MAGNITUDE HOMOLOGY OF ANNULI AND HOLOMORPHIC
MAPS: A RESEARCH NOTE

chatGPT 6 Astra

ABSTRACT. We calculate ordinary integral magnitude homology for circular an-
nuli and the punctured disk with their Kobayashi distances. For A, = {r <
|z] < 1}, 0 < r < 1, the group in degree 2¢ has continuum rank precisely at
lengths ¢ > gqn?/(2log(1/7)); every positive odd degree vanishes. Consequently,
the length grading determines the conformal type of a bounded doubly connected
plane domain. We also prove that a holomorphic map between any two of these
domains induces zero in every positive degree unless it is biholomorphic. This
includes all nontrivial finite coverings. The calculations apply Gomi’s description
of nonbranching geodesic spaces; the map statement uses a contraction criterion
for its cycle representatives. For comparison, the Carathéodory distance on a
disk with discrete punctures gives vanishing in every positive degree. This is a
research note; priority for the stated holomorphic-map consequence has not been
established.

This note was generated by ChatGPT 6. Iwai has NOT verified any of its math-
ematical content. It may therefore contain mathematical errors and should be read
with caution. A Japanese version is provided below.

1. INTRODUCTION

Which part of a complex domain can ordinary magnitude homology detect when
the distance is intrinsic to complex analysis? Uniquely geodesic examples are a
serious first limitation: Gomi’s vanishing theorem [Gom25, Corollary 5.24] applies, in
particular, to the disk with its Kobayashi distance. In contrast, a multiply connected
domain can have two minimizing real geodesics between the same endpoints. The
circular annulus provides a setting where these pairs can be found exactly.

Throughout, the coefficient ring is Z and the normalization is

(1.1) kp(z,w) = arctanh S

—wz

Thus the Poincaré metric has curvature —4. Put
A ={zeC:r<|z| <1} (0<r<1l), Ay =D

Write Z(© for a free abelian group of rank ¢ = |R|, a direct sum, not a direct product.
The notation MHy, ;(X) keeps homological degree k separate from length /.
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Theorem 1.1 (Complete calculation). Let 0 < r < 1 and set 7. = 72/(2log(1/r)).
For every integer ¢ > 1 and every real ¢ > 0,

Z(C)’ g Z qTT‘7

1.2 MHa, (A, kg ) &
(1.2) 20.0( 4:) {O, 0</l<qr,.

For the punctured disk,
(1.3) MHy, o(Ag, kay) 22O (¢>1, £>0).

For all these domains, positive odd degrees vanish. Also MHgo(A,) = Z[A,], while
MHo, = 0 for £ > 0 and MHy o = 0 for k > 0. More precisely, for a,b € A, and
¢ >0, the component with endpoints a,b satisfies

Z, a/be Ry and l=ka,.(a,b),

0, otherwise.

(1.4) MH, (A, a, b) = {

Here the last assertion includes r = 0.

Corollary 1.2 (Modulus within the family). For 0 < r < 1, define 0(A,) = inf{¢ >
0: MHg}g(Ar, kAT) 75 O} Then

_ log(1/7) _ 7
27 do(A,)

For r =0, the infimum is zero and is not attained. For r,s € [0,1), the magnitude
homology groups of A, and A are isomorphic as bigraded abelian groups, with the
real length labels preserved, if and only if r = s. Consequently, for bounded doubly
connected plane domains Qq, s, the groups MH, (21, kq,) and MH, .(Qs, kao,) are
isomorphic with lengths preserved if and only if the domains are biholomorphic. Here
doubly connected means that the complement in the Riemann sphere has exactly two
connected components.

(1.5) o(4,) =1, Mod(A4,) :

The recovery assertion is restricted to bounded doubly connected plane domains.
It is not a recovery theorem for general complex manifolds, nor does it use labeled
finite subsets.

Theorem 1.3 (Holomorphic maps). Let r,s € [0,1), and let f : A, — Ay be any
holomorphic map. If f is not biholomorphic, then

f* : MHk7g(AT, kA,«) — MHk,Z(Aw kAs)’

(16) =0  (k>1, £>0).

If f is biholomorphic, all induced maps are isomorphisms. Consequently, f is
biholomorphic if and only if f. is nonzero for at least one positive homological degree
and one length. The same dichotomy holds for holomorphic maps between bounded
doubly connected plane domains.

In particular, z — 2™ : A, — A.m, m > 2, acts trivially in positive degrees,
despite being a holomorphic local isometry. The distinction between local isometries
and isometries of distances is essential.
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Relation to previous results. The underlying homology theory is due to
Leinster—Shulman [LS21, Definitions 3.3-3.4]. Kaneta—Yoshinaga [KY21] express
suitable parts of it through interval posets. Gomi [Gom25, Theorem 5.22] gives the
all-degree computation for nonbranching geodesic spaces used here. Accordingly,
Theorem 1.1 is an explicit geometric application of existing machinery, not a new
general computation theorem. Asao [Asa2l, Theorem 5.3, Corollary 6.5] already
relates nonvanishing and vanishing ranges to closed geodesics and injectivity radii.
We compute all lengths, and also handle a cusp where there is no positive threshold.

The additional argument for Theorem 1.3 is given in Lemma 2.3: shortening
pairs with multiple minimizing geodesics is enough to kill every positive degree.
Schwarz—Pick and the cyclic covering geometry verify its hypothesis. We did not
find this annular holomorphic-map statement in the sources examined, but do not
assert established novelty. The separate research audit records the search and the
distinction between proof status and priority.

The hyperbolic geometry is classical; a detailed reference is Beardon—Minda
[BMO06, §§3,10,12]. Their distances are twice ours, and their annular modulus in §12
uses a different convention. The formulas below are derived with our normalization.
The proof of the degree-two calculation is also supplied directly, so its verification
does not require the higher-degree spectral sequence.

2. DEFINITIONS AND THE HOMOLOGICAL INPUT
2.1. Chains, boundary, and maps.

Definition 2.1. For a metric space (X, d), let MCy ,(X) be the free abelian group
on tuples (zo,...,z)) such that z; # x;.; and Zi:ol d(x;, x;11) = £. Only adjacent
repetitions are excluded. Put

(2.1) Axo, ..., 1) = > (=)' (0, ..., Ty .., Th).

1<i<k—1
d(zi—1,211)=d(xi—1,2)+d(x;,T41)

Then MHk7g(X) = Hk(MC*7g(X), 8)

For completeness, start with the simplicial set whose simplices are all tuples of
points of X, with deletion and repetition as face and degeneracy maps. Its normal-
ized chain differential squares to zero: deleting two positions in the two possible
orders gives opposite signs. Filter by total length. Every face decreases or preserves
length by the triangle inequality. The quotient of the chains of length at most ¢ by
those of length strictly less than ¢ is exactly (2.1). End faces strictly decrease length
on every positive-dimensional proper tuple. This proves 9% = 0.

If f: X — Y is 1-Lipschitz, its chain map is

_ U @o), - fm), 2 dy(f@i), f(in)) =4,
22) f#(xo, o ’xk) - {0> ZdY(f(ﬂfi)> f(%’ﬂ)) < L.

In the first case each edge length is preserved, so adjacent images remain distinct.
The map on all tuples preserves the filtration and commutes with faces and degen-
eracies; passing to the same quotient proves the chain-map assertion. Composition
follows because lost length cannot be regained. This is the usual functoriality, also



4 chatGPT 6 Astra

described in [Hep22, Definition 2.1]. In particular, if every distinct pair is strictly
shortened, fx = 0 in positive degree.
For k > 1, endpoints are unchanged by the boundary; hence

(2.3) MH;(X) = @5 MH,,(X;a,0).

a,beX

The filtration used to justify the differential does not supply structure maps between
ordinary groups at different exact lengths. We make no persistence assertion. Otter’s
blurred construction [Ott22, Definition 28, Theorem 29| instead uses a genuinely
filtered theory.

2.2. Geodesics and an elementary degree-two calculation. All geodesics here
are minimizing real geodesics, parametrized by arc length. Say that a geodesic space
satisfies condition (NB) if two geodesics with the same endpoints that meet at an
interior point coincide. This is Gomi’s Assumption 4.8. A complete connected
Riemannian manifold satisfies (NB): splice two minimizing paths at the common
point. The splice is again minimizing and therefore has no corner. Uniqueness for
the geodesic differential equation now identifies the paths.

Lemma 2.2 (Degree two). Let X be a geodesic space satisfying (NB). Let G(a,b)
be its set of minimizing geodesics from a to b. For distinct a, b,

MH, (X;a,0) =0 (¢ +# d(a,b)), MHo g(a,p) (X ; a, b) = ker(Z[G(a, b)] = Z),
where €(g) = 1. For a = b, all positive-length degree-two groups are zero.

Proof. There are no chains when ¢ < d(a,b). If £ > d(a,b), each generator (a,z,b)
is a cycle. Choose y on a minimizing segment from z to b, sufficiently close to b, so
that

d(a,y) < d(a,z) + d(z,y).

This is possible because the strict inequality holds at y = b and distances are
continuous. Choose y # x,b. Then d(a, z,y,b) = (a,x,b): deletion of x is forbidden
and deletion of y is allowed. This includes a = b.

Suppose ¢ = d(a,b) > 0. Every triple (a,x,b) has boundary —(a,b), so a cycle
has coefficients summing to zero. The interior points form the interval poset

I(a,b) = {x : d(a,z) + d(z,b) = d(a,b), x # a,b},

ordered along minimizing segments. A four-point chain of total length d(a,b) gives
precisely the relation (a,u,b) = (a,v,b) when u < v. By (NB), the interval is
the disjoint union of the interiors of the geodesics in G(a,b), each totally ordered.
Points on different geodesics cannot be comparable, since concatenating segments
would give a minimizing geodesic containing both. Quotienting therefore leaves one
generator for each geodesic, and the cycle condition is exactly augmentation zero.
This proves the assertion, which is the nonbranching case of [Gom25, Corollary
3.15]. OJ
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2.3. The input in higher degrees. We use the following consequence, including
its specified representatives, of [Gom25, Definition 5.11, Proposition 5.15, Theorem
5.22]. In a geodesic space satisfying (NB), positive odd homology vanishes. In degree
2q, choose endpoints py, ...,p, with p;_1 # p;, and lengths d; = d(p;—1,p;) > 0
summing to . For every adjacent pair choose one reference minimizing geodesic
and one different geodesic. These choices index a free basis of MHy, ,(X).

The corresponding class is represented by an alternating sum

(2-4) I'= (P07U1—Ulapla---,pq—huq—Uq,pq),

where u;,v; lie on the interiors of the two chosen geodesics, and the choices can
be made so that every p; is nonsmooth in each expanded tuple. Here nonsmooth
means that deleting it strictly shortens the tuple. Different admissible choices give
the same class. In the boundary, terms deleting u; or v; cancel in pairs, while the
seam terms vanish. We use this existing basis theorem, not a new spectral sequence
claim.

Lemma 2.3 (A contraction criterion). Let X be a geodesic space satisfying (NB),
let Y be any metric space, and let f : X — Y be 1-Lipschitz. Suppose

(2.5) dy(f(a), f(b)) < dx(a,b)

for every pair admitting at least two minimizing geodesics in X. Then f, is zero in
every positive homological degree and every length.

Proof. Odd degrees vanish by the stated basis theorem; positive degree at length
zero vanishes by definition. Take a basis class (2.4) in degree 2q. Set

d = dx(po,p1) — dy(f(po), f(p1)) > 0.

We may move uq,v; toward py on their respective geodesics until their distances
from py are less than 6/2, while keeping all other choices fixed and admissibility
intact. Here is the reason for this last point. For ¢ > 2 and y = us or v,, one has

dx (po,y) < dx(po,p1) + dx(p1,y)-

Otherwise the two distinct geodesics from pg to py, followed by the same segment to
y, would be distinct minimizing geodesics with the common interior point p;, con-
trary to (NB). By continuity this inequality persists with either sufficiently nearby
choice in place of py. It ensures that the first seam stays nonsmooth. For ¢ = 1 there
is no seam to check. Gomi’s representative independence applies; alternatively, in-
serting the old and new points consecutively gives a three-step boundary realizing
each such slide.
For either new point w, put ¢t = dx(pg,u) < §/2. Nonexpansiveness and the
triangle inequality give
dy (f(u), f(p1)) <t +dy(f(po), f(p1))

=t+dx(po,p1) — 6

< dx(po,p1) —t = dx(u,p1).
Thus every expanded tuple of the new representative has a strictly shortened edge.

Equation (2.2) sends each tuple to zero. The basis classes span all even-degree
homology, which finishes the proof. ([l
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3. THE KOBAYASHI DISTANCE AND ITS MINIMIZING GEODESICS

3.1. Covering formula and normalization. The Kobayashi pseudodistance is
the infimum of sums of disk distances (1.1) over chains of holomorphic disks con-
necting two points. Holomorphic maps are nonexpansive by composition of these
chains. For the domains in this note it is a genuine distance.

Let p : H — X be either of the explicit universal coverings below, with deck group
A. The upper half-plane metric and distance are

|dv

2Imwv’

v — w}?

COSh(Q]CH(U,UJ)) =1+ m

The disk formula gives these identities under the Cayley map. Moreover,
(3.2) ki (p(v), p(w)) = 1nf ku(v, y0).

To verify this, projection gives one inequality. Conversely, lift a chain of holomor-
phic disks successively, starting at v; disks lift because they are simply connected.
Its terminal point is some yw. Schwarz—Pick on each lifted disk and the triangle
inequality give the reverse inequality. This is also the covering formula recorded in
[Win22, Proposition 1.1].

In both cases below the distances to translates tend to infinity as the translate
index tends to infinity. The infimum is a minimum, is positive for distinct quotient
points, and gives the quotient of the complete Poincaré Riemannian metric. Com-
pleteness follows also from path lifting: join a subsequence of a Cauchy sequence by
minimizing segments whose lengths have finite sum. Their concatenation lifts iso-
metrically to a finite-length path in the complete upper half-plane, and its endpoint
limit projects to a limit of the original sequence. A minimizing segment is the pro-
jection of a segment to a nearest translate; conversely any minimizing segment lifts
to one. Thus we count all minimizing segments, not just a selected family of curves.
The quotient is a connected complete Riemannian surface and satisfies (NB).

3.2. A finite annulus. Put a = log(1/r) > 0. The logarithmic cover ( ~ e¢
identifies A, with the strip —a < Re{ < 0 modulo ( — ¢ + 27¢. The map

v =exp(ri(( + a)/a)

is a biholomorphism from the strip to H. Its deck transformation is multiplication
by e~T, where

22

(3.3) T=—, 7. =T/4.
a
Write v = 7 with s € R and 0 < o < 7. For an original point z,
o Tagz (mod T), Oé:7r(log|z|+a).
a a

For another point with coordinates (¢,3) set A = minjez|s —t + jT| € [0,7/2].
Expanding (3.1) yields

cosh A — cos o cos 3

(3.4) cosh(2ka, (z,w)) = o



MAGNITUDE HOMOLOGY OF ANNULI 7

Indeed, before taking the minimum, |v — w|? = €?* + €2 — 2e** cos(a — ). Substi-
tution in (3.1) gives (3.4) with |s — ¢| in place of A.

Lemma 3.1. There is one minimizing geodesic unless z/w € Rq, in which case
there are ezactly two. The distances of these latter pairs range over [1.,00). The
distance equals 7, precisely when |z| = |w| = /r and z = —w.

Proof. For fixed «, 3, the right side of (3.4) is strictly increasing in the nonnegative
displacement. A nearest integer translate is unique except at displacement 7'/2,
when exactly two are tied. The two lifts project to distinct paths by uniqueness of
path lifting. The coordinate relation for s identifies this tie with argument difference
T

‘At a tie put C' = cosh(7'/2) > 1. Then
C —cosacosff — Csinasinff = (C' — 1)(1 — sin asin f3)
+1—cos(a—f)>0.
Consequently cosh(2k) > C and k > T/4. Equality requires a = = 7/2, and

these values also suffice. They mean that both points lie on the core circle |z| = /7.
For equal radii, o = f3, the tie distance satisfies

-1
(3.5) cosh(2k) =1+ C .

S1” <

As « ranges from /2 toward zero, this varies continuously and strictly from C' to
infinity. Hence every distance at least 7, occurs. 0

On the core the metric is |ds|/2, so its circumference is T'/2 = 27,.. Thus the first
nonvanishing length is half this circumference, with the constant fixed by (1.1).

3.3. The punctured disk. The map v — *™ identifies Ay with H/{(v — v + 1).
Write v = x + iy, w = 2/ + 4y’ and put A = minjey | — 2" + j| € [0,1/2]. Then
A+ (y—y)?

yy
There are exactly two minimizing geodesics when A = 1/2, again exactly when the

original quotient points have argument difference 7. Otherwise there is one. At
equal heights y = 1/ the tie distance is

(3.6) cosh(2k 4, (p(v), p(w))) =1+

1
7 k = arsinh —.
(3.7) arsin 1y

This ranges over every positive number as y ranges over (0, 00). There is no small-
est positive tie distance. In particular, a positive threshold for every nonsimply
connected complete hyperbolic surface would be false.

4. PROOFS OF THE MAIN STATEMENTS
4.1. Calculation and modulus.

Proof of Theorem 1.1. The degree-two formula follows from Lemma 2.2 and the
count of geodesics in Section 3: the augmentation kernel on two generators is Z,
and on one generator is zero.
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For higher degrees apply Gomi’s basis theorem, whose geodesic and nonbranching
hypotheses were verified above. Each nonzero basis label in degree 2¢ is a tuple
(po, - -.,pq) such that consecutive points have opposite arguments and the sum of
the ¢ distances is . There is only one nonreference geodesic at each such pair. In a
finite annulus, every summand distance is at least 7. There are therefore no labels
if ¢ < qr,.

If ¢ > g7, choose an opposite pair a,b of equal radii at distance £/q using (3.5),
and use the alternating tuple (a,b,a,b,...) of ¢ + 1 points. Such tuples are al-
lowed: nonadjacent repetitions are not prohibited. Simultaneously rotating the pair
through all angles gives continuum many distinct basis labels at the same length.
Conversely, there are at most continuum many labels, since a label uses finitely
many points of a surface and at most two geodesics per pair. Thus the rank is
exactly c.

For the punctured disk the identical alternating construction uses (3.7) at distance
¢/q for any ¢ > 0, with the same cardinality bounds. Odd-degree vanishing comes
from Gomi’s theorem; the zero-degree and zero-length assertions follow directly from
Definition 2.1. U

At ¢ = qr,., every adjacent pair in a basis label is antipodal on the core, so
the label is an alternating sequence determined by its first point. After a choice of
signs, this gives a basis indexed by the core circle itself. The continuum rank records
cardinality, not a topology on that basis.

Proof of Corollary 1.2. Theorem 1.1 says that the length support of degree two is
[7,,00) for r > 0, and (0, 00) for r = 0. Taking the infimum gives the first claim, and
substituting 7, gives (1.5). If two bigraded groups are isomorphic, their degree-two
supports agree. This first separates r = 0 from r > 0, and then gives log(1/r) =
log(1/s), hence r = s. The reverse implication is immediate from equality of the
domains. For the statement about 2;, use the classical conformal classification
[BMO06, §12]: each such bounded domain is biholomorphic to a unique A,, with
0 < r < 1. Transfer the distance and the chain complex by these biholomorphisms
and apply the preceding conclusion. O

4.2. Holomorphic maps and coverings.

Proof of Theorem 1.5. Fix universal covers py : H — A, and py : H — A,. Lift
f opx to a holomorphic map F : H — H. The lift exists because H is simply
connected, and is holomorphic because covering charts are biholomorphic.

If F' is not an automorphism, the strict Schwarz—Pick lemma [BM06, Theorem
3.2] gives ky(Fv, Fw) < kg(v,w) for v # w. Given distinct a,b € A,, choose lifts
v, w realizing the minimum in (3.2). Then

ka,(f(a), f(b)) < ku(Fv, Fw) < kg(v,w) = ka,(a,b).

Thus (2.2) is identically zero in positive degree.
Suppose F' is an automorphism. If Ay, Ay are the respective deck groups, the
identity py o F' oy = py o F' shows

FAxF_l C Ay.
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Both groups are nontrivial infinite cyclic groups. The subgroup therefore has finite
index m > 1 and is generated by the mth power of a generator of Ay. After
identifying the source covering plane using F', the map f is the natural quotient
from this subgroup to Ay. For m = 1 the quotient map is biholomorphic. For
m > 2 we show that every pair with two source minimizing geodesics is strictly
shortened.

A nonzero power of a hyperbolic deck transformation remains hyperbolic; a
nonzero power of a parabolic one remains parabolic. Hence in this case source
and target have the same type. In the hyperbolic type, normalize the target
generator as v — eYv with U > 0. The source generator is v — ¢™Yv. A source
tie has longitudinal displacement mU/2 modulo mU, whereas the target admits a
displacement at most U/2 < mU/2. Formula (3.4), with the same «, 3, is strictly
increasing in displacement, so the distance strictly decreases.

In the parabolic type, normalize the target generator as v — v + h, h > 0.
The source period is mh. A source tie has horizontal displacement mh/2, while a
target translate has displacement at most h/2 < mh/2. Formula (3.6), with periods
rescaled and the same heights, again gives strict decrease. Lemma 2.3 now proves
(1.6) in all positive degrees.

Finally, a biholomorphism and its inverse are both Kobayashi nonexpansive, hence
isometric, so induce inverse chain maps. There is a nonzero positive-degree group
on every A, by Theorem 1.1. This proves the last equivalence. The assertion for
bounded doubly connected domains follows by their conformal classification and
conjugating f by the resulting biholomorphisms; functoriality transfers the induced
maps. 0]

5. EXAMPLES AND LIMITATIONS

m

Example 5.1 (A covering is not a global isometry). For m > 2, f(z) = 2™ maps
A, onto A,» as an unramified covering. In a finite annulus, the source core has
circumference 27, and the target core has circumference 27,./m. Source antipodes
map to the same point when m is even; when m is odd their target distance is
7./m < T.. Arbitrarily short segments are preserved locally, so fx need not be
zero on all positive-degree chains. Its induced positive-degree homology maps are
nevertheless zero by Theorem 1.3.

Proposition 5.2 (Carathéodory distance and removable punctures). Let E C D be
relatively closed and discrete, possibly empty, and put U =D\ E. Define
cu(z,w) = sup kp(g(z),g(w)).
geO(U,D)

Then cy = kpluxvu, a genuine distance, and MHy (U, cy) = 0 for all k > 1 and
¢>0.

Proof. A bounded holomorphic function on U extends across each isolated point of
E by the removable singularity theorem. Since E has no accumulation point in D,
these extensions give one holomorphic function on ID. An extension of a map to D
still takes values in D, by the maximum principle. Schwarz—Pick gives ¢y < kply,
and the inclusion U < D gives the opposite inequality.
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Use this restricted metric, not the path distance internal to U. Its interval posets
are subsets of the totally ordered disk geodesics. They are nonempty for distinct
endpoints, since U is open and a short initial segment from either endpoint remains
in U. There are no 4-cuts: if both middle points of a proper four-point tuple are
smooth, the two disk geodesic segments agree on their common nontrivial segment;
they lie on one oriented hyperbolic geodesic, where all consecutive lengths add to
the endpoint distance. These equalities are unchanged upon restriction to U.

Thus U is geodetic, has my = oo in the notation of [KY21], and has no empty
interval between distinct points. Kaneta—Yoshinaga’s thin-frame theorem [KY21,
Theorem 5.2] applies at every finite positive length. Every positive-degree frame
has a consecutive pair, whose interval is nonempty; there are no thin frames. This
proves vanishing. The assertion at length zero follows from the chain definition. [

For U = D*, Proposition 5.2 and Theorem 1.1 give different answers on the
same complex domain. The Carathéodory metric is incomplete here. It is not
the complete Kobayashi distance; it is also not legitimate to apply the geodesic-
space theorem to this restricted metric without further verification. This example
disproves the expectation that punctures alone force ordinary magnitude homology
to be nonzero.

Example 5.3 (The disk and the role of length). The disk has unique minimizing
geodesics, so its positive magnitude homology vanishes by [Gom25, Corollary 5.24].
Finite annuli are distinguished by their length supports, although all their nonzero
groups have the same abstract rank. If the exact real length labels are forgotten,
these computations do not distinguish the annuli. Moreover, complex conjugation
is an isometry for the distances used here. No claim of detecting a chosen complex
orientation is made.

Example 5.4 (An exact finite sample). In H/(v — 16v), take the four core points
represented by i, 27,44, 8i. Their distances, in units h = (log2)/2, are

01 21
1 01 2
2101
1 210

The accompanying program enumerates proper tuples, constructs the integer ma-
trices (2.1), checks their successive products are zero, and computes ranks over Q.
It covers 0 < k < 4, 0 < ¢/h < 4, with degree-five chains included for incoming
boundaries. The actual output includes

dimg MH; 5, (sample; Q) =8,  dimg MH, oy, (sample; Q) = 12.

The first number differs from the zero value for the full annulus. The second counts
eight backtracking triples as well as four independent differences between paths to
opposite vertices. Subdivisions available in the continuum kill the former triples. No
conclusion about the full annulus is deduced from this sample. Its role is to verify
the boundary convention and expose the danger of replacing a continuous space by
finitely many points. The script also checks symbolic distance identities and rational
covering comparisons; none of those finite checks substitutes for the general proofs.
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Scope of the results. Hepworth’s recovery theorem [Hep22, Theorem 3.1] as-
sumes a positive lower bound on distances between distinct points, which these
domains do not satisfy; his Example 3.4 already warns against arbitrary continuous
recovery. Dona Mateo—Leinster [DML26] study Euclidean subsets, including closed
annuli with restricted Fuclidean distance. That is a different metric and a different
homology-equivalence question. Our statements concern ordinary homology, not
the asymptotics of numerical magnitude or a newly defined relative theory. They
neither recover general complex structures nor furnish a new proof of the classical
classification of doubly connected domains.

6. FURTHER QUESTIONS

Question 6.1. For a noncyclic quotient of H, which holomorphic coverings preserve
the distance of at least one pair admitting several minimizing geodesics? Lemma 2.3
gives a sufficient condition for zero induced homology, but this note gives no converse
for arbitrary coverings.

Question 6.2. What is ordinary magnitude homology of a finite annulus with its
Carathéodory distance? The removable-puncture proof does not apply when the
omitted set has interior, and the geodesic hypotheses for Gomi’s theorem have not
been verified for this distance.

These questions are not assumptions in any of the preceding results. The remain-
ing uncertainty for the proved annular statements concerns external novelty and
independent checking, not an unstated lemma.
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ABSTRACT. BRI X (MR = MR Kobayashi FEEEZ AAL. 3@H O BERE
X7 =ZFa—RFRERY -2 HT S, A, ={r <]z <1}k 0<r<1ITX
L. KE 2q DEEAEGURRE DR 2RO DIE. B x 5 € € > gr?/(2log(1/r))
DEETHY, EOFTBREIITNTHEHET %, LMo T, AR _EEHEF
HEB ORI RE IR 6k E D, 512, 25 DHEBOMOIEAIER
F. WIEAITRWED, SXTOERMTEERZFET 2 2RT, D
MEEZIEEMR AR ICDEA SN S, BEOFEICIE Gomi DIES I HIHIZE
MR % W, BBICBES 2 FiRICE. 2034 ZAREITICOWT D FREEE
fa/ vl Z W5, HEREe LT, BRI SEE ZBRO 72D Carathéodory
FEEECIZIEXRBD TR THEBT 2 2 dnd, AREMZE, —rTHh, EH|
BAZIZ DWW T DI DFTEIEIIHEE L TWiz L,

ZD/ — MiE chatGPT 6 MERK L2 DTH D, HHIZE A 2R 2 2 <
fToTWEHA. ZODEENREEVWYED 200 LNLERA. ZODFE
AT XN,

1. ¢

BERIEMCAET 2z H W 2 BIEOY 7 =F 2 —FhRERY X
HEIHDOMZ R T 2 DA S, —HEHMAZRENIE, &¥)D & EHELRHIRD
B %, Gomi DIHIKEM [Gom?25, Corollary 5.24] 1&. FFIZ Kobayashi FERfEZ A 4L
ZHARICEA S NS, —)7. ZEERRTEIR TR, [ Uhns 2 5350 52
B OFE LG5, FERTIE. 20 X5 RinROM%Z EHICKD 5 Z 2T
&5,

FREERE—EHLTZ & L., R

(1.1) kp(z,w) = arctanh

2

Z—Ww

— Wz
TiEHt3 %, L7235 T Poincaré st =DRIRIZ —4 TH B, LUT,

A, ={zeC:r<|z| <1} (0<r<1l), Ay =D"
LB, 79 RBE c — [R| OEET —~UBEE R, ZAURERITH b T
W0, MH, (X)) IZBWT, RERY =Xk LRSI ¢ 2KH1T %,
Theorem 1.1 (2R DFH). 0<r <1 & L. 7. =72/(2log(l/r)) B, £
HOB ¢>1 &FEB 0> 01T LT,

7, 1> qr,,

1.2 MHs, (A, ka, ) =
( ) q, ( T 7‘) O’ O < g < qTr
Date: 7 September 2026, version 0.01.
2020 Mathematics Subject Classification. Primary 30F45; Secondary 32F45, 55N35.
Key words and phrases. Magnitude homology, Kobayashi distance, annulus, conformal modulus,
holomorphic covering, Carathéodory distance.
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DI D LD, T FFHRITDOWVTIE,

(1.3) MHy, o(Ag, kay) 229 (¢>1, £>0)

ThHb, TRHEITRTOMHEBIZOVWT, EOFBREIHEBEST %, /-
MHyo(A,) = Z[A,] THDH. £>07%56 MHo, =0, k>07%56 MH,o =0 T»H
%o XHIT, Ukl a,b€ A, & 0> 0120 LT, M ZEE LKoo

Z, a/beRog 2D L =ky,(a,b),
0, Zhl¥t

Y3, BEBEOTRICIEZr=0b8FEN 3,

Corollary 1.2 (ZDBEOWETDEI 2T RA). 0 <r < 1 IZX LT o(4,) =
inf{¢ >0:MHy(A, ka)#0} LEDD, ZDEZE

(1.5) o(Ar) = 77, Mod(4,) := logéylr/r) - 4OZTAT)

ThHb, r=0DFE, ZORNRIEIFETHHERINZ WV, s €[0,1) IZDWV
T, EBORI IV ZROZEHRBMNE T —RAHE LT A, & A, DT =
Fa—RERERY-—DPRAETHEZILE, r=s THDZLIZFAMETHZ, 5
2. AR ZEERPESEE QO 1S Ly MH, . (Q, kg,) & MH..(Q2, ka,) 23
RXEPROCEXBMNEH LA THS 2 &, MEEINEATH S Z
CIRFEMETH B, Z 2T EHEMG Y IX. Riemann EKEIAN T ORES O BN
DBH I8 0HbIrEWVI,

Lo FiRIE, AR EHEGEHEBICREI NS, —ROEZEZRHEIKICD
WTOETTEMTIERL, I EFRIBPEEEZANELTHESHDTD
A

Theorem 1.3 (IEAIE). r.s€[0,1) & L. f: A — A, ZEEDERIEHR L T
%o f DRUERITRIF R,
Je : MHg (A, ka,) — MHy o(Ag, ka,),

=0 (E>1, 0>0).

f RERN R &5, TRTOFEEBRIIFRITH S, Lizd->T, f HHERIT
HrZrle, DRHREDKREVIY —RXRBBIUDH2REXIIBVWT f, DWIEETH 5
ZEWRFEMETH 5, FUFHIR—IE, FR-EHEE FHEHEBE O ERIEGICD
I RYASH

FRZ 2= 2™ A, = Amy m > 21013, FHIREMEREBEBRTH 212D 000
53, EXRBTCHEEGREZFET S, REEN L —SHBE2ROEFEELHE D
XABARERTH 5,

BERR e OffR. RE0 Y —HERO A Leinster-Shulman [LS21, Definitions
3.3-3.4] 12 X %, Kaneta—Yoshinaga [KY21] 5@ Y72 {859 % interval poset 12 K
S>Titih$ %, Z ZTHWZIETERIZER O 2R DFHHIX Gomi [Gom?25,
Theorem 5.22] DEMTH 3, L7=h-> CTEH 1.1 1ZBEF OB BRI 72
RMAWICHTD D, #HrLV—KEHREEH TIXZR W, Asao [Asa2l, Theorem 5.3,
Corollary 6.5] (&, PAHIMLFRL SR L JEHP - HIEEFH & DRfR 2 BEIC
RLTW2, ARTREIRTORIZFRE L, IEOBEZRZZWHI X T HHK
Do

(1.4) MH, (A5 a,b) = {

(1.6)
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TEH 1.3 DDA 3 EmIHE 23 TH 5, mERHIRSERD 20 E D
FHOFRREZ 5 < TR, IARTOIERETHEEBRAZFICH 5, Schwarz Pick
DffiE & KA E DRI KL > T, ZORERMERST 5, FAXRLZXETIE, Z
DHEDFHIEBRICOWTDERZD S DIXAOP SR o 7203, FiiiM: ik
FELZeEERLEL, MROHF, B X CFEBIRN & BIeHED XA B o
TR R8T 5,

WA B AT TH D, FF L WIEK & LT Beardon-Minda [BMO6,
§§3,10,12] 23 %, [FIXERDEREIAFRO MG TH D, §12 DHERDEY 25 X
WABOMBHVWSERT WS, U TRABOERILTEREEL, £/,
BORERY —OFEIIREHEIHT 2D T, ZOMRICIZEXD AR P L
RN B2

2. EFLAET Y —DBEAIAER
2.1. Fx 4 v, B, FEBRK.

Definition 2.1. FEREZEM (X,d) IR L. MCr(X) & 2 # 2501 BE O
5o BIET2DE T2 HOERIEITITH S, HHRE

(2.1) O(zo,...,TE) = E (=120, ..., Tiy- -, Tk)
1<i<k—1
d(xi—1,@i41)=d(xi—1,2;)+d(z;,Ti41)

EED, MH;(X) = H,(MC,(X),0) £B<,

P =0%RELTEBL, X DEDITXRTOMEHIAL L, HIFR EREHE
BEBILEH/RE T2HKNEE» MDD S, ZDOIEFEF =4 > OEF T, =
RZHIFRS 2 @) OEFIHE[FEZ 522 DT, ZRHIBIXKD, Zhzes
ET741&—3%, ZARERICI > TREBHREIEI ZHNI TRV, £
EMULLRDF 24 V&, ( RIGEDF =4 > TEl- 72E,. T X (2.1) DEIK
TH 5, IEXRITTD proper ZAHTIE, WD R OHIFRIINITEIZELI T2, T
TERINED

f:X =Y 23 1-Lipschitz 2 5., ZDF = 4 Y ERIZ

_ (f(fo)a Sy f(xk))a ZdY(f<xi)7f<xi+l)) =,
22 Sl = {o, S dy (F ) f i) < ¢

THb, B—DEEWXBZLOEINRI-NEDT, BRI 2B ER S, T
NRTOMIEHTA2EBIE T4V L —2 a3 Y2 EE, HEMS - B{LEG e A]
BCThHb, FULBEEERZ ., FOEBRPBERLEAIETHZ B3 0h 5, L
BolEXZBOBB{THETEXRVDT, AR DBERENTH 2, ZHTE
HOBFHETH D, [Hep22, Definition 2.1] ICHREINT WD, Kz, Bz
HOFERER TRTEICHEL T35/, EXBOF =4 v ETFEITKR S,
E>1 TEBEREEREZEZI RV, Lo T

(2.3) MHy(X) = @ MHy(X;a,b)
a,beX

CWONEDLED B, BARPHHETALEDICHWET7 40— 3 iF. BR
AZFEELREZIOBRBEFEOFRERY —HOMICHEEEBRZEZ 2 bDTIERV, K
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Mild persistence D EiRZ1TH W, Otter D blurred A [Ott22, Definition
28, Theorem 29] (&, EFHZ 7 4 VX —ZNHIOMHT D %,

22. fAR e MR e Y —DEEFE. DI ORHIRIZ T N TR T X
— XN 7 REFEAMARTDH 5, A UHAZHIZAROHRRANRTRED
NE—BF 2 & &, AMZER A (NB) 2z s Vo, Z4E Gomi D
Assumption 4.8 TH %, FEfMEA Riemann ZHAKIE (NB) 2/ §, FEE 3t
BONRTADRHBREOREZFZ TCORBBETH 5720, DREHICAHIZ
B0, MR W RO PMIEREO —EMIC LD, A8, %,

Lemma 2.2 (_kKE0Y—). X % (NB) Zii/ s HIMZEM L L. G(a,b) Z a
5 b NOIEAMARDOEE L T 5, a#b XL T,

MHy(X;a,b) =0 (¢ # d(a,b)), MH, 4(a,0)(X; @, b) = ker(Z[G(a,b)] = Z)

B DD, 727U e(g) =1 £ F %, a=b DA, FEXOE HERY—
FTARTETH B,

Proof. £ < d(a,b) 725 F = 4 Y AERPFEIE LRV, (> d(a,b) 725, BEMIT
(a,2,0) 1FH AT NVTH b, « 25 b NORERAMAR LT, v ict+mEvs y &
d(a,y) < d(a,z) +d(z,y)

E%5E 51T %, y=bTIONFEXNPEILD ZODT, Hlfo#iits 5
ZDEIIWERD, y#£x,b ELTEW, T8 2 DHIFRIZFFEINT. v DHIBR

ZHFEXNBZDT, da,z,y,b) = (a,2,b) THb, ZDikimld a=0b dbEFLe,

(=d(a,b) >0 T2, INTOD=KF =4 ¥ (a,z,b) DEFIE —(a,0) TH
206, A4 7 IVDFRBOFMIIETH %, NI interval poset

I(a,b) ={z : d(a,z) + d(x,b) = d(a,b), © # a,b}

272 L. mAERMBICIB S HFZ AN S, 2D d(a,b) OMRTF = A Vi,
u<vDEERZH xS EEABRK (a,u,b) = (a,v,0) ZH5Z2 %, (NB)IZED, Z
?D interval 1% G(a,b) DEHHFRDNEDIELZFITH D, 2 Z D RIEFE
BTH D5, 22RO RHHEATRER &, 215 23 LA HIHIFR % 5B
TR O TIENTL XS5 D T, 2D K5 RHATREMEIZ RV, LehioT
Bz S &, HR—ARIC O EF—DDERMITOIRD . A 7 AFEMFEIBE x5 Y
augmentation HFETH 2 & W I FEMHITHR D, THUX [Gom25, Corollary 3.15] D
IR DGETH %, O

2.3. BRETHWS#R. [Gom25, Definition 5.11, Proposition 5.15, Theorem
5.22] DRXDELiR%E, KBTLOFRED EDTHW S, (NB) Ziiz 3 HIHIZZRH T
. IEDFERENIHER T 50 KEK 2¢ TlI. piy # pi W7z 5155 po, ..., p,
ZHD, IEOHEBE d = d(pi_1,p;) ODFIE 1 2T 5, FEEEZERICOWTHAE
AR 2 — A, 2 B 2 REHMRZ — AR, 2o OFEIRD
MHa, (X)) O HHEEZRFT 5,

RIT 2 8E, sAH

(24) F:(p(]?ul_,Ulaplw"upq*l?uq_U(I?Z)Q)

TRES NS, u, v TBASLZADOHMBONKRTH D, EHLLEHICE
WT, TRTD p; A nonsmooth €725 K HFERTZ %, ZZT nonsmooth &
X, ZORZHIRT 2 ERPEICHIRIEVWIEKRTH 5, Z DK%
BN EZZ THHIEDL LW, BT w,v; DHIBRIEDNIZZ - TH
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B, ODORZHDOHEIZFICK 2, AREEZZOBFOEEEMZ /W, #Hzik A
7 N AZRHDERIZITHR W,

Lemma 2.3 (BEREE/NC & 21HK). X & (NB) Ziii/= 3 HI#hZzERH, v 2{EED
PREEZERE. f: X =Y % 1-Lipschitz: BARE 3%, X IZBWT AL EOFEEH]
iR 2 H o 5 T D Az LT,

(2.5) dy(f(a), f(b)) < dx(a,b)
DI DIDEARET S, ZOLZE fld, IRTOEDKRERY —REBLST
RTOEXTHEERTH 5,

Proof. WERBUZ FOREEH2 HHEK L. RSBOIEXBIIERD HHIKT
%o K 2g DEJEDHH (2.4) D |

d =dx(po,p1) — dy(f(po), f(p1)) >0
EBLo w,v BENZNORMAR LT po ISEMNT, po 225 OEERER §/2 A
WKT&E%, ZOL EMOERPECEL-FFE. RETCOLZHGZRTE L 2l
BT, q>2DEE, y=uy T720E v ITXFL T

dx (po,y) < dx(po,p1) +dx(p1,y)

THbd, ZIOTRINE po 225 pr NDERZ ZARDOHMARIZ, v FTDFE
UMzt d 2T W p ZHE T2 E% 23 ZAROREHIHIARD T =,
(NB) I3 %, #HMEIZED, pp ZTHEVAEICEZTHRERIIR TN
b, ZDZENERAIDOKEH% nonsmooth IZfRD, ¢ =1 TIEOoLEHDHE
I ETDH 5, Gomi DREITTOMVEPHEHTE S, . HVREHL
WHRERITTHALLZF =24 YOBERICE > T, ZNZENOBEN 2 EZEDH L
TH KW,

BEIROWITNDLDORZ u & U, t =dx(p,u) < §/2 B, IFERMEE =
AAREAD S

dy (f(u), f(p1)) < t+dy(f(po), f(p1))
=t+dx(po,p1) — 0
<dx(po,p1) —t =dx(u,p1)
2185, Lo THLWRERILOEBMICHN 2 TXToOMIZIE, BiIZER

2UND B, (2.2) IBHEFICED, D DEEROEMEEIELDKERY
—2RELERT 2 DT, AAIED 3, O

3. KoBavasui Fhff & &5 HIHER

3.1. ALK L IERE. Kobayashi #FEHEE. K2 NERIFROEICH - 72
FiEERE (1.1) OO TFRTH %, IERIEBRDIFIERTH 2 Z id. HEEK
TR TS, AROMEETIX., ZAUIEDHRECA 5,

pH— X 2R THEZ 2 HEOEEHREBEO VIO L, WEEEHE %
A T3, FPFHRIOGE L BRI

(3.1) P

- 2Imv’ 2Tm v Imw

ThHb, Cayley BRI L o THIRDARADLBHMHES . T HIT,

v — w]”

cosh(2ky(v,w)) =1+
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DD LD, FERE WIS L > T—HOFRENB LN, Hic, ERIFRD
HZE v DOIEICHD BT 5, FIRIZEERZOTHRS EFARETH D, KA
Hbyw b, F5 EIF&AMRIC SchwarzPick Offi@x#H L., —ARE
REffis> e WOREFERLB 2, ZOWHELRUIZ [Win22, Proposition 1.1] 1% 7t
TNTW3,

RO Zo05EITIE. BEEROEBGBF PR RICHD S &, Bk
RETORBEDEBERICHD» S, Lo TIRIER/IMETH D, BR20D
MOEBEIET, Z3UI5EH Poincaré Riemann 5H & DR DFEREIC R 5, etk
FEDFES EF0 6 b 705, Cauchy FNDETH 2, R OMHERIZR S
BRI T D72 <, 2 OERIE FEPFEHOAREDEICHFERNICRS £
b, EFFHEOEmMMED SR EOMR 2 H>, £ DBRIITTDIDMIR & 72 5,
BRI RO WBEIMBEANOR T ZHE L1250 TH D, HITEEDRK
GRTEZ D KD BRI D L35, Lo TUNTHAZDIE, #EAT
—ER DRI TR REHMBRO TR TTH 5, BEIFSEMER Riemann
[ DT (NB) %7z 5,

32. BREY 27 ADOHRR. a = log(1/r) > 0 B, MEIEE ¢ — e ITK
D A, ZHIRFEI —a < ReC <0 % (— (+2mi THoEERE—HEN5,
HAg
v = exp(mi(¢ + a)/a)
FZ DS HANDOVIERIEHRTH 25, PEERE T F 72D,
272

(3.3) T="" 5,=T/4

a
ThHb, v=eto, scR, O<a<rm &EL, JLOM 2 IR LT,
. 7r(10g|;|+a)
THd, MORDEEE (t,8) £ L. A=minjez|s —t+ 5T €[0,T/2] £B<,
(3.1) ZEHT S &

(3.4) cosh(2k 4, (z,w)) =

Targ z

s = (mod T,

cosh A — cosacos 3

sin asin 3

21585, FEBE, B/MET 28N v —w|? = ¥ + ¥ —2e*H cos(a— ) ThH b, Z
Nz B IWRATIE, ADRDDIT |s—t| BV (34) BELN5,

Lemma 3.1. z/w € Ro DHEITIE, RAEHHBIIDS £ 5 ¥ ZAFEL, 20
DATIE—ARTDH 2, —AD35EDEMOMHEEIZ [, 00) TH 2, ZDHEHED
. ERBEDIF, BxOY |zl =|w|=r D z2=—w DHFETD %,

Proof. o, 8 ZFEET 2 &, (3.4) DHENIIEEDZENLIZE U THRFRHEFEMT D
%o BB WEBOETRENL, BN T/2 THEIHEEZRVT—ETHD,
T/2 D 235 x5 Y OFAEREr k2, BOFb LFo—EMickh, %
DZARKDOITDHLITELR Z, s DEFERKL L. ZOHEMREADEN » T
HBHZEFMETH S,

[FIEEHE © 72 235812 C = cosh(T/2) > 1 £ BL &,

C —cosacosff — Csinasinf = (C' — 1)(1 — sinasin f)
+1—cos(a—pB)>0
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Th 5, Lt#ofam@m>c ?@b%k>TMZE% FEICIE a =
B=n/2 BRBETHY, ZOFFETHTS DS, ZHIHTDRAFDLOH
IR 2] = /¢ N z RERT 5,

FEPFLVHE, a=8TH5056., ZAROREHHIROE XX

(3.5) cosh(2k) =1+ O; !

SN~
Wil S, a % /2 DOBANEIDNT . A C DO HERK F CHElli oRE
HINCEI . Lo T 7 DEDITRTOHERMNERT 5, O

¢m®%ﬂ%ﬁifﬁﬁgwmw21%é ZOREEIXT/2 =27 £725,
Lt#ofr@®#ﬁﬁ§ﬁ DEED¥TTH D, FREUX (1.1) DIEFKIZ
XoTEIEZNTWVWS

M&K%%mm.g@vHﬁm”Q;m4%MWW@HU+DXE~ﬁéh%O
v=rx+iy. w=2a +iy EFEZ. A=minjeglr—2' +j]€[0,1/2) B, TD
L&

A2 N2
36 cosh(2ha, (p(0) pa))) = 1+ 2 LY

THb, A=1/2, THROLITLOMDHDRAEDL 7 DHFEIH & 5 L KD
BIEHIHERD D D, ZhDINI—ATH 5, ALES y=y TIE, ZOHEHEHX

1
3.7 k = arsinh —
( ) arsin 4y

b, y B (0,00) FEIC &, ZHEITRTOIEDHEEZIS, R/NDIEDEIX
W0 R, BB TR WM 72 & FICIEOIFHREE? D 5. L »
5 FRIIABTD %,

4. FHEEDFEH
4.1. BOHBELLEY 2T R,

ER 11 OFEA. B REnY—0Rd, M 2.2 & EE O RHERO @D S
WS o ZODEMITIINN T % augmentation D%IE Z THH., —DODAERITIC
WNLTEERELLTH S,

BXREL T Gomi DFEEEHZ WS, MM & IED I D E S BEIC RERR
U7zo RE 2¢ DIEFRIRIX, BED A5 mORADPKITH D, qﬂ@ﬁ%@ﬁ
DATHBEIBEH (po,...,p,) THRFMF O D, SEEHERE, EUEHR
HFR LN DRIARD D & 5 ¥ — KD 5, AREY 2 7 RAOMIRTIE, FHEEEHX
7. UUETHB, XoTl<qr, TERIRFEPFELRN,

(>qr, ¥ 5%, (3.5)1C& D, HHEED (/g THENELWEIHRA D B a,b
BIRU, ¢+ 1 HrBRIZRADEY (a,b,a,b,...) ZES, ZD XS RHIFFFX
N2, BEELTORVWHOBERIEIZEILEZNTORWLLTH D, ZORNET
NTOAHETHKRICEIET 2 &, [ UEX CHIKBEEMED R 2 RERT %
9%, W2, BFIXHIHE OEBRME D & & HXHico & & & RO HIMFR TR E
DT, ZDEETEGARBEEMUTITH S, LEDR>THREEE > c i
60

NRBEMARTIX, TED (> 012OWT (3.7) 2 SFEEE /g D3R ER D,
[ UREDSY  BEFHMEAEH XN 5, T DERIE Gomi DEHIC X

%o BAEBIUEREZIDFRITERE 2.1 2OHEES, O
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(= gqr, Tl BIERFORBEE ROHIF OO PRI EOXIRRTH 5, L
7eDio TIRFIREYMORTRE SR BORIN L 25, fFerERL, FuLOM
AR D SCTHRT NI o N2 EIKEZ1T 5, EiHARE DR GRS 5 D%
AORETH D, EEICMHEIFED 2 & FRL TV DT TR,

%R I12DFH. EH 11 1Ck2, FEFRERY—DEIRETIEE. r>0
T3 [1,,00)s 7 =0 TlZ (0,00) TH 5, FRZEW? L RHDIREHT, 7. D
EERATEE (15) 2195, —EHXESEHPFER LS, HERERY—D
Bb—HT5, 3 r=0% r>0DBXBIE4, KWT log(1/r) =1log(1/s). L
T2BoTr=s D, HRAZIEIEMERPZELOZEDLOHMED, O ITOWVWT
D ERICIE, R IIE SR [BMO6, §12] 25, 2D X 5 G FEERE,
0<r<1%i-3—ED A 2MEAITH 2, ZhdDMERIEBRIC X - THE
By F = A4 YEEREB L. tofimzEH T X v, O

4.2. IERIEE Y #E.

B 1.5 OFEA. HEWEE px - H — A py H — A, ZEE L. fopx ZIEA
BRF - H-HIZHED LT 2, HPREBERGZROTHED LIFBFEEL. #HEDRF
FR BRSO IER] 2 D THES LT B IERITH 5,

F RECHATHROWEE, SchwarzPick DEFEAEFR [BM06, Theorem 3.2]
WED, v#wiZNUT ky(Fo, Fw) < kg(v,w) £78 %, 225 abe A, ZH
D. (3.2) DEIMEZER T 255 LT v,w ZEIE,

kAs(f(a’)? f(b)) < kH(Fvv FU)) < kH(U7w) = kAr(a7 b)

THd, Lo T (22) FEXEDF = 4 ¥ FTEFENIIETDH 5,
F 2PEHCRBEOEEZE R 5, MBAEHHZZLZH Ax,\y T 5L,
pyoFoy=pyoF 256
FAxF7' C Ay

218%, Mg e bIEEHPRERKEE DT, ZOMOBIERER m>1 %
BbH. Ay OERITTO m BCTEREIND, FITL > THEZRERMZFR—HL %
T, fIEZOETEOED» S Ay DENDODERLBHETHE, m=125RMN
FRITH B, m > 2 76, JRTHREHMERS KD 2T RTORMNPEIZHE
BAHIEETRT,

WHEFL DB A DIEBZDE IR ETH D, WA DIEFEDEIIK
VPIDFEETH D, Lo T, ZOHE IR ENORNIFEL WV, WihE
Tl EBROERITTE v — Vv, U>0 2 IEFILT 2, ROERITIE v — eV
5, RTZADREHMIRED D 2 St OMETRDEMIZ. mU 2iHEE LT
mU/2 TH 3, —H. BINTIIEMDE L U/2 < mU/2 L7223 HEELUR % %
g%%@gmﬁéﬁmtﬁcm>mzﬁmomfﬁﬁiﬁﬁmmwf\ﬁ%m
I TR AP

BT, BENOERITZE v v+hy h >0 L IERET 2, TEOEIHIE mh
ThHb, WTARD S RNDIKFEENIE mh/2 7205, ERTIEE 4 h/2 < mh/2
DEM R OWBLEEAG D H 5, FHEZEBELEIEZDEFICLER (3.6)
WEko T, BUBEMIEICES RS, fid23 ZHEHT . TXTOIERK
WZBWT (1.6) DHES,

RZIC, RUEHIEBR  Z 0 EBI1Z & 312 Kobayashi BREEIC B U CTIEHE K
BROTHEEBBRTHY, EWIHRF =4 VEMREZHFET S, EH111Ck-
T, TRTD A, WWEIEBRERBOHEYRD 5, TN TREDFENE S FEH X
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N7z, AR ZHEREBICOWTIE, P EL /5N MERIERIC & -
T f il PRI DFEEREZBEIEINES, O

5. BAKPI & RS

Example 5.1 (B IZRKBHREFERGBREIEROZWV). m>2 DL Z, f(2) =
XA DD A NOARTIHETH 5, AREY 27 AOMERTIE, HOH
DPARMAR DA RIE 27,0 BT 27, /m TH 5, HOMPERE. m HEBUL
HRICFICED, SR OERNTORERED 7./m < 7. &85, TRV
JRFTNCRIZE N D DT, fu DIEXBDTRTOF = 4 ¥ L THETH S LIFR
HRWV., ZNTH, FEINDZIEXRBARER Y —ERIIEHE 1312LDETH
%

Proposition 5.2 (Carathéodory HRf & AIFRZ M DERR). E C D ZMHXHICEA
CBEHEEE E L. HREDEFT, U=D\FE tBE,
cy(z,w) = sup kp(g(z),g(w))
geO(U,D)
CEDD, TDEE ey =kplyxy FEDHEHTHD, IRXRTDE>18 >0
L:j‘ﬂ‘ LT MHk”g(U, CU) =0 T%%O

Proof. U L OBEFRIEAIBIENZ, PIRFIRAEHICE > T EF ORI R ZBZ T
IEEXN5, B D NICEBREFRZZVOT, EEIX D 2f0o—o20EH
B 722, D NOERDERIZ, BRMEFHICK > TEAL LT D ITHER
%o Schwarz Pick DffifD 5 cy < kply 18T, WEEBR U — D » oA =
DAFEXZE 5,

W2 D3 Z0HIREEECH D, U ODNFHDEDE X6 E D 5 T3
WV, £ interval poset . EMEFZHEOMROABMBOI TEETH 5, B
% Ui U R LT interval 1329 TRV, U DFHOWTWVWS DT, M 6D +0H
WIRFRRITE U WIZER B D6 TH %, F7z 4-cut 1FFLE LRV, proper 72 PO
DIHDHIZHEH E HIZ smooth 72 5, DD PRI X358 D IE B BH 22 7
BET—HT 2, Lz T—oDM XTS5 472 WHh IR B of, i
T AEEEOMII AR 25, U ANDHIRBICE > T, 2o nFERIZED
%EL\O

& 5T U & geodetic T, [KY21] DFELETIE my =00 THH., D 5
DD interval 1XH IT22 T\, Kaneta—Yoshinaga @ thin frame 2 & % &M
[KY21, Theorem 5.2] &, TRXTOHRDIERIIWCHEHATE %, IEXED frame
WSRO DIH D Z D interval 1ZZE TR WD T, thin frame {XFEE LRV,
CNTHREZES, REBEOFRIIF =4 VOERITK 5, O

U=D* 32, 52 LEM 1.1 IR CERFEBICN L TERSZEX %
B2 %, Z® Carathéodory FEBEIXN5EHTH D 5EMH72 Kobayashi FHHf & 1352
25, Fiz. HIFREEEE T UCEMOMERZ Uit ZEf o @ B2 @A LTk
BBV, ZOHNE, ROFELFI THEHEDY I/ =F 2 — FKREBR Y —DIEH
WG XN b, CVWH HIRFEEET 5.

Example 5.3 (FItR & & X XD E). FIR O &EHAHRIE—E L D T,
[Gom25, Corollary 5.24] 12 & D IERBUIHIK T 5. AREY 2 7 XDOMERIZ
RIWHETIETRAIENE . ZDIEFRBZRFOMEAILFEBUITEL WV,
EHBRFERORE IV EENS L. Th6DFETIIMEREZ XKAITE R0,
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FERRRIAROEROFREBRTH 5, BALERNZAZ 2R T 5
EREERLZW,

Example 5.4 (B{E 72 G RIEAGHE). H/ (v — 160) IZBWT, 0,2, 40,8 #RFE

JLE S % HUDPHRIMIAR EOMR 2R %, h = (log2)/2 Z BN & L =B THIX
0121
1012
2 101
1210

THb, DT 7 F LZ proper BHZHNZE L. (2.1) DEEEATHI % # K
L. #d 255 T OBNETH S Z e 2R LT, Q LOEHEZRD 5,
FPEHEIE 0<Ek<4, 0</h<4THDH, Ao TL 2BEADZDITREBLD
FrzArbED, EEOHINTIZ

dimg MH, ,(fA; Q) =8,  dimg MHy 0, (f8A%; Q) = 12

WaEhd, F—0OEIZ. MHESKRTEIFECTHLIILERS, B _0OHEIZ.
NODFEER=ZmF = A v, RMDTERICEZEDIUD DM R AZZ 5.
R TIXMD T2 EPFHTE 220, MIEOFEF A4 VIZHEZ %, 2
DIEARD S HERERIZOWVTOREREE VL TITWVARYL, ZORENIE RO
PHEER L., HEZEE e AREO S TE MR 2GMERTZETHD, a—F
TIREHOEEROI SR G X2 WBOLEK B ITo 7203, Wih
DERETE b — DI D % B DTIE W,

A #EIB. Hepworth O1ETCEM [Hep22, Theorem 3.1] 1&. 274 2% =D H#EE
WC—HRBRIED R H 2 Z ¥ Z2RET 2205, AFEOFHIBIX Z DIRE % i 7z
W0 [FISZERD Example 3.4 b, (EEOEBEZEBOEILATERNI & &R
L TW %, Doila MateoLeinster [DML26] & Euclid 24 D HE 7 €& 2 WF5E L
TED. Buclid FEEEZHIR L-FAMRDESL T 2, ZOHH RERY —[H
EHOMEIIARE ITELR 2, AROMNRPIFBHEORERS —TH D, BER
magnitude OFUTERC. HTL < EF L 7= relative REFHTIXR WV, —ROEE
FHEDETS . EEAGER O B AT ORI D FIR LRV,

6. SHEDREIWN

Question 6.1. JERMFIC X 2 H ORFTIX. €D &5 RIEHIED, B DR
iR 2 R oD & b —H O RN DEHEZ RO/ 5 B, filld 2.3 1XFFE
HBROHEBDO+0nF&ME25Z 50, ARIFEEOWREIIOWTZOHZ/RL T
WY,

Question 6.2. HREY 2 7 ADMERIC Carathéodory FHlfEHE ANT=35E DO@ER
D7 =F 22— FRERY 13D, FREESICHERDI D 2355 1IEAIBRR A
WZOWTORFIAEME 23, Z DI OWT Gomi DEIMIMEDRE D HEZE L T
WL,

ZHHDEIWIE, ISR RDOIE TIE RV, FEH L 7ZFERIZOWTD
FIRICHR B AHESEME X, KBk Lo IV MREEICE T 20 TH D, BEh
7= ARGERARE T2 W0,
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