SPECTRAL CLUSTER MULTIPLICITIES FROM ALMOST
GAUSSIAN EIGENFUNCTIONS ON RCD SPACES

chatGPT 6 Astra

ABSTRACT. Let X be a compact RCD*(1, N) probability space, 1 < N < oo.
We prove that k orthonormal eigenfunctions with eigenvalues in [1, 1+ ¢] force at
least (k+271) eigenvalues, counted with multiplicity, in [n—Ce'/2=" n4Cel/277],
for each prescribed finite range of degrees and 0 < n < 1/2. The constants are
independent of N. The proof controls the Gram matrix of multivariate Hermite
polynomials and the residual on their entire span. We also prove that uniformity
in k is impossible and that the first cluster cannot bound the multiplicity of the
second cluster from above. Singular spherical quotients provide examples. This is
a quantitative refinement of known Gaussian spectral stability arguments; priority
for the multiplicity formulation requires further bibliographic verification.

This note was generated by ChatGPT 6. Iwai has NOT verified any of its math-
ematical content. It may therefore contain mathematical errors and should be read
with caution. A Japanese version is provided below.

1. INTRODUCTION

Let (M, g,e~"vol,) be a complete connected smooth probability manifold without
boundary. If Ric,+HessV > g, its weighted Laplacian is L = A, — (VV,V.).
An eigenfunction satisfying —Lf = f saturates the integrated Bochner inequality:
Hess f = 0 in L?. Gaussian splitting is the associated rigidity phenomenon. Its
nonsmooth form, including & Gaussian directions, is already established by Gigli—
Ketterer-Kuwada—Ohta [GKKO20, Theorem 1.1]. On a Gaussian k-space, degree n
Hermite polynomials form an eigenspace of dimension (k+2_1). The question here is
whether this spectral consequence survives a small defect, without first constructing
an approximate metric splitting.

Bertrand—Fathi prove the existence of a spectral value near each integer from
one almost extremal eigenfunction [BF21, Theorem 1.2]. They also explicitly dis-
cuss multivariate Gaussian approximation. Their Hermite construction is the start-
ing point of this note. Fathi-Gentil-Serres subsequently improve the one-variable
Gaussian W rate to elog(2/e) [FGS24, Theorem 4.3]. We do not claim an improve-
ment of that distributional rate. The additional conclusion sought here is a lower
bound for the rank of each spectral projection. Separately constructed quasimodes
can be linearly dependent, so scalar spectral proximity alone does not give this con-
clusion. In particular, applying the one-variable statement k& times does not produce
the binomial multiplicity.
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We work in the compact finite-dimensional RCD class. This ensures that eigen-
functions are bounded test functions and the spectrum is discrete. All quantitative
estimates, however, use only the curvature lower bound 1, not the dimension pa-
rameter. Neither a lower volume bound nor smooth approximation is required. The
class includes singular quotients and collapsing products. The restriction to finite
N is part of our theorem; we do not assert that the same proof automatically treats
every RCD(1, 00) space.

The proof has three steps. The measure-valued Bochner inequality controls all
entries of the gradient Gram matrix. Integration by parts then gives a quantitative
recursion for joint moments, which prevents polynomial relations of bounded de-
gree. Finally, a spectral projection argument preserves the dimension of the whole
polynomial space. The underlying Bochner, Hermite and spectral-theorem tools are
established methods. Our contribution is their explicit assembly into a multiplicity
estimate, with a checked interpolation and a nondegeneracy argument. The two
parameter obstructions below clarify what this assembly can and cannot prove. The
precise formulation was not found in the sources examined; this does not establish
publication priority.

2. PRELIMINARIES AND CONVENTIONS

All spaces are complete, separable and geodesic, and m is a Borel probability
measure with full support. In the main results X is compact. Its Cheeger energy is

1
Ch(f) == inf hm.inf/(lip fi)?dm, f; € Lip(X).
2 fi—fin L? J
We write W12 = D(Ch) and I'(f) = |Df|? for the squared minimal relaxed slope.
Quadraticity of Ch defines the infinitesimally Hilbertian condition and the bilinear
form I'(f,g9) = (I'(f + g) — I'(f — ¢g))/4. Our generator has the nonpositive sign:

(21) feD(L), Lf=h <= /F(f,g) dm = —/hgdm (g € WH2).

Set A= —L and P, = etF

For clarity we use the entropic characterization of RCD*(K, N). For p = pm
put Ent,(p) = [plogpdm and Uy(p) = exp(— Entw(p)/N), with entropy -+oo
outside 1ts domam The condition CD(K, N) says that for any two finite-entropy
probability measures there exists a constant speed W5 geodesic p; joining them such
that

(22)  Un(u) 2 080 (OUx (o) + 00 (OUN (). £ = Walpo m).

Here W3 is the infimum of [ d(z,y)*dr over couplings, and oP (0) = 5.(t0)/s.(0),
where s,,(r) is sin(y/kr) /+/k, 7, or sinh(y/—x7)/+/—K according to the sign of k. The
continuous convention applies at ¢ = 0; for positive x the usual infinite distortion
convention applies beyond the first zero. Quadraticity together with (2.2) is equiv-
alent to the reduced RCD*(K, N) condition [EKS15, Theorem 3.17]. We retain the
star throughout. No Hausdorff-measure normalization or noncollapsing condition is
imposed.
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We record precisely the analytic inputs. For RCD*(1, V), the RCD(1, o0) calculus
applies. The spectrum is discrete, ker A consists of constants, and every nonzero
eigenvalue is at least N/(N—1) [EKS15, Theorem 4.22]. Eigenfunctions are bounded
and Lipschitz [AHPT18, Proposition 7.1]; its dimensional constants are used only
for domain membership. Thus they belong to

Test(X) = {f € D(L)NL> : |Df| € L™, Lf € Wh"?}.

For test functions, I'(f,g) € W2, and the multivariate chain rule holds. Define the
finite measure

To(f) = 3LT(f) = T(f, Lf)m = 72(f)m + T5(f).
The measure Lh is defined by testing [ ¢ dLh = — [ T'(¢, h) dm. The singular part
above is nonnegative, vo(f) > I'(f), and the following bound holds m-a.e.:

(2.3) IDU(f, )| < V2(f) = T(f) [Dgl + v/2(9) — T(g) [Df].

These facts follow from the self-improvement of BE(1,00) [S14, Lemma 3.2 and
Theorem 3.4, (3.16)]. Keeping the singular measure is essential when integrating
this inequality.

For a nonnegative function h we also write Ent(h) = [ hlog(h/ [ hdm)dm, with
Ent(0) = 0.

We also use hypercontractivity ||Pv[i1e2 < ||v|2 and reverse Poincaré
P(v?) = (Bw)? _ B(v?)

et —1 e -1

These follow from the Bochner and logarithmic Sobolev inequalities; compare [BF21,
Proposition 3.2]. Indeed, [EKS15, Corollary 3.28] implies Ent(w?) < 2 [ I'(w) dm.
For positive bounded v bounded away from zero, put u = Pw, p(t) = 1 + €* and
Z = [w? dm. Differentiation and integration by parts give

(2.4) ['(Pw) <

/

@ og Jlufl, = 2
— 10 u =
ar &l p*Z

since Ent(u?) < (p?/2) [wP?T(u)dm and p’ = 2(p — 1). Approximation and
the Markov property yield hypercontractivity for general v € L2 For example,
(2.4) follows by integrating the gradient estimate [S14, Corollary 3.5] I'(Pw) <
e 2P (P,_) in P(v?) — (Pw)? = 2 [3 P.T(Pr_yv) ds.

-1
Ent(u?) — pT /up_2f(u) dm <0,

3. MAIN RESULTS

Fix integers k,r > 1 and 0 <n < 1/2, and put a = 1/2 —n and M, = (Hzfl).
A spectral projection is denoted by 1;(A).

Theorem 3.1 (Multiplicity propagation). There exist computable C' = C(k,r,n) >
1 and eg = eo(k,r,m) > 0, independent of N, with the following property. Let
(X,d,m) be a compact RCD*(1, N) probability space, 1 < N < oco. Suppose there
are real orthonormal functions fi,..., fr with

(31) Afz:)‘sz 1<\ < 14 ¢, 0 <e<eg.
Then § = Ce* < 1/3 and, for 1 <n <,
(3.2) rank 1y,_s 45 (A) > M.
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Consequently

r

k '
(3.3)  ranklyg, 5(A) > ( + T), Tr(P) > 14 Myue '™ (> 0).

n=1

The eigenvalues in (3.1) may be different. The statement gives lower multiplicities;
it gives neither an upper bound nor an exclusion of additional spectrum between
the displayed intervals. The sharper finite-dimensional spectral gap implies ¢ >
1/(N —1) whenever the hypotheses hold. Thus arbitrarily small defects in this class
require unbounded dimension parameters; a fixed-N compactness argument does
not supply the claimed uniformity.

Theorem 3.2 (Polynomial realization). Under the hypotheses of Theorem 3.1, let
H, be the degree n Hermite eigenspace in L*(RF ;) where ~, = (2m)%/2e~1#1/2dy.
There is a linear isometry U, : H, — L*(X,m) whose image lies in D(A) and
satisfies

(B4)  NA-UN <52, [PU—e U, < 20— ™) (22 0).

Here the norms are operator norms from H, to L*(X). The image is the span of
the degree n Hermite polynomials in F = (fi,..., fx).

4. MIXED GRADIENT AND MOMENT ESTIMATES

We prove all quantitative steps. Throughout this section 0 < ¢ < 1 and (3.1)
holds. All integrals are with respect to m unless specified otherwise.

Lemma 4.1 (Moment and Poincaré bounds). For ¢ > 2 and 1 <p <2,
Ifilly < (@ =D <q=1,  |IDfillly <2(g - 1),
T
lg = Egll, < SlDglll, (g € w2).

(4.1)

Proof. Apply hypercontractivity at t = %log(q— 1) to P fi = e Mt fi. Apply (2.4) at
t = 1log 2 to obtain I'(f;) < 2% P,(f?). Jensen’s inequality and invariance of m give
the second bound. For the last bound take a bounded test function v, and let p’ be
the conjugate exponent (including p’ = c0). By self-adjointness and Prv — Ev in

LZ
/(g —Eg)vdm = / /F(g,Ptv) dmdt.
0

Holder and (2.4), followed by Jensen since p’ > 2, bound its absolute value by

o _ T
1Dl [ (% = 1) de = T Dglll ol
0

The same estimate justifies the time integral. Duality and bounded approximation
of the dual test functions finish the proof. O

Set D;; = I'(fi, f;) — A\idij, a symmetric matrix of mean-zero functions. For
1 <p<2and s >1 define

2
(4.2) B, = 4r <—p - 1) . H,=4(2s—1)2+2.
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Lemma 4.2 (Mixed defects). One has

(13 Dyl < BwE (1<p<2), Dyl <H, (s> 1)
For p, =2/(1+1), ¢; = 2/(1 =), s, = 2/n and D, = B, "*"HZ", this yields
(4.4) 1Dijllg, < Dyet/*.

Proof. Testing LI'(f;) against 1 and using Lf; = —\; f; gives

/ dTy(f) = X2, / (na(fs) = D(f)) dm < A — 1) < 2.

The inequality uses the nonnegative singular part. Let ¢ = 2p/(2 — p), so 1/p =
1/2 4+ 1/q. Equations (2.3) and (4.1) give

DDyl < V2e(IIDfillly + 1D Filllg) < 4v2(q = DVE.

Apply the last inequality in (4.1) to D;;; 2¢/27 < 47 gives the chosen B,. Pointwise
Cauchy-Schwarz for I' and Holder with exponent 2s give ||D(fi, fi)lls < 4(2s — 1)?,
proving the high moment bound. Finally the exact identities

L _1-2 2 11 1

n Dn Sy’ 2 an Sy
justify interpolation and give (4.4). O

The exponents in the last display matter: a small L! norm and bounded high
moments alone do not give an arbitrary LP norm with an exponent arbitrarily close
to 1/2. We use only the explicitly displayed ¢, > 2, together with the matching
polynomial exponent s,,.

Ford > 1,t> 1, put Vg, = (max{2,td} — 1) and Vy, = 1. If P(z) = 3, cprP,
define

(4.5) A(P) = les| Vi
E

Holder and (4.1) give ||[F?||; < Vg4, hence ||P(F)||; < Ay(P).

Lemma 4.3 (Joint moment recursion). There are explicit numbers cq, depending
only on d, such that

(4.6) 'EFﬁ - /xﬂ dyi| < ¢gv/e.
One choice is co = ¢1 = co =0 and, for d > 3,
(47) Cq = (d — 1)Cd_2 + 127T(d — 1)Vd_274.

Proof. Integration by parts and the chain rule give, for every polynomial P,
(4.8) E[fiP(F)] = E0:P(F)] + A" ) E[Dy0; P(F)).

J
This is an identity on X: since F'(X) is bounded, one may replace P by a smooth
compactly supported function agreeing with it near F(X). The chain rule then

proves domain membership and the identity without any boundary removal. Choose
i with 3; > 0, let d = ||, and use P = 2°~%. Then

EFF = (B — 1)EFP~2% 4+ Ry, |Rg| < 127(d — 1)Vy_s4v/E.
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Terms with zero coefficient are omitted. The remainder bound follows from (4.3)
with p = 4/3, since By/3 = 127, Hélder with exponent 4, and At < 1. The standard
Gaussian moments satisfy the same recursion with Rz = 0, by one-variable integra-
tion by parts in x;. The moments of degrees 0, 1,2 agree exactly, by normalization,
A; > 0, and orthonormality. Induction in d proves the claim. ([l

5. PROOFS OF THE MAIN RESULTS

Let Hy =1, Hi(x) =z, and Hj(v) = xH;(z) — jH,;—1(x). For a multi-index «

set
k

Hal 7
1175

Differentiating the recurrence proves H ;’ — zH; = —jH;. Gaussian integration
by parts, or the Rodrigues formula obtained from the same recurrence, gives
f H;Hydyi = j!oj. Tensorization therefore makes the h, orthonormal, and
{ho : |a] = n} is a basis of H,. Its cardinality is My,, by the stars-and-bars
count.

Let Z, = {a € N§ : |a| <7}, and expand hohg = >, bag,z”. Define

(5.1) = max D Ibagwlep.
,BEZT v

For Gu.p = Elh(F)hs(F)], Lemma 4.3 and the row-sum bound for a real symmetric
matrix imply

(5.2) |G = I[lop < Kirv/e.
Consequently, if K,/ < 1/2, the map J,c = Zm‘:n coho(F) satisfies

(5.3) 1 ucllz > 2712|c].

This proves independence, including for unequal ;.
The chain rule and the Hermite equation give the exact residual identity

(54) Aha(F> == (Z az>\z> ha<F) - Z Dijaijha<F

All mixed derivatives are included, so no factor 2 is suppressed. For |a| = n set
1/2
Ry =nAs(ha) + Dy Y Ay (0ha),  Ro=| Y R:
2% |a|=n
Since € < ¢° for € < 1, equations (4.4), (4.5), and Holder with 1/2 = 1/q, + 1/s,
imply
(5.5) (A —n)J,c|la < Rne%c|.

Thus this is a residual estimate on every linear combination, not only on individual
basis elements.
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Here are explicit admissible choices for Theorem 3.1:

C' = max{1, 2V/2 max R, },

1<n<r
1
: ,(30)7Ye b
dmax{l, K, }? (3€)
These are finite sums and recursions involving only k,r, 7. Their size is not opti-
mized.

Proof of Theorem 5.1. Let V,, = Im(.J,,). Equations (5.3) and (5.5) show dimV,, =
M., and |[(A—=n)ulls < (0/2)||ul|z for u € V,,. Put Q,, = 1p,—s5,+4(A). The spectral
theorem gives

(5.6)

€9 = min{l

11 = Qu)ulla < 07 (A = n)ullz < 3lulle.
Therefore @, is injective on V,,, proving (3.2). The intervals are disjoint and avoid
0 because § < 1/3. Adding their dimensions and the constant eigenfunction gives
the first inequality in (3.3), using 1+ Y | M, = (k:fr) Each eigenvalue in the
n-th interval contributes at least e ("9 to the heat trace, proving the second

inequality. 0

Proof of Theorem 5.2. Write G, = J.J,, and define U,, = JnG;l/2 in the orthonor-
mal Hermite basis. Then UfU, = I and HG;I/QH < V2 by (5.2). Equation (5.5)
proves the first estimate in (3.4). Since U, takes values in D(A), semigroup differ-
entiation in L? yields

t
PU, — e ™U, = —/ e_(t_s)A(A —n)U,e ™ ds.
0

Contractivity and fg e "ds = (1 — e~ ™) /n prove the claim. O

For curvature K > 0, replace d by v/ Kd. The new generator is A /K, so an input
interval [K, K (1 + ¢)] produces intervals [K(n — §), K(n + §)]. Probability normal-
ization is unchanged. This checks the scaling of both eigenvalues and curvature.

6. EXAMPLES, OBSTRUCTIONS AND LIMITATIONS

6.1. Singular spaces with arbitrarily small defect. Fix £k > 1. For d > k + 2
write ¢ = d+ 1 —k and let S%(v/d — 1) C R* @ RY. The involution «(z,y) = (x, —y)
acts by measure-preserving isometries. Endow

Qi = Sd(\/ d—1)/{1)

with the quotient distance and the pushforward of normalized volume. It is a com-
pact RCD*(1, d) probability space [GKMS17, Theorem 1.1 and Corollary 1.2]. At a
fixed point its tangent cone is R¥=1 x (R?/{41}), which is not Euclidean for ¢ > 3.
Thus the theorem genuinely applies to singular spaces.

The invariant functions f; = v/(d+1)/(d — 1) z; descend and are orthonormal.
The polar-coordinate formula for the Euclidean Laplacian, applied to homogeneous
harmonic polynomials, gives sphere eigenvalues

nn+d—1) n?

(6'1) Ad,n:T:n-i-d_l.
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In particular Af; = (1 4+ 1/(d — 1)) f;. Quotient eigenfunctions are precisely the
invariant spherical eigenfunctions: lifting identifies L?(Qg,,) with the invariant sub-
space and preserves the energy form. The degree-one invariant subspace is exactly
the k-dimensional z-coordinate space. Hence the defect ¢ = 1/(d — 1) tends to zero
with precisely k eigenfunctions in the first cluster.
This also tests normalization: Ef? = 1 and
d+1 fifi 0ij — fif;

F(fzaf])_d_léz] d—l’ iy — d—1 .
The defect is smaller than our general bound on these examples. No optimality of
the exponent 1/2 — 7 is asserted.

D

Proposition 6.1 (No upper multiplicity from the first cluster). Fven for a fized k
ande | 0, the hypotheses of Theorem 3.1 cannot bound the second-cluster multiplicity
above by a function of k alone.

Proof. On Qg the invariant quadratic polynomials consist of an arbitrary quadratic
form in x and one in y. The harmonic condition imposes exactly one trace constraint.
Therefore the multiplicity of Ayo =2+ 4/(d — 1) is

k(k+1) q(g+1)

2 * 2
For fixed k, this tends to infinity with d, although the first cluster has dimension
exactly k. For any fixed positive constant C' and 0 < a < 1, 4¢ < (Ce* eventually,
so this eigenvalue lies in the asserted second window. Completeness of spherical
harmonics, and restriction to the invariant subspace, also exclude other degrees
from any sufficiently small window about 2. U

— 1.

Proposition 6.2 (The dependence on k is necessary). Forr =2 and fivzed 0 < n <
1/2, no positive threshold and finite constant in Theorem 5.1 can be uniform in both
k and N.

Proof. Use the whole sphere S%(y/d — 1) and all k = d + 1 normalized coordinate
functions. Their common eigenvalue is 1 4+ 1/(d — 1), but

k k
S =k ha(F)=0.
i=1 =1

For constants C,eq independent of k, d, choose d so large that ¢ = 1/(d — 1) < &g
and Ce* < 1/3. By (6.1), the window about 2 contains only quadratic harmonics
(and eventually contains all of them). Their dimension is k(k+1)/2 —1 = My, —1,
contrary to (3.2). The displayed polynomial relation explains the Gram-matrix
obstruction behind this failure. O

6.2. Collapse and curvature. For a fixed sufficiently large d, the spaces Qg x
S2(t), 0 < t < 1, with product distance and probability measure are RCD*(1,d + 2)
by tensorization [EKS15, Theorem 3.23]. The same f; meet (3.1), and the estimates
are independent of t. As t | 0, projection has fibers of diameter 7t and pushes the
measure exactly to that on (Qq, proving measured Gromov-Hausdorft collapse to
Qa4 No noncollapsing assumption is hidden in the result.
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Positive curvature cannot be replaced by nonnegative curvature. Indeed, on the
flat d-torus (R/27Z)? the 2d normalized sine and cosine functions have eigenvalue 1.
Fourier series give spectrum |z|?, z € Z¢. The multiplicity at 2 is 4(;1) =2d(d - 1),
whereas the predicted multiplicity for k& = 2d is Myqo = d(2d + 1), larger by 3d.
For windows of radius less than 1/2 no other eigenvalues occur. This example is a
boundary check, not a claim of a new torus calculation.

6.3. What has not been proved. The result concerns spectral subspaces and
heat evolution. It does not construct a metric-measure product, classify topology,
or give a measured Gromov—Hausdorff error. Almost-everywhere gradient estimates
are never promoted to a global isometry. We do not delete singular sets or assume
curvature-preserving smoothing. The constants are explicit but very large; the the-
orem is an asymptotic structural statement, not an efficient numerical test. The
rate may be far from optimal.

7. FURTHER QUESTIONS AND STATUS

Can the loss 17 be removed, or the dependence on k, r significantly improved? Can
one control the full spectrum by adding a natural hypothesis that excludes transverse
modes? Can the same quantitative rank statement be proved for all RCD(1, c0)
spaces without compactness, formulated using spectral projections rather than a
discrete spectrum? These questions are not resolved here.

Theorems 3.1 and 3.2, and Propositions 6.1 and 6.2, have complete proofs condi-
tional only on the explicitly cited established RCD calculus. The multiplicity the-
orem is a refinement of the existing Hermite method, not a new splitting theorem.
Its formulation differs from the checked one-function spectral results and Gaussian
transport estimates [BF21, CF20]; related pushforward-distribution stability results
[FGS24] concern a different conclusion. Additional expert and bibliographic check-
ing is required to decide originality and significance. A separate audit records the
checked versions, the interpolation issue, and the limits of this comparison.
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THHHRINZIART WS, ZD Hermite ZIHA DL AFOHNHFERTH S, Z0D
% Fathi-Gentil-Serres 1%, 1 ZED Gaussian rBlD W, 7Hfi % clog(2/e) ¥ THR
LT3 [FGS24, Theorem 4.3]. AFiE Z OAHONKHEOLEEFIRL RV, Z
ZCEMLCHfESTEmIE, FARY M OBBOTRTH 5. EFNIHEKRL
72 ERUEE R BUIEIEE £ 72 D 1§ 2729, A AT —2 LTDARY bMLOEEM
72T Z OfEEIERE SRV, RS, 1 EBOEME EEEA LT, Lo "IER
BOEHEIIE LRV,

MRZ a Y7 FRARXITRCD e § 5 2 & T, BEHBEEDPFER LT Z
B THD L L AXRZ PV OBERMEZRIES 2. —75, Rl N1 72
TRV, ZIe8 7 X —2I3MREFE LW, IKEO RS GRS HEL L.
MRITITFER & collapse TAHEDEZENS. AR N WO HIRIZEHD—ETH
D, ZOFEHDFTRTD RCD(1, 00) ZZHNICHEMNSHEH T E 2 L IZERLZRL.

REERIE =BRE D 572 5. HIFE{E Bochner AT & D BBECD Gram 178 DT
PEHME S 5. oS OMEE—X Y bOERNZELNTEX, FRAXEDZ
JHABROFEAEL <. BRIRICARY MULGHEZOFE@EIC LD, ZIHENAEM 2RO
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TCERFFT 5. Bochner Difam, Hermite ZIHI, X7 MUEBIIWT LD L X
N7FETH 3. AREOFHIX, mEfERE IBREEZIHRINCHEEL, 2ho%
BHEETHMANF L DHZZ21Hb. BidT 2 oD 87 X—X EORREL, Z0H
FmOEEHRP L BREZRT. AXEERTREICERLE RV S o203, *
N2 TR E D EEEDHEE § % DI Tld 7w,

2. i & B

FTARTOZEMIITEHE, fl5r, AN E U, mi3ED X 2K TH % Borel fERHIE
35, FHRTIEXZar 7 b THB. Cheeger TANLF —7%
Ch(f) = E inf lim.inf/(lip fi)?dm, f; € Lip(X)
2 fisfinL2
¥ 3%, W2 =D(Ch) EX, I'(f)=|Df)? #R/MEMAED YL T 5. Chd
“ X TH % Z & % infinitesimally Hilbertian E\W5. ZDE ZT(f,g) = (T'(f +
g)—T(f —g)/AZRERETH 5. ERIEHROFSIIIEIEE T 5

(21) feD(L), Lf=h <+ /F(f,g) dm = —/hgdm (g € Wh?).

A:—L, PtZBtL Z%A<

IHiEX D7z, RCD*(K,N) DT> ba b —IZ X3RS T2 AT 3. 1= pm
WX U T Entw(p) = [ plog pdm, Un(p) = exp(— Enty(p)/N) L EE, T2 bbb —
DEFRBHNTIIMEE +oo LT 5. CDY(K,N)&freid, ARIY o —2oE
RO OOMERREDENT, KZziiisz 3 s Wy IR BFET 28 THD !

(2.2) Un(pe) > UK/N (E)UN<:“0) + UK/N(E)UN(/M) €= Wa(po, p11)-

ZZTW2IE, TRTCOME TITbzd [dz,y)2dr DFRTH 2. Eol (1) =
5. (t0)/5.(0) & L, s,(r )Giﬁ@ﬁﬁkmbf sin(v/kr)/v/K, T, sinh(y/—kr)/v/—K &
T5. 0= 0 CIGEFAERZ AV, k> 0 TRHIOR ML TIREH OME KD EA
RO ERVS. ZXERM L (2.2) DA, reduced RCD*(K, N) %&ff &
[FfET& % [EKS15, Theorem 3.17]. A TIZ—E L T star Zf1F 5. Hausdorff #l
12 & % IEFES noncollapsed SRR E L 72\,

R 2 TS5 % IEREICAE . RCD*(1, N) 22Tk RCD(1, 0o) DI AT A3
BHTZ 2. ART FUVIZHERIIT, ker AZEREK 572D, IFFEEHEIZTA
TN/(N —1) B ET»H % [EKS15, Theorem 4.22]. [EH BRI H 5D Lipschitz T
» % [AHPT18, Proposition 7.1]. Z D@D KITITHIFET 2 ERIT, ERBUTE T
% Z L DMERRIZTICHWS. L7y o THEAREIE

Test(X) = {f € D(L)NL>® : |Df| € L>°, Lf € W"?}
WKES 5. 7R MEBUZOWTTI(f,g) c W2 ThDH, LEBOHEBEEIRLT 5.
AR
Uo(f) = LT (f) = T(f, Lf)m = %2(f)m + T5(f)
RERTSD. ZITHELRE [¢dLh=— [T(¢,h) dm ZHVTERT 5. LOF

BENAIEETHD, 1(f) > (f) THB. XBIZmac T
(2.3) IDT(f, )] < V/v2(f ) |Dg| + v/72(g 9)|Df]

DNALT 5. ZhHid BE(L, 00) 0) H E"EQE&\_JZ % [814 Lemma 3.2 and Theorem
3.4, (3.16)]. BT 2BRICIIRRAE LRI T2 e PEETH S.
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FJEABIE b 2OV TIX Ent(h) = [hlog(h/ [hdm)dm & dEZ Ent(0) =0&
53,
FEHE/ME || Prvl e < ||v]l2 & ¥ Poincaré A2
By(v?) — (Po)® _ P(v?)
et —1 = et —1
HHWS. 285 1E Bochner R & XL Sobolev AR 2 H4E S ([BF21, Propo-
sition 3.2] HZM). FEE, [EKS15, Corollary 3.28] 7*5 Ent(w?) < 2 [ T'(w) dm 215
5. ETEIOHNERZ0IZOVTu= P, pt)=1+€*, Z= [uPdm L&
. Mo e #aETIT & D
i o pl P\ __ p— 1 p—2
7 log lul, = £ Bnt(u) = = /u I'(uw) dm < 0
£7%. TIZTEnt(vP) < (p?/2) [uP?T(u)dm & p/ =2(p — 1) ZHW. ELLE
Markov i & D, —fED v € L2IZOWTHEM/MEDTES . B2 (2.4) 1%, DECEHil
[S14, Corollary 3.5] T'(Pw) < e *P,I(P,_v) % P,(v?) — (Pw)? = 2 [y P.I(P.yv) ds
WRALTHEA TS THELNS.

(2.4) F(Ptv) <

3. TR
Bk r>1BX00<n<1/2%FEEL, a=1/2—n, My, = (""") LE<.
AR MR 1,(A) £ EF L.
R 3.1 (EEEDLIE). N ITRFELRVEITERERER C = Ck,r,n) > 1 &

eo = o(k,7,1) > ODTEHEL T, KOBOLT 5. (X,d,m) %2> %7 M RCD*(1, N)
MERHPEERE L, 1<N<oot T b, EEEOIEREREE fi,..., f D

(31) Afl:)\zfu 1<)\ < 1+€, 0<e<egg
il TEARET S, ZDLEF=Cc*<1/3THDH, 1<n<riHLT
(32) rank 1[n—67n+5}(A) 2 Mk,n

ML T 5. LlzhoT
k+r
T

), Te(P) > 14 Myue ' (t > 0)

n=1

(3.3)  rank1j, 4(A) > (

2195,

(3.1) OEEHEIFHER > TV TH KV, HimdEEEO TR THD, LAZE
Z5bDTH, RRLEZXKBEOMIZHDRARTZ MADBRNZ L EFRT2HDT
bRV, ARXITTDO L DFNART FULF v v TFEIC LD, REDRLT 5785
e>1/(N=-1)THb. LZEdoT, 2O FATREZERIT/NE LTI XT
NRIRX=ZPIFFEFICRZRENDH D, N ZEELZa Y7 MEDHEKRD» S ki
D—RRMEIRE S .

B 3.2 (ZHEAICLZFHER). EH I 1DREDD L, H, & LA(RF, ) NOXE n
D Hermite EHEZREME T2, 7271 3 = (2m) *2e 1P 2de TH 2. 853 D(A) I2E&
EFNDMCHEREBR U, - H, — L*(X,m) T

(B4)  NA-UN <52 [PV~ Ul < (™) (120)
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BT OONFLET S, JIVAIEH, 2 LA(X)NOEREZE/ VATH S, B
F=(f1, ..., fr) CXEn D Hermite ZIHNX KA L TH BB DIR 222 TH 5.

4. IREABL E— X >~ F O

TRTOERNLEBEZIEAT 2. AHiTIE0<e<1¥Ll, (31) Z2IRET 3.
FHCH S 72 U E m BT 2D 3 5.

il 4.1 (£— X > b & Poincaré #Hfi). ¢ > 2, 1 <p<2MLT
(1) I fillg < (g = 1)N/? < i_ 1, 1D filllq < 2(g = 1),
lg = Egll, < 5llIDglll, (9 € W*).
DAL 5.

GFRH. t = %log(q —1) 2 LT P f = Nt i@/ MEZEHT 2. Rt = %logQ
LT 4) ZEHTZE, T(f) <2MP(f3) 75, Jensen DAFERE m DAL
M55 2 O 25, REDFHMIHIZOWTIIER 27 X Vv ZED, ¢ %
HERE T2 (=0 dEE). HOHEMY Pro — Ev® L2ITR2 5

/(g—Eg)vdm: /OOO/F(g,PtU) dm dt

&%, Holder, (2.4), BXUp > 212K 5 Jensen DAFERXD S, Z OffHEIX

o B T
1Dglllpllvlly [ (e =1)72dt = Z[||Dgllpll]l,
0 2

MUrTHh2. ZofHmIREETODORS IEXLs 2. Boftte, BOflo 72 +
B DHFHELIC K - TREAD D 5. O

Di; =T(fi, [;) — Xidyy L L. THUIET DVIFNRETH 2P TH 5.
1<p<?2, s>1IZHLT

(4.2) B, = 4x <2QTpp — 1) , Hy=4(2s— 1) +2
LEDD.

il 4.2 (BREXIB). XML T 5 -

(4.3) IDill, < Byve (1<p<2),  |[Dylls <Hs, (s=>1).
Py =2/(1+n), @y =2/1=n), sy =2/n, Dy=B, *"HI LB,
(4.4) 1Dijlq, < Dyet/?7"

Z19%.

AERH. LT(f) 2 1S LTT AL, Lf;=-NfiZHWS L
/ ATa(f) = X2, / (0(f)) = T(f) dm < M(h — 1) < 2¢

7%, ZITCTRERDPIFATHL Z 2V ¢=2p/2-p) LB 1/p=
1/241/qTH5. (23) & (4.1) 25

DDyl < V2e (WD fillly +I1DFlllg) < 4v2(a —1)veE
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2192, (4.1) ORBOFHIZ Dy \CHEHAL, 2v2r <4rBHVW3B &, L TEAK B,
W& BFHIICR 5. T DRI & D Cauchy-Schwarz A5 & #5825 D Holder AEFER
WED DS, fi)lls <4(2s—1)? 7D, MRE—X Y FOHliziF 5. miRIC,
L AERBAR

1 1—-2 2 1 1 1
Ay Dy Sn 2 g sy
W Ko THRIEDIESLE RN, (4.4) 215 5. O

REDFROIEBERIEETH . L /L LD/NEL, @BRE—X Y MBER
THZZLREIRs, FED LY 7 VLDV T 1/2 IEREISEWER DA H
DI TERV. AETEAR Lz g, > 2 &, ZAUTHET 2 ZHA O s, DA%
W3,

d>1, t > 1ML TV, = (max{2,td} — 1) L EEZ, Vi, =12F%. P)=
>ogcpr’ IDWT

(4.5) AP) = |csl Vg
B

LEHFT B, Holder & (4.1) 225 |FP|l, < Vigy, LEB ST |PF)], < A(P) ¥
%%,

A 4.3 (FEAT— X > POUHER). d 72 ICRIET 2 BRIV EL cg HIEIEL T

(4.6) ’EF'B — /xﬁ dve| < ¢pVe

Ztﬁ% _‘OOD%*R&BE Cho = C = Cp = 0 Z L, d Z 32O\ T

(4.7) g =(d—1)cqs +127m(d — 1)Vy_o4
EITHHDTHA.

FERH. B FE ) L HEFEHED S, (FEDZIEKX P IOV T

(48) E[f,P(F)] = E[,P(F)] + \7* S E[D,,0;P(F)

J

DELT 5. ZUE X ETolEEFERTH L. FX)IFERRDOT, ZOHEHETP L
—HI2EorRar Ay FEBEBICEEIRZ 5N D, Liedio TESHAD O ER
AR L HEXIE N, FRERET IHREITETDHE. >08R2 i %
B, d=1p], P=a%“r3F3L

EFP = (8 — 1)EFP~% + Ry, |Rs| < 127(d — 1)Vy_o4v/e

2155, BRBPFEOHIZE . FREDFIMIIE, By =121 25 (4.3), 684D
Holder AR, BXPN ! <1 ZHW. B Gaussian DE— X ¥ M, ;1D
WTD 1 EBDOEAEAITED, Rg=0¢t LR U#E\%Hzd. XEK0,1,2D
E—X ¥ MIEHE, N >0, ERERMEDSEEIC—HT 5. dIZOWTOIFNE
IMEUE L SN O
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5. FARERDFEH
HO = 1, H1<LIZ'> =X, Hj+1(f17) = IHJ(SL’) —jijl(Q?) Z L/, %Ejﬂéﬁa IZ2DWT

CEL. WHEREMD T %L Hf — oH) = —jH; €S . Gaussian #5358 57
WERI LR 61585605 Rodrlgues DRACKD [HHydy = jloj 27&%. ﬁ
ZEND Z T ho FIEHRERL, {he:|al =n}ldH, DEEE R Z. IFABEOM
WEHMHEEOREZ B, ZDMEEIE M, TH 5.
IT:{aGNS:\odST}ZL hohg =3, bapoa” EERT 5.

(5.1) = max S Ibapule

BEL, vV

t{ﬁ%?%. Gop = Elho(F)hs(F) &3 2 &, i 4.3 & EMPMTIIOITANC K 2
A &

(5.2) |G = Illop < Kyrv/E
£7%%. LEdoT K e < 125513, B Je= Y, caha(F) &
(5.3) [ Jncll2 > 272|c|

723, ZNT, N DEFELLRWEGE DD TR I RE L.
HEEHE ¥ Hermite D D 5, BB LR AEEF

(5.4) Aho(F) = (Z Oéz'/\z') ha(F) — ZDU@U%(F)

2155, BEWTIETRTOD (1,) KOV THZR->TED, 2 Z2HBL TV
AN |a|—nk5ﬁb‘f

1/2
Ro = nAs(ha) + Dy Y Ay, (955ha), &(ZRQ

2% |a|=n

YEL. e<1B5He<e"THDD, (44), (45), BXUL1/2=1/g,+1/s,1T &
% Holder NER2 5

(5.5) (A —n)J,c|2 < Ru.e®|c|

5. ZAUIME A DFREREZRIZF TR L, EE DRSNS 2R AT TH 5.
i@31fﬁéhé%Tmaﬁﬁmm®%bf@5
C' = max{1, 2v/2 max R, },
(5 6) 1§n1§r
' 1/a
4max{1, K¢, }?’ (3C)7 }

NS krnDEEHAWSHERMEE LA TH D, REFRBEMLL TWRL.

€9 = min {1,
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B 3.1 DFERA. V,, = Im(J,) EEL. (5.3) & (5.5) 25 dimV, = M, THD,
u € Vo IZDWT (A —n)ulls < (6/2)||ulls THZ. Qn=1p s.1q(4) T2, X
R PVEBIZED

17 = Qu)ulla < 07 (A = n)ullz < 3lullz
tﬁé Lt#onﬁiviﬁﬁfﬁb(3@%@65<1Bib:§EWuEmk
Zbo30z2aERV. ThoOXou e ERERBESZRLEOYE, 1+> | My, =

M EAWS L, (3.3) O 1 OARFRHMES . Hn OXENOSEHEIZE L —
rwt<t%e4H®%5?%®f B2 OREXBIES. O

EH 2.2 DR, G, = J7J, LB E, [FHREZ Hermite 2EZHWT U, = J,G, "
LERT B, _@zguwr_ff@b (5.2) 25 |G 2| < V2 TH 3. (5.5) 12
;D@@®%1@ﬂM%ﬁaz%wﬁﬁMDun:aimétw,Bf@¥ﬁ®
(o))

t
PU, — e ™U, = —/ e_(t_s)A(A —n)U,e " ds
0
BHOLT 5. KiMEY [Je v ds = (1 — e™™) /n b BAERAHES . O

HRTHRB K > 0055, de VKJICBEZIRZ 5., HILWERZRIZA/KTHS
720, ANKHE [K,K(1+¢)]| 2 HHNXE [K(n—10), K(n+0)] 2155 . MERHEZD
EFRIEZEDL SRV, ZRIR KD EFEEE RO GT DR T =V ¥ IHHERTE 5.

6. B, FEB X ERS?

6.1 AERITNSWRIBZFOREZEM. £ > 1 2EETS. d > k+21THLT
q=d+1-ktEFEZ, SUVd-1) CRFQRIZEZ L. WE u(z,y) = (z, —y) 1&H
BEROFREWE LTIEHT 5.
Qax = Sd(\/ d—1)/(t)

WCREEEREE & (EFULAEOM U LHIEZ ANS &, 32837 M7 RCD*(1, d) HERH]
FEZEM & 72 % [GKMS17, Theorem 1.1 and Corollary 1.2]. [EEsCTOHEHEIL R x
(R1/{£1}) TH Y, ¢ > 3 TidEuclid ZEH TRV, L7zdd o TEREHIIEBRIE
HZEFICHEHA SN S.

AL S = V(d+ 1)/(d— Do 3K FL, EHRBERT 2. Eucid 220
Laplacian @@@@%ﬁ%%ﬁ%ﬁ*ﬂ%ﬁﬁkﬁ)ﬂ?% &, EREDEEEX

_nn+d-1) n?
Zﬁ%.%KAﬁ:ﬂ+LMﬁJnﬁT@%.%L@Hﬁ%ﬂd%;?tﬁﬁi@
AEEFREBUCHIST 5. FEBE, F5 LIFIE L2(Qux) Z LR ZE- & [F—H L,

IANF =B ZRD. KE 1 DAEERT 2E NI IEREIC k 4(750) mf”*“ﬁ@”'zf"ﬂf?a
5. L7zDoTRIEBe=1/(d—1)3FIADE, mAOREICIEE x5 ¥ kHOM
A7 [E A BABOFES 5.
EHEd ZOfICHETZ 3. Ef}=1ToHD,
d+1 fzf] fzf]
(fzafj) 6Zj_d_17 d—l

t&é.:maw%@ﬁ@m~$%mib¢ém.%ﬁLm—n@%ﬁﬁmiﬁb
QAN

D;; =
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il 6.1 (RPIOEMED» SERED EFUIHAR V). kZEELTe 02 LTD, EH
3.1 DIREDPSE 2OEBMOERER L2 FOEBTENLIZ 2 Z 2 IFTER.

A, Qup EOARZEZRZIERNIZ, = DEEO XER L y DIEEDO “XKER DT
H5. FMFHEE x5 8—2D L —RFHZRT. Lo TAy2 =2+4/(d-1)
DEMBEEIZ
kk+1)  alg+1)
2 2

THa. kZBEETZ L INEFdE L HIHEERE R 3D, BUIOEBORITIES &
Sk THS. FEOEELZEERC L0<a<1IZ20WT, BRI 46 < Ce®
b, ZOFRAMEIZTERLES2DXMICAS. EREFAMER e e R
IR ZERIANDHIRIC L D, 2 D+ /N VBRI DO R D EHEHA SN2
Y05, O

M 6.2 (K NDIRIFIIDE). r=2, 0<n<1/2%FEET 2L, EH 31 DIEDK
HE BREEE kL N DOWjFIZOWT—RRIGERZ LIZTERL.

AEPH. BREI2IK SYVd—1) &, TXRTDk = d+ 1 EDIERCEEREE FH W 3.
HEOEHMEE L +1/(d—1) TH 37,

k k
D f=k ) ha(F)=0
i—1 =1

DINSLT 5. k, dITHEAF L IRWERL CL e I L, d 2T REL LTe =1/(d—1) < g
BUC2<1/333%. (6.1) &b, 20 H OXBENIE KFHMBIE D EHMHE L
PALT, HEMCEZhDEEND. ZOZEMOIITIE k(k+1)/2—1= M, —1
THYH, 32)RXFETS. XnLALZHEABRKRIEE, ZOKRKOERICDH S Gram 1T
FDMEEZHHT 5. O

-1

6.2. Collapse iR, dZ T RZEET 5 &, FEERE & MERAE 2062 72 Qar X
S2(t), 0 <t <1&, 7Y UIZT XD RCD*(1,d+2) 22 T& % [EKS15, Theorem
3.23]. WU f; 23 (3.1) B/ L, dHEE ¢ ITKFELRY. t 0D %, DT 7
AN—QERErt TH Y, PEIZERIC Qu ORI LEXNS. LzdoT
Qar “NDOHIEAR) = Gromov-Hausdorff collapse 23E 5. #iam(Z noncollapsed DIRE
DR TV B DT TR,
IEOMFRLIFEMEBCEEIIMZ 2 v idTERV. EE, FHZIXTTE—F 2
(R/27Z)* T, 2d ADIEFLE A7z sin & cos DBIEHEHE 1 ZHD. Fourier #
B HARY MV 2%, 2 € Z4THB. 20BEHEF4A() =2d(d—1) TH BT,
k=242 L TTFRINBZEEEIE Mago = d(2d+1) T, 3d7ZTREN. PRE1/2K
HOXEIIIOBEAEIZA S BV, ZHUKMREDERTOMETHD, P—F R
DEIHEZ Db D DFHFINEL FIRT 2 D DTIZRW.

6.3. EBHL TOWARWZ . Famid AR P2 e AREICET 25D TH 5.
HIEFREEZER OB 2R LD, MNMEZZELEZD, HIERZ Gromov-Hausdorff
FEEE DA R 52 7-0 333D TRV, 3L A Y E BT TOHEFHTIA & RIS
RERMATRET 2 23RV, FREESEZRERTS, ERE2EOFELLDREL
WV, ERIZIHRITH 2 03IEFEICKE L, REMITHNIR S %R 23 H DT
HoT, FROZEEHE TRV, IR Bl 2 3RS 0.
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7. SRDOME L RO IKEE

B OEE N ZBRETE 20, kr NOKFE KIBICSETE 2. MAROES
BARR IRV S 2 BARRIGERBINL, £ARZ ML ZHIEITCE 20, a7 MEE
FRERT, BERRRZ bADRODICARY MR EHWT, $XTD RCD(1, 00)
ZEfC R UE B R FEEGEM 2 FEFH T & 220, 2 OMEIZAR TR L T»
A4 AN

FEH31, 3.2BXUMmEG.1, 6.2 DFFEHIE, BHRINCSIF L7 X7z RCD fi#
MrofEREHWTEE L TWw5a. BEEEOEHIZEIFD Hermite ZIHR DO FIEDF
B THY, iR EETIIRY. Z20ERNMGIE, WEEELE 1B 27 b
BT 28R B K Gaussian HikFHilli [BE21, CF20] & 13%72 5. BHET 5L
H U O ENE [FGS24] diGamd Rz 5. AN EROHINNICIE, EMRICK
% MREE & BN D S HERR SN ETH 5. MR LR, i LoME, Bz ottt
BORFAZ R OEEELFICE & D 7.
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