MAGNITUDE HOMOLOGY OF ABELIAN SURFACES:
A NONISOGENOUS COLLISION AND TWO-TORSION
RECOVERY

CHATGPT 6 ASTRA

ABSTRACT. We compute ordinary integral magnitude homology for a one-
parameter family of principally polarized abelian surfaces with their polarization
metrics. Two explicit members, with parameters 1/2 and (v/37 — 3)/7, are
not isogenous but have isomorphic magnitude homology in every homological
degree and every length. The calculation uses Gomi’s theorem for non-branching
geodesic spaces and an exact Voronoi computation. It identifies precisely the
information lost when endpoint summands are forgotten. Keeping only the sum-
mands from the origin to the two-torsion points gives a finite length-graded profile
that distinguishes the two surfaces and, more generally, recovers the parameter
throughout the family. We give generators in degree two, prove the closest-vector
assertions, and supply exact arithmetic checks. The proposed contribution is an
explicit geometric application of existing magnitude-homology theory; its priority
has not been established by the literature search.

This note was generated by ChatGPT 6. Iwai has NOT verified any of its math-
ematical content. It may therefore contain mathematical errors and should be read
with caution. A Japanese version is provided below.

1. INTRODUCTION AND MAIN RESULT

For a polarized abelian variety, its polarization determines a translation-invariant
flat Kahler metric. This supplies a natural distance even though the Kobayashi
pseudodistance of a complex torus vanishes. Our question is how much of the
polarized complex geometry is retained by the ordinary, length-graded magnitude
homology of this metric.

For 0 <t <1/2, put

(1.1) Y, = (1 D L A =TT, A =CYA.
The positive Hermitian form, linear in its second argument, is
(1.2) Hy(v,w) =77Y, w, g+ = Re Hy.

We use the quotient length distance d; of g;. These are principally polarized abelian
surfaces, and their Riemannian volumes equal one. Thus the normalization is fixed
by the polarization, with no parameter-dependent rescaling.

Write ¢ = |R|, and write Z() for a free abelian group on a set of cardinality c;
the parentheses denote a direct sum. For n > 1, ordinary magnitude homology has
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an endpoint decomposition, denoted MHfL(A; p,q). We retain the following selected
summand:

(1.3) T (A) = @ MH;(A;0,u),  Al2]={uec A:2u=0}.

u€A(2)

This is computed in the full metric space A. It is not magnitude homology of the
finite metric subspace A[2]. Its definition retains the endpoint decomposition and
the two-torsion subset, which are additional data beyond abstract bigraded groups.

Theorem 1.1. Set a = (/37 —3)/7 and B = 1/2.

(1) The abelian surfaces A, and Ag are not isogenous over C, even after forget-
ting their polarizations.

(2) For s € {«, B}, all ordinary integral magnitude homology groups are given,
up to abstract group isomorphism, by

7, n=0, (=0,
(1.4) MH;, (A, ds) = QZ9, n=2q, ¢>1, ¢/2<<qVT/3,

0, otherwise.

In particular the two collections are isomorphic as bigraded abelian groups,
without changing the length grading.
(3) Their two-torsion profiles differ:

(1.5) T, (A) =22 T4 =T

More generally, the length support of T (A;) determines t within the entire
family 0 <t <1/2.

The last assertion is made quantitative in Theorem 6.3. The main result does
not assert that the isomorphisms in (1.4) preserve endpoints, a group action, a
cohomology product, or maps induced by geometric maps. Indeed, (1.5) obstructs
an identification preserving the origin-to-two-torsion summands.

1.1. Comparison with previous results. Leinster—Shulman define magnitude
homology for metric spaces [LS21, Definitions 3.3-3.4]. Kaneta—Yoshinaga develop
the interval-poset and frame method [KY21]. Gomi’s geodesic description [Gom25,
Corollary 3.15 and Theorem 5.22] supplies the main homological input here. In
particular, we do not claim a new general theorem computing the homology of
non-branching spaces. The flat-torus group formula below is a consequence of that
theorem and elementary Voronoi geometry.

The additional work is the following specific combination: compute the radii
of the polarization metrics in (1.1), solve their collision exactly, prove that the
resulting surfaces are not isogenous, and compute the selected two-torsion summands
that recover the parameter. Gomi’s theorem alone does not specify such a pair of
period matrices or prove the arithmetic distinction. The closest-vector computation
supplies that missing geometric information.

Asao’s curvature results give small-length vanishing and closed-geodesic nonvan-
ishing [Asa21, Corollaries 4.6, 6.5 and Theorem 5.3]. They are consistent with the
support computed here. They do not, by themselves, give the complete support or
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the torsion profile. Bottinelli-Kaiser’s metric Kiinneth theorem uses the ¢! prod-
uct [BK20, Proposition 3.1]; the orthogonal decompositions used here have the £2
distance, so that theorem is not applied.

The search, checked on 8 September 2026, did not locate this explicit nonisoge-
nous pair together with the two-torsion recovery statement. This is a candidate
for a new concrete calculation and application, not a certified priority claim. The
general metric mechanism and all imported results are recorded separately in
research audit.md.

2. CONVENTIONS, METRIC GEOMETRY, AND FUNCTORIALITY

2.1. The ordinary chain complex. All coefficients are integers. For ¢ > 0, let

(2.1) MCE(X) = & Lo, ..., Tn).
T0,..., Tn €X

T 17T, Y, d(wi—1,mi)=¢

The boundary is
(2.2) Ao, ..., xy] = > (=1 @0, Ty oy T

1<i<n—1
d(zi—1,2;)+d(xs,xit1)=d(zi—1,Tit1)

For n = 0, chains have length zero; for n > 0, there are no length-zero chains.

We set MHfL = Hn(MCi, 0). This is the normalized ordinary theory, not a blurred

or persistent variant. The endpoints are not deleted by (2.2), so the complexes in

positive degrees split by ordered endpoints.

If f: X — Y is 1-Lipschitz, its chain map sends a chain to its image if the
image has the same length, and to zero otherwise [BK20, §1.3]. A shortened image
remains shorter after any deletion. For an image of unchanged length, all successive
edges have unchanged lengths; a deletion contributes precisely when it also preserves
the length. These facts verify compatibility with (2.2). Isometries therefore induce
length-preserving isomorphisms.

An arbitrary holomorphic map between polarized abelian varieties need not be
non-expanding for their polarization metrics. In particular, multiplication by an
integer m is |m/|-Lipschitz, and its local length factor is |m| when m # 0. We do
not use an induced map on ordinary magnitude homology for such an expanding
map. The isogenies below are used only to compare the complex geometry. A group
isomorphism preserving the polarization does preserve H, hence g, and sends A[2]
to A[2]; it preserves (1.3).

2.2. Why the polarization gives the stated metric. Write z = x + 1Y,y with
z,y € R% Direct calculation gives

2
(2.3) g: = dz'Y, N dx + dy Yidy, Wy = Z dz; A dy;.

j=1
The imaginary part of H, on m + iY;n, m/ + iY;n' is m™n’ — n'm/, an integral

unimodular alternating form. Positivity follows from the eigenvalues 1 +£¢ > 0.
The Riemann polarization criterion therefore makes A; an abelian variety with a
principal polarization represented by w;; compare the period-matrix description in
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[Sch, Lecture 5, p. 4; Lecture 7, pp. 1-3]. Moreover, [, w;/2= 1. The class, rather
than a choice of a translated theta divisor, fixes this invariant metric.

The distance is explicitly

di([2], [w])* = min {(z —2' —m)"Y, (z — 2’ —m)
(24) m,neZ?
+y—y —n)"Yily—y —n)}

where w = 2/ 4+ ¢Y;y'. This is the intrinsic quotient Riemannian distance: every
curve lifts to a curve between suitable lifts, and the shortest such lift is a straight
segment. It is not a distance induced by a projective embedding. The minimum is
attained and is positive for distinct quotient points, since the lattice is discrete. We
consequently work with genuine metric spaces.

For completeness, the Kobayashi pseudodistance is unsuitable here: its pullback
along the surjective holomorphic covering C?> — A, is bounded by the identically
zero pseudodistance of C2. The latter vanishes by applying discs of arbitrarily large
radius in complex affine lines. This is the reason for using the polarization metric.

3. WHAT THE ABSTRACT GROUPS RETAIN FOR A FLAT TORUS

Let T' = V/A be a positive-dimensional compact Euclidean torus. Set

A1 zoir&lgA\])\\\, r=A/2, R:rilea‘;(r/\nel/rlev—)\H.

The number ), is its systole, the length of a shortest noncontractible closed geodesic.
The number r is its injectivity radius, and R is both its covering radius and its
diameter. The last equality uses translation invariance.

Lemma 3.1. If dimg V > 2, the distances between endpoints joined by at least two
minimizing geodesics are ezxactly |r, R].

Proof. The Voronoi cell at the origin is
V= {v:2(v,\) <||\|]? for every A € A}.

It is a compact convex polytope containing zero in its interior. Indeed, inequalities
from a lattice basis and its negatives bound it; within that bounded region only
finitely many lattice inequalities can be active. An interior point has a unique nearest
lattice point, whereas a boundary point has at least two. Minimizing geodesics to
[v] correspond to its nearest lattice lifts. Thus the required set is {||v|| : v € OV}.
If v is on the boundary, some nonzero \ satisfies 2(v, \) = [|A||?, so |[v|| > ||A]|/2 >
r. For a shortest vector A, its midpoint belongs to V: for every nonzero u € A,
IA/2 — ul] > ||ull = |IAll/2 = 7. Tt lies on the boundary and has norm r. The
maximal norm on V is R, and a maximizer is on the boundary. Finally, radial
projection identifies 0V with a sphere of dimension dimg V' — 1; its inverse is the
continuous radial intersection with the polytope. This sphere is connected. The
continuous norm function therefore has image exactly [r, R]. U

Distinct minimizing geodesics with fixed endpoints in a flat torus have disjoint
interiors. To check this, splice two such geodesics at an interior intersection. The
resulting path is still minimizing. In a Euclidean coordinate neighborhood a mini-
mizing path cannot have a corner, by strictness of the triangle inequality away from
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collinearity. The velocities therefore agree at the splice, and their straight lifts imply
agreement everywhere. This verifies the non-branching hypothesis used below.

Proposition 3.2 (Consequence of Gomi’s theorem). For a compact Euclidean torus
of real dimension at least two,

7). n=0, =0,
(3.1) MH,(T) = S 7O, n=2q, ¢>1, qr <l <qR,
0, otherwise.

Thus these abstract bigraded groups determine exactly the two numbers r, R within
this class: two such tori have isomorphic bigraded groups if and only if these numbers
agree.

Proof. The torus is complete and geodesic, and satisfies the non-branching condition
just proved. Gomi’s Theorem 5.22 gives odd-degree vanishing. In degree 2¢ and
length ¢ > 0, it gives a free basis indexed by

q
(32) (p07‘-'7pq;'71:'--77q)7 Zd<pj—17p]) :ga
j=1

where successive points differ, v; is a minimizing geodesic between them, and +;
differs from a reference minimizing geodesic chosen for that ordered pair. Reference
choices affect the basis, not the isomorphism type.

A basis index can exist only when each segment length lies in [r, R], by Lemma 3.1.
Conversely, if gr < ¢ < gR, choose a cut displacement u € T with d(0,u) = ¢/q, and
alternate between 0 and u. Each consecutive pair admits a nonreference geodesic.
Translating this configuration by every point of T" produces ¢ different indices. There
are at most ¢ indices, because there are at most ¢ finite point sequences and only
finitely many minimizing lattice lifts for each pair. The rank is therefore exactly
¢. The degree-zero and length-zero cases follow from the definition. Finally, the
support in degree two is precisely [r, R], so it recovers both endpoints. O

3.1. Degree-two generators and relations. For p # ¢, let N'(p, q) be the finite
set of shortest vectors from a fixed lift of p to lifts of ¢q. At ¢ = d(p, q) there is an
identification

(3.3) MH; (T p,q) = ker(ZIN (p,q)] = Z),  e(v) = 1.
Here is a chain-level verification. Each length-¢ two-chain has its intermediate point
on one minimizing geodesic. Its boundary is —[p,q]. A length-¢ three-chain lies

on one minimizing geodesic, and its boundary identifies two intermediate points on
that geodesic. Conversely, any two distinct interior points of the same geodesic
are ordered and yield such a three-chain. No such relation joins distinct geodesics,
because their interiors are disjoint. Thus the only relations identify points along
each individual geodesic, and the cycle condition is that the total coefficient is zero.
This proves both generation and independence in (3.3).

Choose v, € N(p,q), and let m, be the midpoint of the geodesic belonging to v.
A free basis consists of

(34) [p7 My, Q] - [pa mmyQ]a v 7£ V.
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For ¢ # d(p,q) the endpoint group in degree two vanishes by [Gom25, Corollary
3.15]. This off-distance vanishing is an imported result; it does not follow merely by
observing the cycles in (3.4).

4. THE EXACT VORONOI CALCULATION

Consider the quadratic form
(4.1) Q:(a,b) = a® + b* + 2tab, Cy=(1—-t)""

By (2.3), the real lattice metric of A, is the orthogonal sum of C;Q_; and @;. The
reflection (a,b) — (a,—b) identifies Q_; with Q.

Lemma 4.1. For 0 < t < 1/2, the lattice (Z*,Q;) has squared shortest-vector
length 1 and squared covering radius 1/(2(1 +t)). Its shortest vectors are tey, e
fort <1/2; att =1/2 there are also £(e; — e2).

Proof. The identity
Qi(a,b) = (1 —t)(a® +b*) + t(a +b)

shows that a nonzero vector with a? +b* > 2 has norm squared at least 2(1—t) > 1.
Vectors with a? 4+ b* = 1 have norm squared one. Equality in the remaining cases
gives precisely the asserted extra vectors at t = 1/2.

For a point = = (x1,23), use dual coordinates hy = x1 + txy, hy = txy + x9. Its
Voronoi cell is

(4.2) || < 3, lho| < 3, |hy — hy| <1 —t.

To prove sufficiency, order the six vectors eq, es, €9 — €1, —e1, —eg, €1 — ey cyclically.
Each adjacent pair u, v is a lattice basis with (u, v), > 0. Every lattice vector belongs
to one such cone and is au + bv with nonnegative integers a,b. Then

Qi(au + bv) > aQi(u) + bQ+(v).
The inequalities for the six vectors imply 2(z,au + bv); < aQ:(u) + bQ:(v), and

hence every Voronoi inequality. Necessity is immediate from these six vectors.
The vertices of (4.2) are the following three points and their negatives:

(33 Gi=3,  G-t—3)
At t = 0 some coincide, giving the square. At each vertex,
h? + h3 — 2th.h 1
Qt(x) — 1 2 - 172 _ '
1—t 2(1+1)

A convex quadratic function on this compact polytope has maximum at a vertex,
since each point is a convex combination of vertices. This proves the covering-radius
formula. O

Proposition 4.2. The systole of (A, dy) is 1, its injectivity radius is 1/2, and its
squared diameter is
, 1+ 2 —t?

(4:3) F(t):= Ry = 21+1) 20 —H)(1+1)2
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Proof. The two real orthogonal blocks have squared shortest lengths C; and 1, re-
spectively, and C; > 1. A shortest nonzero vector in their direct sum therefore
has squared length one. The nearest-point problem separates into these blocks, so
the Voronoi cell is their product and the squared covering radii add. Lemma 4.1
gives (4.3). The injectivity radius and diameter follow from their flat-torus descrip-
tions. U

At ¢t = 0, the real torus is the unit cubical four-torus and R2 = 1. At t = 1/2,
each real two-dimensional block is a scaled triangular lattice and R? /2= 7/9. These
verify the normalization at both boundaries of the parameter interval.

5. A HOMOLOGICAL COLLISION ACROSS ISOGENY CLASSES

Proposition 5.1. The parameters o, 5 in Theorem 1.1 satisfy 0 < a < 8, F(«) =
F(B)=17/9, and A, is not isogenous to Ag.

Proof. The equality of radii reduces to the exact factorization

7 (2t —1)(Tt* + 6t — 4)
5.1 F(t)— - =
(5.1) (t) 9 18(1 —t)(1 +t)?
The root of the quadratic in [0,1/2] is a. The inequalities follow from 3 < /37 <
13/2.
Let E; = C/(Z +1iZ). Since 2A5 C Z? +4Z?, multiplication by 2 on the universal
covers induces an isogeny

Aﬁ — Ez2 .
The map has invertible differential, and the inclusion of two full lattices has finite
index.
On the other hand, A, contains the elliptic curve

E,=C/(Z+1Z), T=1i(l+ ), [2] — [(2, 2)].

To check injectivity, the intersection of the diagonal line with A, consists exactly
of diagonal vectors with entries in Z + i(1 + a)Z. Indeed, equality of the real
coordinates requires m; = msy, and equality of the imaginary coordinates requires
(1 — a)(ny —ng) = 0, hence ny = no.

If A, and Ag were isogenous, there would be an isogeny A, — E?. The direction
of an isogeny can always be reversed after multiplying its inverse linear lift by an
integer that clears the finite lattice quotient. Its restriction to E, cannot be constant,
since its kernel is finite. At least one projection would consequently give a nonzero
holomorphic group map F, — E;.

Such a map lifts to multiplication by some ¢ # 0 on C, with ¢ € Z + iZ and
cr € Z +1Z. To see the linearity directly, the derivative of a lift is lattice-periodic
and descends to a holomorphic function on a compact elliptic curve, so it is constant.
Thus 7 = (c¢7)/c € Q(i). This is impossible: 14+ a = (4 + /37)/7 is irrational,
whereas a purely imaginary element of Q(7) has rational imaginary part. This proves
nonisogeny without appealing to a classification of complex multiplication. 0

Propositions 3.2, 4.2, and 5.1 prove the first two assertions of Theorem 1.1. They
compare the entire continuous metric spaces, in all homological and length degrees.
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The family also has a useful complex-geometric description. Put E.(t) = C/(Z +
i(1 £¢)Z). The linear map

(5.2) E (t) x E_(t) — A, (z,w) — (z +w, 2z — w)

is an isogeny of degree four. In real and imaginary lattice coordinates its image has
the same-parity condition in each copy of Z?, giving index 2-2 = 4. The pulled-back
polarization has degree two on each elliptic factor and no mixed terms. Consequently
this description involves a nontrivial finite quotient and its polarization metric; it
is not an identification with a product of two elliptic curves carrying their principal
product metrics. No assertion about simplicity or a Jacobian presentation is needed.

6. THE TWO-TORSION PROFILE AND RECOVERY OF THE PARAMETER

Represent the sixteen two-torsion points by

1Yy
Uq,b = {%th} ) (l,bE {07617627h}7 h = e+ es.
Let k:(0) =0, ki(e1) = ki(ea) = 1, and ky(h) = 2(1 — t). Define

2, >0,

w0 =1, ple) = pule) =2, pu(h) = {4 t=0.

Lemma 6.1. For each parity class a € Z? /272, the minimum of Q; on a + 272 is
ki(a), and the number of minimizers is pi(a). The same minimum and count hold

Jor Q4.

Proof. The zero class has unique minimizer zero. In an axis class the vectors *e;
have value one. Every other vector in that class has Euclidean squared norm at least
five, and hence @y > 5(1 —t) > 5/2 > 1. In the class h, the four vectors (£1,+£1)
have values 2(1 £ t), and all other representatives have Euclidean squared norm at
least ten, so Q; > 5 > 2(1 —t). For t > 0 exactly the two opposite-sign vectors
minimize; at ¢ = 0 all four do. Reflection in the second coordinate preserves parity
classes and interchanges Q; and @ _;. O

Proposition 6.2. For (a,b) # (0,0), set

6.1 L2 =
( ) a,b 4
Then

Zpe(@pe(d)=1 g _ T b
6.2 MHY (A 0, ug ) = ’
(62) 54050, ) {O, .

The endpoint (0,0) contributes zero in degree two for every length.

Proof. A lift of u,; has coordinates one half of vectors in the two respective parity
classes. The nearest-point problem in (2.4) separates. Lemma 6.1 gives (6.1) and
exactly g (a)p(b) distinct minimizing geodesics. Equation (3.3) proves the rank
and freedom, with the basis (3.4). Off-distance vanishing, also for equal endpoints
at positive length, follows from Gomi’s Corollary 3.15; at length zero there are no
two-chains. OJ
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For 0 < t < 1/2, the full profile is recorded in Table 1. Write
1 1 1 1—t
"Taa-ey "Toa+n YT o T2 fes ez}
Each row contributes its displayed rank at the positive square root of the displayed
number, once for each endpoint. When lengths coincide, their contributions are
added.

TABLE 1. All nonzero two-torsion endpoints for 0 < ¢ < 1/2.

Number of endpoints Lab Rank per endpoint

2 w

z

u

v
u+w
u+z
v+ w
v+ 2

LW W WWHF M = -

b
E
h
0
0
E
h
E
h

S hgo ol
NN =N

Theorem 6.3. Define, using only the length support of the selected profile,
(6.3) D(A;) = max{(*:0 < ¢* < 1/2, T)(A,) #0}.
Then, for all 0 <t < 1/2,
1 1
(64) W) =5y 2D(A)

No labeling of the individual nonzero two-torsion points is required.

— 1.

Proof. Suppose first that ¢ > 0. A mixed endpoint, with a,b # 0, has squared length
at least u 4+ w > 1/2. Indeed, ki(a), ky(b) > 1 and C; > 1. The remaining endpoints
have squared lengths w, z, u, v, all at most 1/2. Their maximum is v, since

v—z:i>0 v—u:ﬂ>0 v > w
2(1+1¢t) — 7 41 —¢2) — 7 -
There is a nonzero endpoint group at squared length v, so the maximum is attained.
At t = 0, Proposition 6.2 gives a nonzero group at squared length 1/2, which is

exactly the upper cutoff in (6.3). This proves both formulas. O

6.1. The collision pair and the product boundary. At t = § = 1/2 we have
w=z=1/4 and v = v = 1/3. Thus the complete selected profile is

73, 0=1/2,
Z3,  L=1/V3,
77, (=./7/12,

0, otherwise.

12

(6.5) T3 (A5)

At t = a < 1/2, the only endpoints of squared length 1/4 are ug., and ug.,. They
cach contribute one independent midpoint-difference class. This proves (1.5) and
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completes the proof of Theorem 1.1. The additional generator at 5 comes from g j:
the two shortest vectors =(e; — e3) have length one exactly at this parameter.
At t = 0, the complete selected profile has ranks

2 [1/4 1/2 3/4 1
rank 77 (Ag) | 4 18 28 15.

For example, an h-class in one block has four minimizers; a mixed axis—h endpoint
has eight, giving rank seven. The total selected rank over all lengths is 65 at ¢ = 0,
and 33 at every t > 0. These changes arise from exact ties of shortest representatives,
not a tolerance in numerical distance comparison.

(6.6)

7. GEOMETRIC MEANING, VERIFICATION, AND LIMITATIONS

The abstract groups of a flat torus retain its injectivity radius and diameter, but
finite differences in the number of minimizing geodesics disappear after summing
over all translates. Proposition 3.2 proves this loss by computing the actual infinite
rank. It is not enough merely to say that both groups are infinitely generated. The
two-torsion profile restricts to finitely many geometrically specified endpoints, so
those finite multiplicities remain visible. The arithmetic argument then shows that
the information lost can separate isogeny classes of polarized complex surfaces.

All A; have the topology of a real four-torus. The calculation does not assert
superiority over all classical invariants: the rational complex-lattice data already
prove nonisogeny, and the Voronoi radii are classical metric data. Its content is
the exact relation between those data, the complete ordinary magnitude homology,
and the selected finite profile. Reconstruction in Theorem 6.3 is restricted to this
specified, normalized family. It does not recover arbitrary complex structures or
polarizations from magnitude homology. In particular, no claim of a new general
homology theory is made.

The supplied standard-library Python program uses exact arithmetic in Q(v/37).
It checks the parameters 0,1/4, a, 1/2, the Voronoi vertex norms, all sixteen parity
endpoints for each parameter, the profile ranks, and the two formulas for the coin-
cident radii. The closest-vector enumeration has a rigorous bound: outside [—2, 2]?,
one has @; > 9/2, while each parity class has a representative of value at most two.
Therefore this finite computation checks the lattice minimization problem exhaus-
tively at the tested parameters. The uniform-in-¢ claims are proved in the preceding
lemmas. The program does not approximate the continuous torus by a finite sample
and does not replace Gomi’s theorem with an experimental boundary matrix.

Rescaling the metric tensor by ¢? rescales all lengths by ¢, both interval endpoints
in (3.1), and the cutoff 1/2 in (6.3) by ¢®. The latter formula uses squared lengths
and presupposes the polarization normalization. Flatness is also used essentially:
the connected Voronoi-boundary argument is not a statement about arbitrary Rie-
mannian cut loci.

The unresolved questions are whether this particular application has already ap-
peared in another terminology, what reconstruction is possible from two-torsion
endpoint data outside this family, and whether stronger structures on magnitude
homology distinguish the collision pair without retaining endpoint information ex-
plicitly. None of these is included in a proved assertion. We have not independently
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re-proved every lemma in the all-degree theorem of [Gom25]; that theorem is an ex-
plicit external input. The degree-two calculation and every lattice and nonisogeny
argument used for the example have been provided in full.
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12 CHATGPT 6 ASTRA

77—~V O magnitude homology :

JEisogeny BHIDO—F L 2557 K X B1EC
chatGPT 6 Astra

2026 F9 H 8 H

BE. FRE>OEFEIEIEZMATL T —VHIHED 1 87 X —XJEIZD
W, BHURE DB D magnitude homology ZFtHE T 5, 87 X —&X )
1/2 & (V37— 3)/7 T % _-D DML isogenous THRWA, TNTDRE
0 Y —XEE TR TDEE T magnitude homology 23 [EHIZ2 %, FERHIC
. IR IR AR I EE R ZE R0 S % Gomi DERE Y . Voronoi TN D B 72
AHREZHWS, ZORTREICED., A2 DEMRET 2SN L ZiZkbi
LTEMERET %o AL D 2FTRANMAD S EMAFZTF2ERT . A
REEBOEEMNETF—21nF o, Zo0MEZXAITE 2%, 512, 2D
T—=RIFREEERDNRT R =R 2L T 5, 2 ROEB TR L. Hbts T
FUICRET 2 FRZAA L. BUETEHBEIC X AME D IR T 5, AEOEBE L
THRZET 2 DIFHEF D magnitude homology B D EARRY 72 3] £ G H
THH., CEFABTIC X o THRITHEDHEE L7z 2 W05 FERIF LRV,

T/ — M chatGPT 6 AR L 72 b DTH D, EHIIEEEN LGEEE 2 1T 2
TWVWEHA. ZORDEFNREEVYE D 20d LNFEVA. TOLDEEGFEL H
ATLZEW,

1. i ERGR

Rk 7 — OV Z A DRI, PATREIAZ 72 30 Kahler sIEZED 5, HE
k —Z XD Kobayashi #HEREIEFINCETH 5205, Z DFtED O IXEHRZIERED
Bohsd, ARETIE. ZOEREOBEE DK X% magnitude homology 23, R %

{i 2 7= ERRM DR E EAUZERFET 20 23R 5,
0<t<1/2IT/LT

(1.1) Y, = G i) , Ay = 77 +iY, 72, A =C?/A,
B B2 EBUTOWTHIEZIEEE Hermitian JERX &, Z DE%E
(1.2) Hy(v,w) =07Y,  w, g+ = Re H;

TED S, g DEOREIEHEL d, 235, ZOHEERE7 —~VHHEITH D,
Riemann AFEIZIRT1TH S, Lz o THBLIZERIC X > TRERIEESNTED.
2T R — ZIHKAFT 2 BERE D RIS LIXIT D R0,

c= Rl &L, IBEOEGERELT2HE7 —~VLEE 20 »E L, AUFFINE
ERETIX RS EMEZR T, n > 1120 F 28 D magnitude homology Difi . 73 ff %
MH! (A;p,q) EE, ROBEMETFEHRD HT :

(1.3) T(A) = @ MH;(A;0,u),  Al2]={uec A:2u=0}.
u€A[2)

BRI ERREZER A IR TETAE T 2, ARREEEEST 7722/ A[2] @ magnitude homology
TRV, ZOERTIE, MR ZERBN SRACINA T, Wmane 250K
BEZREEL TV S,

R 1.1, o= (V37 -3)/7. B=1/28,
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(1) 7=Vl A, & Ag i, RfZ SN TH C L isogenous TR,
(2) s € {a, BTN LT, BEBREDEH D magnitude homology 1. THRATZEE
DA ZRNTITXRXTRTEZONS ©

ZY9, n=0, (=0,

(1.4) MH, (A, ds) 229, n=2¢, ¢>1, q/2<(<qV7/3,
0, Zhbt.
RHZ, M RBES XML EETIC, ZEXEN & 7 — LB e LTRAIC
75,
(3) MED 2F N RUTHIET 27— XIFRRD,

(1.5) 2 (An) =22, TP (Ap) 27
7%, Ih—MRIC. TH(A) ORI FAOIFII, B0 <t <1/22KTo¢
FIRA—RtEPET B,

BEDFIROEITTANITER 6.3 THEZ %, (1.4) DRIBUIOWT, s, BEEH.
aRERY —OM, RAFNZERPFES 25K 2RO LIFTFRL RV, FEE
(15)IC& D HRED 5 2 F7 [HA[D S EHREFZROF AT H 5,

1.1. BEARSSHR E O L. Leinster-Shulman (I EEEEZZR D magnitude homology % i&
#F£ L7z [LS21, Definitions 3.3-3.4], Kaneta—Yoshinaga \ZXHEIEFES & frame %
Huwa HiEzER Lz [ KY21, ARTHW 2 EEZKEr Y —3tEDANIE. Gomi
12 X B AR % - W 725078 [Gom25, Corollary 3.15 and Theorem 5.22] T®H %, L
Tehio T, ERIRZERORER Y — 25 BT 2LV IREH LB/ LIZFRLER
Vo URDFH b —Z 21205 2O ARIX. 2 OEHE & #1FEHY72 Voronoi 2D
IFfi CTd %,

AR TEMNT 25kmE. (1.1) ORMEIEOFELZEAE L. Zhoh—HT 57
X — R 2 HEIRD, 15607z H DY isogenous TRWIZ EHR L, I HITNT X —
R8I T 2 2F N HOEMAFZEHET 5. 20 BENZMHEEETH 5, Gomi
DEHZT T, 2O K5 REATAOMIEE SNT. BINAEVWHIEHE
BV B R OFTED, ORI FEH R IEHwZ M D,

Asao DHEIFICEE T 245K, ORI TOHEK e BARMERIC X 2 IEHEEE 5 2 %
[Asa21, Corollaries 4.6, 6.5 and Theorem 5.3], ZHHIIAMMDOXFFOF A L EET
B0, ENRET THREERR 2HET RO T — X5 515 DI Tid7av, Bottinelli-
Kaiser O BERfEZZE 1203 % Kiinneth EFIE ¢ #&7% H W % [BK20, Proposition 3.1],
AR DEZ DR 2 FREZ RO 720, 2 OEHIIEA L 72w,

2026 4 9 A 8 HICHERE L 7-MRHEHFH CTlX. Z D BRI ZIE isogeny 22Xt & 2 57
RIZEBETTEHAGDLELMERIZROD SR o7z, ARIEH LVLEMREHE - 6
HoBEMHTH D, HITHZHE LW FRTIEER Y, —ROEREZEMICHERT
LAEAHA & I U 7-BERRS BRI, research_audit.md 2 XF| L Tid#x3d %,

2. HY. FEAERMT, BIFME
2.1, AR DBBIE. FEIZTRTEE Y T2, (>0 LT
(2.1) MC! (X) = ) Zlxg, ..., ]

Z0,..., n €X
@i 17FT, Yo, d(Ti—1,3i)=L
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LBE, HE
(2.2) Ao, ..., xy] = > (=10, Ty - o s T

1<i<n—1
d(zi—1,2)+d(@s,xip1)=d(@i—1,2i41)

TED?, n=0DHIEIFEZ/HE, n >0 CTREIFOHIIFELRL, MH, =
H,(MCL,0) ¥ 3%, ZHIIEHL X N0 E O TH D blurred hii= persistent
IRTIE720, (2.2) TR RDHIBR R wWiz o, IEXRBOEIRINER a2k
RS %,

f: X — Y 23 1-Lipschitz 72 513, BORIPTLORS & —HT 2% Z DIRITE
D, TRLHETITES Z & THEBRER S [BK20, §1.3, M LRo7BE. €D
RZHBRLTHILORIWCEL RV, BORENEDLOLRWEEICIE. Y ES K
DEIDFTRTOUENIRIN S, ZD L ZHIRDEFICHS T 25M1%. HIFRED
ZORIPRINEZIT—HT 5, ThHITkD (2.2) & OR[N T %,
FHZERFIBRIR S Z2ROFAMEEZFET 5,

Rt 7 — NV ZARAR R DR ORISR, RMGEHEIC O W THERIHERTH %
IR 5720 I ZAFEEEL m 5B |m|-Lipschitz TH D m # 0 72 HIXR/ATHIZR
RIOERIT |m| TH 2, ZD &I RBRILKERD &8 E D magnitude homology D
HEEMREIEL I VRV, LUR D isogeny [ JEBRRA % LIS 2 7272171
5, =77, WMZROBFEENI H, L7zh>TgRIRb. A[2] & A[2) Ni£5 DT,
(1.3) RO,

2.2. D Z DEHRZEDBIHH. - =2+ Yy, v,y e R2 &FHL & EHEFIREIC
&b

2
(2.3) g, = dz" Y, Ydx 4 dy" Y dy, Wy = Z dxj N\ dy;
j=1

2185, H, DFEENX. m+iYine m/ + iV L TmIn’ —n™m/ ThH b, BEMHE
DAL= 27 —-MNEXTH 5, EEEHIERELI+LL> 02505, Lidio
T Riemann OFMCHEICE D, A lFw, ZFIRME 257 —~LZHIKE 25, &
HITTHINC & 2 32 DWW T [Sch, Lecture 5, p. 4; Lecture 7, pp. 1-3] S h
Ve Ty [, wi/2=1TH %, FATHEE LI theta T OERTIEZ L (RED
N DA EEIREED 5,

FEREIZ BRI

d([#), (] = min {(z — ' — m)T¥; (o — 2’ — m)
(24) m,neEL
+y—y-n"Y(y—y —n)}

THzZoN3, 721 Lw=2+iYy/ TH3, ZAUIREDWNIEN 2 Riemann FEET
b5, EE FHFRIEY S BiIFoRodhiiicEd LA Z DR O rE KR
R TH 5, FHEHOIAAD» LFEEIN S EERETIZR W, MTFOBEE 72 O T
IMEIGER S L. FEORR 2 HOMTIXIEL 2%, L7zh> T, AROXMRITED
FREEZEE T D B,

723, Kobayashi fitFEREIE 2 Z Cl3BE X 720, £HTEAIE C? — A, 12k 5]
RUIK, C?PoEFEINCETH 2EHEETC Er oz o s, C? DERHENETH 5
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ZriE. BET 7 4 VEBRNTEREZTEICAEL LEARZHAWIUE G5, Z
NOMEIETEZ W2 HETH %,

3. “FH b — 7 ORI ZEEDIREF T 2 1FH
T=V/AZIEXTTDOA > 7 b Euclid h—7R¥& L,

A= min Al r=A/2 R=maxmin - |
LB M idsystole, TROEIEAMEEANMBROREETH 5, r ITHHFFETH
D, RIIWEBIETHI2 L HICERTLD S, RED—BUIIEITBRH AL E
ﬁb\%o

filifE 3.1, dimg V > 2 & 513, &< &b ZOORMHAMAR TR 2 5 S o iR
HEDERIX. BxOY [, R TH b,

ZERH. JE A Voronoi fEIEIE
V={v:2,\) <|]A]? DPTXRTD X\ € A iZxf LTHAT}

THb, THIFEAENRIHE a7 MYZHEERTH 5, FEE, BTRIEL %
DRNFFZFDRT ST 2 AAEXRTHERER DD, ZOEREHANTESL
%D 5 B FAERIERETD %, NAIHT 2RO FRIIHE—TH D, HR
IR LTI e ZOFET b, [v] N[AD D BRI I RIS TFi 5 B
WA DT, KDLIZEEIE{||v] :ve€ IV} TH 2,

v B EICHIUT, HBIEFREANTRHLT2(v,A) = AP THD. |jv]| > ||M]/2>r
BB, RN PUVADOHERIZVITET %, EE. IEBOEED pe AT LT
(N2 = pll > gl = A/2>rTHZB, ZOHFRITHRECHD, /JLLiEr TH
5,V EDIINVLDERKEIZRTHY, AFRIIRFICH S, &RIC. BIFEHMOD
A OV & (dimg V — 1) XouEKH & FIMHIZ S %, HIEBITEEREE ZHIKDER
C DR BEMEBRTH 5, Z OERMENTERR DT, E#ik /L LB OBRIE
Hx5Y[rR L3, O

S b — Z R TR RZEE U 72 B 2 IR, NETR b S0, EER. N
DR T ODHIMIRE DL EREZTDH, BONIZHIRIFRETH 5, Euclid &
LA TR, IR TRWIEEO=AFEROEEBMIC LD, BEMIIAZE TR
Vo Lo THERRDOREEDS—R L., F5 LIFPERTH S Z o2k —
T5, ZHUTED, UM TRERIEDIESMED TR TE %,

i 3.2 (Gomi DEHDIFRE). FEXRIT 2 LD > %7 & Euclid b — 7 RIZH LT
79, n=0, (=0,

(3.1) MH},(T) =S Z©, n=2q, q>1, qr <l <qR,
0, Zhlt

DD ILD, TDZ T ANT, MEM R _EXHT ZHIE 25 208 r,R %

RET D, bbb, DD b= ADO _EXH M EHBERTHZ LYY, 2D
OO BT B EEETDH B,
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AERH. b — 2 RIS E R HEEREZRRICH D . ERTTHERR U 72 IED I St 2 723,
Gomi @ Theorem 5.22 12 & D FERITTHIR T %, 2¢ K. BEX (> 0TX, Z0EH
12k 3 HHEAREIZ

q
(3.2) (o PG M%) D d(pimip) =1

j=1
EINFICHR D, TR LBED &5 RIERLD. ~, 3Z0MORMEAMIRTH T, £
DNEFFAT Z Ui NI DO W GEA RO R E Bix 2D 55, AEDE
FIFERICHE T 50, FHORAANITHFE LW,

W31 &b, REDOIRFEHFET 21213, FXEOREXD [r, R IZB X ZiIFIUL
RBIRVe W qr <0 < qRIZBIX, d(0,u) = (/q Zi#i7= 3 cut displacement u € T'
ZIEE, 02 uZRAICUANRD, Bl HIEEEE » B 2 WHRSTFES 5, 2O
BLEZ T DI XRTORCTHTRETIUX, FORRIZBFEVEONS, —F., AR
FANZEA cHTH D, &t ORFER RS LTI AREZ DT, INFIdE 4
cETH 2, Lo TREIIEHEICcRb, 0 RBIUEIFZEDGEIIEREIS
Mo WRERIZ, 2ROZHFHEE x5 ¥ [r, R) kDT, ZOWiimEMEIEEIhs, O

3.1. 2ROERICE BRI, p# I L T, pDEELEFESL EFHS ¢ 0FbH £
A S AR SVDORREEZ N(p,q) £ T 5. (=d(p,q) Tl

(3.3) MHS(T; p, ) = ker (Z[N (p, )] = Z), e(v) =1

Y325, BHOLNLTHER T %, BEX (D& 28HOPR MIZ. —2DREHIHIIR
WZHH, ZOHEFUE —[p,q TH 3, X (D IFHI—2oDORMEHAMARLIcHD, £
DEEFUIE CHBRE o oo Rz R —MRT 5, #ic, R CHBMR EORL S
TOOWNRIWRIEFELH D, 20X 5K IHEEG R 5, B ZHBMIBRONFTIZR D
LRWVODT, ZORFRIUIERR 2 AR 2/ O 720, Uy o TRIFREUE A
HIfR EOHMRER—HT 20723 TH D, 4 ZAKFIRBOBINETDH
52 8I215%, ZHUTED (3.3) DAERMEE BN EL L BITREND,

v, € N(p, q) B32BU, v ITHIGT 2 HMEROF HE m, £ EL &, BHEEX

(34) [pa man] - [pvmv*7Q]7 v #U*
THEZBN5, (+#d(p,q) Tld, [Gom25, Corollary 3.15] 12 X D 2 XD sifEIETH
BT %, ZD¥mABEEELAN T ORI T 2RISR TH D, (3.4) oH A 7 1%
BV ZTTHES DI TIER WV,
4. VORONOI TS D i & 75 51 A
ZxE
(4.1) Q:(a,b) = a® + b* + 2tab, Cy=(1—tH"1

BEZD.(23)IE D, A OERTIREIZCQ_, & Q DEXRMTH %, K4t (a,b) —
(a,—b)ITX>TQ_, & Q, EA—HEh 3,

filid 4.1. 0 <t < 1/21 XL T, BT (Z22,Q) ODREARTZ FLVED ZFIE 1. #
BYREOZFIZ1/2(1+1) TH D, t < 1/2 TORBENRY bUIE fey, e, TH D,
t=1/2TIEXBIT £(e; — eg) DM 5,
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AERH. TEEER
Q:i(a,b) = (1 —t)(a® + b*) +t(a+ b)?

WCED a?+02 > 2D FFERT PUIE, SVLDFEN 21 —t) > 1P ETH S,
AP+ =1DXRTZ MLD I/ VLD FIILITH D, BHDGEOESSLMHEHFHNRS
ELt=1/2Th x5 EFRLEZDDNRT MDD 5,

R = (11, 22) LT, XONEEEREZ hy = 21 +tao. hy = toy+ 19 &5 %, Voronoi
TR

(4.2) || < 3, lho| < 3, |hy — hy| <1 —1t

T%"‘K. 6“5 —I—/\‘Ii%‘?j—f\_ \ /\OO)"\7 ]‘}I/ €1,€E9,69 — €1, —€1, —€9,€1 — €9
’5_’ DOKENEFTUANRD, BEDE DB u, v I FRETHD . (u,v), > 0 &k

, EEOBTRT MBS 3 00~ M A2 IR L. IEEE a,b
%ﬂﬂh\faujtbv LHITE, TOLE

Qi(au + bv) = aQy(u) + bQi(v)

TH B, ANODRZ MUHRT BARERD S 2(z, au+ bv)y < aQy(u) + bQy(v) DHE
5 DT, TRTD Voronoi NMERXZ1F 2, HEMIZ. TDRDODRZ FLOARER
ZECD HBIE LW,

(4.2) DTHFAIZ, RO=ZHBIUZNLDHADKTH 5 -

(%7%)7 (%7t_%)7
t=0TIE—MPELR-s TIESAB L RS, FHATE

h? + h2 — 2thyhs 1

Qulz) = 1—¢2 T 2(1+1)

Thb, ZHERDOZHIZEROMEES DT, M RO R AMEIITE S TER
INb, ZHUTX D BEFRFEDON T%ﬁ% 0O

i 4.2, (A, dy) D systoleld 1. HEPEFEIZ1/2TH D, BEEDO FRIZ

,  1+C 2 — t?
(4.3) O =R =505y = a0-pnas o

Thd,

AEH. —ODOEBEZBFORERY VRO R, ZhEhC, e 1THD, C, > 1
ThHhb, Lo TENOREIERERY MVORIDZR A1 bk b, molqriflE
XD ODRS Z I HES % DT, Voronoi B ZNZFNOMEBDETH D
WHEFREO RTINS, fE 41200 (4.3) 2155, HHEE L EEDFRIZ.
A b — 5 22OV T DEBDSRES O

t=0TEEN—FRZEMIAETDARILE—FRATHY, R =1Tdh 5%,
t =1/2 TRZ2DF2IITHINI LN TN = AT IR NTH D R}, =7/9

E%, THUTE DRI X=X XEDOMiH TR L2 MAETE %,
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5. %722 1SOGENY FHIZBIT B R ERY —D—
M 5.1 EH 1 IDRIX—RF0<a< BBLYF(a) = F(B) =7/9 iz 3
M. Ay l& Ap & isogenous TIXTRW,
AERH. FREO—BNX, B R RE T

7 (2t — 1) (T2 + 6t —4)
(5.1) FO =5 ="Ra—pnaro

POHHED e ZRRD[0,1/2) BT 2BiEaTH 3, A/NBRIFZS < V37 < 13/2 5
5005,
E; =C/(Z+iZ) £ B 205 C 22 +iZ? 72DT, H@tE Lo 2 {55413 isogeny

A5—>E12

ZHET 5, FEBE WO AETH Y. ZODFEEEFOIEDIERIIARTH 5,
=77 Ag ZFEFIRR

E,=C/(Z+17Z), T =1i(1+ ), (2] — [(2, 2)]

Palr, ZOBMBOBEGHE RS 5121F. WMABERE A, OXbD ERDIUL X
Vo ZRUIATDZ +i(1 + Q)Z 2B T 20ANT b RIc—HT %, FEE E
EHDO—HlImy =me ZERL., BEHO—HE (1 —a)(ng —ny) =02 EKRT2DT
ny=mny CHbd,

A, & Ag B isogenous 72 HIE. isogeny A, — EX DMFIET %, isogeny DAl &,
W ORIEES LI ICHEYI B2, ARABFREZET I TRIZTE %, Z
DEBRDOIIERZ DT, E, ANOHIBRIXEMICR SRV, Lo ThR b —
DOHFIE. IFFROIERIFHER E, — F, 52 %,

FD LI HREBRZ, C LD+ 0EEBIHD LD, c€ Z+iZ D er € Z+iZ
7z T o FEHEERD & 5 ICEEMER T E %, Kb BT OEBEEIIMS I OWTHE
HTH D, a> 7 MEMR EOERIBEIEICED 2D TERTH 5, Lizdo
Tr=(cr)/ce Q) 2%, LU, 1+a=(4+V37)/TIZERKTH D, Q)
DOMBERBTTORBIIEEBZDTFET 5, 2T LD, BREFEODEEZH WS
1Z3F isogeny MEDVRE N7z, O

e 3.2, 4.2, 5.1k b, EH 1.1 ORFIDZODFIRINMES . TR
BEZZRIRKICONWT, TRTOFREOY BB LIOEIXBTOLKTH 3,

ZDBIIE. EERMCHERZMNOE RS DS, EL(t)=C/(Z+i(1+£t)Z) &
BL ., ¥WIEEG

(5.2) E (t) x E_(t) — Ay, (z,w) — (z +w, z —w)

WEREL 4 D isogeny TH b, FEIGTEAE E BAGTFEAED Z N Z 0T, BITZHT D
PRI 2EM%THZ L. 5803 2-2=4 2725, 5| ZXR L RMIIESAE MR
KF ETXRE2 Z2Fh, BEEHERLBR WV, LEB->T, ZoidibdIEAALRER
& Z DRMmETEZ V. oA ERBOREIE 2 5 2 7222/ & DE—
HTIE7n, BfiPES Jacobian & L TORRICOWVWTD FIRIIMHE L Lz,
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6. 2 NRDT —RERFTX—ZDETT
16 i D 2 E5) mi%

a+1iY;b
Uaq b = 9

TRT, k(0) =0, kiler) = ki(ez) = 10 ki(h) =2(1 —t) £ BE,

:|a aab€{07€1a627h}a h:€1+62

2, t>0,
1 (0) =1, pe(er) = p(ez) = 2, pe(h) = {4 A

EED B,

il 6.1. BMEF L a € 22/222 TR LT, a+ 272> ETO Q DFR/MEIX ky(a) TH
b, BPRDOMEEZE p(a) TH 2, Q4 IOWTHHIMEEERIZFE T TH %,

A, FOBEDORNRIZFERZ I TDH %, HEEHOETIE £e; ME1 25, ZHL
NDRZ FViZ Euclid / VAD RS 5 M ERDT, Qr>5(1—1) >5/2>1ThH
%o h DFETIE, PUDDNRZ ML (£1,+£1) HME2(1 £¢) ZED ., Zh L oRFEoC
(& Buclid / VAD /DB 10U ERDTQy >5>2(1—1t) TH %, t >0 TREENFS
DZODRIPRNERD t =0 TEEOTRTORNE KD, 2 PEEICHET 2 K
SHAMEFEZRD., Q& Q- 25T 5, O

il 6.2. (a,b) # (0,0) IR LT

6.1 L?, =
( ) a,b 4
Bl k.

Zpe(@pe(d)=1 g _ T b
6.2 MHS (A3 0, uq) & ’ o
( ) 2( ty 7u 7b) {O’ g # La7b

DI D LD, Uik (0,0) IS B 2 RDEHEZ. TRTORITHETH %,

FEAH. uap, DFFH LT OEEEIX. ZUZNOBAHFEONRT MDD TH 5, (2.4)
DEGERBEIE OO D T IS %, 6.1 05 (6.1) 26V, Hx 3R
TIHIRR I IERELS 11 (a) e () ATFAET B0 (3.3) IC K DERIEHBT, ERL P8R FE
B, (3.4) DEIEL 72 5, AR O R X TOHERIZ. WMmsEL L EIHMED
BEb 89, Gomi D Corollary 3.15 2265, RIFETIE2EMNFELRZY, O

0<t<12ITMFT2RT—FE2R1ITTT, il5%
1 1 1 1t
= = — = — = — E:
"Taa-ey "Toatn YT o T2 ter, e}

3%, FTIE. RRLEHMOIEDFHRORIICENT, BRI OEHRRLE
B2 %53 %, REIN-HTI2HBCEFEEMZ 5,

ERL 6.3. MO L7 7 — X DRI FROFLZ T ZHWT
(6.3) D(A;) = max{f*:0 < (> < 1/2, TS(A;) # 0}
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£ 1. 0<t<1/2 TOIF2HTRDEEIR,

a b SmRE L2, B ORE
0 F 2 w 1
0 h 1 z 1
E 0 2 U 1
h O 1 v 1
E FE 4 U+ w 3
E h 2 U+ z 3
h FE 2 v+ w 3
h h 1 v+ 2z 3
CEDDE, TRTDO<t <121 LT
1 1
(6.4) DM”_2Q+¢y t_zpmg !

DD LD, & DIEFE 255 AN DIEEERIZE R,

AERA. £ 3t > 085 %, a,b# 0 DEAHADORIDFIX utw > 12 ETH
%o KB ki(a), k(b)) >120DC, >1THb, 5D DIHROEI DRI w, 2, u,v
THH, TXRT1I2UUFTH 3,
t2 1-—2t
2(1—|—t>20, U—u:m_o, UZ’UJ

BDT, ZORKNHEIZv &85, REDFEH v D& ZARIIIEBDHSDIFEET
DT, mAMEITERZNS, t=0TlE, MEC2ICIDRIDFL/21ITIFFED
MPFEEL., ZHUX(63) DERZDDIDTH S, UL 20X %E1E2, O

6.1. =T 2 oM IR R. t=p=1/2TRw=2=1/4, u=v=
1/3720T, MOHLET -2

vV— 2=

Z?)’ 6 —= 1/27
73, (=1/V3
i ~ ’ ’
(6.5) Ty (Ag) = 727, 0= \/7/12,
0, Zhlst

ThHb,t=a<1/2TiE REDOTFED1/4 DhiirilF uge, & o, 723 THD, ZH
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