JOINT COLLISION AND POLE REGULARIZATION IN
WEIGHTED BERGMAN INTERPOLATION

CHATGPT 6 ASTRA

ABSTRACT. We study least-norm interpolation at the zeros of zV — ¢ in a

weighted Bergman space on the unit disc. The weight is p(|2|?)(]z|? +)~¢, where
p is positive and C!, and ¢ = N + 7/log(1/e) with 7 bounded. We determine a
relative asymptotic formula uniform in all relative rates of a — 0 and € — 0, and
uniform over all interpolation data. Each Fourier component has a denominator
consisting of a low-degree term and a term of order a?". The highest compo-
nent contains the critical factor log(1/¢)(e™ —1)/7, whereas the other components
have power-law scales. We compute the corresponding limiting extremizers and
give a necessary and sufficient condition for the interpolation norm to approach
the jet norm relatively. An explicit two-point example shows why convergence of
weights and collision of points alone do not imply this relative conclusion. The
proof uses orthogonal monomials, a discrete Fourier transform, and uniform mo-
ment estimates. The result is a model calculation concerning singular weights and
non-reduced limiting constraints; it makes no assertion about singular ambient
spaces. The novelty assessment is provisional and is stated explicitly.

This note was generated by ChatGPT 6. Iwai has NOT verified any of its math-
ematical content. It may therefore contain mathematical errors and should be read
with caution. A Japanese version is provided below.

1. INTRODUCTION

1.1. Background and the question. The L? method initiated by Hoérman-
der [Hor65] and the extension theorem of Ohsawa-Takegoshi [OT87] connect
curvature conditions with existence and norm control for holomorphic objects.
Higher-codimension extension [Man93], optimal constants [Blol3, GZ15b], and
the curvature-based proof of Berndtsson—Lempert [BL16] substantially refine this
connection. The classical estimates do not, by themselves, specify the exact least
norm for every varying interpolation configuration.

We ask a concrete question at the intersection of extension and stability: when
a reduced interpolation scheme approaches a non-reduced scheme, and the weight
simultaneously develops a logarithmic pole, when is the least interpolation norm
relatively close to the corresponding jet norm? Here “relatively” is essential. An
additive estimate for a reproducing kernel can lose its information when that kernel
tends to zero and must be inverted.

Date: September 9, 2026.

2020 Mathematics Subject Classification. 32A36, 32A25, 32U05.

Key words and phrases. Minimal L? interpolation, weighted Bergman kernel, colliding points,
logarithmic pole, jets, relative asymptotics.



2 CHATGPT 6 ASTRA

1.2. Main statement. Let D = {z € C: |z] < 1}, and use

drd V-1

(1.1) dv(z) = Y — V70 g pds
T 2m

Fix an integer N > 1, a number T > 0, and a real function p € C*([0,1]) such that
p>0on [0,1]. Set
(1.2) L =log(1/e), c:N—i—%, r=a*, 7] <T.
We always take 0 < ¢ < 1 sufficiently small that ¢ > 0, and 0 < a < 1. For
holomorphic F' define

_pllzP)
1.3 F F(z d .
(1.9 IFIE, = [ PP vt
For v = (vg,...,ux_1) € CV, write p,(2) = S0 02", and let w = >™V=1/N,
Define the least squared norm
(1.4) E.ro(v) =inf{||F|2,: F € OD), F(aw’) =p,(aw’), 0 < j < N}.

This parametrization fixes the polynomial representing the limiting jet; it does not
hold the unscaled values at the moving points fixed.
Put

w = (froa) o= {7007

For0<r <N — 2 get

(N - 1) v g N—r—1
1.6 A, = . Uy=e AN
(16) p(0)rI(N —r —2)! ¢ e
and set

N-1
1 v, ”

1.7 Unog = —— cra(v) =Y
(L7) V= onaE) Y U, + b,

When N = 1, the range in (1.6) is empty.

Theorem 1.1 (Uniform collision formula). With precisely the data and normaliza-
tion above, there are positive constants C| Ly, xq, depending only on N, T, p, such
that for L > Loy, 0 < x < xg, and |7| < T,

(1.8) %-1‘30(%%) (v # 0).

The infimum in (1.4) is attained by a unique holomorphic function. For the pure
datum p(z) = 2", suppose along any sequence that a — 0, ¢ — 0, |7| < T, and

b,x
U,
The corresponding minimizers satisfy, locally uniformly on the (-plane,
Fera(aQ) MY

a’ 14+ A
For \ = 400 the right side means (",

(1.9) — A€ [0, +oc].

(1.10)
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The constants in the leading terms of ) are exact asymptotic coefficients. We do
not claim optimality of the unspecified constant C' in the error bound. Section 6
shows that all transition parameters A occur and determines the equality cases of
the exact extremal problem. For p =1, N = 2, and 7 = 0, the formula reads

(1.11) E.0a(v) = (14 0(1)) [vol” 4 1"
” e4+a* L 142a4 |’

with relative error uniform over v # 0 and over both small parameters.

1.3. Comparison with existing results. Hosono’s Theorem 1.1 [Hos20] gives
optimal extension for a homogeneous jet quotient with a specifically defined residue
metric. Guan—Yuan’s Theorem 1.11 in the inspected preprint [GY25] characterizes
equality for weighted multiple jets on open Riemann surfaces. These results already
cover substantial jet and equality theory; our claim is not a new existence theorem
for jets.

Chen’s Theorem 1.1 [Chelb] proves locally uniform convergence of weighted
Bergman kernels on bounded hyperconvex domains, assuming almost-everywhere
convergence of negative psh weights and local integrable domination away from
a closed complete pluripolar set. For p = 1, our regularized psh weights fit that
convergence mechanism after harmless constant adjustments. This still does not
furnish (1.8): the Gram matrix of the moving evaluations degenerates, and a
uniform relative estimate is needed before inversion. More recent work also treats
dependence of p-Bergman kernels on weights [Zyn26]; no specific theorem number
is used here.

Bao-Guan—Yuan [BGY25|, particularly Theorem 1.6 of the inspected preprint,
relate growth rates of generalized Bergman kernels on psh sublevel sets to multiplier-
ideal thresholds. The present formula concerns a fixed disc, a regularized pole,
moving finite constraints, and the bounded exponent window (¢ — N)L = 7. It
retains both competing terms and the critical function H(7), rather than only a
logarithmic growth exponent. Neither the stated convergence theorem nor those
sublevel growth statements supply this formula by direct substitution.

Relative asymptotics for vanishing-section kernels also occur in Sun’s work
[Sun21], in a high-tensor-power setting with a fixed smooth subvariety. The pub-
lisher records a correction; we use no numerical statement from that paper. This
related theory is another reason not to claim that relative Bergman asymptotics
themselves are unexplored.

The proof below makes the additional computation explicit: the noncritical mo-
ments have beta-integral asymptotics, the critical moment has a uniform logarithmic
transition, and a positive tail estimate controls the inverse problem at every rela-
tive speed. Orthogonal projection, Fourier diagonalization, and tensor products are
standard methods; they are not claimed as contributions.

1.4. Novelty status. The status assigned to Theorem 1.1, its precise transition
profiles, and the relative collision criterion is

POTENTIALLY NEW BUT LITERATURE CHECK INCOMPLETE.

The statements have complete proofs here. The literature search did not estab-
lish exhaustive coverage of extremal interpolation or weighted operator theory, and
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the full text of [LXZ23] was not accessible. We therefore make no priority claim.
The accompanying audit records the compared theorems, discarded candidates, and
search limitations.

2. PRELIMINARIES ON L? ESTIMATES

2.1. Weights and curvature conventions. For a twice differentiable real func-
tion ¢ on a domain in C¢ we use the complex Hessian (0%p/0z;0%);x. Plurisub-
harmonicity means that this matrix is semipositive; for singular functions it means
subharmonicity on every complex line, with the usual upper semicontinuous repre-
sentative. The typical scalar Hormander estimate on a pseudoconvex domain, for
strictly psh ¢, solves du = f for O-closed (0,1)-forms and controls the weighted
squared norm of w by the inverse-Hessian energy of f. On complete Kahler mani-
folds the corresponding bundle statement uses the Nakano curvature operator; see
[Hor65, Dem82].
In our model the weight equals e™% with

(2.1) p(2) = clog(|z[* + ) —log p(|[*).
If » = —log p is C? and ¢'(t) + ty"(t) > 0, then

82 / "
(2:2) 520: = G VAR + P e > 0

Thus p = 1 and p(t) = e * lie in the strictly psh setting. Theorem 1.1 needs only
positive C! radial density, and so also applies beyond psh weights. Its proof com-
putes the extremal problem directly and does not invoke an unproved regularization
of bundle curvature.

2.2. Multiplier ideals and the critical integer. Our convention is
Z(¢)o = {f € Ocyp : | f|?e™% is locally integrable}.

If f = 2%u, u(0) # 0, local integrability against |z| =2 is equivalent to fo(s th=cdt < oo,
namely k 4+ 1 > ¢. Consequently, for ¢ > 0,

(2.3) Z(clog |2*)o = (2')).

In particular the equality case k + 1 = c¢ is divergent, not integrable. This direct
calculation is a standard example, consistent with strong openness [GZ15a] and the
semicontinuity theory of singularity exponents [DKO01]. Effective versions such as
[GY22] give quantitative integrability under specified extremal bounds. We do not
claim to improve those general results.

At ¢ = N, the multiplier ideal in (2.3) agrees with the ideal of the limiting
interpolation scheme. This agreement explains the choice of pole order in (1.2):
each of the N residue classes has exactly one low-degree mode whose norm diverges
and a next mode whose norm stays finite.
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2.3. Which recent generalizations are already available. For orientation,
several recent developments were treated as known input to problem selection.
The smooth Nakano converse is established in [DNWZ23]; its inspected preprint
Theorem 1.1 specifies the auxiliary positive bundles and the completeness condi-
tion for the reverse direction. Singular vector-valued extension is addressed by
[GMY26], under its specified singular Nakano hypotheses. The direct-image re-
sults [Ber09, IMW24] distinguish smooth curvature from positivity defined through
optimal estimates.

Non-reduced extension is already developed in [Dem17, CDM17, ZZ19, 1.XZ23];
qualitative surjectivity and a sharp bound for a specified class of sections must be
distinguished. In division theory, [LZ26], Theorem 1.1, extends Skoda’s estimate
[Sko72] to L*-optimal pairs. The converse in [LMNZ25], Theorem 1.4, requires a
bounded domain, a C? weight, and its particular universal division condition for a
nonzero weighted-square-integrable function. It is not a converse to arbitrary ideal
membership.

For singular hypersurfaces the source measure is an essential part of the theorem:
[KS23], Theorem 1.8, obstructs replacement of the Ohsawa measure by a locally
integrable measure in its non-klt normalization /different setting. Singular ambient-
space L? resolutions require a specified analytic realization [Wat26]. Our disc is
smooth throughout. No passage across a singular ambient locus is used in this

paper.

3. THE EXTREMAL PROBLEM AND ITS EXACT SOLUTION

3.1. The family of quotient spaces. The monic equation z" — a" = 0 has N
simple zeros for a # 0 and defines the length-N non-reduced scheme (V) at a = 0.
Algebraically, Cla, 2]/(zY — a") is free over Cla] with basis 1, 2, ..., 2N "1 division
by a monic polynomial gives existence and uniqueness of the remainder. This is the
flat family underlying our choice of data v.

For a fixed positive e the weight in (1.3) is bounded above and below by positive
constants. The weighted Bergman space is therefore a Hilbert space, its topology
controls uniform convergence on compact subdiscs, and all evaluation maps are
continuous. The polynomial p, has finite norm, so the admissible affine space is
nonempty and closed. These facts already give existence and uniqueness of its min-
imal vector. We next compute it, using the standard reproducing-kernel principle
[Aro50] in coefficient form.

Proposition 3.1 (Exact diagonal formula). For the fized parameters above, define

(3.1) my = /01 t*o(t)(t 4+ &) “ dt, T, = i °

Then 0 < T, < 00, and

(3.2) Ecra(v) =
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The unique minimizer is

=2

-1

0y N NN
(3.3) Fy(z) = 2 T; R
Every admissible F' of finite norm satisfies
(3.4) IFIZ,; = Ecra(v) + |F = E12,

Proof. Write F(z) = >+, fx2". For each radius R < 1, convergence of its Taylor
series is uniform on the circle |z| = R. Angular orthogonality gives its squared circle
integral as Y, | fx|*R?". Integrating this nonnegative identity and applying Tonelli
gives

(3.5) IFI2, = mul fiul?

k>0

The substitution ¢ = R? is responsible for the absence of a factor 2 or 7 in (3.1).
Discrete Fourier inversion at the N nodes gives

(3.6) N Z F(aw)w™ " =a" Zf,urma =a"v,.

>0

The finite sum and Taylor series may be interchanged because a < 1. Since a > 0,
the constraint in component r is >~ frt ~ea™t = v,. The weight has a lower bound
wy > 0, so my > w,/(k + 1); this proves convergence of T,.

The Cauchy—Schwarz inequality now yields

|U7' (Z mr+N£|fr+N€| )

>0

Equality holds precisely when f,,n; = v,.a™*/(m,,n¢T}) for every £. These coef-
ficients give a normally convergent series on D: the bound on 1/my reduces each
inner series in (3.3) to a polynomially weighted geometric series in a™ 2. Its norm
is exactly (3.2), so it is admissible and realizes equality in every component. Finally,
the coefficients of F' — F, obey homogeneous versions of (3.6); their inner product

with those of F, vanishes. Expansion of the Hilbert norm proves (3.4). O

4. UNIFORM MOMENT ESTIMATES

All constants in this section can depend on N, T, p, but not on ¢, 7, a, or v. We
take L large enough that |6| < 1/2, where 6 = 7/ L.

Lemma 4.1 (The three types of moments). Uniformly for |7| < T, ase — 0,
(4.1) m. ' =U(1+O(L™)), 0<r<N,

T

(4.2) my, =b.(1+O(L7Y)), 0<r<N.

Moreover, for all k > 0 one has m,;l < C(k + 1) with a constant uniform in these
parameters.
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Proof. We separate the three regimes before taking any inverse.

Power-divergent moments. Let r < N—2andd = N—r—1 > 1. The substitution
t = es gives

1/e s"
] ples)

4.3 ,=c %e” d
(4.3) m, = ¢ e/o (15 5)N o0 s
The complete integral with p(es) replaced by p(0) is p(0)B(r + 1,d + ¢), where

B(u,v) = [ s (1+s)" " ds. For |§| < 1/2 the derivative of this integral in § is

dominated by an integrable multiple of s”(1 + s)"V*1/2log(1 + s). Therefore
B(r+1,d+6) = B(r+1,d) + O(]d]).

Its omitted tail from 1/ to infinity is at most Ce?™ = Op(g?).
The mean value theorem gives |p(es)—p(0)| < [|p/||co€s on the integration interval.
Its contribution is bounded by

1/e
Ce/ s"T 1+ 5) N0 ds = Og(el).
0

For d = 1, bound s~ by e’ on 1 g s < 1/e and integrate s7!; for d > 2, the same
bound leaves an integrable s=®. On (0, 1) the integral is uniformly bounded. Since
eL = O(L™Y), (4.3) becomes

m, = p(0)e %" B(r + 1,d)(1 + O(L™)).
The identity B(r+1,d) = rl{(d—1)!/(r +d)! proves (4.1) in this range, with exactly

(1.6).
The critical moment. For r = N — 1, compare my_; to
1
(4.4) p(0) / t=170dt = p(0)LH(7).

The contribution to my_; from (0,¢) is bounded by Ce% < CeT, after the same
substitution. On (g,1) write the integrand as t1=%p(t)(1 + £/t)"¥~°. Because
c= N+ is in a fixed positive compact interval,

(1 +¢e/t)™°—1] < Ce/t.

The resulting error is at most Ce f t=279dt < Cr. Replacing p(t) by p(0) con-
tributes at most C f t=0dt < Cp. Thus

(4.5) mn—_1 = p(0)LH(T)+ O(1).

One can also write H(7) = |, ters ds; it is bounded above and below by positive
constants on [T, T]. Inverting (4.5) gives the remaining case of (4.1).
Finite moments. For k = N + r the integral is

1
MN+r = / o)t (14 ¢/t) N0 dt.
0

The change from ¢~ to 1 is bounded in integral by

1
C|<5\/ Y2 logt| dt = O(L™Y).
0
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For the smoothing factor, split at ¢ = . On the first interval the integral of ¢"~°
is Or(¢7*1); on the second the error is at most Ce [ "1~ dt = Op(eL). Hence
myir = bt + O(L™'), proving (4.2) after inversion.

Finally p(t) > pumin > 0 and (t 4+ &)™ > 27V"1/2 on [0, 1], for the specified
parameters. Integration of t* proves the asserted uniform bound. Every use of
differentiation or passage to a limiting integral above has an integrable majorant or
an explicit tail estimate. OJ

5. PROOF OF THE MAIN ESTIMATE AND THE COLLISION CRITERION
Proof of (1.8). Separate the terms ¢ = 0,1 in (3.1):

T, =m '+ a:m;iN + Zxﬁmxw.
>2
The last sum is nonnegative and, for x < 1/2, at most C'Y_ o, (r+N{+1)z" < C'z?.
Lemma 4.1 therefore gives B

(5.1)  |T, — (U, + ba)| < CL™U, + bya) + C'z* < C"(L™" + 2)(U, + b,x).

The last step uses U, + b,z > b,z and miny<,«y b, > 0. This lower bound is the
reason the argument is uniform even when U, is much smaller or larger than x.
Choose Lo, zg so that the relative error in (5.1) is at most 1/2. Taking reciprocals
changes it by at most a factor 2. Sum the reciprocal estimates against the nonnega-
tive numbers |v,|? and use (3.2). This proves the assertion uniformly for all nonzero
v. Existence and uniqueness were proved in Proposition 3.1; the profile is proved in
the next section. U

For fixed ¢, 7, the least norm with Taylor coefficients of orders 0,..., N — 1 pre-
scribed by v is exactly

N-—1
(5.2) Jer(v) = myfo, .
r=0

Indeed the prescribed polynomial is orthogonal to all powers z* with & > N. Define
the relative defect

Ea T,a( )
Jer(v)

Theorem 5.1 (Sharp relative collision criterion). Let a — 0, ¢ — 0, and let T vary
arbitrarily in [=T,T). If N > 2, then

(5.4) Do — 0 = a* =0V ).

(5.3) D, ;,=sup |l —

v#£0

If N = 1, the equivalent condition is a*log(1/e) — 0. For the pure datum 2",
condition (1.9) gives

Ea,r,a(er) ]-
(55) Tole) TEA

where the limit is zero when A = +00.
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Proof. The polynomial p, is admissible, so E(v) < J(v). By the exact diagonal
formulas, their ratio is a weighted average of (m,T,)~'. Thus

1
(5.6) D.;,= max (1-— .
0<r<N mrTT
Moreover .
m T
m, T, —1=x——+m, .
My N 1>9 My Ne

The tail is O(m,z?), whereas m_ j ~ stays bounded above and below. Consequently

b,x
5.7 1. —1=
(57) m .

r

(1+O0(L7" + ).

This proves both (5.5) and the equivalence of D — 0 with b,2/U, — 0 for every r.

For N > 2, the r = 0 condition is equivalent, uniformly in bounded 7, to
x/eN=1 — 0. It implies the other power conditions because x/eV=""1 = (z/eVN~1)e".
It also implies 2L — 0 since eN"'L — 0. Necessity follows from the » = 0 term
alone. For N = 1 only the critical term exists, and H(7) is uniformly comparable
to 1. UJ

6. SHARPNESS AND EQUALITY CASES

6.1. Extremizer profiles and energy allocation. For pure datum 2" put

ZL’K

6.1 - >0
( ) be mr-i—NETT’

These numbers are positive and sum to one. Equation (3.3) gives the exact identity

(6.2) a"Fy(a0) =) p¢m

>0
The fraction of the total squared norm in monomial degree r + N/ is also exactly
pe: substitute its coefficient into (3.5) and divide by 1/7,.

Proof of the profile assertion in Theorem 1.1. The moment estimates and (5.1) im-
ply, under (1.9),

po— (1+ N1 pr— A1+ )"
The conventions at A\ = +oo give pg — 0, py — 1. For any fixed R > 0, using
T, > C~'z, the remaining part of (6.2) is bounded on |{| < R by

C
=) (r+ NL+ 1)z max(1, R)"™ = Op(x).
T
For sufficiently small a, that compact disc is within the domain || < 1/a of the

scaled function. This proves local uniform convergence, and completes the proof of
Theorem 1.1. 0

Fixing 7 = 15 and taking z = AU, /b, realizes every 0 < A\ < oo. Taking z = U?
realizes zero; taking x = /U, realizes infinity. All these choices have z — 0. Thus
the coefficients in (1.10) and the function in (5.5) are attained limits, not merely
bounds. They show that the leading constants in the transition formula cannot be
changed while preserving relative convergence in every regime.
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6.2. Exact equality and near-minimizers. The precise sharp inequality for fixed
parameters is || F|2 . > Y |v,[?/T,. By (3.4), equality holds if and only if F' = F,,.

For any n > 0, an admissible F' satisfies
IFIZ, < A +n)Ew) = |IF - F|Z, <nE).

e, —
This is the standard Hilbert-space stability identity, recorded to avoid conflating
equality of a universal extension bound with equality in our exact extremal prob-
lem. No curvature-flatness or domain-rigidity conclusion is implied: even a strictly
subharmonic weight has a unique least-norm interpolant for every datum.

7. EXAMPLES AND COUNTEREXAMPLES

7.1. Two points and an explicit failure of unrestricted relative stability.
Take N =2, p=1, 7 = 0. Direct integration gives

(7.1) 1 1 1
: mo=— — =
T 1+e e(l+e)
1+¢ €
7.2 =1 _
(7.2) my = log 11z

Also my — 1 and mg — 1/2. Thus the constants in (1.11) can be checked without
a beta function.

For constant data at a and —a, the squared norm is asymptotic to (¢ + a*)™;
for the datum p(z) = z it is asymptotic to (L™! + 2a*)~!. The respective transition
scales are a* < ¢ and a* < L™!, which are different.

Proposition 7.1 (A relative-stability counterexample). In the preceding two-point
setting, take e = a® and p(z) = 1. Then the strictly subharmonic weights 21og(|z|* +
a®) converge in L'(D) to 2log |z|?, and the interpolation schemes converge to (z?),
but

EaS,O,a(GO)
Ja8,0(60)

Proof. The difference between the logarithmic weights is nonnegative, and its nor-
malized L' integral is 2 fol log(1 + a®/t) dt, which tends to zero. For example, for
a < 1 the integrand is dominated by log(1 + 1/t), an integrable function, so dom-
inated convergence applies. The scheme statement follows from 2? — a®> — 22 in
the monic flat family. Formula (7.1) gives J(eg) ~ a~®, while Theorem 1.1 gives
E(eo) ~ a*. This proves (7.3). O

(7.3) ~a'— 0.

The false assertion refuted here is specifically that these two convergences force
relative approximation by the jet norm without a rate condition. The example does
not refute Chen’s kernel convergence theorem, strong openness, or a sharp extension
theorem with its own source measure. It is not asserted that this qualitative type
of failure was previously unknown.

7.2. The exponent window. For N =2 and ¢ = 2+ 7/L, the two model denom-
inators become

e Te+a, (LH(7))™" + 2a™.
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The factor H cannot be replaced by 1 when 7 stays nonzero. Indeed the exact
critical integral (4.4) is LH(7). Taking a* = o(L™!) isolates that coefficient in the
extension norm. The window |¢ — N| = O(1/L) is part of the theorem; no uniform
assertion for unbounded 7 is made.

7.3. The singular limit and the unweighted check. For p = 1, ¢ = N, and
e = 0, finite norm requires F' = zNG and ||F||§ = [, |G|*dv. The unweighted kernel

is (1 — zw) ™, as follows by summing Y, (k + 1)(2w)*. Consequently
B (zw)N

For a > 0, the exact singular-limit component denominator is

{(r+1)+ (N —r—1)z}
(1—x)? '

(7.5) 0= "(r+Nl+1-N)a'=

>1
For the unweighted space, the same computation starts with ¢ = 0 and gives

r+1)+(N—-r—1)z
(e

These are elementary exact formulas, included as checks rather than novel results.
At the central non-reduced fiber, a nonzero polynomial of degree less than N cannot
be represented by a finite-norm function for the singular weight. Our comparison
always uses the jet norm at positive £, not a finite nonexistent central norm.

(7.6) T

7.4. Dimension one and standard model normalizations. When N = 1 the
theorem is the point-evaluation formula

|vo|®
(p(0)LH(T))~ 4 boa®

Here N counts points and pole order; it is not the ambient complex dimension. The
primary ambient dimension is one for every N.
For comparison, normalized Lebesgue measure dV/m¢ gives

E(vo) = (1+o(1))

d
[Pt =11
D md P aj+ 1’

(77) / |Za|2dv _ a!
Bd

@ (la| +d)
al2 —S|Z‘2dv . Oé'
cd‘z e 7= Jald (s >0).

The first and third identities are products of one-variable polar integrals. For the
second, put ¢; = |z;|* and integrate [T ¢;7 over the simplex ) ¢; < 1, using successive
beta integrals. In particular the normalized ball volume is 1/d!, not 1. Ordinary,
unnormalized planar area multiplies every squared norm and cost in our theorem
by m; it divides U,, b, by 7 if the moment definition is changed accordingly.
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7.5. Reproducible numerical checks. The accompanying script uses 90-decimal
arithmetic and independently checks 233 parameter choices with 1 < N < 4, both
signs of 7, and three relative scales. It also compares the Fourier formula to dense
kernel Gram inversion, checks the exact two-point moments symbolically, and tests
p(t) = e~*. Tail bounds are recorded in the output table. These computations check
constants and normalization; the proofs above, rather than numerical agreement,
establish the assertions.

8. FURTHER CONSEQUENCES

8.1. A product-domain consequence. Let d > 2 and let B C C?! be a bounded
domain. Let dp have a positive locally integrable density that is locally bounded
below by positive constants, and let H = A?(B,du). On D x B use the product of
dp and the weighted measure in (1.3). For v, € H, prescribe
N—-1
F(aw’,w) = Z v, (w) (aw’)".
r=0

Corollary 8.1. The exact least squared norm is
1

=

U?"Hg{
8.1 )

o

r=

—

Formula (3.3), with v, replaced by v.(w), is the minimizer. Estimate (1.8) holds
with |v,.|* replaced by ||v. ||, and with the same constants.

Proof. For almost every w, apply the scalar lower bound and integrate using Tonelli.
The proposed function is holomorphic, because each inner series is normally con-
vergent and the finite collection of holomorphic functions v, is bounded on compact
subsets of B. Tonelli and (3.5) show that its norm is exactly (8.1); hence the bound
is attained. Strict convexity or the integrated orthogonality identity proves unique-
ness. Summing the uniform scalar reciprocal estimates proves the last claim. 0

This is a formal product consequence, not a separate novelty claim. Taking B =
D1 gives an example in any ambient dimension; taking a pseudoconvex B and a
psh base weight gives a psh product setting.

8.2. Local and global information in the constants. The leading divergent
coefficients depend only on p(0). The coefficients b,, by contrast, depend on the
full radial integrals fol t"p(t)dt. Thus the transition involves both the local pole
and a global finite-norm alternative. For instance p(t) = e~* changes by from 1 to
(1—e~1)~! while leaving p(0) = 1. This observation follows directly from the proved
formula and does not assert localization of the entire extension problem.

9. SCOPE, LIMITATIONS, AND RESEARCH RECORD

The fully proved output consists of the uniform relative formula, the limiting two-
monomial profiles, and the necessary and sufficient relative collision criterion in the
stated radial cyclic setting. The finite-parameter projection formula, the singular
kernel factorization, multiplier-ideal calculation, and tensorization are standard or
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elementary background computations and are classified as KNOWN for the purpose of
the novelty audit.

The proof does not address general configurations of colliding points, nonradial
singular weights, arbitrary non-reduced subspaces, or a singular ambient variety. In
those settings the Fourier decomposition used here is absent or the source norm
must be defined differently. We do not label all such extensions as open problems.

The investigation screened nine candidates after constructing a 27-entry litera-
ture map. Two proof audits separately checked the analytic moment argument and
the kernel-matrix formulation. The separate research log records the bibliographic
access levels and the incomplete novelty assessment. This manuscript is a complete
proof of the specified model statements, not a certification of publication priority.
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