SHARP POLARIZED CHERN INEQUALITIES FOR RANK-FOUR
MATROIDS:
INCIDENCE CRITERIA, CHANGING SIGNS, AND EQUALITY

CHATGPT 6 ASTRA

ABSTRACT. For the ordinary tangent class on the maximal Chow ring of a loop-
less rank-four matroid, we prove that 9ca — 3c? has strictly positive degree against
every nonzero nonnegative combination of « and 8. The universal coefficient 9 is
optimal even among paving matroids realizable in any fixed positive characteris-
tic. Explicit weighted incidence formulas determine the entire positivity interval
for the usual coefficient 8; these intervals can shrink to zero. For rank-four sparse
paving matroids the optimal coefficient is 3. Explicit examples on 469 and 26
points show, respectively, failure of the standard coefficient and the need for spar-
sity. The two optimal inequalities have no nonzero equality cases, while the usual
discriminant can vanish at an interior polarization. Complete algebraic proofs,
exact computations, and a bounded literature audit are included. The English
and Japanese versions contain the same mathematical content.
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This note was generated by ChatGPT 6. Iwai has NOT verified any of its math-
ematical content. It may therefore contain mathematical errors and should be read
with caution. A Japanese version is provided below.

1. INTRODUCTION

Cheng constructs the tangent K-class of a matroid and proves a Miyaoka—Yau
inequality against the hyperplane class a; Cheng-Lin give a stronger a-inequality
and explicitly warn that the usual inequality can fail against § [Che26a, CL26,
Che26b]. The new point of this work is a sharp replacement on the entire cone
generated by o and [ in rank four, together with an incidence criterion for the usual
coefficient, an explicit family with shrinking positivity intervals, and a stronger sharp
result for sparse paving matroids.

Throughout the new theorems the building set is maximal. For rank r = d + 1
we use the ordinary tangent class, not the logarithmic tangent class, and set

AM = Q(d + 1)CQ(TM) — dCl(TM)Q.

The substantive results have r = 4, d = 3. They are unconditional statements about
all loopless matroids of this rank; realizability is unnecessary. Higher ranks are
explored computationally, but no general mixed theorem in those ranks is asserted.

The distinction between validity and sharpness is essential. On our rank-four cone
the coefficient 8 fails; the optimal universal replacement is 9. Equality for this opti-
mal inequality never occurs for a nonzero polarization. Its sharpness is asymptotic,
even among paving matroids realizable in any fixed positive characteristic. The co-
efficient drops to 3 for rank-four sparse paving matroids, again with strict inequality
and asymptotic sharpness. A 26-point paving example shows that sparsity cannot
be omitted. We also construct a 469-point standard-coefficient counterexample. For
the original coefficient 8, equality can occur at an interior point of the segment
joining o and f.
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2. STATEMENT OF THE MAIN THEOREMS

_ Write M = si(M) for the simplification. All cardinalities below count points of
M. Put
n=I|M|, £={F:1kF=2}, #={F:1tkF=3}, fi=+#{F:tkF =i},
and, for ¢ € £, put hy = #{H € 7 : { C H}. Define
(2.1) Wo=) (ltl-1), We= > (H-1), Wau=) (1| -Dhe.
e Hex tes

These are weighted incidence counts, rather than the usual unweighted flag Whitney
numbers. Let €y = Rsoar + Rx0/8.

Theorem 2.1 (Optimal universal coefficient on €y;). For every loopless rank-four
matroid with maximal building set and every a,b >0, a+b > 0,

(2.2) deg((9c2(Thr) — 3c1(Twr)?) (ac + b3)) > 0.

The least real number \ for which deg((Acy — 3c¢3)L) > 0 holds for every such M
and L € Gy is 9. For each fived prime p, the least coefficient remains 9 if M is
restricted to paving matroids realizable over F,. More precisely, with I,5 = ), |(|

and Iz =, |H|, the left-hand side of (2.2) equals
a(6+12f,) +6b[n — 1+ fo+ > (|H| —2)
H

(2.3) + (I — Ts)],

and I3 > I15. Thus the equality locus in the closed cone is exactly L = 0.

Theorem 2.2 (Exact positivity interval for the standard discriminant). For every
loopless rank-four matroid, put

A=11f, >0, B = 12W5 — 3W5 — Was.
Then
(2.4) Py (t) = deg((8¢z — 3c})((1 — t)a +t8)) = A(1 — t) + Bt.
If B > 0, the polynomial is positive throughout [0,1]. If B = 0, it vanishes exactly
at 1. If B <0, its nonnegative locus in [0, 1] is exactly

A
[OvtML tM - A—B’

and equality occurs exactly at tyr. In particular the complete combinatorial equality
criterion, for fired 0 <t <1, is
1—1t
(2.5) Was +3Wo = 12W5 + 111, ot
There is no universal € > 0 for which the standard inequality holds for every rank-

four matroid and every t € [0, ¢].

Theorem 2.3 (Sparse paving improvement). If the simplification of a loopless rank-
four matroid is sparse paving, then

deg((3c2 — 3c})(ac +b8)) >0 (a,b>0, a+b>0).
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The optimal universal coefficient X on this class and cone is 3. Equality again occurs
only at L = 0. For the standard coefficient 8, Py (t) > 0 throughout [0, 1].

3. COMPARISON WITH PREVIOUS WORK

The following comparison records the scope of the novelty claim. We do not claim
the construction of Ty, the nefness of o, 3, or the failure of coefficient 8 for arbitrary

nef classes as new.

Reference Previously known result Difference from this work

Cheng [Che26a], Tangent K-class and Chern for- We evaluate the degree-two

Def. 3.1, mulas. classes against  and prove opti-

Thms. 3.4, 4.1 mal bounds.

Cheng [Che26b], Standard inequality against o, in- Our new theorems concern a sec-

Cor. 4.23 cluding arbitrary building sets. ond polarization and its cone, for
the maximal set.

Cheng—Lin The stronger « coefficient (d + We determine rank-four constants

[CL26], Cor. 4.15, 2)/2; a warning about failure at 9 and 3, exact intervals, and ex-

Rem. 4.16 5. plicit asymptotic obstructions.

AHK [AHKI18]; Hodge theory and mixed Hodge Our Chern discriminant requires

ADH [ADH23] theory. a separate incidence calculation.

Mannino Logarithmic Chern numbers and Our ordinary tangent class, rank,

[Man23], a rank-three ratio bound. and polarized intersections differ.

Thms. 1.2, 1.5

Aliabadi [Ali26], Construction of paving matroids The construction is not new; our

Lem. 2.3 from large hyperplanes. claim concerns sharp polarized

de Borbon—Panov
[BP26], Thm. 1.1

An inequality for a parabolic class
of stable weighted complex ar-
rangements.

Chern bounds.

Our class is the ordinary tangent
class, and no stability or complex
realization is assumed.

The restriction of (2.2) to the « ray is much weaker than Cheng—Lin’s result, and is
not itself a new inequality. The contribution is the 3 estimate, its optimal universal
constant, and its combination with the exact obstruction for coefficient 8.

4. MATROID CHOW RINGS AND BUILDING SETS

A matroid rank function rk : 2¥ — Z-, is monotone, submodular, and satisfies
0 < rk(S) < |S]. A flat is a subset F' such that adding any element outside F
increases rank. Looplessness means rk{e} = 1 for every e. Points are rank-one flats.
Simplification retains one representative from each point. It preserves the ranked
flat lattice.

For the maximal building set, the ring used here is
zp: 0 # F # FE aflat]

I+J ’

where degxp = 1, I is generated by xpxg for incomparable flats, and J by

d wp =) ar (i,j€E).

F>i F>j

(4.1) ar(ar) = 2
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It has top degree d = r — 1. The degree of a monomial belonging to a complete flag
of nonempty proper flats is 1; this normalizes the degree map. We extend scalars to
Q or R when needed [FY04, AHK18].

A building set G contains nonempty flats and here is required to contain E.
For each flat F', its maximal G-members GG; C F must induce an isomorphism
[LI0,G;] =~ [0, F]. A set is nested if the join of every incomparable subcollection
of at least two members is outside G. The Feichtner—Yuzvinsky presentation uses
variables for all G € G, nonnested monomials, and relations ZGDP xg = 0 for points
p. Eliminating 25 = —a gives (4.1) when G is maximal [FY04, Definitions 1-3].

Remark 4.1. All weighted counts in this paper are taken after simplification. Using
the sizes of parallel classes instead gives incorrect § formulas. The presentations,
degree maps, cutting classes and tangent formulas are transported by the ranked
lattice isomorphism, so all our statements extend from simple to loopless matroids.
Coloops are permitted: they do not change d = r — 1 or remove the exceptional
terms. Loops are excluded throughout.

5. TANGENT AND CHERN CLASSES

For the maximal building set, Cheng’s original definition is the restriction of
Tx, — Qn from the permutohedral variety, where @)y is the tautological quotient
K-class [Che26a, Definition 3.1]. For general G, set

Op = o — Z TH.

Heg
FCHCE

The definition in [Che26b, Definition 3.3] is
Trg = r[O(a)] = [O]
+ > (0@ -[0]
Feg\{E}
(5.1) +1k(F)([0(0F)] - [O(0F + zr)])).

Itsrank is r—1 = d: every summand in the sum has rank zero. The Chern convention
is ¢(O(D)) = 1+ D, extended multiplicatively to virtual differences. Thus

(5 2) C(T ) (1+a)r H (1+$ ) ( 1—|—9F )rkF
. MG) — F Y .
Feg\{E} L4 0p+ar

The reciprocal factors are finite power series in the nilpotent positive-degree ideal.
For a point p, 6, = 0, and its entire factor is 1.

For a directly implementable expansion put Q2 = 2chy(T)s). The degree-one and
degree-two terms of (5.2) give

g =ra— Z (tk FF — 1)z p,

rk F'>2

(5.3) Qo =ra® + Z (1 —rk F)a% — 2rk(F)0rzr),

rk FF>2

0225(0%_622)» AM:C%_TQQ-
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These identities check both the minus sign and the coefficient in the question: 2rcy —
(r—1)c2 = 2—rQ,. All intersections under consideration have degree 2+ (d—2) = d.

In the realizable case (5.1) is the class of the ordinary tangent bundle of the
corresponding wonderful model. Subtracting > ,([O(zp)] — [O]) gives the logarith-
mic tangent class [Che26b, Section 3.2]. These two Chern theories must not be
interchanged.

6. NEF CLASSES AND POLARIZATIONS

We take the established classes

(6.1) a:ZxF, B:pr.

F>e FZe

They are independent of e, since a + f = ) xp and the linear relations identify
the « representatives. They are nef in the convex piecewise-linear sense of [AHK18,
Definition 5.7 and Lemma 9.7]. On the ambient permutohedral variety, Cremona
inversion interchanges them. This does not assert a Cremona automorphism of the
Bergman fan of an arbitrary matroid. Our proof requires only their nefness, not
ampleness or the stronger operational positivity notions studied in [Che26a].

For a simple rank-four matroid, summing the n point relations yields

(6.2) B=(n—1a— S (0~ Do, — S (H| - V.
V4 H

Indeed na = >, |F|xp; subtract this from the equality a + 5 = ), 2p. Formula
(6.2) is the link between polarization and incidence counts.

7. RANK-FOUR INTERSECTION CALCULATION
We give a ring proof valid also for nonrealizable matroids.

Lemma 7.1. Let { C H be a line and a hyperplane. The required top-degree values

are
3

monomial | o®  «x} Y xiry wead 3
deg | 1 -1 1 -1 0 2(he—1).

Also axy = 0 and o®zy = 0 in the Chow ring. Products of incomparable flats vanish.

Proof. Choosing an element outside H in (6.1) proves axzy = 0. Choosing e ¢ ¢
gives g = TyTei(aue), SO o’ry = 0. If e € H \ ¢, multiplication of its « relation by
TeTp gives xgqu = 0.

Choose a point p C ¢. The p relation, multiplied by x¢zy, reads 0 = z, 20y +
r2xy + xex?. The first term has degree 1, hence deg(zZzy) = —1 and deg(ax?) =
—1. Choosing e € H \ p in the relation multiplied by z,xy gives 0 = 2pTapue)Th +
x,2%, whence deg(zpz3) = —1. The p relation multiplied by z% now proves
deg z3; = 1.

Finally, deg(ax,x,;) = 1, by choosing e ¢ (. Choosing instead a point of ¢ different
from p gives 1 = deg(z,27)+he. The p relation multiplied by 27 is consequently —1 =
(1 — hy) + deg z} — hy. This proves the last formula. The normalization dega?® = 1
follows by successively using the same relation to extend a flag (equivalently [AHK18,
Proposition 5.8]). O
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Proposition 7.2. With u =n — 1, the endpoint Chern numbers are

deg(cocx) = 6 + fo, deg(c?a) = 16 — fo,
(7.1) = deg(c2f) = 6u — 3Ws + Whag,
S = deg(ciB) = 16u — TWy + 3Wo3 — 4Ws.

Consequently deg(Ay3) = 12W3 — 3Wy — Wag and deg((9ca — 3¢3) ) = 6(u — Wy +
2W3).

Proof. From (5.3), in rank four,
¢ = 4da — ng — QZ:EH,

Qs = 40 +Z 3:64—404:6@ +4ngxH+Z 41:H 6azy).

{CH

Substitution of Lemma 7.1 gives the full intermediate table

(0% Ty rHg
o 16— f»  6—2h 4— fo(M[H)
o 6+ fo 4—2h fo(M|H)

8¢y —3c2| 11f; 14 —10h, 11f,(M|H) —12.

Every entry means the degree after multiplying by the column divisor. For example,
deg(c2xy) = 2(hy — 1) + 8 — 4hy = 6 — 2hy. The other entries follow by inserting each
of the six monomials in the two displayed expansions and using 2c; = ¢3 — Q.

The hyperplanes containing ¢ partition E \ ¢ after subtracting ¢: every outside
point determines the unique flat cl(¢ U e). Therefore

(7.2) > (H=|t) =n~— |,

H>?

and, on summing over /¢,

Z(’H| — 1 fo(M|H) = ufs — Wa + Wag.
H

Multiplying (6.2) by ¢s now gives
C=u(6+ fo) — AWo + 2Wog — (ufy — Wy + Wa3) = 6u — 3Ws + Was.
Multiplication by ¢? gives
S = u(16 — fo) — 6Wa + 2Way — 4Ws + (ufo — Wa + W),

which is the stated formula. The two discriminant formulas follow by subtraction.
O

8. THE POLARIZED INEQUALITY AND ITS OPTIMAL CONSTANT

Lemma 8.1 (An elementary incidence inequality). For every simple rank-four ma-
t'f'Oid, [13 Z 112.
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Proof. First let N be a simple rank-three matroid with v points and w lines. Its
point—line incidence matrix D has

DD" =117 + diag(t, — 1),

where ¢, is the number of lines through p. Distinct points lie on exactly one line.
Every t, > 2, since a single line through p containing every other point would make
N rank two. Thus this real matrix is positive definite: on a nonzero vector z its
quadratic form is (3 z,)* + 3. (t, — 1)z2 > 0. It has rank v, so w > v.

Apply this argument to the simplification of M/p for every point p of M. The
contraction is loopless because p is a flat. Its points correspond to lines of M
containing p and its lines to hyperplanes containing p. Summing w > v over p gives
exactly 113 Z [12. ]

Proof of Theorem 2.1, except sharpness. Proposition 7.2 gives deg((9cy — 3c3)a) =
6 + 12f;. At the other endpoint use

u— Wy +2W3 =u— (I12 — f2) + 2(I13 — f3)
—u+ fo+ > ([H|=2)+ (I3 — La).
H

Every summand on the last line is nonnegative, and v > 0. Lemma 8.1 proves the
claimed positive certificate. Linearity gives (2.3). Moreover a nonnegative combina-
tion with a+b > 0 cannot be the zero class: deg(a?(aa+b8)) = a+b(n—1) >0. O

The interval and equality assertions of Theorem 2.2. The two endpoint formulas in
Proposition 7.2 give (2.4). A rank-four matroid has a line, so A > 0. Solving this
affine inequality gives all three cases. Setting its value equal to zero and dividing by
t > 0 yields (2.5). The absence of a uniform interval and the sharpness of 9 follow
from the next family. 0

9. EXPLICIT COUNTEREXAMPLES AND SHRINKING INTERVALS

For a prime power ¢, let M, = PG(3,q) be the vector matroid on the one-
dimensional subspaces of Fg. Counting subspaces gives

n=(qg+1)(¢"+1), fo=(+1)(@+q+1), fz =n,
0] =q+1, H|=¢ +q+1, he=q+ 1.

For completeness, the point count is (¢* —1)/(q — 1). The line count is the number
(¢*—1)(q¢* —q) of ordered independent pairs, divided by (¢*—1)(¢?>—q). Hyperplanes
are kernels of nonzero linear forms up to scaling. The local counts follow from the
same calculation inside a two- or three-dimensional subspace, or in the quotient by
a line. Thus these formulas do not rely on an unexamined catalogue.
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Substituting Wo = qfo, Ws = (¢ + q)n, and Waz = q(q + 1) fo in Proposition 7.2
gives
Cy=qlg+1)(¢" =3¢ +4)(¢* + g+ 1),
(9.1) S, = q(3¢° — 5¢* — 6¢° +3¢> + Tq +8),
By = —q(¢* +1)(¢’ — 7¢° — 19¢ — 8),
9C, — 35S, = 6q(¢* +3¢> +3¢* + 49 +2) > 0.
In particular C, > 0 and 3S,/C, — 9. For every A < 9 choose prime powers tending
to infinity, for example ¢ = 2%; then (AC, — 3S,) < 0 eventually. This proves
sharpness in Theorem 2.1.
The cubic g(q) = ¢* — 7¢*> — 19q — 8 is negative for 2 < ¢ < 7, and ¢(8) = —96,
g(9) = =17, g(10) = 102. Its derivative is positive for ¢ > 6. Hence among prime
powers the first negative B, occurs at ¢ = 11. There

133
Py, (t) = 178486 — 536800¢, T, = 100°
For ¢ > 11 a prime power,
11(q? 1 11
(9.2) ta, = (¢*+q+1) o

P —TP -8 +3¢+ 11 ¢

This proves the last assertion of Theorem 2.2. Rank four is the smallest possible
counterexample rank for the stated discriminant: in rank three its degree is 8 f; > 0
and no polarization factor remains. We make no claim of minimal ground-set size.
The number 1464 for M;; is minimal only within the displayed projective-geometry
family.

q Aq B, maximum allowed ¢
2 385 660 1
3 1430 3030 1
9 82082 12546 1
11 178486  —358314 133/400
13 342210 —1677390 61/360
16 771771 —8191104 1001/11625

9.1. Paving sharpness and a smaller explicit counterexample. A rank-four
matroid is paving if every three-element subset is independent. The following con-
struction uses familiar finite-field incidence objects; the new claim concerns their
Chern intersections.

Proposition 9.1. For every prime power q > 2, there is a rank-four paving matroid
N,, realizable over Fy, onn = ¢*>+ 1 points. With N = (;),
deg(c28) = 6¢° + (¢ — 2)N, deg(cB) = 16¢* +3(qg — 4N,
(9.3) Py, (t) = N(11+ (9 — q)t).
The coefficient 9 is sharp even on this family with q restricted to powers of any fizved

prime. The standard coefficient 8 fails for ¢ > 20 precisely whent > 11/(q—9). For
q < 20 it is strictly positive on [0, 1].
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Proof. Put K = Fp2 and X = P}(K). Call each image of P*(F,) under PGLy(K)
a circle. Every three distinct points of X lie on exactly one circle. Here is a direct
justification. Given independent representatives v,, v, of two points and a represen-
tative v, of a third, write v, = uv, + vv,. Both u,v are nonzero. The matrix with
columns uv,, vu, sends 00, 0, 1 to a, b, c. A projectivity fixing 0o, 0, 1 is scalar, so it is
unique. If a circle contains these three points, precompose its defining projectivity
with one over I, taking oo, 0, 1 to their preimages. Uniqueness shows that this circle
is the one already constructed. Thus the circles form a 3-(¢*+ 1,¢ +1,1) design. In
particular two distinct circles meet in at most two points.

For a realization, let V' be the four-dimensional Fy-space of Hermitian 2 x 2
matrices over K, using the involution z — 2. Send [v] € P!(K) to the projective
class of vv* in P(V). Multiplying v by a € K* multiplies vv* by a?™! € [y, so this
is well defined. It is injective because the column space of vv* recovers the line Kwv.

The map H +— gHg* is an invertible F -linear map of V. Hence the projective
action just used is induced by linear transformations. The images of 0o, 0,1 are lin-
early independent. They span the three-dimensional subspace of symmetric matrices
over FF,, whose intersection with our point set is exactly P!(F,). A point z € K \ F,
has an off-diagonal entry outside F,, so lies outside this subspace. The point set
therefore has rank four. By the projective action, every triple is independent, and its
spanning hyperplane intersects the point set in its unique circle. Thus all rank-two
flats are pairs, and all rank-three flats are circles. This verifies the claimed paving
realization without appealing to a catalogue or assuming realizability from a design
construction. ,

Counting triples gives f; = (* ;1)/(‘1?) = q(¢* + 1). The circles through a pair
partition the other points into sets of size ¢ — 1, so their number is ¢ + 1. It follows
that

fgIWQIN, W3:2N, WQgI(q—l—l)N
Substitute these values into (7.1). This proves (9.3), and

9deg(c23) — 3deg(ciB) = 6(¢° + 3N) >0, 3 deg(ci) 9.

deg(c23)
The denominator is positive for ¢ > 2. Taking ¢ = p”* proves the fixed-characteristic
sharpness assertion in Theorem 2.1. The displayed affine polynomial gives the sign
and equality assertions. Since 20 is not a prime power, no endpoint equality was
suppressed. ([l

The first standard-coefficient counterexample in this family is Noz, with 530 points
and Py, (t) = 140185(11 — 14¢). The sparse-paving coefficient 3 already fails on Ns:
it has 26 points, and

deg((3cy — 3c3)B) = 3(1125 — 1375) = —750.

Its hyperplanes have six points, so it is paving but not sparse paving. Thus the
hyperplane-size restriction in Theorem 2.3 is substantive.

Here is a further explicit restriction with only 469 points. Take K = Fos[7] /(72 —
5); 51 = —1 (mod 23), so 5 is a nonsquare modulo 23. Delete co, all a + br with
b= 0,1, and the fourteen points with b = 2 and a = 0, ..., 13. Denote the resulting
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restriction of Naog by R. Equivalently, its columns over Fy3 are
(9.4) (1,a,b,a®>=5b*)T, be{2,...,22}, a€Fy, (ba)d¢{(2,0),...,(2,13)}.

The three sets C, = {a + b7 : a € Foz} U {00}, b = 0,1,2, are circles. Exactly
Co, C1 become empty, and Cy retains nine points. Every other circle loses at most
six points, because it meets each Cj, in at most two. Thus every remaining circle
has at least three points, with distinct circles still defining distinct hyperplanes of
R. Also R has rank four since 469 > 24 and every triple spans a circle.

There are 23 - 24 = 552 circles through each point, and 24 through each pair.
Therefore

fa = Wy = 109746, fs = 12188,
W3 = 469 - 552 — 12188 = 246700,  Was = 24 - 109746 = 2633904.

Formula (7.1) now gives

deg(coB) = 2307474, deg(c?B) = 6154178,
201201

. Pr(t) = 1207206 — 1209948t tp = .
(9.5) = (1) 07206 09948t, R = 3076rg

In particular Pr(1) = —2742. This gives an explicit upper bound of 469 for the least
counterexample size; it does not prove global minimality.

10. SPARSE PAVING MATROIDS AND THE CONSTANT THREE

A rank-four sparse paving matroid is specified by its four-element circuit-
hyperplanes B, any two of which meet in at most two elements; all other four-subsets
are bases. We include the Boolean case n =4, B ={). Let z = [B| and N = (}). Ev-
ery line has two points. A circuit-hyperplane replaces four three-point hyperplanes
by one four-point hyperplane. No triple is replaced twice. Consequently

(101> f2:W2:N7 W3:2<§>_5Z7 W23:N<n_2)_627 4z < (g)

Formula (7.1) becomes
C=6(n—1)+N(n—>5)— 62,

n—23

(10.2) S=16(n—1)+
B = N(Tn —17) — 54z.
The coefficients of Py (t) are therefore entirely explicit in n, z.

Proof of Theorem 2.5. At «, deg((cy — c})a) = 2N — 10 > 0 for n > 4. At 3,

n® + 3n? — 34n + 30 — 24z
c-g=""% 3*’ > 2(n — 5)(n — 1).
This is positive for n > 6. For n = 4 there is no circuit-hyperplane and C' — S = 2.
For n = 5, two four-subsets meet in three points, so z < 1, and the exact expression
gives C'— S = 20 —8z > 12. This proves the coefficient-3 inequality with no nonzero

equality. In addition, (10.1) implies

N + 2z,

BZN(gn—E%) > 0,
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so the standard coefficient is positive on the entire segment.

To prove sharpness without assuming an existence theorem for designs, take the
point set F3', m > 3, and declare the four-subsets with sum zero to be circuit-
hyperplanes. Three distinct points have exactly one fourth point completing a zero
sum; hence distinct blocks share at most two points. The remaining four-subsets
satisfy basis exchange: among two or more proposed replacements of a removed basis
element, at most one can complete that fixed triple to a block. If there is just one
possible replacement from the other basis, it produces that basis itself. There are
bases, and every triple extends to a basis, since 2™ > 8. Each block has rank three
and adding any outside point raises its rank. Thus this indeed defines a rank-four
sparse paving matroid.

Here n = 2™ and z = n(n — 1)(n — 2)/24. Substitution gives

O:(n—l)(n2—8n+24)>0’ S:(n—l)(n—8)2’
4 4
so 35/C — 3 as m — oo. Every A < 3 therefore fails at /5 in this family. This
completes the proof. O

11. EQUALITY AND RIGIDITY

Theorems 2.1 and 2.3 classify their equality loci completely: on their respective
cones equality is equivalent to L = 0. No Boolean, uniform, graphic, cographic,
modular, or nonrealizable exception is hidden in the proof. Sharpness need not be
attained by a finite matroid.

For coefficient 8 the classification is the incidence condition (2.5). It is a neces-
sary and sufficient combinatorial condition, not a classification by a familiar named
matroid class. At t = 0 equality never occurs. At t = 1 it is equivalent to
12W5 = 3Wy + Whs. When B < 0 there is exactly one interior equality point. Thus
the same M, can give a positive, zero, or negative discriminant as the polarization
varies.

The subspace lattice of M, is modular: the vector-space dimension formula is the
modular equality. Every maximal flag is therefore a modular flag, so the lattice is
also supersolvable. These properties do not prevent failure of coefficient 8. This
is an explicit obstruction to a proposed “modular implies nonnegative for every t”
rigidity principle. Boolean matroids behave differently: for rank four, Py, ,(t) = 66.

For uniform rank-four matroids, (10.2) with z = 0 gives

Py, (t) = (Z) (11(1 = t) + (7Tn — 17)t) > 0.

Direct sums and the graphic/cographic examples in the computational table also
have strict standard inequalities on this segment. These observations are not claimed
as a theorem for every graphic, cographic, series-parallel, or direct-sum matroid in
every rank. A circuit matroid such as Uy 5 is series-parallel and supplies one explicit
test.

At an interior equality point ¢y, the polarization is big and nef: its cube is positive,
since the nonnegative mixed o, (8 intersections include the term (1 — ¢)3 dega® > 0.
Equality here records a cancellation of incidence counts. It does not imply the
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complex hyperbolic uniformization familiar from geometric Miyaoka—Yau equality.
Moreover the finite-field examples are not being regarded as complex realizations.

12. COMPUTATIONAL EXPERIMENTS AND REPRODUCIBILITY

The supplementary code uses integers and fractions.Fraction; it requires only
Python’s standard library. It constructs the flat lattice from rank functions or, for
projective geometries, directly from subspaces. Products with incomparable flats are
discarded. To integrate a degree-d chain monomial with a repeated flat F', remove
one copy of xr and multiply the remaining monomial by an ¢—j linear relation, where
i € F'\ Forey and j € Fiex \ F. The coeflicient of zp is 1. Every surviving other
flat refines the chain. The number of distinct flats therefore increases, so recursion
terminates at complete flags of degree 1, or at zero. This is an exact reduction
algorithm, rather than numerical evaluation.

There are 25 designated examples in ranks 3-6, and 417 additional records: all
354 labelled simple rank-four matroids on at most six points, PG(3,2), PG(3, 3),
the eight-point zero-sum-block example, and 60 fixed-seed random vector matroids
on eight elements over [y, F3, F5. The 354 count splits as 1,16, 337 on 4,5, 6 points.
This is not a count of isomorphism types. Exhaustiveness follows by dualizing: a
rank-two matroid is specified by its loops and a partition of its nonloops into parallel
classes, and rank one is even simpler. The code enumerates these possibilities and
retains precisely the simple rank-four duals.

Three more direct Chow-ring computations for Ny, N3, N5 bring the total to 445.
Their circle lattices were constructed both by projectivities and by norm-level sets;
for ¢ = 2,3 they were also checked against the vector realization. The 469-point
counterexample was checked separately by exact enumeration of all 12190 ambient
circles and their restrictions. Its file includes all 469 columns of (9.4). This lat-
ter verification evaluates the proved incidence formula and is not a full Chow-ring
enumeration on 469 points.

All computed «, § volume coefficients were checked against the reduced charac-
teristic polynomial, using [AHK18, Proposition 9.5]. The known « discriminant
formula was checked in every record. For rank-four extended records the Chern
numbers were separately compared with (7.1). The alternative Chern product in
[Che26a, Theorem 3.4] was checked against every divisor on U4, Usg, PG(3,2)
and PG(3,3). These checks resolve coefficient and implementation risks; the proofs
above are independent of the finite search.

The initial small search contained no standard-discriminant counterexample or
equality. The projective-geometry formulas subsequently supplied exact counterex-
amples. Rows for ¢ > 3 in that family are evaluations of a proved formula, not a
full Chow-ring enumeration on those ground sets.
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M deg(ciB) deg(c2f) (Pu(0), Pu(1))
Usa 10 12 (66, 66)
Uss 4 24 (110, 180)
Usg -5 45 (165,375)
Fano dual —2 36 (231,294)
Véamos —18 96 (308, 822)
Wheel graph on 5 vertices -2 40 (220, 326)
M(K33)* —4 48 (264, 396)
Us @ Uss 7 21 (121,147)
U374 D U171 6 18 (110 126)

For the rank-three Fano and non-Fano matroids the respective pairs (deg c?, deg cs)
are (2,10) and (0, 12), giving P = 56 and 72. These are ordinary, not logarithmic,
Chern numbers.

13. MIXED INEQUALITIES AND THE COMPARISON OF PROOF STRATEGIES

For arbitrary rank, define the exact mixed coefficients
D;(M) = deg(Aya?~271p7), 0<j<d-2.

Then

d—2
(13.1) Py (t) = (d ; 2) D;(M)(1 — t)4277¢7,

J

If all D; are nonnegative, expansion proves nonnegativity against any product of
classes a;a + b;3, a;,b; > 0. This implication is elementary and is not advertised
as a new mixed theorem. Pointwise nonnegativity of P/(t) alone does not prove
nonnegativity of every mixed coefficient.

For example the exact D; lists are

Uss | (140,220, 140)

Use | (210,460, 480)

Use | (255,545, 545, 255)
Us7 | (357,980, 1365, 1050).

Thus Py, ,(t) = 140 4+ 160t — 160¢*. All these particular mixed intersections are
positive. Rank four has only one polarization factor, so Theorem 2.1 is not a genuine
many-factor mixed theorem.
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Method considered

Outcome for this task

Hard Lefschetz;
Hodge-Riemann
Mixed Hodge—
Riemann;
Alexandrov—Fenchel
Lorentzian polynomi-
als

Deletion—contraction;
induction in rank or
size

Building-set ~ blow-
ups; wonderful
models

Valuative methods

Control divisor intersection forms but do not assert positivity of
Ay

The Lefschetz-fan result [ADH23, Theorem 5.20] applies to prim-
itive forms. No required primitive representation of Aj,; was es-
tablished.

The volume and matroid polynomial theories [BH20] concern spec-
ified positive coefficients. A signed Chern differential operator need
not preserve that positivity.

Deletion changes flat incidence and tangent classes; an uncon-
trolled correction cannot be discarded. Contraction at each point
does give the elementary incidence lemma used here.

The tangent product motivates the calculation. Direct Chow rela-
tions provide its proof without realizability. Smaller building sets
have different answers.

Useful in the construction of the tangent theory, but no extra val-

uative extension is needed for our lattice proof.

In particular none of the inequalities is justified by the sentence “nefness implies
it by Hodge-Riemann.” The incidence certificate is the additional positivity input.
General mixed inequalities in ranks at least five remain unresolved here.

14. REALIZABLE MATROIDS AND WONDERFUL MODELS

If a matroid is represented by a subspace V C K¥ of dimension 7, the projective
wonderful compactification has dimension r—1 and is obtained from P(V') by blowing
up arrangement strata in the appropriate order [DCP95, Che26b]. For a complex
realization of a rank-four matroid, Theorem 2.1 reads

/VV (3CQ<TWV) — Cl(TWV)2)(6LH + bHCr) > O,

where H is the pullback of a hyperplane and Hc, is the restricted ambient Cremona
hyperplane class. No positivity of Ky, or stability of Ty, is assumed. The proof
is the same intersection calculation.

The optimality families PG(3,¢) and N, are realized over F,. Their sharpness,
including the paving assertion in each fixed positive characteristic, does not de-
termine the optimal constant within complex-realizable matroids. The combinato-
rial argument avoids transplanting characteristic-zero differential geometry to these
examples. The weighted complex-arrangement inequality of [BP26, Theorem 1.1]
concerns a parabolic class of a stable arrangement; it is not an inequality for the
ordinary tangent class used here.

Building-set dependence is already visible for a Boolean matroid. The building
set consisting of points and E gives P? with ¢; = (d + 1)H, ¢ = (dgl)l-ﬂ, and
A = 0. The maximal building set gives the permutohedral model; for Uy, its
standard discriminant against « is 66. Our equality and sharp-constant statements
consequently cannot be transferred unchanged to a smaller building set.
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15. NOVELTY AUDIT AND OPEN PROBLEMS

The literature search was carried out on 10 September 2026. We examined Cheng’s
version 3 of [Che26al, version 2 of [Che26b], Cheng—Lin’s versions 1 and 3 of [CL26],
and the relevant statements in [FY04, AHK18, ADH23, BH20, Man23]. The final
revision uses Cheng-Lin’s latest version 3, dated 29 April 2026: Corollary 4.15
and the prior warning in Remark 4.16 remain in that version. We also screened the
tangent-class companion paper [CLG26], the tautological nef-cone paper [Sta26], and
the reciprocal-space polar-degree paper [BKW26], and checked [BP26, Theorem 1.1]
and [Ali26, Lemma 2.3]. These related notions do not identify the ordinary tangent
discriminant with a logarithmic, parabolic, or tautological quotient discriminant.

PR3

Searches included “matroid Miyaoka Yau beta”, “matroid tangent Chern polariza-
tion”, “Cheng Lin Chern inequalities”, “matroid Chern sparse paving”, and searches
for sharp constants, projective geometries, inversive planes and elliptic quadrics.
The search found the explicit prior warning in [CL26, Remark 4.16]; that warning
is acknowledged throughout. No theorem with the precise rank-four coefficient 9
on %y, its sharpness already within fixed-characteristic realizable paving matroids,
the sparse-paving coefficient 3 with the zero-sum sharpness family, or the displayed
shrinking-interval formulas was located in the inspected sources. To the best of our
literature search as of September 2026, these are new conclusions. This is a bounded
literature audit, not a guarantee that no unindexed or unpublished result exists.

The endpoint formulas are supporting calculations. Their value here lies in the
optimal inequalities and the uniform obstruction they establish, not merely in being
new-looking expressions. The positivity interval once its endpoints are known is lin-
ear algebra, and is not counted as a separate deep theorem. The following questions
remain open in this report:

(1) Determine the least ground-set size of a standard-coefficient counterexample
(our explicit upper bound is 469), and classify rank-four matroids with B = 0
by structure beyond the incidence identity.

(2) Determine the optimal coefficient on the entire nef cone, and on the «,
cone within complex-realizable or orientable matroids.

(3) Prove, disprove, or sharply correct genuinely mixed inequalities in ranks at
least five. The sample computations supply evidence only.

(4) Track the new endpoint formulas and equality loci under nonmaximal
building-set blow-ups.
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H AGE R

4D~ bOA RIS T 2RBEREERTE Chern 5%
o . EREAROYIE, FEEL, F5

chatGPT 6 Astra
2026 £ 9 H 10 H

EE. &4 Dloopless ¥ b A FDFRK Chow B _E D@ OHEFHITDOWT, 9ey —3c]
o, B DIEEDIEFRIFEHE L PEFRITIED degree R0 Z & ZAEHHT 5. BRI
91, ERICEE U IR TR RE/L paving ¥ A RIZR-> THHEHETH 5.
HHH‘H’J@%%\H%%%E@H‘@ SR, EE ORI 8 1T 2 IEEMEX 2R 2 TR E
L, ZORXENX 0NN LIES. BEE 4 D sparse paving ¥ b 2 4 N TIXEIEAEBIX
3 'C“Zﬁ 5. 469 Kk 26 ROHRIZENC XD, ZhZEEREDIHE & sparse &
WOREDHENZRT. ZODmEAFRITIEFDOFSHNI IR 0D, EH DOHH]
NENHRDORIET 012 D155, TR RERIEEN, BEERTA, #AZHREE L7
BREEE 2R T 5. HEER e HAGERDOEFAHANE IR —TH 5.

ZD /7 — M chatGPT 6 BAEM L7z D DTH D, EHIFEFNLMEEE 21T o
TWEERA. ZODEFNLBHEEVWYED 20 LOLERA. ZODFEREL &
ATLTEEW,

1. P

Cheng ¥~ v A PO K HZHK L, @ FHHH B3 % Miyaoka—Yau BA
EAZFHL TW5. Cheng Lin ld o 1IZB T 2 X D WAEX L5 2, #H OAFEK
23 AT LTINS Z & HHHEL LTV % [Che26a, CL26, Che26b]. AFHDOHT LW A
&, B4 T o, S DERT 22N T 2 ERBIEAERX, @EOREICET %
%rfﬁﬂﬁgﬁ‘@*”ﬁmﬁ: IEfE X EDHE/N 3 2 BHREV 2 SRR 1%, 35 X O sparse paving
~bhaA RT3 5ICRVEREANERTH 5.

B U WEBITIEE IR K building set ZHWS. Bz r=d+1& L, SNEEEHE
TR LEFEOEHEZHWT

Ay = 2(d + 1)ea(Tar) — der(Tar)?

CEDDH. EFEBHERONMRIEr =4, d=3Td5. ZDEHDTXTD loopless
~ b4 FIZOWTESEHITHRL L, ERAREEGE LRV, KD EVRERTD
IR L7, 7 OEIFC 0 mixed R E I L7 213 FH LR,
&¢ﬁtrﬁﬁ@[%#%gf@é BEEL 4 DR R OBETIIRE 8 W hilth, o
ERIEBEREIZIO RS, ZOREANERTIIIEFR RN L TEHESIIREZ S
ZCL\. ZDamarEtElX, FERICEE U IEEECEHRAIEEXR paving v a2 A FIZFR-
THMHEMNTRAL T 5. BEEL4 D sparse paving ¥ b B A FTIXfRE%E 3 ETRITS
1, PlE D PEATEN Z(ﬁﬁﬁﬁ’]ﬁ‘l@lﬁﬁ’)ﬂii?‘% 26 D paving DRI sparse &
WHOREZNE RN e RS, £, FERED 469 KORPIZRHKT 5. b
DR T a & fZHEIT DNRICFESHENG 5.

2. FEH
M =si(M) ZHfliltr 372, DTFOREOREZIFITNTM OREMZ 5.
= |M|, £={F:t7kF=2}, #={F:1tkF =3}, fi=#{F:1tkF=i}
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YBL. (e LR, hh=#{Hew (C H L L,
(2.1) Wo=> (lt|—1), Ws= > ([Hl—1), Wa=> (|| - 1)h

le? Hes let

ZEDD. INHIEFEAN ZOEGEAROKTHD, BHDEAR L flag Whitney

Theorem 2.1 (¢); L OEIEE&EFREL). &K building set Z i 2 7= EREDFEEL 4 D
loopless~ bmaA R, a,b>0, a+b>0I1ZxXLT,

(2.2) deg((9c2(Th) — 3c1(Twr)?) (ac + b3)) > 0

DRILT . TRTDIDEIBEMBEKL € G ITH LT deg((Acy —3c3)L) > 0
DAL T 2EBN OR/MEX 9TH 5. EREOBEE LR MpicowT, M %F,
FCHERBAEER paving < b A FICHIR L THRNMREUZ 9TH S, IDFFLL,
Lo =>", 1, hs=>,|H EBL Y, (222) DA

a(6+12f,) +6b[n— 1+ fo+ > (|H| - 2)
H

(2.3) + (I1s — 12)]

WEELL, L3> 1, TH5. Lehos THHIZBIT 25 BOLRMIIERICL =0
TH5.
Theorem 2.2 (HEHEHHIF D EFEL LX), (EREDORER 4 D loopless< a4 F
IZDOWT
A= 11f2 > 0, B = 12W3 — 3W, — W23

rBL. ZDrE
(2.4) Py (t) = deg((8¢2 — 3c1)((1 — t)a + t8)) = A(1 — t) + Bt.
B>0%56[0,1]|2ATIETH2. B=0ROLBRAII17ZFTHS. B<07%5(0,1]
WNTIEEITTR 2 HPHITIEREIC

[0, ¢a/] ty = A

y UM |y M — A_B
Thbh, F5Ety TOAKILTS. Fig, BELZ0 <t <1 IINT2%E2LMEAE
B FE AR
(2.5) ‘Wg+3wa_1mMy%uﬁ1;t
TH5. INTOREH /O PO FeITXRTD¢ € [0,e] THREEANERZRLSE
R e > 0 IFTFIE LRV,

Theorem 2.3 (Sparse paving D55 DEE). FEE L D loopless~ t a4 N D HH{L
D3 sparse paving 7% 5,

deg((3c2 — 3c})(aa +bB)) >0 (a,b>0, a+b>0)

DEALT 5. ZD27 7 A LHITBIT 2 Rl BRENIZ I TH 5. F5IIRED L =0
DLGEIWCR 2. FEHERE 812DV TI, [0,1] &KT Py(t) >0 TH 5.
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3. JeATHISE & DLLER

RO LRI HFRME D FoR PR 2 AR S 5. Ty DR, o, B D nef E, (EED
nef ZHIZH U TREL SN2 ¥ WO HHEIX, AROFHRERICEZ 2w,

SR BERI DA R EN ROV

Cheng [Che26a], ##% K & Chern DA K2 0% f e XX SHE, il
Def. 3.1, 7% @iz AR 3 5 .

Thms. 3.4, 4.1

Cheng [Che26b], —f# building set & &> o ICBIT  FrEBIIHAK building set TDH
Cor. 4.23 5 IEARE R Rt 20D .
Cheng-Lin RV o I (d42)/2, BXUI BT FEE4 DRI & 3, IEMERXH,
[CL26], Cor. 4.15, DRHEDFEH. BRI 72 W RS 2 TRE S 5.
Rem. 4.16

AHK [AHKI18]; Hodge #5fi & mixed Hodge #is.  Chern Bz 3L U 7= #6cE8
ADH [ADH23] FROFEDPRETH S,

Mannino ST Chern 2 & PR 3 DLLDFHM.  JEH O, PR, Rz A 7238
[Man23], XEHIR—TL 5.

Thms. 1.2, 1.5

Aliabadi  [Ali26], KZREFEODED S D paving~  HEELEKIEH L 2. Ao E
Lem. 2.3 a4 FOREK. R MT = Chern 2D ftd 2 i

de Borbon—Panov
[BP26], Thm. 1.1

LI 75 AN FERELE O T
ISR 5= W

Thd.
ARGl OEEE v, ZEN
PEREBATREMN 2 RUE L.

(2.2) & a DFEMHUCHIR L7z H DiF Cheng-Lin DFER X DX 251259, 2hH
I AER TRV, HikiZ g I8 25Hili & 2 ORE S ERE, B X OHRES
DIEHELEE Y OMHERICH 5.

4. ¥ b A4 F CHOW ¥R & BUILDING SET

< baA FOREBBIE rk : 2F — Zoo ZHEHFADP DL EY 27 —T, 0 < 1k(S) < |9
il S, WOEEDITLEIMZ % EBEBOHEZ 2588 % flat LW 5. Loopless &
I ARTDeTrkie} =1 WIS EKTH 2. FEE1 O flat 2R & PR, Bk
RObRETLE—D2FTORTIRETDHD, BN = lat 8 T2 RET 5.

B A building set IZ2DWT, AFEOERIZ

rr: 0 # F # E % flat]
I+J
TH5. degap =12 L, IILLEBREER flat DFE xpae THEME N, J I

Z.%‘F—ZI'F (’L,jEE)

F3i F3j
THERENS. B@EXBEd=r—1THD, ZTHRVED flat DFEEBITHIGT 2
HIED degree & 1 £ 3 5. ZHh degree BARDIEFLTH 5. BTG U THRE
ZQELERICHRT 5 [FY04, AHK1S].

Building set G 1324 TR W lat 2672 D, AEMTR EZE3LdDT5. FKfat F

CEENBZMARBRGOILG W, [LI0,Gi| ~ [0, F) %8322 e 28RkT 5. =D
M ED BN HBARERTTDEEDIAEED join NG ITBI RV L &, ZDHEE
% nested £ \15 . Feichtner-Yuzvinsky /R TIEZTXRTD G € G DEH, nonnested

(4.1) Aoy = A
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HIE, BX KA p I3 28% chp re = 0 W3, &K building set T
rp=—aZHET 2L (4.1) 218505 [FY04, Definitions 1-3].

Remark 4.1. ARRDEAHIT Z ORI TN THMMLOBRIHET 2. FTHOTOM
BEZDEFEMS & pORNIFFIES. BRDFR, degree BIR, cutting class, #HFEHD
INRIFFERT 8 FRITR 2728, Hifiv o4 FOFERIE loopless ¥ ha A K
WHRER 5. Coloop 13EFF Y. Coloop B3H->Thd=r—11FEDST, HSHIR
THAH Z 2D THRWV. Loop lZ—E L THANT 3.

5. #5HY CHERN

K building set D&, Cheng D ¥ DEFEIX, permutohedral ZH A LD T, —
Qu DHIFRTH 5. Z 2T Q) ld tautological quotient K ¥ T& % [Che26a, Definition
3.1, —f&D GizoWnwT

¢ B <. [Che26Db, Definition 3.3] DERKIZ
Tug =r0(a)] = [O]
+ > (O@r)] -0

FeG\{E}
(5.1) +1k(F)([0(0r)] - [O(0F + zp)]))

TH5. MOPDOETHDKEIL0 DT, RIKORRIEr —1=dTH%. Chern
& c(O(D)) = 1+ D 2\ 5 B2 AR 7 2 TR HEIR T 5. L7eAso T

1+9F tkF
14+0p +zp '

(52) C(TMyg) = (1 + Oé)r H (1 + $F> (

FeG\{E}

WHBUIIEREBER D OBEFHEIC L D EROFEFRIE UTHRIT 2. mplciiLTix
0,=0THDH, MLFTIHFRAE1ITKS.
BEFFEETEBZREMDZD Qy = 2chy(Thy) £BL. (5.2) DXREL L 2DEHDH 5

¢ =ra— Z (tk F'— 1D)zp,

rk F’>2

(5.3) Q:=ra’+ Y (1 -1k F)a% — 2rk(F)0rar),

rk FF’>2

0225(0%_622)» AM:C%_7”Q2

2135, X DEMORDEAFS L RBEMAETE 2 (2rea— (r—1)c = i —rQs
TH5. MREORXXBORBUIITNT2+ (d—2)=d i3,

EHA[RERIGE, (5.1) 13X 3 % wonderful model DEFE DERDIETH 5. Z
ZH 56 > L ([0(xr)] — [0]) 251072 b DDREEEEA L 72 % [Che26b, Section 3.2].
D D@ Chern HaZ2 D E Z TIEWIT 0.
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6. NEF 8 & {Rin
BEfF D BIR T 5

(6'1) azsz, 5=ZIF

F3se FZe

ZHWS. BEREGRD o DBERRZR ML, a+=>,2p THE2I LD H, [
FHlid e OFERIC X 5. WX [AHK1S, Definition 5.7 and Lemma 9.7] DX 5>
TRIEREE Y WS BEBE T nef TH 5. JAPHD permutohedral Z4E{K £ Tl Cremona X
R E 2 T 5. (EED~ b4 KD Bergman fan H&IZ Cremona H R
HBHEFRLTOWEZDTIERW., RFEIIZHEZ DI nef 7217 TH D, ample 5
[Che26a] THFE X 15 X HITHRWVIRIEMIIEMELE TLE72 0.

B 4o~ baf RTE, nlomoBEREELADES L

(6.2) B=(n—-1a—=>Y (|| -z, — > (H —1)zn

y4 H
1%, EEna =, |Flop & atf =3 pop OEFRIUT IV, ZOXD R
C R BAR OB Z A ST 5.

7. BEE 4 DR XETE
JEEWHAgER~ b A RICHEHTIROFPTOIEHEZ S5 2 5.
Lemma 7.1. / C H ZEMC@VHIE T 5. DERERESTBOMEIX

= - 3 2 3 2 2 3
HIEAX | o as? 2} aley mead '

deg | 1 -1 1 -1 0 2(h¢—1)

THb. £ Chow RDOP T ary =0, o’z =0THD, HEAEER flat DFEIZX 0
CIRB.

Proof. (6.1) TH DHDILZENIFT awy =085, e ¢ L BERE axy = ToTague
BDT Ay =0TH5. ec H\L D aFRIC vpzg ZHNT 2 & 222, = 0215 5.

Rp ClZER. p DRRIC vy ZENT B & 0 = xpupwy + 2iaoy +xd, £725.
ADIHD degree 13 172D T, deg(rizy) = —1, Lo Tdeg(az?) = -1TdH5.
e € H\p DBRIC zpoy ZHNT 2 & 0 = 2pzapuetr + xpri; 72D T deg(z,ay) = —1
5. T p DRARIZ 24 ZHNT 2 & degad, = 1 DMES.

w®IRIZ, e ¢ ( ZENIT deg(axyz) =1 THS. KODITIANDp LRI B %
HERE 1 = deg(wpz?) + hy £725. Lo T p DRRIC 22 Z2HNT725d -1 =
(1—hy) +degzl —hy 78D, BREORNKZHES. [EFtdega’® =11%, AR

THEZIEIEETIUINES ([AHKIS, Proposition 5.8] Z[). O
Proposition 7.2. u=n—1 &8 &, HHRTD Chern i
deg(coar) = 6 + fo, deg(cia) = 16 — fo,

(7.1) C :=deg(coff) = 6u — 3Wo + Whag,
S = deg(c%ﬁ) = 16u — 7W2 + 3W23 - 4W3

iR b. %O)%jnz%, deg(AMﬁ) = 12W3 — 3W2 — ng, deg((902 — 30%)6) = 6(u —
Wy + 2Ws) TH 5.
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Proof. (5.3) 12 & D F&E# 4 Tl
c = 4a — ng — ZZJJH,
¢ H

Qs = 40> + Z(Sx? — daxy) +4 Z Texy + Z(4x%1 —6axy)
¢

{CH H
Ths. METIERATZ 2, FRGIHEIIRORICKES !
o Ty Ty
& (16— f, 6-—2h;  4— fHo(M[H)
Co 6+ fo 4—2h fo(M|H)

8cy —3c2| 11fy 14— 10k, 11f(M|H) —12.

B EE DHIDRF 2 HMF 728 D degree KT . Bl 21X deg(cizy) = 2(he — 1) +
8—4hy =6—2h; TH 2. MOET b LD ODEFNT/NODHIHADMEZ AL,
20 = — Q, ZfFiH5 Z & TREoNS.

(ZEOETED»S L ZRDRNEEXE\20ET 5. D& e HiME—
Dflat cl({Ue) ZTED 272D TH 5. £oT

(7.2) > (HI =) =n—
Hot
THYH, LIZTOVWTHZES .

Z(’H’ — 1) f2(M|H) = ufs — Wy + Way
H

2185, (6.2)1C ¢ ZHITIUR
C =u(6+ fo) — 4Wo + 2Woz — (ufy — Wo + Wa3) = 6u — 3Wy + Was.
F7 o 2EITUT
S =u(16 — fo) — 6Wo + 2Wo3 — AW;5 + (ufo — Wo + Wag)
b, FRORESN S, ZoDHBIKROARIFZEZBHEUINES . O

8. fmtf & AFH & RIEE

Lemma 8.1 (fFIFRRZERBIFRDAEFN). HEOHMZREE 4 o~ oA FITH
LTChLs >, TH5.

Proof. $3 N Z v fHDOR Y w RKDEMRCFOHMAEK 3O~ baf R 35, X
L EMOERATH D &
DD" =117 + diag(t, — 1)

/2. 22 THIZpRBAEMOMTH S, HERZ Z/AESE &5 ¥ —ARDE
MREWCHD. T2, p @B ERP—ARL2RZTUIZDEREIMD T T L%
BATLEVRER 2200, HiTt,>2TH3. o TIDETINIIEEMT
H25. FEB FEBXT P2 iZBI 2 KB (3 2,)2+ > (t, — 1)z > 0725,
T v DT w >0 2155,

M DEHpIZ2WT M/p DEMIC Z Difamz EH 3 5. p X flat 22O THIFIIC
loop 134UV, FERDRIZp 2 &0 M OERRIC, HEHOERZ p 2 & BV
WIET 5. w>vZpllOWTRET LIEMIC [13 > 11, 2155. ]
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B 2.1 OFER Rt FR<) . A 7.212 X D deg((9cz — 3c¢2)a) = 6 + 12f, T
H5. HO—ODIHRTIE

U—W2+2W3 =Uu— ([12 _f2>+2<[13_f3)
:u+f2+2(|H| —2) + (13 — L)
H

REDITORHEIIFATHD, u>0TH5. sl ALY, EHEEEZEZX 270
MG NIz, BIBHEICED 23)DOIT 2. HITa+b> 0 DIFEREIIEH
TIERW. EEE, deg(a®(aa+b8)) =a+bn—1)>0TH5. O
B 2.2 DX & B, @l 7.2 D ODNRORNADL S (2.4) HES. B
Bao< v FIEREZFEOODTA>0THS. ZO—RAERAZHE =20
BEmI 15, 20 BEt>0THZE (25) & 4k5. —BOXEBEELR
WZ R DRETEIFRDIBETRT. O

9. BIRHIR B & a5 2 X

FHEFE 1T L, M, =PG(3,q) 2 F} 0=t n %M EORZ b= brg R
£33, G EZ B L
n:(q+1)<q2+1)7 f2:<q2+1)(q2+q+1)7 f3:n7
] =q+1, |H|=q" +q+1, he=q+1
2182, AHERT S L, HOME (¢ —1)/(¢— 1) TH 3. EHOBINEFH =
LR Z PATOR (¢ —1)(¢* —q) Z (¢* = 1)(¢* —q) THIo2dbD KD, @
HIXIEFREE RO TH Y, RO H 7 —F2RE—HLTHZ 2. BANRK
WETRIC » ZRITER T ZERI ONER, F2EMRIC XA THLEIEEZ THIRXE N
5. fEo TRIREED H X v IHKIF Lz,
Wy =qfe, Ws=(¢"+q)n, Wag=q(q+1)f, Zamd 721TAAT 5 &
Cy=q(qg+1)(¢> =3¢+ 4) (" +q+1),
(9.1) S, = q(3¢° — 5¢"* — 6¢° + 3¢* + Tq + 8),
By =—q(¢* +1)(¢° — 7¢° — 19¢ — 8),
9C, — 38, = 6q(¢" +3¢* + 3> +4¢g+2) > 0

21§%. Fr2C, > 02235,/C, -9 TH5. FEDN<IIINL, HlRiFq=2"
WS HERRICH D S BB 2 EANE, +OREVWGTAC, 35, <0&%k%b. T
NTEM 2.1 OREMEDFEH S L7z,

=R g(q) = @ —T7¢°—19¢—81%2 < ¢ < TTHATHH, g(8) = —96, g(9) = —17,
g(10) =102 TH 3. I ¢>6 TIETH 5. LD > TEBEDOF T B, 239
HDTAEWIZRLZDIZqg=11ThHDYH,

133
Py, (1) = 178486 — 5368001, fahs = o5
i3, BRE > 1112o0WT
11(g? 1 11
(9.2) tar (@+q+1) 11

TP -8+ 3+ 11 ¢

THb. TNTEM22ORZDOFERDMES. OB RBINENGE 2 HRND
FEENI 4 TH 5. FEE3 Tl degree 238f, > 0 TH D, RIEHFIE SNV 5T
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Hh5. BEEOREINE~Y IO, RHTHR/INZEETFRUER V. My, D 1464 552
WHREXIE, ZZIWORLI-ERGEZRMOBEOHFTOARNTH 5.

q A, B, #&N3tOmRKM
2 385 660 1
3 1430 3030 1
9 82082 12546 1
11 178486 —358314 133/400
13 342210 —1677390 61/360
16 771771 —8191104 1001/11625

9.1. Paving TORBEL & D/NTWVEATHIRA. FE4 D~ koA F23paving T
HBHlE, EREDITEHAEREPHILTHE 20, UTNTIEBFOERAK L
OHEHEEZ WS, BT LW EERIZZ D Chern ZXEICET 2D TH 5.

Proposition 9.1. (EEDREE ¢ > 21N L, n=¢* +1 8 OB 4 D paving~
N4 RN, L, F, LCERAAETHS. N = (7) LB L,

deg(c23) = 6¢° + (¢ — 2)N, deg(cf) = 16¢* + 3(q — 4)N,
(9.3) Py, (t) = N(11+ (9 — q)t)

5. ¢ RAERICEE LR ROBICHIBELTD, oI THRE 9I13FKET
H3. q>20 DG, EHERBSHHNS DIXIEMHICEt>11/(¢—-9) DL ETH 5.
q <20 DEEZ0,1] IR THFRICIETH 5.

Proof. K =TFp, X =PYK)28L. PGLy(K)IZX 3 P\(F,) OREMLMER. X
DIEEOHEL 2 =N e @A MEHE—TH 3. TNEEHRT. HOMI KR
N7 Mg, v, EEZDEDORE v L, v, =wv, +ov, EEL. w0l HIIE
BTHD. uv,, v, ZINFO1THE 00,0,1 % a,b,c 3% 3. 00,0,1 ZEET %5t
MEHNIZA D S — 1T TEZ NS0, ZOMNELEHIIE—THS. Zhsn=
REEOMIINL, ZDOERICHOWIZHEEILIORNIZ, 00,0,1 % =R OMGRITE S
F, FOSEEREERT 5. —BErS, ZOMIRIEEBR LM —%T 3.
o THDIBEE3-(¢* + 1,9+ 1,1) THA &b, FHTHELR 2 Z>0MOHEES
TEEmA _HTH5.

KHEHZ 279, 2= 222085835 K _E®D 2 x 2 Hermitian {75 £1K%, 4
KILF, #IEZERV 5 5. [v] € PH(K) ZP(V) D vv* OFEEHICES. v 2 a € K*
BTdL v Fa™ eF 52N 2DT, UL well-defined TH 5. vv* DFIZEH]
D HER Ko BETEns 720, TOEBRIIEHFTH 3.

B H — gHg XV OR[#HR F, IBEEITH 5. 16> T LETHWH#IER
IE AR SFEXND. 00,0, 1 DBRIIEMILT, F, OIS % 3
TOCHR T 2B ik . 2 DR 2N & fUERE & OHERIIIEREC PY(F,) TH 2.
z € K\F, OBRDIFMABINEIF A SN0, ZOENEHONMIDHS. Ko
THESOMEIZATH S, FEEMHICID, FEO= MM T, ZRHHES
P & RS OER NI = N2l o ME—DMCE 5. fE o THEE 2 D flat 13
TRTRER, B3O lat ZTNTHATHS. THT, #ERTICdh, THA
V6 DEBATEEMEDIEIZ S IFE T, paving~ b4 FOEHEMHERL 7.

SEEEEHABL fi=(T)/() = o +1)THB. ZEEEBMIZ, B
D% q—1HETOCRNET2DT, ZOIZqg+1E7%5%. [£oT

fo=Wy =N, W3 = 2N, Was = (¢+1)N
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TH5. Ihoz (T1)IKRATZ L (93) 2185, %7,

9deg(caff) — 3deg(ciB) = 6(¢* + 3N) > 0, 3deg(cif) g

deg(@ﬁ)
b, EHI¢>2TIETH S, ¢ =pF L HGUX, T 2.1 OFEE L EEETD
REEDHED . RREINF—RZHERDOFE L ESOTRIMES. 201 3FBEET
FRVWDT, HROESHIZRHLTLES ZE diRw. O

Z DIFETERAIDREEEREL D K HIE 530 52D Nz T, Pu,, () = 140185(11 — 14t) T
& 5. Sparse paving TDFREL 3 1%, T TIT 26 HD N5 THEA,

deg((3cy — 3¢2)B) = 3(1125 — 1375) = —750

5. ZOEFEHIISEER DS, paving TIEDH % D3 sparse paving TR,
P TEM 2.3 DEEHOK Z 20T 5 HlFNIIARNERNTD 5.

X 51T, 469 2T ORNZHIBEK T 2. K = Fyr]/(7? — 5) £ BX.
51 = —1 (mod 23) 2D T, 51323 Z2EL LTEARERTIEZRW. oo, b=0,1TH
ZFRTCDa+br, BEULb=2, a=0,...,13 TH3+MEERL. 25 LTH-

(9.4) (1,a,b,a®> =537, be{2,...,22}, a ey, (ba)¢{(2,0),...,(2,13)}

THEzoh3., Z00EEC, ={a+br:acFyulu{cc), b=0,121FMATH 3.
IEREIZ Cy, Oy DAZBIZ72 D, Co lZLEDERS. DMIEE C, b E A HTRD D
72, BANELPERDEW., o TRIMAZIRT=E=mU EERFRS, HERZZH
WAL LT ROMEBERZEFEHZED S, T, F=HMBMHEIERD 469 > 24 TH
5Zh5, ROBEBIZATHS.

BRZEAMNE 2324 = 552 M, &% 5 M 24 DT,

fo = Wy = 109746, £y = 12188,
W5 = 469 - 552 — 12188 = 246700,  Was = 24 - 109746 = 2633904

2155, "R (7.1) 25,

deg(cy3) = 2307474, deg(c?B) = 6154178,
201201
: Pr(t) = 1207206 — 1209948t tp =
(9.5) r(t) 07206 09948¢, R = 501658

£72%. FHZ Pp(l) = —2742 TH 5. ZAUZ X D B/NRBIY A X OBHRIN 7 L5 469
RO, RIKTORNMEZIEAL 7203 Tldzw.

10. SPARSE PAVING ¥ b1 A4 K ¥ (2% 3

FE#L 4 D sparse paving ¥ b B 4 Fid 4 JCD circuit-hyperplane DJE B Titih S £,
ZOMRR 3 ZOOIEISNEE L 2TETH 5. MO 4 TTHHEEITTNTHEEL
7%%. n=4, B=10® Boolean D& EDB. z =B, N= () B, TRT
DEMRT2 A5 5. —DD circuit-hyperplane 12 & 2T, PUDD 3 fiiiFEH D —
D04 FBTHICESHb S, MU 3MEAY EBEEHDS 3R, XoT

(10.1) fo=Wo=N, Wy= 2(7;) — 5z, W =N(n—2)—6z 4z< <;‘>
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TH3. (1.1)1F
C=6(n—1)4+ N(n—>5)— 6z,
—2
(10.2) S:l&n—n+” 5
B = N(Tn—17) — 54z
E72%. o T Py(t) DFREBUE n, 2 2 5ERCHATZ 3.
TEH 2.5 DFEH. o Tl deg((c; — c2)a) =2N — 10> 023n > 4 THRILT 5. B Tik
3 2 _ _
C—S:n + 3n 3§n+30 24222(n—5)(n—1)
DT, n>6TIETHSB. n = 4TI circuit-hyperplane 1372 C - S =2 & 7%
5. n=5TEOD4TTHNERIIITLTRDLDT <1 THY, EHERA»S
C—5=20-82>12%18%. ZHTHRE3DAFEXLIFFOESHILLVZ %
AR L 72 %72 (10.1) 25

N + 2z,

BZN(gn—8> >0

L30T, EEEHTHIRDRIATIETH 3.

THA Y OREEHZER T ICRENEZRT D, m >3 LTHERTFY &
D, FIH30 & 722 4 070585 % circuit-hyperplane L ED 5. tHEL 2 =S5 s
ET2E, ME0ICTAHEMEDAIIHEICRE S, o THERZ 7Tu v 7 DIHIE
HBEE A4 2 TH 5. RO DATETESITHEELZIA N 223, FE, BE
D—TLZFRWTTERLEESIN=RIINL, 2D EoRUrfrb s e =, 7
0y 7 2ER MR A —D2E o TH S, M DRIED S H 2 3fztliss—o
PO s, ZPRIEZZOEEZDHDICKS. 2™ > 8RO THEIIFEL, F=m
HEELHERERETE 3. £70vy 70T 3T, HOEEDOREMZ % &
B DB, o THEEL4 D sparse paving ¥ b B A ROEFRITEE 5.

OB Nn=2", z=n(n—1)(n—-2)/24Th%. KAIZED

_ 2 _ _ _ Q\2

O (n—1)(n ; 8n + 24) -0, g_ (n 1)Z(ln 8)
5. fEoTm— o0 T3S/C —-3ThHhH, FEDAN<3IXZDED 3TN .
YL ETCREDSE T3 5. O

11. &5 2 Wl

EFE2.1 LEM 231X, B4 DMROHEICBITIZ2EESEERICHTEL TV, T4b
HLESMILE L = 01Z[FETH 5. Boolean, uniform, graphic, cographic, modular,
H B WVIFIEEHAIRER G E OFIINI R V. FEMEIdARO~ ta 4 R CERE NS
IR & 7.

RE S DHE, HHIIEHEAROSEM (25) TH 5. ZHUIBE TG SR
Zchh, BIFo%mER->~ taf P27 7 AKX 3 08TI3R V. t =0Tl
B3k, t=1TIX12W; = 3Wa + Wos LAMETH 2. B < 0 R HNRDESII
o —D0Hb. LEDoTHL M, TH, RlzZZ 57203 THRIRIXIE, 55,
Brind.

M, DFERTZEFEIE T modular TH 5. X7 FIVZEE D RITATND modular %
BZ20hoTH5. ko TEEDRAMIE modular lag TH D, #&F1d supersolvable
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THH5. o DWHEIXBRE S DWKERBID . - T Tmodular 72 53X T
Dt TIEA] 20 IR O IS 2R [EE L 72 5. Boolean D EE
Hixh, BER4ATEP,,(t)=66Td5.

BE%E 4 @ uniform < b A FIZOWTIE (10.2) Tz =0 & FHUE

f@&n@)::(Z)(ll@;—t)+(7n——17ﬂ):>0

L7 5. FHHERDER, graphic, cographic Db Z DR b TEEERF NPT
T B, T2 L 2N EER DD T XTD graphic, cographic, series-parallel, B4/
< haA FIZOVWTOEH LW, FIZIEERE~ oA F Uy & series-parallel
THY, PRNRBERNCK 3.

WRDZES tyy, 1ICB1T BRI big 22O nef TH 2. FEEE, IEATL o, f DIEREREX
Bk 2 =FOECIE, (1-1)3dega® >0 WOHEHMNEENS. ZITOESIX
B RO DHEB R L, B2 H Miyaoka—Yau 55 D &5 OB 2 —E
fLZER LRV, FARE Lol 2 E@RZEUR LOFEBE AL L TWEDTHIRN.

12. FHEAESRE & L

ffifh o — NIZEE Y fractions.Fraction 721} CEf&E L, Python #EH#EZ 1 75
VOAEREE T 5. BRSO lat T 21ED, BRHFEZRMOGEITERTZE
M2 & EEMR T 5. HHEAEER flat Z 3 LRIEE TS, K d o#HBIEK T flat
FOEHET 258, op 2—DOWDIRE, ARDITi & j OYEREGRZENT 2. 22T
i € F\ Fprevy, J € Frext \ F EBR. 2p DRI 1 TH S, ZHLINTIKRS flat 1381
RS 5720, HEZ S flat OEEDIEZ 5. X o THIFIE degree 28 1 DFELRTH,
FF0THRT TS, ZHUIBELMI Tl  EREHN 7 LY XL TH 5.

FEEL3 205 6 DFEER 25 RNz, 417 HhZ2EIE L7z, ZOWNERIE, 6 ST
Bz P4 0 7~ &= a4 K2 3544, PG(3,2), PG(3,3), SmDEMT
0y 7 Dfl, BEXUF,, Fs,F5s EDSITEDONRY br~< buA REBEESBRETERL
7260ETH 5. 35445, 54, 6 mTERZENL, 16, 337THICH»PNS. [AHY
oI, MEEEIAOTZEE 28 Ton5. 2D~ e A Kidloop
£E5 v IEloop DFATEADTEITIHETE, B 1IEIHIBHRTHS. a—NZ
ZNHZRFNIZEL, B HEMRFER 4 R 258 EHICEL TV 5.

X BHIT Ny, N3, Ns @ Chow IRZBEHZFTHE L, Aafld445Fe ko7, MHOWKT%
B 7 VA DOFEMNEED DD HFETHRL, ¢ = 2,3 TEXRZ MLEB L
HIE L7z, 469 O KAHNZDOWTIX, D 12190 DO 35X T & Z OfilfR % 5l
BWEEWCHNE L. Z2DT =R 7 7 4 M (9.4) D 469 RDF % T XTUER L 7=
Z DI DMEEIXFEIA U 72 i D N N2 7l 32 H DT, 469 K LD Chow BR4E
RDFIZETIZR .

AR LZTRTOD «, f DERFEFREZ, [AHK1S8, Proposition 9.5] {2 - THERIRFE
ZENEBE L7z B o HIHIRARD 2L a— R TRE L 72, BINFTE O 4
DHITIE, Chern ¥z (7.1) EMNITIE LTz, S HIT Uy, Usg, PG(3,2), PG(3,3)
IZDWT, [Che26a, Theorem 3.4] DFID Chern FFRRE TR TORF & DL T
BL7z. ZHLHIRMRECEEDRY 2T 27-00METH D, LD A
FRERZRITHRATE L 0.

A DO/NBERR TIIEEH o KE S FEEH S o s krot. 20D,
IR R DN & B e Kl 21872, FRD ¢ > 3 DITIEFEHFE AN OFE
fichbh, ZOBREE LD Chow IRERZFIZEL 722 W5 B TIXZRW.
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F&E% 3 @ Fano, non-Fano~ s B4 FD (degc?, deg ) bi%ﬂ%ﬂ (2,10),

b,

CHATGPT 6 ASTRA

M deg(cB) deg(c2f) (Pu(0), Par(1))
Usa 10 12 (66, 66)
Uss 4 24 (110, 180)
Uss -5 45 (165, 375)
Fano & X -2 36 (231,294)
Vamos —18 96 (308, 822)
5 THR.D wheel 7°7 7 -2 40 (220, 326)
M(K33)* —4 48 (264, 396)
U273 D U273 7 21 (121 147)
U374 D U171 6 18 (110 126)

P =56, 2t7%5%.

13. MixeD A & AERHERES O Fhig

ZAUINEL Chern 0Tl 72 < A

EEOBEBIZOWT, BERIEEREE

EEDD.

(13.1)

T&fwzyﬁ%ﬁﬁ%,%@
BEH»OHES. Z

D;(M) = deg(Aya™ 7 37),

D E

0=3 (“7%)pana

> 0TH 2 a0 + b, DER DRI 2 IEEMD
BIETIENTH D, # LW mixed EFE & IR0,

d—2

(0,12) T
HOD Chern{TH 5.

0<j<d-—2

A

Py (t)

@%ﬁf@%ﬁﬁtﬁ#é 5&m%ﬂ@#ﬁﬁ#%?bﬁfdﬁm

P Z 3B 72 D; DN

TH5. {oT Py, (t) =140 + 160t — 160t> £ 72 5.

FTARTETH 3. B A CRIFEHEETFIZ—o7F 0T, 21 EERT oA

Uss | (140,220, 140)
Use | (210,460, 480)
Use | (255,545, 545, 255)
Us.z | (357,980, 1365, 1050)

¥ 72 mixed FEFTIZ 220,

I o DREDIRER XX
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MEt L7 Tk RIS T DI
Hard Lefschetz, KTDORXFERZHIET 25, Ay OIEEEBEEIZS Z 20,

Hodge—Riemann

Mixed Hodge— Lefschetz fan {ZX13 % [ADH23, Theorem 5.20] JJF4HEXZH S .
Riemann, Ay IR E R FERZRIF T VR W,

Alexandrov—Fenchel
Lorentzian ZJER, KL~ A4 FZHEKXOME [BH20) \3FEDERBERS . FF
5%+ Chern MTERZEDN Z D IFEMEZBRTET 2 IR & 2.

Deletion— HIFRC flat DR D EEHO LD D, RFHMliOMIEEEHE T o0k
contraction, W, —7, FRTOMIEIARTHOWVENER IS 52 5.

- TR X B IFRRTE

Building set @ blow- #EHOBEELRIGIHEOEEZ L5 2 5. Chow BfR2 & DEHGEHIX

up, wonderful model EHAJREMZAEINZT 5. /NE W building set TIXEZDED 5.

Valuative 72 5 PHMEEROMBICIIARZD, RO X 2EEIICIZEND
valuative JLERIFANETH 5.

F#1Z Tnef 72 DT Hodge Riemann 2> HHES | & W 9 @R E - TWzw. BINDIE

EMEZ 5 2 2 DIEFHEHEARIC I 2 0B TH 5. RS LA ED—% mixed AERITA
MTIERBRTD .

14. ZEHA[EE~ b7 4 K ¥ WONDERFUL MODEL

~ hBAg R r RITED2EM V ¢ KP THEIHEIN 256, $EH wonderful 2 >~
R MEDXRTTE r —1TH Y, P(V) 2 HEEDE % E Y] 7 IEF T blow-up L T
5% [DCP95, Che26b]. FEE4 OERFEBICHR L, EH 2.1

/VVV (302(TWV) — 01<TWV)2)(CLH -+ bHCr) >0

aid b, HIGEFHDO5IZRL, He ($EFD Cremona #FHIEDHIRTH 5.
Ky, OIEfEMR Ty, OZEMHIMRE LRV, AR CRYEITRETH 5.

REEE 5 2 2 PG(3,q) & N3 F, ETHEB XIS, FEE L& EERICB
% paving DFEIRZ ZD, ZOEMMEIIERFEHAEER~ M e A F2NISHIR L7z
BHEBZRET 2 HDTIFRV. HEERGERIZE D, B0 oMm» &Mz Zh
5DHNCEFBIAL Z ¥ YT\ 3. [BP26, Theorem 1.1] DEAf; EERAE DR
HFX, WELRHEORYESICET 2 0THD, ARTHV 2 BEOEHEOT
FXTIT AR,

Building set NDMFIFMEIE Boolean ¥ b2 4 RTITICRZS. RE EDNBRS
building set (P! %2 5.2, ¢; = (d+1)H, ¢y = (d'gl)HZ, A =0¥75. &%AKbuilding
set {& permutohedral model 52, U4 @D o 1205 2 FREEHFIHUZ 66 THS. L
2o TARDOES KM & BREEE T, /NE W building set NZDEERT Z &I
TERW.

15. FHIERE A & ARMER I E

SCRRIRERE 2026 -9 H 10 HIZfT 5 72. Cheng ® [Che26a] 25 3k & [Che26b] 2 2 i,
Cheng-Lin @ [CL26] 25 1 iiRE 56 30k, B XX [FY04, AHK18, ADH23, BH20, Man23]
DORE T 2 EMORIIR TR L7z, BAMGET TlE 2026 4F 4 H 29 HF® Cheng-Lin
DEHE 3 % W7z, Corollary 4.15 ¥ Remark 4.16 D73 2 FHEIX Z DR T
bt SN TV 3. BHHD companion # 3 [CLG26], tautological ZHD nef #EIZE 3
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% am S [Sta26], WELZEE D polar degree 2B % Fw~ [BKW26] bR L, [BP26,
Theorem 1.1] & [Ali26, Lemma 2.3] Z#7z. Zh o OEBERz#HIC, @HO
BRI N, R, B %0 tautological quotient DHAIR & [F—H 52 2 &
XTERW.
MEERFEIZIE “matroid Miyaoka Yau beta”, “matroid tangent Chern polarization”,
“Cheng Lin Chern inequalities”, “matroid Chern sparse paving”, B & NEEELL,
BRI, R FHE, R XRHHEICRE S 2552 &H 7. [CL26, Remark 4.16]
DIFAT ST 2HRNIRIEREDL RO D, AREETIAZEDTWS. FHE L7
HIZiX, FEE4 O 6y L OIEMERRE, [EE U2 IEEEC CHEBARER paving 7217 T
DZ Dk, BT 0y 7 DR R S sparse paving DA% 3, H 5 WId i
DR PNXBEDO NI =BT 2 EHI RO 578 h o 7. 2026 F 9 HRF R TITo 72X
ERAAEOHPATIE, ThoidFLuWiimeZEZoNS. LR L ZREHFHZIRE L
THEATHD, REL| - ROFIOHRETHFELRVW I L ZRAET 5 DTIXRL.
IR DNNIFFEHZ X X 251ETH 5. ZOMMEIEZRZBOHLVRZDDH D K
DY, FEAFRE ~HOBEELEL SICH S, MmDBEANC A - 7% TIEMEMEX
7% KD 2EMIHAELTDH D, B OENVER L IR v, ARE TR 5
BT RDED TH 5.
(1) FEEREO KB O FR/NAEET A4 X2k (REOHHRI R EFIX 469),
B=0t7%5[EH4D~ baA FERAoF L EOMETHET 5.
(2) Nef 2 RDIEGEIRRL, 5 & CHEEBIATEEE 72 1% orientable 727 04 K
D «, fH#HEIC BT 2 BB TRES .

(3) F&EEL 5 L EDOAMEHI 7 mixed PERZAIAT 2722, ROIZHEKT 275, Ko
WIBIET 5. {i4 DFIREIGFHLIZE ¥ % 5.

(4) FEEK building set @ blow-up IZEF %, L WikRAKN e FSEEDOLIL
NS,
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