gaussian approximation. Thus multivariate approximation
by itself is not the difference considered here. Euclidean almost-product estimates
such as [CF, Theorem 1.2] concern additional geometric information.

Our first result is a heat-semigroup estimate for the entire matrix A = (I'(f;, f;))-
If the eigenvalues lie in [1,1 + €], then, for k£ orthonormal eigenfunctions,

Wi (Fym,v,) < 361/2/m ke (1 + log(Vk/e)).
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For fixed k this is 0(y/2). The second result gives at least (**~") spectral dimensions
in a band of width C'(k, r, a)e® around every integer 1 < n < r, forevery 0 < a < 1/2.
In particular, one obtains the Gaussian multiplicities rather than only one spectral
point per band. The precise statements are Theorems 3.2 and 3.3.

There are two analytic obstacles. Eigenfunctions need not be bounded or globally
Lipschitz, so their unbounded polynomial expressions require a generator-domain
argument. Also, small scalar residuals do not establish linear independence of the
resulting quasimodes. We address the first issue by hypercontractive moment bounds
and cutoffs in the target R*, and the second by a quantitative Gaussian moment
recursion. The core matrix estimate uses positivity of the heat-gradient defect and
exponential mixing; it does not use a smooth approximation of the space or a flow
of an almost parallel vector field.

The results hold for the full class specified below, without an upper dimension
bound, a noncollapse assumption, or a needle decomposition. Finite quotients of
high-dimensional spheres provide compact singular examples with arbitrarily small
deficit. The conclusions concern probability laws and spectral subspaces, not an
almost isometry to a product.

Remark 1.1 (Status of the contribution). All estimates asserted here are proved
below from the stated RCD analytic inputs. The logarithmic rate and the quantita-
tive spectral-rank statement are distinct from the checked comparison statements.
Priority in the wider literature has not been certified. The separate audit records
the sources, versions, and remaining bibliographic checks. In particular, we do not
claim a new exact splitting theorem or a new Stein principle.

2. PRELIMINARIES AND CONVENTIONS

Throughout, (X,d, m) is a complete separable geodesic metric space with a full-
support Borel probability measure and [ d(x, 29)? dm(z) < co. The entropy is

Ent,(pm) = /plogpdm

(equal to +oo off the measures absolutely continuous with respect to m). Here
P2(X) denotes the probabilities with finite second moment, and

Wy = nt [ dw.yrdnte) (p=1.2)
mell(p,v)

We use the EVI definition of RCD(1, 00) [AGS, Definition 2.19 and Theorem 5.1]:

for every py € Po(X) there is a locally absolutely continuous curve (p)i~o in

(P2(X), W) with finite entropy, Wa (i, o) — 0 as t | 0, and

1d
2dt
for every finite-entropy v € Po(X) and almost every ¢ > 0. This entails the strong
curvature-dimension condition and quadratic Cheeger energy by the cited equiva-

lence. The Cheeger energy is the L? lower semicontinuous relaxation of £ [ (lip u)* dm

on Lipschitz functions. Its domain is W'?(X), and 2Ch(u) = [ \Vu\% dm. We use

1
Wa(pe, v)* + §W2(,ut, v)? < Enty(v) — Ente (1)
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its bilinear carré du champ
I(u,v) = 1(|V(u+0)]* = |V(u—0)P), I'(u) =I'(u,u).
These are almost-everywhere objects. The weak Laplacian is specified by
(2.1)
ue D(A), Au=h < /I‘(u, v)dm = —/hv dm for every v € WH?(X).

In this definition u € W'?(X) and h € L?(m). Thus —A is nonnegative and self-
adjoint, and P, = e® is a conservative symmetric Markov semigroup. All norms
below use m unless a different measure is displayed.

We use the following standard analytic inputs, with this normalization:

(2.2 ['(Pu) < e *PI'(u),

(2.3 (e* — DI (Pu) < Pi(u?),

(2.4) [Pew = m(u)ll2 < e flu —m(u)]2,

(2.5) [Peullg < llull: (2<g<1+€").

The first estimate holds for v € W2, the second for v € L?, and the last two
for u € L2. In the checked preprint version of Ambrosio-Gigli-Savaré, the first
two are Theorems 6.2 and 6.8 [AGS]. The global Poincaré and logarithmic Sobolev
inequalities are recalled in [GKKO, §2.1]; their semigroup consequences are (2.4) and
(2.5). For example, differentiating || P;u —m(u)||3 and applying Poincaré gives (2.4).
The eigenfunction moment consequence of (2.5) is also recorded in [BF, Proposition
3.2(i)]. We use the Sobolev chain and Leibniz rules associated with this strongly
local Dirichlet form; no pointwise classical derivatives on X are assumed.

For a real matrix B, write || B||s, for the sum of its singular values, ||B||us for its
Hilbert—Schmidt norm, and || B||p for its operator norm. In particular || B||s, = tr B
for B > 0 and || B||s, < Vk||B|lus for k x k matrices. The probability measure -
is the standard Gaussian on R*. The distance W;(Fym,v;) uses the Euclidean
distance on R”; it is not a distance between metric measure spaces.

3. MAIN RESULTS

Setup 3.1. Let k > 1 and 0 <e < 1. Let fi,..., fx be real functions in D(A) such
that

Set F'= (f1,..., fx), Aij =T(fi, fj), and A = diag(A1,...,A\;). Then m(f;) =0 and
m(A) = A by (2.1). The map F is defined up to a null set, which does not affect
F#m.

Theorem 3.2 (Matrix defect and Gaussian approximation). Under Setup 3.1, for
every t > 0,

(3.2) / |A = Alls, dm < 8ket + 36k> 2.
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If0 <e <1, then

2 k
(3.3) Wi (Fym, ;) < 36\/;168 <1 + log g) :

Fore =0, A = Ij almost everywhere and Fym = .

For a Borel set I C R, let E; = 1;(—A) be the spectral projection. Its rank is the
dimension of its range, possibly infinite. This convention makes the next statement
independent of any additional compact-resolvent theorem.

Theorem 3.3 (Propagation of Gaussian spectral multiplicities). Fiz k,7 > 1 and
0 < a < 1/2. There exist constants C > 0 and gy € (0, 1], depending only on k,r,a,
such that Setup 3.1 with 0 < e < &g tmplies

k -1
(3.4) rank Ep,—ceo i ceo] > ( o ) (1<n<r).
n
The constants may be chosen so that Cel < 1/2. Consequently,
k
(35) rank E[O,T‘-{-Cé"‘} Z ( + T) .
T

For e =0, the same bounds hold with zero-width bands.

The constants in Theorem 3.3 are uniform over the ambient spaces, but are not
claimed to have optimal dependence on k,r,a. If the spectrum is discrete and
0=pp < pq <--- lists eigenvalues with multiplicity, (3.5) gives () <r+Ce"

Additional eigenvalues from other directions are allowed.

Corollary 3.4 (A spectral obstruction). Use the constants of Theorem 3.3, and fix
1<n<rand0<d<Cec}. If

k —1
rank Ej,_sns < ( o >7
n

then no orthonormal family as in (3.1) can have all its eigenvalues in [1,1+(5/C)"/7].

Proof. Apply (3.4) with e = (§/C)"* to any such family. O

4. PROOF OF THE MATRIX ESTIMATE
Lemma 4.1 (Uniform integrability). Under Setup 3.1, for ¢ > 2 and p > 1,
(4.1) 1ille < (@—12<q—1, Ayl < (4p—2)2
In particular, || A2 < 36.

Proof. Set t = %log(q — 1) in (2.5) and use P f; = e Yi'f;. This proves the first
estimate, including ¢ = 2 directly. Put s = %logQ in (2.3). Since e* — 1 =1, we
obtain

Aa S2YP(f7), N Aull, < 2MI£15, < dp—2)™ < (4p - 2)°.

Here the Markov contraction on LP applies because the first estimate gives f; € L?P.

Finally, |A;;| < \/Ai;A;; and Holder give the claim. O
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Proof of (3.2). Set
Cy = diag(e~ M1, D, = P,A — C,AC,,

where P; acts entrywise. Apply (2.2) to >, v;f; and multiply by e* to get v* Dyv > 0.
First doing this for v € Q" and then using continuity in v gives D, > 0 outside a
single null set. Conservation of the integral yields

(4.2) / IDills, dm =" Xi(1 — e XD < dket.

Weused 1 —e ™ < sand \; < 2.
The matrix A — C;AC; need not be positive semidefinite. Instead use

Since A > 0, ||Ctllop < 1 and ||[I — C||op < €t, the ideal property of the trace norm
gives

/ ||A — CtACt||S1 dm S 25t/trAdm S 4ket.
Combining this with (4.2),
(4.3) / |A — PAlls, dm < 8ket.

For the remaining term, apply (2.4) to each entry and then Cauchy—Schwarz:

1/2
/ |PA = Alls, dm < Vi (Z 1P (Aij — m(Aij))H§>
i

1/2
< Vket (Z | Aij — m(AU)H%)
i?j

< 36k%/%2¢7,

Subtracting a mean decreases the L? norm, so the last line follows from Lemma 4.1.
The triangle inequality proves the result. For € = 0, let t — oo. 0

5. PROOF OF (GAUSSIAN APPROXIMATION
We include the transport step to specify the matrix norm and its constant.

Lemma 5.1 (Gaussian Stein estimate). In Setup 3.1,

(5.1) Wy (Fam, ) < \/2/7r/||A—A||51 dm.

Proof. Let h : R¥ — R be smooth and 1-Lipschitz. Write @, for the Gaussian
Ornstein—Uhlenbeck semigroup and put

u(z) = — /000 (Qih(z) — vk(h)) dt.

The integral converges since its integrand is bounded in absolute value by e~*(|x| 4+
J |yl dvk(y)). The function u solves

(Age =2 V)u=h—3h),  [Vulle <1.
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For unit vectors v, w, the Mehler formula and Gaussian integration by parts give,
with b = e* and s = (1 — e72/)1/2,
2

b
DQuh(a)fo,w] == [ (w- ) Dhos -+ sy)lul dn(v)
It follows that
2 e’} 6—2t 2
5.2 D? Ooo<\/j/ ——dt =/ —.
5:2) 1Dl <2 [ gt =2

The integral is 1, by the substitution z = e=2. These bounds justify differentiating
the semigroup integral; alternatively one first uses time cutoffs and passes to the
limit.

Each Q;u o F belongs to W'?(X): it is bounded and is a Lipschitz smooth com-
position of Sobolev functions. Equation (2.1) and the chain rule therefore give

(5.3) / fi0u(F) dm = X\ Z / Ay;0ju(F) dm.

Hence the difference of the expectations of h is the integral of 3, ; (6ij—A; 1 Ay) Oyju(F).
Trace duality, (5.2), and [|A™!]|op < 1 bound its absolute value by the right-hand
side of (5.1). This step does not assume that A commutes with A.

Convolution approximates any 1-Lipschitz h by smooth 1-Lipschitz functions with
uniformly vanishing error. Both laws have finite first moment by (3.1), so passage
to the limit and the Kantorovich-Rubinstein dual formula prove (5.1). O

Completion of Theorem 3.2. For ¢ > 0, take t = log(vk/e) > 0 in (3.2). The
right-hand side becomes

ke (8log(Vk/e) + 36) < 36ke (1 +log(Vk/e)).

Apply Lemma 5.1. The zero-deficit conclusion follows by letting ¢ — oo in the
matrix estimate and using the same lemma. ([l

6. POLYNOMIAL CALCULUS AND SPECTRAL MULTIPLICITIES

Lemma 6.1 (Interpolation with the correct exponent). For every 1 < p < oo and
0<b<1/p, thereis C(k,p,b) such that

Proof. Choose g > p so that o = (1/p —1/q)/(1 — 1/q) > b. Theorem 3.2 gives
an L' bound C(k)e(1 + |loge]|) for each entry, while Lemma 4.1 gives a uniform L9
bound. Holder interpolation, with 1/p = o+ (1 — «)/q, yields

145 = Nidisllp < C(k, q){e(1 + [loge)}* < C(k, p,b)e".
The last inequality uses the boundedness of e2~°(1 + |loge|)* on (0, 1]. O

Lemma 6.2 (Unbounded polynomial compositions). For every polynomial P on

R*, P(F) € D(A) and
62) APE) = = S ALOP(F) + 3 A0, P(F).

i7j
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Every term belongs to L?. Also, for every polynomial Q,
(6.3) [ teFyan =21 [ as0,0(F) an
J

Proof. Fix x € C®(R¥) with x = 1 on the unit ball and let Pr(z) = x(z/R)P(z).
The bounded first and second derivatives of Pr give the weak chain formula as
follows. For v € W2 N L* apply (2.1) for f; to the test function v9; Pr(F) and
expand its weak gradient. Summation in ¢ gives (6.2) with Pg. Its right-hand side is
in L? by Lemma 4.1; truncating arbitrary Sobolev test functions extends the identity
to all W2, Thus Pr(F) € D(A).

As R — oo, Pr(F) — P(F) in L?. The differentiated cutoff terms are supported
on |F| > R and are dominated, uniformly for R > 1, by a fixed polynomial in
1+ |F|. Lemma 4.1 and Holder show that the right-hand sides of the chain formula
also converge in L?. Closedness of A proves (6.2) and membership in its domain.
Finally Q(F) is an admissible test function for f; in (2.1); its Sobolev chain rule
follows from the same cutoffs. This gives (6.3). O

Write | P|coer for the sum of the absolute values of the monomial coefficients of P.

Lemma 6.3 (Quantitative polynomial moments). For d > 0 and 0 < a < 1/2,
every polynomial of degree at most d satisfies

(6.4) ‘ [ PEyan— [ Pay

Proof. Equation (6.3) gives

/fZQ( ) dm — /aQ Jdm = A~ Z/ = \6)0,Q(F) dm

Its absolute value is at most C'(k,d, a)|Q|coete® for deg @ < d — 1, using (6.1) with
p = 2 and the polynomial L? bounds from Lemma 4.1. For a monomial 2° choose i
with 3; > 0 and use Q = 2°~%. This yields

/Fﬁ dm = (ﬁl - 1) /FB_ZEi dm + Ok,d,a(‘ga)a

where the term with coefficient zero is omitted. Gaussian moments obey the identical
recursion without the error, by one-dimensional integration by parts. Induction on
|3], starting with the constant and the centered first moments, proves the claim for
monomials. Summing their coefficient-weighted estimates proves (6.4). O

< C(k,d,a)|P|eoete®.

Proof of Theorem 5.5. Let H; be the probabilists’” Hermite polynomial, Hy = 1,
Hy=x,and H;, = xH; — jH;_,. For a multi-index o € N’g put

Hai (LUZ) o _
ha(LU) —Hw, Ua—ha(F), pa—;ai)\i-
Gaussian integration by parts gives [ hohgdyr = dap and

Z )\i(aii - xiai)ha = —palla.



8 chatGPT 6 Astra

For a fixed n < r, there are M,, = (k+z_1) indices of degree n. By Lemma 6.3 applied
to their pairwise products, the Gram matrix G, = ((Uqa, Ug))|a|=|g=n Satisfies

(6.5) |Gr — I|op < C(k,r,a)e.

After reducing ey, this is at most 1/2. In particular the u, are linearly independent.
Lemma 6.2 gives

(6.6) (A + po)ua = Z(Aij — Xidij)0ijha(F).

.3
Choose p > 2 such that a < 1/p, and set ¢ = 2p/(p — 2), so that 1/2 =1/p+ 1/q.
Apply (6.1) with exponent a and use the uniform L? bounds for the polynomial
derivatives. Holder bounds the right-hand side of (6.6) in L? by C(k,r,a)e®. Since
|pa - n| S ne,

(6.7) I(=A —n)uy|l2 < C(k, 7, a)e’.

The choice p > 2, rather than p = 2 for the product, is necessary here.
Let V,, = span{u, : |a| = n}. For v = 3 cata, (6.5) gives [[v|la > |e|/v/2, while
(6.7) and Cauchy—Schwarz give

(A = n)ollz < B(k, r,a)e’||v]]2.
Choose C' = 2B. If Ej;,_cea piceopv = 0, the spectral theorem implies
[(=A = n)v|3 > C%*||v]f5.

Together these inequalities force v = 0. The projection is therefore injective on
the M,-dimensional space V,,, proving (3.4). Decrease gy again so that the bands
are disjoint and avoid 0. Their ranges, and the constant function, give (3.5), using
L3 () = (7).

When € = 0, Theorem 3.2 gives Fiym = 7, and A = I. Thus the same Hermite
functions are exactly orthonormal and (6.6) is zero. They are exact eigenfunctions
of eigenvalue n, as required. 0

7. EXAMPLES, SHARPNESS, AND LIMITATIONS

7.1. Singular spaces realizing the multiplicities. Let £ > 1, ¢ > 2 and L > 1.
Start with R¥ x RY, its Euclidean metric, and the probability density proportional

to
exp 2P Ll
2 2 ‘

Take the quotient by (z,y) — (z, —y), with the quotient distance and the pushfor-
ward measure. The weighted Ricci tensor of the original space is diag(/y, LI,). The
quotient is RCD(1,00) by [GGKMS, Theorem 1.1] and is singular along R* x {0}:
its transverse tangent cone is R?/{41}, not Euclidean.

The functions f; = z; descend to the quotient. The Sobolev identification in
[GGKMS, Theorem 5.12| identifies the quotient generator with the restriction to
invariant functions: the invariant subspace reduces the original Dirichlet form, and
the weak identity (2.1) restricts accordingly. The Hermite basis upstairs has eigen-
values || + L|5|. Invariance means that |5| is even. Thus, if 2L > r + 1, the
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k+n—1

. ) This proves sharpness of

multiplicity of each integer 1 < n < r is exactly (
the rank lower bound, including on singular spaces.

Replace |z|?/2 in the density by (1 + ¢)|z|?/2 and set f; = v/1+¢ex;. Then
A = 14+¢, A=A, and the law of F' remains exactly ;. The generated degree-n
eigenvalues move to n(1+ ¢). In particular, already for n = 1, spectral windows of
radius o(e) centered at n cannot suffice uniformly. This does not establish optimality

of the exponent a < 1/2.

7.2. Compact singular examples with small deficit. Fix £k, take N >
max{2,k + 1}, and put ¢ = N +1 -k > 2. Let SN(/N—-1) C R¥ x RY
have normalized volume, and quotient by (x,y) — (z, —y). Its Ricci tensor is g, so
the quotient is RCD(1, 00). The fixed locus is S*~!, with non-Euclidean transverse
quotient tangent, hence the space is not a smooth Riemannian manifold.

The invariant functions

N+1 .
fi ”N—lxz (1<i<k)

are orthonormal and have \; = N/(N —1) = 1+ 1/(N — 1). Indeed the mean
square of x; is (N — 1)/(N + 1) and the coordinate eigenvalue is N/(N — 1). The
quotient identification above preserves these identities. Also a direct tangential-
gradient calculation gives

N+1 Jif; 0ij — fif;
PSRN T o T A= T
Thus the hypothesis is realized with ¢ | 0 in a class of compact singular spaces.
No fixed finite dimension bound is asserted along this sequence. Compactness also
precludes an exact Euclidean metric factor, although the quantitative conclusions

apply.

A

7.3. The curvature condition cannot be replaced by a spectral gap. On
the flat torus (R/27Z)¢, d > 2, with normalized volume, the spectral gap is 1 and
f = v/2cosz; is centered and normalized. Its law is supported on [—\/§, \/5] For
h(z) = (|z| — V/2)4, a 1-Lipschitz test function,

Wl(f#m, 71) > /hd’}/l > 0.

Therefore the zero-deficit conclusion is false under the spectral-gap assumption
alone. The torus has Ricci curvature 0 and does not satisfy the positive-curvature
hypothesis; this is an obstruction to dropping (2.2), not a counterexample to our
theorem.

7.4. Normalization and geometric limits of the conclusions. Orthogonality is
indispensable: repeating the same Gaussian eigenfunction gives a law on a diagonal
instead of 7,. Probability normalization is used in the L? to L! estimates. For K > 0,
replace the metric by VK d; the corresponding generator and carré du champ are
A/K and I'/K. Hence all results apply to RCD(K,00) when \;/K € [1,1 + €],
and the spectral bands in the original normalization are centered at nK with radius
KCe®.
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At zero deficit the metric-measure Gaussian splitting follows from the existing the-
orem [GKKO, Theorem 1.1]. For positive deficit our proof gives no metric product
approximation, no topology statement, and no upper bound on the number of eigen-
values in a band. In particular, one cannot replace Fiym =~ v, by an almost-isometry
claim.

8. FURTHER QUESTIONS

Can the logarithm in (3.3) be removed under the stated assumptions? It arises
from balancing a defect growing linearly in time against exponential mixing, so re-
moving it requires an additional idea. Can one obtain spectral bands of order ¢, or
an endpoint £!/2 bound with controlled constants? The shifted Gaussian example
only excludes uniform o(e) bands. Finally, it remains to determine what further
geometric information upgrades these estimates for observables and spectral projec-
tions to a quantitative metric-measure splitting. None of these questions is asserted
to be settled here.
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Theorem 1.2] D & 9 7% Euclid 24 FEDIZIZHEDEOFME, & S I1&MZFHI 72 EHR
ZWS5HDTH 5.

FH-fERE, 1780 A = (T(f;, f;) 2R 2 BEROFHMETH 5. kHDIE
HEAFE AR OEAED 1,1+ ] BT 272 5613,

Wi (Fym,yi) < 36+/2/m ke (1 + log(Vk/e))

DD, kEEET S &, ZHuo(v/2) THS. FEOMBREZ, FED0<a < 1/2
WXL, B <n<rDREMDIEC(k,r a)e® DHIZ, Pl d (k+2_1) RIT
DARY MVEG2EE %2 5.2 5. FIZ, D —r721 T <, Gaussian DEEE
PEHNS. EELRFRIIEM 3.2 L EH 33 TH 5.

FEATH 2 FEFI =0 H 5. [EHEBEBITAR & b RIEY Lipschitz & R 572 Wik
», ZDOIFERLBLZEAEGHPIEREHARDOERBICE T2 e 2T HEND 5.
F72, lx DBEEINZWIZT T, ML 7o bUEG R ORIEHSLIEE 20 &

11
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V. B—OREITERE/IMEIC X 2 ' — X v FEHfi & B RE o UIkEE R A A
W, FHOREIZIE Gaussian E— X ¥ b OEERNARE{ERXEH WS, e k51T
FIFHE, BVEEE O QBN 2 Z D IEEEN e 58 REEZHW5. 2
BIDEEE MR, XIF TR P AGOTRIUTH VW,

FEHRIIRIR D2 D 7 7 2RI AL L, KITD SR, noncollapse DIRGE, needle
decomposition ZME & L2V, SXLEKEIOFREX, REEZERIT/NSLTE
23Ry NeREAZ G Z 5. FamIHERDMN e AT AT ZERICE T 5 8
DTHYH, MNDIZFFREBREZE A2 DD TIERW.

HEE 1.1 (BEROMERMT). AR TEIRT 53T TOFHEIE, G L 7% RCD @i o
BN DAER D SR TR T 5. A28 5 TORER L ERHR AR P LSO
FiRICX, MRLEHENRDESDHZ. 12721, L DIRWHEICB T 2 JelUE
FHEE LTy, BIROBEERISIC, Sk, R, B O LoilHEEz
AT, RIS, B RUERER Stein OJFHE AR EHIZICREA L 22 2 IEFIR LR,

2. M & KA

IR, (X, d,m) 35efmn] 7772 JEEEEZEE & U, m 3B X 2K TDH % Borel
WHEET, [d(z,z0)?dm(z) < co Zii/zT LT 5. T trb—%

Enty,(pm) = /plogpdm

CEDD (mIHHEBT TR OWHIE T +oo 25 5). Py(X) IFAR-XKE—X ¥
F 2R OMERMERATDH D,

W) = inf [ dwyPdneg) (=12
well(p,v)
5%, AFTIERCD(1, 00) D EVIIZ X 2EFE [AGS, Definition 2.19 and Theorem
51 BBEMT 5. $HDBL, ERED u € Po(X) ITHLT, ARV Mo —%2FH
D I(DPQ(X), Wa) N D SR AT BT AR (11) im0 DIFETE L, ¢ 1 0T Walpg, o) — 0 &
2D,
1d
2 dt
PEBOARIZY PaE—D v e Py(X)ITHL, IFEAETRTDL >0 THRILT
5Tz, FIHLEREMRICED, HOERRITSEMSF & Cheeger TRV F —D
“RMEDMES . Cheeger T4 LF—13, Lipschitz B LD L [(lipu)?dm @ L2
R TH 5. ZOERHE WI(X) tEFE, 2Ch(u) = [|Vu>dm &3 5. Xt
I3 B WHE D carré du champ %

Pu,v) = ;(IVw+v)* = [Vw=v)]*),  T'(u)=T(w,u)

LEDD. INLIHILALELHNTERSINEINETHS. 59 Laplacian |13
(2.1)

u€ D(A), A u=h <+ /F(u,v) dm = —/hvdm for every v € W?(X)

1
Wa (g, v)? + §W2(,ut, v)? < Enty(v) — Enty (i)

KEoTEDS. ZOEHTIEu e WAX)BXUh € L(m) #ERF 3. L
MoT-AFIFEABCHREHAZETHD, P, =™ IZMEFEMZNF Markov FEET
H5. LUK, BIOREZFRLZV LAZIRTmICETZ DL T 3.
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ZDOIERULT, ROGHERZEHTARIRR Z v 5

2) ['(Pu) < e *PI'(u),

3) (e* — DI (Pu) < Pi(u?),

4) [P —m(u)ll2 < e flu —m(w)]2,

5) [Pally < llul: (2<g<1+e€*).

DOFHfiiE v € W2, B0 v € L2, RED=Dldu e L2 ITHLT
}ﬁ_L“ﬂ‘é MEZR L 7= Ambrosio-Gigli-Savaré @ 7L 7"V >~ MRTIX, HHID DX
Theorems 6.2 and 6.8 TH % [AGS]. KB Poincaré FEFER & ﬂﬁl Sobolev 53
X [GKKO, §2.1] ICRE & h“Cz’o D, ZOYEIIXT BImAED (2.4) & (25) TH 5. i
23, ||Pou—m(u)||]3 Z#3 LT Poincaré R 2 #HT 2 & (2. 4) 21585, (2.5)
L5 5N B EHRER D E— X >~ MRl [BF, Proposition 3.2(1)] IZHFL I ATV 5.
Z D@ AT Dirichlet FEZUCATBE S % Sobolev D#H A & Leibniz B2 W, X Eod
AR R 8 DT IIRE L 72w,

%ﬁﬁﬂm&n‘b, |B|s, ZFEEMEDRH, || B||lus % Hilbert-Schmidt / V2, || B|lop
ZEHR/ VLT3, K2, B> 0B 51E|Blls, =tr BTH D, kx kTN LT
IBlls, < VK| Bllus TH 5. 7, i3 RF EOREHE Gaussian FERHIE 2 KT, Wi (Fym, ;)
IZIE RY @ Buclid g2 W2, ZAUSRIEREEZER O H O BREETIZ 720,

3. ERR
WE 31, k>1, 0<e<1235. EREREKf,...,fr € DAY

(zn@amua:oxiammy:Aﬁﬁ5.Q%Fwﬁau FE Atwamﬁ
DB DD, FymIXHE LR,

EM 3.2 (TTAIO KRB Y Gaussian iEBl). &E 3.1 DFT, FEEDt > 01THL
(3.2) / 1A — Alls, dm < 8ket + 36k5/2¢~"

MDD, 0<e<1%251E
(3.3) Wi (Fpm,y;) < 36\/21-{36 (1 + log \/?E)
T

TH2. ce=0RBIFA=LDPIFEAEEDIMTHRILL, Fym=,ThH5.

Borel B8 T CRIZNL, E;=1;(-A) ZAXRT MR E T 5. ZDOREEIIE
DRILTH Y, WRETH L. ZoHMIckD, mwiﬁuvy»«/r®:/ﬂ
7 FHICEE S 2B ERICHIFE LR,

EB 3.3 (Gaussian A7 MVEBEEDIRRE). kir>1t0<a<1/2ZEETS.
E,rya DAHKET 2EMC >0, g € (0, 1] DTFFEL, BE 3.1 TO<e < g 72

NE
k -1
(34) rank E[n—Ce“,n—i—Ca“} Z ( + "

n

) 1<n<r)
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DD LD. EEUX Ced < 1/2 B/ T X5 WCHhN 3. R

2
(3.5) rank B4 cen] > ( jr>

THb. ¢ =0D5HEIE, FAL MABEFEOHINLTHRILT 5.

FEH 3.3 OELBUIEPHDOZEFICOWT—ERT D 2703, k,r,a NDKIFEDTHRIET D
3 EFERLEWD. ART FDBERIIT, 0= < 1y < --- DEELAATES
EZWARZ=DDROIE, (3.5) 05 P(raryy ST+ Ce 2/{5. Mo m»rHA4T %

EBIMOEBENIFEL TD L.
F 3.4 (AR MUK B0EE). EHE33OEREZHV, 1<n<rt0<d<Cel
ZEET 5.

rank E[n,g’nJr(;] < (k e 1)

n

251X, (3.1) D& S RIEHERET, $XNTOREHFMED 1,1+ (5/C)V/ ] IZET 3
b DIFFFAE L 7R,

A 2D XS BIEMFET B L LT, £ = (/)Y T (34) BEATIZ V. O

4. 1THEHE D FERH
R 4.1 (—RRARRIRESME). BRE 31D RT, ¢>28BLUp > 1ITHL
(4.1) I filly < (g —=DM* < g -1, [ Aijll, < (4p — 2)?
DD LD, FHT || Aijlla <36 TH 3.

AERA. (2.5) Tt = flog(g — 1) & L, Bfi = e M f; 22 L BAIDFHEI 215 5 .
q=20DBEHEHMITS. (23) Ts=1log2LBE Y, e¥*-1=1&D

Ay < 2AiP5(f22)7 ”Aan < 2 ”f1”2p (4p — 2) < (4p— 2)2
2152, OO S f, € L 72D T, T T Markov 80D Lr i/ MEZ EH T
T 5. WEBIT|A;] < JAu4;; & Holder RERZ Vv iUI L. O
(3.2) DFIEA.

Cy = diag(e- ™V, D, = BA-GAC,

& <. PAXBATHIR AR § 5. (2.2) 2 >, v, fi \CHA L, 2 %HH%ZUTDW >
0%218%. 3 veQriztLTonzirwn, Rz v kF;'é?“% HFEE WD &,
ODBEEDHNT D, > 0T 5. BOOREFEEDLS

(4.2) / 1Dills, dm =" A(1 — e 2 < et

Thb. TZTl—e*<sBXUN <2ZHV.
79 A — CLAC W ZFIEEMEE B 5w, 22T

A - CtACt - (I - Ct)A + CtA(I - Ct)

ZHWVWS. A>0, |Cillop <1BEUPN = Cillop <t 2RDT, FL—RX/NVLDA
T EXD

/ |A — CLAC||s, dm < 25t/trAdm < dket
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2185, Zhrt (42)2E5bEs L
(4.3) /MA—BAmeggmt

L5, D O (2.4) ZBRITICEA L, Cauchy-Schwarz AERXZ2 WS !

1/2
/maA—m&mug@(zmam@—w&mﬁ>
1,J

1/2
< Ve (Z HAij - m(AzJ)‘g)
1,J

< 36k% 2.
EEEGI 2 L2 VLI Z WD T, RIEDITIIME 4112k 3. ZAFED
SHFEEES. c=0DEAITIEt - oo T HUT LW, O

5. GAUSSIAN JT{LODFERH
FWa1T4 7 v b e BB ZRIEIC S 5 7=, kiRt % 7l 2 BRFE b L5
filil 5.1 (Gaussian Stein 7). & 3.1 D R T

(5.1) Wi(Fym, ) < V277 [ 14~ Als, dm
DI D LD,
FEFH. B : RF — R %15 & %72 1-Lipschitz B% ¥ 3 %. Q, % Gaussian Ornstein—
Uhlenbeck &£ ¥ L,
ulw) == [ (@h(o) = () de
0

CEL . PR BB OMEMEZ e (|2] + [ |yl dy(y)) A R7RDT, Z ORI
35, BEEuiX

(Ape =z Vju=h—(h),  [[Vule <1

Zii7z 3. ALY R Lo, wiZxf L, Mehler 23X & Gaussian DERTET D5, b = e,
s=(1—e)22x LT

b2
D Quh(a)fo.wl = [ (w-y) Dhiba -+ s)lul (v
Z21§%. L7ehoT

2 00 e—2t 2
5.2 D2ul, m<iV[j L _dt=4/Z.
5:2) 1Dl <2 [ At =2

BREOHEDN1ITH I ldz=2 EFIEO5. ZHSDFHEIC X D FEED
BEroWnzEStTE 3. FEBESZUK L TrOMREE-> T L.
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B Ouo FIEW(X)ITET 5. FHEEE, ZHEFERT, Sobolev B L 156 D78
Lipschitz Bt DERTH 5. k-oT(2.1) L HEEHFED S

L— 2R, (5.2) BEL A o < 1225, ZOMEEIX (5.1) DAALL R &
5. ZOBRET AL ADAHRMEGE L TWizw.

BAIAAIZE D, AEED 1-Lipschitz BA% h %15 & 2272 1-Lipschitz BIE T —HEiR 22
DERICIEKT 2 L 5ISEMTE S, (3.1) I DB HAD—RE—RX > MIBRED
T, MfRFIT & Kantorovich-Rubinstein D XA 5 (5.1) 215 5. O

SEF 5.2 DFFADSERE. £ > 07512 (3.2) Tt =log(Vk/e) >0 Ll 3. £
ke (8 log(Vk/e) + 36) < 36ke(1+ log(\/E/s))
L%5DT, 5.1 ZEATI IV, REEVNFEOLEE, 1THEFHMETt — oo
ELTCRICHEZ HW5. O
6. ZHAXDOWIFHRE L ARY FMVEERE

filifE 6.1 (JEECEHRL22M). fED I <p<oo&0<b< 1/piRL, EH
Ck,p,b) HELELT

(61) HAU — )\15”“? < C(k),p, b)(—:b (O <e< 1)
DI D LD,
FAERH. g >pZa=(1/p—1/q9)/(1 —1/q) > b2 XIITEX. EH 320 58K

TS B LAl C(k)e(1+ |loge|) 218 5. —77, Ml 4.1 13 —k7% L1 7Hli 2 5
Z5%. 1/p=a+(1—a)/q ZHi7z3 Holder I X D

145 = Xidijllp < C(k, ){e(1 + [loge])}* < C(k, p,b)e"
THb. mRIZ, (1 +|loge|)* A (0,1] LTHERTHZ Z e EHW . O

i 6.2 GEERLZHEAGMR). R LFOEEOZHEA PIZOWT P(F) € D(A) T
»HY,

(6.2) AP(F)) = — S A fOP(F) + 3 Ay, P(F)
i i
DD D., BEIX L2 BT 5. £/, EEOZHEA QITHL
(6.3) [ reFyan =313 [ 4,0,0(7) dm
J
THb.

AERH. BAIER BT 12725 v € C°(RF) ZEE L, Pr(z) = x(z/R)P(x) £ 3 5. PrD
—PE - R ERTHZ 2205, RO XS ICFHWVEHA R RE 5. v € WHNL®
CXLTC, fi @ (2.1) ICABRBIRL 00, Pr(F) ZARA L, ZOHBELZEMT 5. il
DWTRET Y, PRI 2 (6.2) 2152, HAIHEEA1ICE->TL2ICET 5. —
fzD Sobolev iAERREZ 2 Uk 5 Z & T, FUITXTo W ABRBIBITHRR S 11
%. L7zho>TPr(F) e D(A)TH 5.



Gaussian il A7 FLVEEHE 17

R — 00T Pr(F) — P(F) 23 L2 THOLS 5. YIMBIROM D 2 ELHIX |F| > R
EERD, R>1ICEORWIH|F|OHBEELLZHEA TR XN, ik 4.1
¢ Holder FERUC K D, HEEHEOL LD L2 TS 2. A DML S, (6.2) &E
BEANOFBESGS. RERIC, Q)X fiD (2.1) ITRATE 2 BEKTH 3. %
@ Sobolev HEHAL S [F] U YIWBIED S 960, (6.3) 215 5.

|Pleoer 2, ZHHI P O HIEA BRI DHEHEDH & 5 5.

il 6.3 (ZHNE—X Y FOEEM). d>080<a<1/21T0L, ZEIUAT
DEEDOZIHEAZ

(6.4) ‘/PWMm—/Pmk

R VD
AERA. (6.3) 225

/ﬁ F)dm — /aQ )dm = \; E;/ i — Mi0i;)0;Q(F) dm

135, (6.1)Dp =208, ME 411X 2ZHEAD L2 §Hfi2r S, deg@Q <d—1
720X, ZOMME C(k,d,a)|Qleete® LR TH 2. HIERK 22 1200V T >0k
LIRS Q=2 “rT3BL

/Fﬁ dm = (6@ — 1) /F’B%i dm + Okd’a(&a)

2185, REBDEDIHIZEK T 5. Gaussian E— X ¥ ME, —ZERBOETFED

b, MEORVE UL 23, EREFEED— /9(% X/l\%ﬁ%ﬁ'ﬁc‘:?
%Vﬂkomf@ﬁ%&kib HIEAIC 3 2 ERESS. Zh o OFHfIcfREE
NIRRT (6.4) 735, 0

ﬁ@33@%%1@%%%%@ﬁ%@Hamm%Eﬁtﬁé.?Eb%,&wﬂ,
Hy =2z, Hj,y =xH; — jH, f@é.%éﬁﬁaechﬁbf

H a@ -Tz Uy = ha(F')’ Pa = Zal)\l
& <. Gaussian i B\ﬁ ﬁ)%fh hg dyg = 8ap B IO
ZAi i — 2;0 i ha = —paha

135, n<rBEET 5L, K0 OFERHE M, = (") HH L. 2hED
Bﬁﬁ@:ﬁj—oo)*ﬁ&:ﬁ% 6.3 %@ﬂﬂj—é Z, Gram ﬁﬁﬂ Gn = (<Ua, u5>)|a‘:w|:n =8
(6.5) |G = Ilop < C(k,7,a)e”

BT, o BN THUE, A 1/2BIRE 725, KRS, v, 725 GBI T
5.
fE 6212k D

(66) (A + pa)ua = Z(A” — )\Z(Szj)&jha(F)

1,]
THd.a<1/pZitilcdp>2%FEL, q= 2p/(p ) $5.551/2=1/p+1/q
f%é(en%hﬁafﬁﬁb;&ﬁfwﬁ NTRF % —Hk7z L1FHEZ W 5. Holder

S C(k7 d, CL)|f)|coef5a
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AERICTED (6.6) DEAD L2 7V LIE Ok, r,a)e* LR 72 5. £72|pa —n| < ne
%DT

(6.7) (A —n)uy|2 < C(k,r,a)e”

2{5. SITREHEZIMET 270, p=2T3R<p>2 MBI LBRNETH 5.
Vi, = span{ug : |of = n} EBEL. v =" couq XL, (6.5) 25 ||[v]ls > |c|/V2 %
95%. —J7, (6.7) & Cauchy-Schwarz 52 5

I(=A =njvllz < Bk, r,a)e||v]2
TH2. C=2BLER. Ej cecopiceaqv =078 51F, ART MLVEHD S
I(=A = n)vll; = C**|lv]];

219%. MAEAD2HLv=0TH3. Lid>T, ORI M, XLZEMV, LT
BGE D, 34D, o2 EBIT/NEL L, BHPEVWIIEOLLT 0D ER
WESIcT s, chsofrEREKEEEDE, 1+ (") = (57 AW
% (3.5) %185.

g = OE"QCi, iiﬁ 3205 F#m = Yk MDOA=1TH5. Lf:ﬁfof, IﬁJD
Hermite B 7z HIXEEICIERER L, (6.6) DHLIEEFELRS. T LIEEHHE
DEEREGEBTHD, FREGES. O

7. B, BiX, BRHFR
7.1, BEEREBTARREM. L >1, ¢>2, L>123%. R xR Euclid H

L,
wp (L2 _ Ll
2 2

LR S B HEREE R AN D, (v,y) = (v, —y) WK X ZRZED, PalEEefLHEL
WEE5 2 5. JTTOZEBDEAN = Ricei 7> YW diag(Iy, L1,) TH 5. [GGKMS,
Theorem 1.1]12& D, Z DRI RCD(1,00) ZEMTH 5. F£7z, R* x {0} 1o T
FERTH 5. FEER, MR EHEIE R/ {£1} TH D, Euclid 2R TIX72W.

RIS fi = o WERAICHE RS 5. [GGKMS, Theorem 5.12] ® Sobolev 22 O [F]—#
X, BOAEBIERREANLEREBAOHIR  FI—H3 5. FEE, REHDZEMIETO
Dirichlet JTERZ &L L, $90WEFX (2.1) XL L THIRE N 5. FEZH S RO Hermite
RIEDOEHME || + LB THS. AEMEX B DMEETHE 2 E®KT . L
MoT, 2L >r+ 172513, FEH1 <n <r0EHEEZEEC () THE.
Tk, FRZEEZED, RO TROBEH D15,

BED |z|/2% (1+e)|z|? 2 ICEEMEZ, fi=V]1+er; 5. ZDLE N\ = 1+,
A=ANTHYH, FOTMIIMARE UTEEIZ v TH S, ERS NS XE n OIEIHE
En(l+e)ITBEIT 5. FHIZ, $TIIn=1T, nZHDLET5¥Fo(c) DARY
MV TR — BRSO L 72w, ZHAU3HER e < 1/2 DR Z R T S DT
ZAQAN

7.2 RIBBEHAVPEZ VAT PRFEB. EEZEFEL, N >max{2,k+1} ZHD,
gq=N+1—-—k>2tEL. SVNW/N-1) Cc RF x ROWIEFILIKERIER 5 %,
(z,y) — (z,—y) IT X BBZES. Ricci 7 Y IUE g 72 DT, Fld RCD(1, cc0) 24
Ths. BEERESIZ ST, MMAYZEEHEE Euclid 22 T2V, Liedio
T, ZODZEMNIIE S D7 Riemannian ZAERETIZ 720,
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N+1 .
L= . <1 <
fi “N—lxl (1<i<k)

FIEHERL, i =N/(N—-1)=1+1/(N —1) Z#i=3. FEBE, 2, D _FFEEZ
(N=1)/(N+1)THD, EEEBDEAEIZN/(N-1)TH25. LLomicks s
FA—fickDd, ZnsoFRIRFINE. £/, BAMOAREERIET 2 L
:N+16-~— fili 0ij — filj

N-17 N-1 N -1
218%. L1lehoT, ay 7 MRFREMO I A Te |0 2725 X5 IRED
FHINZ., 2O T, EEINZEGROKTERADEET 2 LIEFIRL T
WV, F72, a vty MRS K D B 2 Buclid FEEER T IXIFEE LSRR WD, ER
(72 amdEAC & 5.

EEREEL

7.3. MBLZFFZIARTZ PAF vy PRI TREEHZIONERWV. d > 2DFH —
7 X (R 27Z) WCIEHLAREREER 52 5. ZOARTZ MLXy v X1 THD,
f = V2cosz \FFEHHETEHRLEINTVE. ZONHDEIE [-V2, V2] ITEEN
%. 1-Lipschitz FRBREIE h(2) = (]2] — V2), ZHWVWB &

WﬂmmmﬁZ/hMﬁﬂ)

THb. LIDoT, AR bMLF ¥ v TOREZ T TRREEZEDORERIIOLL
W, ZDOR—FADRicci lIFRIZ0TH Y, EOHEOREEM-Z V. 24U
(22) ZFR ZeANDEETH D, AREOEHANDKAFITITIZW.

7.4. IEBUL & R ARRGRORRSE. ERERZMIZHETH 5. [ U Gaussian [EH
Bz D RS, 2Mid vy, TR AR EIcB 2o, MEREIEADERL
¥, L?FHEE L AECE TRV, K > 0120w T, HHlEE VK dICE SR
25, EFRIEHZEL carré du champ I3 A/K BEUT/K &85, LkdHoT,
N/K € 1,14+ B 51F, TNTOMEI RCD(K, o) ZZMICHHEHTE 3. JLOIE
RUETDRRZ P ORI nK, FEIF KCe" TH 2.

RAEEDIZFZ DS ORI FREEZER & LT D Gaussian 7RI, BHFOEM [GKKO,
Theorem 1.1] 22645 . RIEFFEDIEDSGE, AFEOFEHIIEERE D ZE T OREIL,
MM TR, BFFOEEERD FR 25200, K2, Fym e~y 2, IXIEFERED
FRICEZHZ TI RS0,

8. SR ODME

BEDIED T (3.3) OMNEBEERIT 2725 5 2. ZOXENE, KRz oWTHE
WK T2 RBERBNRIESEZHID ELEZ AT S, LE-T, Zh
ZREICIZBIOEERNNRETH 5. AT FAHIZOWT, e DA —X—, H3
WITEREHIE U 7205 /2 OFHIE 2 5N 5725 9 2. BE) L7z Gaussian D53
BET BDIX, —Fk7Z o(e) DIZTTH 2. mZIZ, BHIEEL RRT ML
T 500 DFHE, EREM NI EEREZEME O D HAGRD B 7 DITHE B M DR
2RISR ZEH S 2T 2N S. ZAo DM EZ AR TR L2 13 TRL
A4
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