GRAPHIC MATROID CHOW POLYNOMIALS:
CLIQUE BLOCKS, STRICT INTERLACING, AND THETA
RECURRENCES

CHATGPT 6 ASTRA

ABSTRACT. We prove that the ordinary Chow polynomial of every block graph
whose blocks are complete graphs on at most four vertices has only simple neg-
ative zeros. Both the cyclic part and the total rank may be arbitrarily large. A
factor-insertion theorem for Eulerian combinations proves strict interlacing under
adding a bridge, replacing a bridge by a triangle, and replacing a triangle by a
complete graph on four vertices. The argument also treats direct sums of arbi-
trary rank-two matroids. A separate rank-three calculation covers diamond and
four-cycle cores with arbitrary attached trees. We also derive exact recurrences
for all cactus and theta matroids, and an exponential generating function for book
graphs. Exhaustive computations cover all 11,462 connected simple graphs with
at most eleven edges. General theta, bicyclic, and series-parallel real-rootedness
remain unproved here. The literature audit includes results available through
September 10, 2026; publication priority for the particular family results is not
independently guaranteed.
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This note was generated by ChatGPT 6. Iwai has NOT verified any of its math-
ematical content. It may therefore contain mathematical errors and should be read
with caution. A Japanese version is provided below.

1. INTRODUCTION

Throughout, Chow rings use the maximal building set and rational coefficients.
The problem is whether the polynomial

r—1
Hy(t) =) dimg A(M)t',  r=1kM >0,
1=0

has only real zeros. We investigate graphic matroids by actual graph enumeration,
exact computations, recurrence derivations, and proofs. A graph decomposition is
useful, but its associated direct sum of matroids does not turn the maximal-building-
set Chow polynomial into a product.

The main result allows arbitrarily many triangle and K, blocks joined at cut
vertices, together with arbitrary bridges. Thus the rank remains unbounded even
after all bridges are deleted. Triangle-only block graphs are cactus graphs; allowing
K, blocks also gives noncactus graphs with K, minors. A second theorem treats the
diamond D = K, \ e = ©122 and other small cores with arbitrary bridges. These
results do not settle all cactus, theta, bicyclic, or series-parallel graphs.

The mechanism uses convolution powers of the characteristic function on the lat-
tice of flats. For triangles and K, these powers factor into explicit linear factors in
k(t — 1) and 1+ t. Products of lattices preserve this factorization. A simultaneous
induction on the number of factors proves real-rootedness, factor-deletion interlac-
ing, and coloop interlacing. This supplies the missing preservation argument after
the known direct-sum identities; scalar multiplicativity is never assumed.
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2. STATEMENT OF MAIN RESULTS

Write B, = Uy, including the empty matroid By, and
An(t) =D 90 Ag(t) = 1.
ﬂ'ES’n
For positive-degree polynomials f, g with positive leading coefficients, we write f < ¢
when their zeros are simple, real, and strictly alternate in the order
Y1 <1 <Yy < -+ < xg < Yd+1,

where the x; are the zeros of f and the y; those of g. Thus degg = deg f + 1. A
positive constant interlaces a linear polynomial vacuously.

A block graph is a simple graph whose blocks are complete graphs; bridges count
as Ky blocks. Write H, s, for the Chow polynomial of a connected block graph with
r triangle blocks, s K, blocks, and b bridge blocks. Its cycle matroid is

Uy © M(K4)® @ By,
so attachment positions do not affect H, .
Theorem 2.1 (Main theorem: arbitrarily many clique blocks). Every connected
block graph with at least one edge and all blocks of order at most four has a Chow

polynomial with only simple strictly negative zeros, unless it is constant. The con-
clusion survives parallel extensions. For every nonempty matroid M in this class,

(2.1) Hy < Hyev,, < Husvs < Huomx,)-
More generally, the same real-rootedness and strict coloop interlacing hold for any

positive-rank direct sum of rank-two loopless matroids, copies of M (Ky), and coloops.

For N =b+r+ s > 1 the explicit formula is

r+s s
+ s S\ . .
Hygp =270 g 3107 (—1)r i
(22) ZZ( i) )FPeD

i=0 j=0 -
(L) T Ay ().

Its degree is b+ 2r + 3s — 1. For example, three K, blocks already have rank nine

and no bridges. This is neither a low-rank theorem nor a theorem obtained merely

by adding bridges to a fixed core.

Theorem 2.2 (Cores of rank at most three). Let M be a nonempty loopless graphic
matroid. Delete all its coloops to obtain N. Suppose tk N < 3. Then Hy; has only
simple strictly negative zeros, unless it is constant. Moreover,

Hy < Hyoo, -
This includes every connected simple graph obtained by attaching trees to one of
Cs, Cy, D= K4\ e, Ky,
and all nonempty trees. Parallel extensions of these matroids preserve the conclusion.

Here trees are attached without creating new cycles: each new edge is a bridge.
Arbitrary attachment positions and branching patterns are allowed. The assertion
for matroids includes disconnected graph representations. Simplification can convert
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parallel classes into coloops, so the stated matroid hypothesis is sufficient, not an
isomorphism classification of every possible graph representation.
For X = Cy, D, Ky, put PX = Hyx)es,- The formulas are

(2.3) P =2Ay5 — (1 4+ ) Apo + t Ay,
7 3 1
(2.4) By = 3463 — 5(1 + 1) Apta + E(tQ + 4t + 1) Apya,
5 1
(2.5) P =345 — (L DA+ S (14 )2 Ay

Despite their rational presentation, these expressions have integer coefficients. For
the triangle,

1

3
(26) Tb = HM(C3)EBB}; - §Ab+2 - 5(1 + t)Ab+1.

The theorem gives arbitrarily large ranks b + 3, rather than a restriction to rank

three. For D or K4 and b > 4, it goes beyond the known general bound r < 6.

The following results were checked in their source texts. The comparison concerns

3. PREVIOUS WORK AND NOVELTY

the maximal building set unless explicitly stated otherwise.

Reference Previously known result Relation to this note

[AHK18], Hard Lefschetz and Hodge— Imply unimodality, not the in-

Thm. 1.4 Riemann relations terlacing proved here.

[FMSV24], ~y-positivity; augmented uni- General recurrences are inputs,

Thms. 1.8, form real-rootedness; ordinary not new results here.

1.10, 5.10 real-rootedness in rank <5

[BV26], Ordinary uniform real- Does not cover repeated nonuni-

Thm. 1.1 rootedness form clique blocks.

[BVTN25], Paving matroids are real- Multiple triangle or K4 blocks

Cor. 7.2 rooted have circuits of size 3 in arbi-
trarily high rank, so need not be
paving.

[CFL25], UMEL-shellable lattices, with Repeated clique blocks need not

Thms. 1.2-1.3  interlacing be upper rank-uniform; explicit
witnesses appear below.

[Pie25], Recursive direct-sum decom- These identities do not assert

Thms. 1.2-1.3, positions preservation; factor insertion

1.9 supplies an additional interlac-
ing proof.

[CFL26], Every matroid of rank < 6 is Both cyclic rank and total rank

Cor. 8.5 real-rooted in Theorem 2.1 are unbounded.

[EFMPV26], Counterexamples for other Those counterexamples do not

Thm. 1.6 building sets address the invariant used here.

Further 2026 checks include low-rank log-concavity in [SV26], and real-rootedness
for noncrossing partition lattices in [Alex26]. Neither identifies the clique-block
theorem above. The latter concerns a different family of posets, and must not be
confused with all graphic lattices.
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To the best of our literature search as of September 10, 2026, we did not locate
Theorem 2.1, its explicit formula (2.2) and factor-insertion interlacing proof, or the
additional rank-three incidence criterion below. This is a bounded literature-search
conclusion, not a certification of publication priority. No novelty is claimed for
the general conjecture, uniform cases, low-rank cases, or the underlying incidence-
algebra and Chow-ring identities.

4. MATROID CHOW POLYNOMIALS

A loopless matroid has a rank function r,; on subsets of E. A subset F'is a flat
precisely when

ru(FU{e}) >ry(F) (e¢ F).
Write L(M) for its lattice of flats. We use the presentation
A* (M) =Qlzp: 2 # F C E aflat]/(I + J),
where [ is generated by xpz¢ for incomparable flats, and J by
Zﬁp—sz (e, f € E).
F3e Faf

This is the usual matroid Chow ring, equivalent to the Feichtner—Yuzvinsky presen-
tation for all nonempty flats, including the top. All variables have degree one. It
depends only on L(M); hence simplification and parallel extension do not change
Hy.

Set Hg, = 1 as an auxiliary rank-zero convention. Set

t+- 4+t d>2
diy=14+t+ -+t (d>1 ) = = 4
[d]; +i4--+ (d>1), qa(t) {O d=0.1.

The monomial basis of [FY04], Corollary 1, gives

k
(41) HM = Z HQT(Fj)fr(Fj_lb

@=FyC-CFy j=1
including the empty chain with weight 1. Grouping chains by their first nonempty
proper flat, or by the first flat being F, gives

GCFCE
Indeed a chain beginning at F" has initial factor g, ), followed by any chain in [F, E];
the empty chain and the one-flat chain E contribute 1 + ¢, = [r];. This also proves
that the recurrence is triangular in rank.
The augmented polynomial is different:

HyE(t) = Y " Hyyp(t),
FeL(M)
No augmented real-rootedness theorem is inferred from our ordinary theorem. Since
Hp (0) = 1 and its coefficients are nonnegative, it is positive for ¢ > 0. Thus any
real zero is strictly negative. In general a nonnegative-coefficient polynomial can
have a zero at 0 if its constant term vanishes.
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A palindromic polynomial of degree d has the unique expansion

h(t) = (14 t)%y, (ﬁ) :

~y-positivity is weaker than real-rootedness. For example,
(1+8) +t(1+1)> + 10t = 1 + 5t + 18> + 5¢° + t*

has positive, log-concave, unimodal coefficients and a positive y-vector, but its -
polynomial 1 + z + 1022 has nonreal zeros, so the displayed polynomial is not real-
rooted.

5. GRAPHIC MATROIDS AND GRAPH DECOMPOSITIONS

For a graph G = (V, E) without loops, 7y (F) = |V| — ¢(V, F), where isolated
vertices are counted as components. A subset is independent exactly when it is a
forest. A flat contains every edge of G joining two vertices in the same component
of (V, F'): this is precisely the rank test above.

An edge belongs to no cycle if and only if it is a bridge; in the cycle matroid this
says that it belongs to every basis, hence is a coloop. Circuits of a graph lie in its
cyclic blocks. It follows, by testing independence separately in each block, that a
cactus with cycle lengths ¢4, ..., ¢; and b bridges has

(5.1) M(G) = @ Ui,-1, © By
=1

In particular a connected unicyclic graph gives Uy_; , @ By. The case b = 0 is the
known uniform theorem. Arbitrary b cannot be discarded from the invariant.

For a connected bicyclic graph, prune degree-one vertices and suppress degree-two
vertices only to classify the remaining topology. The resulting connected core has

Z(degv —2)=2.

v

There is either one degree-four vertex, or two degree-three vertices. These alterna-
tives give a figure-eight, or respectively a theta or dumbbell. Suppression records
path lengths; it does not preserve the matroid. Figure-eight and dumbbell ma-
troids have two circuit summands and a Boolean summand; the connecting path in
a dumbbell also consists of bridges. Thus deleting only leaves does not remove all
coloops.

For Oy, the three internally disjoint paths have positive lengths. Parallel edges
are permitted when a length is 1. There are a+ b+ c edges and a+ b+ c— 1 vertices,
SO

tk M(Oupe) =a+b+c—2.

Its circuits are unions of two of the three paths. A theta matroid is generally not
a direct sum of circuit matroids. The boundary family ©; ;. simplifies to C.q;
for ¢ > 2, while ©;,; simplifies to one Boolean element. Its real-rootedness is
consequently the known uniform result, not a new theta theorem.
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6. COMPUTATIONAL EXPLORATION

We enumerated every isomorphism class of connected simple graph with at most
eleven edges, including the one-vertex graph. Since a connected graph has |[V] <
|E| + 1, running geng -cq for 1 < |V| < 12 is exhaustive in this range. The counts
by exact edge number are

234 5 6 7 8 9 10 11
1 3 5 12

1230 79 227 710 2322 8071

The total is 11462, with 822 distinct Chow polynomials. There are 987 trees (includ-
ing the trivial graph), 2846 unicyclic graphs, 2616 theta-type bicyclic graphs, 731
figure-eight graphs, 456 dumbbells, and 3826 graphs of larger cyclomatic number.
Degree-two elimination with fill edges identifies 10 088 graphs as K -minor-free.

The C++ computation enumerates all edge subsets, constructs flats using disjoint
sets, and evaluates (4.1) with integer coefficients. Its arithmetic fits in signed 64-bit
integers in this range: every flat chain is a Boolean subset chain, and each rank
increment is bounded by its cardinality increment, so the coefficients are bounded
coefficientwise by A;; and in particular by 11!. The included independent Python
implementation uses unbounded integers. The two implementations were compared
on 111 samples, including all graphs on at most four vertices. Separate flat-type
recurrences were also checked against direct flat enumeration.

Each distinct polynomial was square-free factored over Q. The number of roots in
(—00,0), counted with multiplicity, was computed by exact Sturm methods for the
factors, and equaled the degree. Root approximations to 55 digits were additionally
obtained from rational isolating intervals for the ~-polynomial. The approximations
are not the root certificate.

Further data comprise all 174 sorted triples 1 < a < b < ¢ with a4+ b+ ¢ < 18,
and 63 cases from Cy, D, K; with 0 < b < 20 bridges. All are real-rooted by
exact certification. All 441 available one-path subdivision comparisons in the theta
table pass the numerical strict-interlacing check. Across all connected simple source
graphs with 1 < |F| < 10, bridge addition (3390 cases) and edge subdivision (32 251
cases) pass an ezxact strict-interlacing check: rational isolating intervals and interval
evaluation determine the signs at the old roots; gcd computations exclude common
roots. These are 1348 distinct polynomial pairs. No finite computation proves the
infinite-family theorem.

For the new main theorem, the full parameter grid 0 < r < 2, 0 < s < 3,
0 < b <4, excluding (0,0, 0), gives 59 polynomials of ranks up to 17. All pass exact
negative-root and square-free tests. The 147 bridge/replacement comparisons on this
grid pass exact interlacing tests using rational isolating intervals and signs at their
endpoints. There are 21 independent flat-enumeration comparisons with at most
eleven edges. Twenty additional rational-parameter cases test the factor identity and
interlacing, including zero parameters and a parameter equal to 100. The identities
and the theorem, rather than these finite checks, prove the unlimited statement.
The new scripts are block_factor_search.py and book_factor_identity.py.
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(Tv 5 b) ‘ r,s b( )

(2,0,0) | 1+ 18t + 18¢2 + 3

(1,1,0) | 1+ 65¢ + 200t + 65¢3 + ¢

(0,2,0) | 1+ 212t + 1615¢% + 1615¢% + 212t4 + ¢°

The independent coefficient check [t|H,. s = 5715%2% — 3r — 65 — b— 1 follows because
these lattices have 5715°2° flats and 3r + 6s + b atoms: the degree-one Chow-ring
generators are the proper nonempty flats, with one fewer independent linear relations
than atoms. It also gives zero in the rank-one constant case.

7. RECURRENCE FORMULAS AND AN KEULERIAN CONVERSION

Let x be the characteristic function in the incidence algebra of L(M); on an

interval,

ralt) = Y AR RO, =1,

F<K<G

Write 0 for the identity function. The reduced characteristic function has diagonal
—1, so

—_Xx—td - -

X="—7 H=()"=0t-1-x"
This is the intrinsic Chow identity of [FMSV24], Theorems 1.4-1.5. Introduce an
independent variable z, expand (§ — zx) ™!, and then substitute 2 = 1/t. The result
is the rational-function identity

(X*)e.p(t)

(7.1) Hy () = (t—1)) s
k>0
The sum is interpreted rationally, not as an analytic convergence assertion.

For a product of lattices, characteristic functions and their convolution powers
factor componentwise. This follows by writing the convolution sum over pairs of
flats; each coordinate can be summed independently. For a one-element Boolean
matroid,

(x*)o1 = k(t = 1).
Consequently, for any nonempty M,

k’b X*k
(7.2) Hiyep, = (t — 1) Z %
k>0

More generally (7.1) with the product of the convolution powers is an exact direct-
sum formula. It needs more information than the two scalar Chow polynomials. The
general direct-sum decomposition is already established in [Pie25], Theorems 1.2-1.3
and 1.9. Taking Hilbert series gives, for nonempty M, N,

(7.3) Hyeny = HyHy + ¢ E: HovmeweyHurHy g

o#FEL(M)

@#GEL(N)
Both top flats are allowed, with the rank-zero convention above. This known identity
does not by itself certify real-rootedness; the restrictions and contractions vary with
the flats.



GRAPHIC MATROID CHOW POLYNOMIALS 9

7.1. Factor conversion for clique blocks. For N > 1l and alist A = (Ay,..., A\n)
of nonnegative real numbers, define

(74 Fva® = > (TT0+20) (TT20) 1+ " 1Ay 00,
SC[m] €S i¢S

Equivalently, expand X~ [T,((14 X)X — X\i(1 + 1)) and replace every X7 by A; ().

Denote deletion of entry ¢ by A \ i. Direct expansion gives

(7.5) Fya = 1+ M) Eniiau — M1+ 8) Fvay.

All these polynomials are palindromic, monic, and have constant term one: every
summand has formal degree N 4+ m — 1, and the leading and constant coefficients
sum to [[.((L 4+ X) — X)) = 1.

To identify the graphic polynomials, put X = k(¢ — 1). For the rank-two uniform
matroid on p > 2 atoms, the characteristic polynomial is (¢t —1)(¢t —p+1). The only
intermediate flats are its p atoms, so

(OGE Joa =kt = 1)t —p+1)+ (I;)p(t 12 =X (gx - 7%2(1 + t)) .

For K4, the rank-three incidence computation below, with (p, ¢, 1) = (6,7, 18), gives

(76 (o = 53X — (L4 0)(2X — (1+1)).

A coloop contributes X. The product-lattice identity and the Eulerian power-sum
identity therefore prove

(77) H’F,S,b - Fb+T+S;(1/2)T+S7157

where superscripts on parameters mean repetitions. Expanding the factors proves
(2.2). A general rank-two summand contributes one factor with A = (p — 2)/2
and one power of X, proving the analogous conversion for the matroid extension in
Theorem 2.1.

Two useful recurrences, including their base values Hy o, = Ay for b > 1, are

Hr+1,s,b = %Hr,s,bJrQ - %(1 + t)Hr,s,bJrlu
Hr,s+1,b = 3Hr,s,b+3 - g(l + t>Hr,s,b+2 + %(1 + t)zHr,s,bJrl-
They follow from multiplication by the displayed characteristic factors, not from a

guessed coefficient pattern. With A(z,t) = > -, An(t)2"/n!, for r + s > 1 we also
obtain -

2P o530, — (1+1))"15(20, — (1 +1t))*
(7.8) ZHT,SW _ & ( 2))+ ( (1+7) A(z,t).

b>0

Here t is held constant under 0,. The case r = s = 0 is the Eulerian generating
function itself.
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Proposition 7.1 (Rank-three formula). Suppose vtk M = 3. Let p be its number
of atoms, € its number of rank-two flats, and I its number of atom—rank-two-flat
incidences. Define

1 p+0—1 p+¢ I I
(19)  a=g =T LD v=lopg

Then for every b > 0,
(710) HMEBBb == OéAbJrg + 6(1 + t)AbJrQ + {u(l + tz) + Ut}Ab+1.

Proof. Put n = x — 9. Since any strict chain has length at most three,

(x*)o1 = kxo1 + (g) (7)o, + <§> (70,1

A rank-two flat containing s atoms has characteristic polynomial (¢ — 1)(t — s+ 1).
Summing the Mobius values gives

Xog=(t—1{+(1—pt+1—p+1—1},
M *)o1= -1 {(p+0Ot— (21 —p—0)},
(n*)on = I(t —1)°.

For the middle line, sum first over atoms and then over rank-two flats. The num-
bers of incidences seen from either side both sum to I. Expanding the binomial
coefficients now yields

(X*F)o1 = ak®(t — 1) + BE*(t + 1)(t — 1)> + k(t — 1){u(l + %) + vt}.
For every 7 > 1, the Eulerian power-sum identity is

K A;(t)
Z L (t—1)it1

k>0

It follows by applying zd% repeatedly to (1 — z)™! and setting z = 1/t; the usual

Eulerian recurrence identifies the numerator. Substitute this identity into (7.2). All
powers of ¢ — 1 cancel and give (7.10). O

The incidence data are
core ‘ p 0 1 ‘ Q 6 u v
Cy |4 6 12 2 -1 0 1
D |5 6 14|7/3 =3/2 1/6 2/3
K, |6 7 18 3 =5/2 1/2 1

In the diamond, the six rank-two flats consist of two three-edge triangles and four
two-edge flats; in K they consist of four triangles and three disjoint edge pairs.
This verifies every table entry without relying on numerical root data. Applying the
same convolution calculation in rank two, with three atoms, gives (2.6).
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8. THETA AND BICYCLIC GRAPHS: EXACT FLAT-TYPE RECURRENCES
Define

Cep = Hi, vy, 1,,)28B,-

A circuit of length 2 may be replaced by one Boolean element when computing H,

because its simplification is U; ;. Thus lengths 2 in this notation are allowed. The
base case is Cgyp = Ap.

For a circuit of length L, a flat is either the entire circuit, with rank L — 1,
multiplicity 1, and no remaining circuit after contraction, or a subset of size 1 < L—2,
with rank ¢, multiplicity (f), and contracted circuit length L — i. For each circuit
choose one of these options, and choose j of the b bridges. Let f be the sum of the
chosen ranks plus j, w the product of the multiplicities times (].), and d the list of
remaining lengths. If R =) .({; — 1) + b, then

(8.1) Cep = [R]: + > wqCap—;-

options with 2<f<R

This is an exact block-decomposition recurrence, rather than multiplicativity. Its
proof is the description of every flat in a product lattice followed by (4.2).

For the theta case write Tt p c.x = Har(o, .08, ; this four-index notation is separate
from the triangle polynomial 7}, in (2.6). Let @ = (a,b,c¢) and N =a+ b+ c. For a
subset F' of the theta edges, let d; be the number of omitted edges on path 7, and
let s be the number of positive d;.

Lemma 8.1 (Classification of theta flats). The possible omission vectors of a flat
are exactly:

(1) s = 3, with each positive d; arbitrary;
(2) s =2, with both positive d; > 2;

(3) s =1, with its positive entry d; > 2;
(4) s =0, the whole theta edge set.

Their multiplicities are ||, (3’) Their contractions are, respectively, a theta with
lengths d, two circuit summands of those lengths, one circuit summand, and the
empty matroid.

Proof. 1f no path is entirely selected, the two distinguished vertices are disconnected.
Each selected component is a path segment, so every omitted edge joins different
components, proving the first case is flat. If at least one path is entirely selected,
the distinguished vertices are in the same component. A path missing exactly one
edge then has the two endpoints of that missing edge in this component, violating
flatness. A path missing at least two edges has no omitted edge whose endpoints
have become connected. This proves the remaining cases and exhausts the alterna-
tives. Contracting selected path segments shortens each path. Once a full path is
contracted, the distinguished vertices coincide; the remaining paths become cycles
attached at this single vertex. Their cycle matroids are direct sums. The counts
follow by choosing which edges on each path are omitted. 0
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For a permitted vector d and 0 < h < k, let Qg be the polynomial of the
contraction in the lemma with h bridges, and let its rank be

d|—2+h s=2,3,
pldh) = |d—1+h s=1.
h s=0.

For s = 3, Qa.n = T, dy.dy:p; Otherwise it is the corresponding C-polynomial. Setting
R =N — 2+ k, we obtain

(8-2) Ta,b,C;k = [R]t + Z (:) H (ZZ) Qpr(d,h)Qd;h-

d permitted, 0<h<k
2<R—p(d,h)<R
Every contraction on the right has smaller rank. Rank-one and rank-two cases give
1 and 1 + ¢, respectively; Cgzo = 1. Thus (8.1)—(8.2) determine all cactus and
theta polynomials, including all connected bicyclic cases, with no enumeration of
individual flats needed. The supplied code implements precisely these sums.
Some exact examples are

(@,6,¢) | Har(o,.0)
( )| 1+ 7t 4¢3
(1,2,3) | 1+ 24t + 24¢% + 83
(2,2,2) | 1+ 27t + 272 + 13
(2,2,3) | 1+ 71t + 225¢2 + 7143 + ¢

(3,3,3) | 1+ 394t + 5905t% + 134713 4 5905t* + 394> + t0
These recurrences do not themselves prove real-rootedness: their summands need
not have a known common interlacer. We do not assert the all-theta or all-bicyclic
conjecture as a theorem.

9. PROOF OF THE MAIN REAL-ROOTEDNESS THEOREM

We give an elementary sign proof, including the interlacing mechanism. No
stability-preservation theorem is invoked without proof.

Lemma 9.1 (Sign test). Let g have d simple negative zeros and positive leading
coefficient. Let f have degree d + 1, positive leading coefficient and f(0) > 0. If

f (@)
g'(x)
then g < f, and all zeros of f are simple and negative.

<0 at every zero x of g,

Proof. Order the zeros z; < --- < x4. The signs of ¢'(x;) alternate, starting with
(—1)?1. The required signs of f(z;) therefore alternate. There is a zero of f in
each intervening interval, one to the left of x; by the leading sign at —oo, and one
between x4 and 0 because f(x4) <0 < f(0). These are d+ 1 distinct negative zeros,
exhausting the degree. Each has multiplicity one. For d = 0, a linear polynomial
with positive leading and constant terms has its unique zero negative. O]

Eulerian polynomials satisfy

(9.1) Apir = (1+nt)A, +t(1 —t)A,, A =1
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Insertion of the largest letter into a permutation proves the coefficient recurrence,
and hence this differential identity. At a negative zero of A,,, its right side divided
by Al ist(1—t) < 0. Its leading and constant coefficients are 1. Lemma 9.1, starting
at Ai, proves that all zeros are simple and negative and A,, < A, 1.

9.1. A simultaneous factor-insertion induction.

Theorem 9.2 (Eulerian factor theorem). For every N > 1 and every nonnegative
list A, Fx.a has only simple negative zeros, apart from the constant case. For every
entry 1,

Fy.avg < Fva < Fngaa.

The second relation also holds when A is empty.

Proof. Put Drf = (14 Rt)f+t(1—t)f". In addition to (7.5), the defining expansion
gives

(9.2) Fniia = DyymFna + 2 Z AN

i=1
Indeed, on a term (1 + ¢)¢A; with j +d = N + m, the difference between Dy,
and shifting A; to A;.q is 2dt(1 + ) 'A;. Differentiating the coefficient product
with respect to the placeholder 1+t gives — > . A\;Fy;a\;, which proves the sign and
factor two in (9.2).

We induct on m, proving the statements for all N simultaneously. If m = 0, these
are the Eulerian results already proved from A; = 1. Assume the assertions for all
lists of length m — 1. Fix N and A of length m. For each 7, put Q); = Fy,a\i- By
induction, Q; < Fyy1.a\. At a root o of @5, equation (7.5) gives

Fya(z) Fyiaan(e)
Qi) Qi)
The degree, leading coefficient, and constant term required by Lemma 9.1 were
checked after (7.5). Thus @); < Fy.a, with simple negative roots, for every i. A
constant (); is covered by the degree-zero case of the sign test.
At any root x of P = Fy., we consequently have Q;(z)/P'(xz) > 0 for every i.
Equation (9.2) gives

Fvein®) _ 3o N Qil®)
P = (1—2)+2 ;)\ZP,@)<O.

The first term is strictly negative and the sum is nonpositive, since x < 0 and
Ai > 0. The sign test proves P < F1.4 and closes the induction. This argument
includes zero parameters and excludes all repeated roots and all common roots in
the asserted pairs. O

Formula (7.7) now proves the real-rootedness part of Theorem 2.1. Adding a
coloop increases N by one; adding a triangle instead then inserts the parameter 1/2;
replacing that triangle by K, inserts the parameter 1. The factor theorem proves
each comparison in (2.1). The general rank-two case follows from A = (p — 2)/2 >
0. Simplification preserves the flat lattice, and hence gives the parallel-extension
assertion. This completes the full proof of the main theorem.
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9.2. The additional rank-three core theorem. Put s = 1+¢, B =t(1—1t), and
Lif = (1+ji)f + BS".

For the parameters in Proposition 7.1, let w = v — 2u and P, = Hjsgp,. Direct use

of (9.1) gives

(9.3) Pyi1 = L3P + LKy, Ky = —20Ap0 — 2u+v)sApy1.

To check all coefficients, use

D%(SAJ'_1> = SAj + 2tAj_1,

Zi((us® +wt)Aj_g) = (us® + wt)A;_1 + (du + w)tsA;_s.
Since 4u + w = 2u + v, these imply (9.3).

Lemma 9.3 (Auxiliary interlacer). Suppose a« > 0, a = =28 > c=2u+v > 0, and
put A =c/a. If

T = 2a\ +w >0, S=aXN+ A +u<0,

then, for every b > 0,
Ap1 < Ky < Py < Pyyy.

Proof. Writen =b+1, P=A,,, E=A,,1,and F = A,,,5. Then K;, = aF — csP.
At a zero x of P, Ky(x) = aB(x)P'(x). Its leading and constant coefficients are
a — ¢ > 0. The sign test proves P < Kj; it applies also when P = A; is constant.
In particular, at a zero x of Kj,

P(x)

Ky()
This follows by comparing the alternating signs of the two polynomials at the simple
zeros of Kj, or directly from the order of their roots.

At such a zero, E = AsP. Differentiate K, = aE — c¢sP, and use BP' = E — (1 +
nt)P. Substituting these identities into F' = (1 + (n+ 1)t)E + BE’ gives, at =,

> 0.

B
F = —K, + (2\t + \*s*) P,
a

Therefore

By(z) _«a 2y P(2)
=—B S(1 —— < 0.
Ky~ al TS e
The first term is strictly negative; the second is nonpositive. Since P, is monic with
constant term 1, the sign test gives K, < F,. Finally K,(x)/P}(z) > 0 at each root

x of P,. Equation (9.3) gives
Py (z) ()
By(z) Fy(z)

A last application of the sign test proves P, < P,.1. All inequalities are strict and
hence exclude repeated and common zeros. ([l

(9.4)

=B(z)+=z < 0.
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For the three rank-three graphic cores, the remaining parameters are
core[a ¢ A T S
Cy [2 1 1/2 3 0
D |3 1 1/3 17/9 —2/27
Ky |5 2 2/5 12/5 —1/50
Every hypothesis of Lemma 9.3 is thus verified for every b, proving the assertion for
these cores.
For (3, formula (2.6) and (9.1) give Ay11 < T} by the same sign test, and

Ty = Lo Ty +t Ay

Evaluation at the roots of T}, proves T, < Ty, 1. Trees give Eulerian polynomials and
were already treated.

It remains to justify the graph class. After simplification and deletion of any newly
created coloops, a loopless graphic matroid of rank at most three is represented by
a simple bridgeless graph of rank at most three. Every nontrivial cyclic component
has rank at least two. Thus at most one cyclic component occurs. It has at most
four vertices, and is Cj3, or, on four vertices, Cy, K4 \ e, or K;. The remaining
components contribute only coloops. This classification follows by listing simple
bridgeless connected graphs on four vertices: with four edges the graph is a cycle;
with five or six edges it is respectively the diamond or Kj. If there are no cyclic
components the matroid is Boolean. All reductions preserve the lattice or separate
Boolean factors, so the formulas above apply and prove Theorem 2.2.

10. INTERLACING AND STRONGER CONSEQUENCES

For the clique-block class, (2.1) gives strict interlacing for three explicit graph
operations. There is also a continuous refinement. Fix all parameters but \; and
let  be a root of Fiy,x. Simplicity and the implicit function theorem, together with
(7.5), yield
(10.1) do _ U+ 0)Fvnile)

dhi (14 N)Fy ()
The ratio excluding 1 + x is strictly positive by Theorem 9.2. Thus roots below
—1 move left and roots above —1 move right as the parameter increases; a root at
—1 is stationary. This is an exact sign conclusion, not a numerical root trajectory.
Palindromicity makes —1 a root precisely in odd degree, with multiplicity one.
For the diamond, K, = 3Ay19 — (1 +t)Apr1 = 2T3. Thus

(10.2) Haropyes, < Hupyos, < Hu(pyes,, ;-

The first comparison is also a contraction comparison: contracting any noncentral
edge of the diamond gives a triangle after simplification. Contracting its central
edge gives a Boolean matroid of rank two; we do not need that different contraction
in the proof.

All main-family polynomials are palindromic. Their zeros therefore occur in recip-
rocal pairs, with the zero —1 occurring precisely when the degree is odd, and then
with multiplicity one. By Newton’s inequalities, if P, = Z?:o h;t', the sequence
hi/ (‘f) is log-concave (the coefficients are ultra log-concave). Their y-polynomials
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are real-rooted with negative zeros: each reciprocal pair corresponds to one negative
value z = t/(1 + t)?. These consequences are applications of real-rootedness, not
substitutes for its proof.

There is also a general incidence criterion beyond the graphic cases.

Theorem 10.1. For any loopless rank-three matroid with parameters p,{, I, suppose
3p—1)<I<3(p+¢) —6.
Then Hyrep, has only simple negative zeros for every b > 0, and
Apy2 < Hyres,-

Proof. The assumptions say v > 0 and o > u, with @ > 0, in (7.9). We need an
elementary estimate. If x < 0 is a zero of A, 1, then
Ap(x) - —z(1 —x)
Aa(z) = 1+a?
For n = 1 this is equality at x = —1. For n > 2, put L = A/ /A, and B = z(1 — z).
At z, L =—(1+nz)/B and

A;1+1 /
Writing L = _(z — &;)~* for the n — 1 roots of A, Cauchy-Schwarz gives —L' >
L?/(n —1). Since B < 0,

Al S n(l+ z?%) + 2z S 1+ 22
A, = (n—1)(-B) = -B’

(10.3) 0<

because the difference of the two numerators after the common scaling is (1 + z)2.
This proves (10.3).

Now take n = b+ 1 and evaluate (7.10) at a zero of Ayyo. Divide by A ,. The
result is
Apta
Apy
If the brace is nonpositive, the expression is negative. Otherwise u > 0, and (10.3)
bounds it above by B(a —u) < 0. The sign test completes the proof. This criterion
is sufficient; necessity is not asserted. 0

aB + {u(l+ 2?) + vz}

Finally let
" 1—-t

n>0

The rank-three formula supplies a closed exponential generating function:
b
3 Pb(t)% = adPA+ B(1+ )PA + {u(l +£2) + vt} A.
b>0 '

Together with (9.3), this gives both an explicit formula and a differential recurrence
for every main family.
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11. SERIES-PARALLEL EXTENSIONS AND BOOK GRAPHS

Theorem 2.1 settles all cactus graphs whose cycles are triangles, with arbitrary
numbers of cycles and bridges. It also includes non-series-parallel graphs through Ky
blocks. It does not settle arbitrary series extension. Series extension and subdivision
are not the same as adding a coloop. A useful larger test family is the book graph
B, = K, with the edge between the two distinguished vertices added, for n > 0.
These are series-parallel graphs with 2n + 1 edges and rank n + 1. Their cores and
cyclomatic numbers are unbounded. Put B, (t) = Has,)(1).

Proposition 11.1. For alln >0, By =1 and

n n—1
n . n
(111) Bn = [n + 1]15 + E (])2]%3”] + E <j)qj+1Anj.
j=2 7=1

In particular,

P (1 _ t)2€(1_2t)z
(11.2) ZB”(t)H T (1 —te(=02)(1 — te2(-0)z)

n>0

The identity is understood formally, with removable specialization at t = 1.

Proof. 1f the distinguished vertices remain disconnected in a flat, choose j non-base
vertices and attach each to either distinguished vertex. There are (”) 27 choices of
rank j, and the contraction simplifies to B,_;. If the distinguished vertices are in
the same component, choose j non-base vertices in that component. The flat has
rank j + 1, multiplicity (7]‘), and Boolean contraction of rank n — j. The full flat
corresponds to j = n and is excluded from the proper-flat sum. This proves (11.1)
by (4.2).

Let B(z) = > B,z"/n!. The exponential generating functions of [n + 1], ¢,,, and
Gni1 are, respectively,
e — te'? te* —e* +1—t t(e* — e'?)
- — R(z)= -~~~/
= @@ = =T
Thus B = S + Q(22)B + R(z)(A — 1). Substitution and simplification give

(1 _ t>26(1+t)z

(etz _ tez)(62tz _ t€2z)’

which is (11.2). O

S(z) =

B=

For 0 < n < 25, exact Sturm computation gives real-rootedness; consecutive
polynomials also pass the numerical interlacing check. For n < 5, the recurrence
agrees with independent flat enumeration. We do not have an all-n real-rootedness
proof for this family, and do not infer one from its generating function.

The generating function has a further exact interpretation. Let d® be the type
B derangement polynomial in the excedance convention of [Ma20], equation (3.3),
and put D, (t) = t"d2(1/t). Reciprocity gives

ZDn(t) " _ (1—t)et

n! 1 — te2(1-0)z"
n>0
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Multiplying by A(z,t) and comparing with (11.2) proves

(11.3) B.(t)=Y" (Z) Ap(#) Do ().

k=0

The reciprocal convention matters: D; = t and Dy = 4t +t2. This convolution alone
does not prove real-rootedness. For example, the proposed auxiliary interlacer Dj
fails for the summand f = A3Ds. Here

f=tt+4) (44t + 1), D5 = t(t* +232t> + 1312* + 752t + 32).

At the smallest root —4 of f, one has f'(—4) = —4 and Ds(—4) = —13696, so
Ds(—4)/f'(—4) = 3424 > 0, incompatible even with the weak alternating order
f = Ds. The common zero at 0 does not change this obstruction at —4. This
disproves the proposed interlacer, not real-rootedness of the book graph polynomial.

12. COUNTEREXAMPLES, OPERATIONS, AND SHARPNESS OF THE CLAIMS

There was no non-real-rooted maximal-building-set graphic example in the com-
puted range. Thus no minimal such counterexample, or sharp structural classi-
fication of failures, is claimed. There are, however, exact obstructions to several
tempting proof shortcuts.

The parameter hypothesis in Theorem 9.2 cannot simply be omitted: Fj,(_o) =
—As + 2(1 +t)Ay = 1 + t? is not real-rooted. This is a counterexample to an
unrestricted analytic extension, not a matroid counterexample.

First, direct-sum multiplicativity already fails for two coloops:

Hy, =1,  Hy, =1+t

Second, there cannot be a universal scalar operator 7 with Hyqe = T (Hyy), even
among graphic matroids:

Hurey = Hupy = 1+ 7t + £,
Hysepwe = 1+ 18t + 1887 + 2,
Has(pywe = 1+ 19t + 19> 4 t°.

Even rank and the input polynomial do not remove this ambiguity. Likewise sub-
dividing a central or a noncentral edge of the same diamond gives respectively
1+ 27t + 27t 4+ ¢3 and 1 + 24t + 24t + 3. A scalar subdivision operator on the
unmarked polynomial is therefore impossible.
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For completeness, the exact operation rules available here are as follows.

Operation Exact rule and scope

Bridge / coloop  Equations (7.2) and (9.3); also the known formula below.
Parallel extension The lattice of flats is unchanged up to isomorphism, so H is

unchanged.

Adding a loop Outside our loopless Chow-ring convention. If one explicitly
defines HY (M) = H M\loopss 1t leaves that extended invariant
unchanged.

Graph 1-sum / Direct sum of cycle matroids; use the product-lattice resol-

blocks vent, not multiplication of scalar H.

Deletion / con- Use the rank formulas 7yn.(S) = ra(S) and rp/.(S) =

traction rar(S'Ue) —ra(e), then the flat test and (4.1).

Series extension / A series extension is a 2-sum with Us 3 at the marked element

subdivision when it is neither loop nor coloop. Subdividing a bridge in-
stead adds a coloop.

Matroid 2-sum For the shared element e neither loop nor coloop, and S = S;U

Sy on the remaining ground sets, r(S) = r1(S1) + r2(S2) — ¢,
with € = 1 exactly when e € cl1(S1) Ncla(S2). The flat test
plus (4.1) is an exact algorithm.

The 2-sum rank formula follows from its circuits: besides circuits avoiding e in
either summand, the new circuits are (C}; U Cy) \ e with both C; containing e. An
independent union loses exactly one rank precisely when both sides span e. No
scalar H-only 2-sum preservation theorem is asserted.

The semi-small decomposition gives, for a non-coloop e,

Hy = Hape + 1 Z Hyr/rueyHur,
FeS.
where S, consists of nonempty flats F* C E'\ e for which F' Ue is also a flat. For a
new coloop it gives

Hyrge = (1 +t)Hp + ¢ Z HuynrHpp
GCFCE
These are [FMSV24], Corollary 3.24 and Remark 3.26, coming from [BHM22]. The
auxiliary restrictions and contractions are essential. Neither formula supplies general
real-rootedness merely because its summands are real-rooted.

13. NOVELTY AUDIT AND LIMITATIONS

The search included the literal subjects “graphic matroid Chow polynomial”,
“real-rooted Chow polynomial”, “theta graph matroid”, “bicyclic graphic matroid”,
“cactus matroid”, “series-parallel matroid Chow polynomial”, “Chow polynomial re-
currence”, and “interlacing Chow polynomial”, together with coloop, bridge, book,
and diamond refinements. Returned primary texts were inspected for theorem state-
ments. The dated source list and the exact queries are included in the supplement.

The diamond extension M (D) & B, is not uniform, and for b > 1 it is not paving.
Its lattice is not upper rank-uniform: contraction of the central diamond edge has
b 4+ 2 atoms, whereas contraction of a noncentral edge has b + 3. Thus it is not
UMEL-shellable. It is not lower rank-uniform either: a rank-two triangle flat has



20 CHATGPT 6 ASTRA

three atoms and a rank-two forest flat has two. Consequently the usual TN-poset
theorem cannot be applied directly to this lattice. These checks explain why the
cited family theorems do not immediately settle our all-b assertion. They do not
rule out an as-yet-unlocated argument in other literature.

The new main family also fails the relevant uniformity hypotheses in unbounded
cyclic rank. For U%" with » > 2, two rank-two flats are a full triangle and one edge
in each of two different triangles. Their contractions have respectively 3r — 3 and
3r — 4 atoms. Their lower intervals also differ, having three and two atoms. Thus
these lattices are neither upper nor lower rank-uniform, and in particular are not
UMEL-shellable or TN-posets. For M(K,)®* with s > 2, a rank-two flat within
one block and two rank-one flats in different blocks give contraction atom counts
6s — 5 and 6s — 6. Taking r > 4 or s > 3 exceeds rank six without adding any
bridge. Triangle circuits exclude paving once rank exceeds three. These explicit
checks separate the main result from the directly cited uniform, low-rank, TN, and
UMEL theorems.

We also checked [Ath25], Theorem 1.1, on an Eulerian transformation of nonneg-
ative combinations of 2" %(1 + z)*; its input and coefficient hypotheses differ from
the alternating, t-dependent factor expansion (7.4). September 2026 checks included
the insertion operators in [Ma26] and the permutation families in [AlexE26]. Their
inspected statements do not identify the present clique-block formula or its factor-
deletion/coloop induction. This comparison does not certify the absence of every
possible indirect argument.

The principal contribution is the clique-block formula and a complete factor-
insertion proof of real-rootedness and strict interlacing in unbounded cyclic rank.
The additional results are the rank-three Eulerian conversion and incidence crite-
rion. The theta and book recurrences are proved exact identities, with their own
literature-search qualification; they are not advertised as solutions to all-theta or all-
series-parallel real-rootedness. The main class contains all triangular cactus graphs
and noncactus clique-block graphs, but does not contain every cactus graph. The
additional diamond theorem covers a theta core. Neither argument proves arbitrary
subdivision preservation.

14. OPEN PROBLEMS AND REPRODUCIBILITY

The remaining targets are real-rootedness for arbitrary 7, .5, arbitrary Cl,, all
book graphs, and all series-parallel matroids. The first concrete missing ingredient
is a compatible interlacing refinement of (8.2), controlling the theta, two-circuit,
and one-circuit contraction terms simultaneously. The bridge interlacer used here
is insufficient for those terms. Whether the sufficient incidence conditions in Theo-
rem 10.1 can be removed is another separate question.

The supplement contains the graph6 list, integer tables, root certificates, family
recurrences, and reproduction scripts. General source enumeration used nauty 2.8.6,
NetworkX 3.6.1, SymPy 1.14.0, and mpmath 1.3.0. Root certificates are exact;
printed decimal roots are approximations. The supplied TeX template was retained,
with its unfinished title repaired, Lual.aTeX Japanese support added, and optional
unavailable double-struck-font packages given compatible fallbacks. Both language
versions below contain the same mathematical statements and proofs.
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D F7/23 K2 L Th > 4 D5EE. BEAIO—&M 75 rank bound r < 6 2z %,

17. JeATWIIE & HT L

DUR OFESRIISCRRA L D statement ZHEE L7z FHICHT S 7220 BR D maximal build-
ing set IZDOWTLHHE T 5,
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SCHR BERIRS R Afa e OREfR

[AHK18], Hard Lefschetz & Hodge- HIEMZE5 2 225, AR inter-

Thm. 1.4 Riemann Bi{% lacing Z D b D5 272\,

[FMSV24], v IEfEM. uniform © aug- —MRAEIERIIAFOHFERTD

Thms. 1.8, mented EMRME, rank <5DE b, FFERE LTHZI RV,

1.10, 5.10 D FARNE

[BV26], uniform matroid DEH DFEAR  JE uniform 227V —2 - Ta v 7

Thm. 1.1 14 BRI LT E TR0,

[BVTN25], paving matroid @ SR =M Ky D block = &EFHi>o

Cor. 7.2 &, EEICRKZ WV rank TRKE X
3 @ circuit 23H D paving & &
R & 72,

[CFL25], UMEL-shellable 28 FDFER 2V —2 « 71 v 7 OKIEE up-

Thms. 1.2-1.3 ¥ interlacing per rank-uniform & (&R 572\,
BRBNI AT 5,

[Pie25], direct sum D AT 77 i ERMEORFEZFERINTES

Thms. 1.2-1.3, 3. KA & 2BO inter-

1.9 lacing DFEH% 5% %,

[CFL26], rank < 6 OfEED matroid @ EH 16.1 T cycle #53 D rank

Cor. 8.5 FEARE b 2RD rank b HRITKZ W,

[EFMPV26], A D building set 1ZB8F 2 Bl AT S AERD KHITIEZR

Thm. 1.6 W,

2026 FEDXHRE LT, [SV26] DK rank TOREMIME, B K O [Alex26] D noncrossing
partition lattice DEMRMED MR L7z EHBHIWH LELDIZ V-2 - Ty 7 DEM
WERYT B oz, BEIIAD poset DIFEICEET 2 H DT, {EED graphic lattice
DFER LIRF LTIV,

2026 F 9 H 10 HIRFRTFAT L 7= XRMRR O #iPH T, 28 16.1, £ DHPRI (16.2)
& KT A & 3 interlacing DFERH, B & % F % rank 3 DEHENT & 2 HEE
RO SR 0Tz, ZHUIHHZIRE LMBEARTH D, MR EDSeHEDLREE
TIERV, — TP, uniform OHE, Krank DHE, B X OEME 72 5 incidence
algebra %° Chow ERDEFERIZOWTH M Z FR L 20,

18. ¥+ a4 Fd Coow ZIER
loopless matroid 3B EE E DEZEE LD rank B ry; ZFFD, F 23 flat TH
52X
ry(FU{e}) >ry(F) (e¢ F)
LIRMETH 5, flat TR L(M) LB, ARTIE
A*(M) =Qlzp: @ # F C E & flat]/(I + J)
EWVWSFRRE VS, IR flat 10T 2 vpre THERZ N, J I
ZLL’F—ZIF (G,fEE)
F3e F>f

THERIN S, ZHULEE D matroid Chow BRTH D, |mATLE FL TN TDIEZE flat
% W7z Feichtner—Yuzvinsky DRREFMETH 5, ZHOREIIITART1L & T 5,
COBRIEL(M) 723 TRE 2D T, fEi#{t ¥ parallel extension 1 Hy 222 72\,
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rank 0 DB E LTH, =125 %, F7=

t+- 4+t d>2
dy=1+t+---+t1(d>1 ) = = 4
A =1+td bt @20, ) {0 P

£ B, [FY04], Corollary 1 D HIHRXEEKD 5

k
(18.1) Hy= > [lew) @

G=FyC--CFy j=1

DHED o ZED chain DEAIZ 1 2T 5, PIDIEZE/LED flat Tchain Z 0L, &%
HIDflat DX E THBGEEEIMNCT 5 &,

(182) HM = [T’]t + Z qT(F)HM/F
GCFCE
2185, FEB F 2586 % 5 chain 3R DK T ¢,(p) & X [F, E] DR D chain
MPBHIR5, 22D chain & E 72D chain DF G 1 +¢q, = [r], TH D, TDEHIC X
. rank XRS5 =ZAKZHLTH L 2 v 00 %,
augmented Chow ZIHRXIIHNDOFERTH D,

HyE () = Y " Hyyp(t)
FeL(M)
ThHb, KFEDEE D Chow ZIHKXDEE D 6, augmented iR D FERME % Hedm L 7
Wo Hy(0) = 1 TH Y FREDIEARDT, t > 0TWEHy(t) >0THb, Lo
TEBRIZHFICATDH S, —MROIFAMRBZHEA T, EBOED 0 DHEITRD
0MFEREE DD,
T d DA ZIERE— AN
t
h(t) = (1 + t)d'}/h(—)

(1+41¢)?
YIEBIT & B, 4 IEEMIEFRME X D 5FV, Fl 2L
(T+ )" +t(1 + 1) + 10t = 1 + 5t + 182 + 5> + 1!

FREDIE. AN, BIETH D, v REBHIETH 2, Ll yZIHR 1+ 2 + 102
DERIIIFELIZD T, TTOZHEAXIERZIEA TRV,

19. GRAPHIC MATROID & 275 7 D57

loop DN 57 G = (V,E) Tldry)(F) =|V|—c(V,F) TH 3, TIZTHAL
THRGEEN T L TR %5, HURELE3IHRTDH 2, BBEE F2iflat THS Z
id. (V, F) OF UHEFER D NO _THRZHRN G OUE TR TEL Z L L[AfETH
D, LD rankHIEZDBDTH %,

HAPED cycle THOFZENRNI L EETH 2 Z LIXFEMETH %, cycle matroid
TlE, ZHEITRTOEKIZETE2Z L, TRODBLANL—TTHE I Z2EKT 5,
275 7 D circuit & cycle Z 5D block ICE £ %, & block THAIZMEZ Al &2 12 HIE T
XBDT, cycle DRI, ..., 0, THEH bAD cactus ITDWT

(19.1) M(G) = P U;,—1s, @B,
=1
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219 %, FHTHEAE unicyclic graph 1Z Uy, @ By, 252 %, b = 0 EZBEHID uniform
DEHIZEENS, —/7. —MRD b ZAEEIHHEAL TIVDIF TR,
G bicyclic graph IZDWT, X1 OTHRZRE . X8 2 OTEHAZ T 5, 72
72 LIRE R A MAH B2 0BT 2 72072 W %, 872 core Tl

Z(degv —-2)=2

TH2, LEDoTHBADERDB—DOH 55, XKE3DHEHLH 2D 2, A&
figure-eight. %1% theta ¥ 7213 dumbbell 252 %, XE 2 DIEHAZMHIT 2 &
% |21d path length ZFCHk LR TIUIR 5T, ZOEEEZ~ bo A FE2RELRWV,
figure-eight & dumbbell D~ + B A FIZZ-DD circuit DEFH & Boolean [KFTH 5,
dumbbell D =D D cycle Z#ii.3 path biED 5K 5 DT, EZFRL B TIEITXRTOD
=T ERWZZ ISR,

Oupe D=ADHNIIEMZHA L72W path DR X ZEREH Y §5, £X 10 path
DB BEEEATLETF T, 8 a+b+c. TEHAEEZa+b+c—172DT,

tk M(Oupe) =a+b+c—2

TH b, circuit l =KD path D 55 Z_AKDHEETH %, theta matroid IZ—fIC
\Z circuit matroid O EFTIT W,

iﬁ?ﬁ@bﬁé @17170 e > 27T Cc+1 c:ﬁﬁ%‘/‘]éﬂ\ @17171 X—2D Boolean g%&:ﬁ%ﬁ%
XND, o T, ZOBEDOFARMIZEEED uniform OFERTH D H LW theta DIE
HTIER0,

20. FEIC X 2R

1AM RO 7 7%, 1THEDZZ 73 & TR ZERNT TR THIZE
Lo #8277 7T |V <|E|+1R%DT, 1< |V <121 LT geng -cq &5
TFiUE. ZOHPFAZTERICHZETE S, T L DREEBIFRDED TH %,
E| |01 234 5 6 7 8 9 10 11
T |1 1 1 3 5 12 30 79 227 710 2322 8071

AitX 11462 T, B2 2% Chow ZIEAUX 822 FHEHTH o 7=, WiIZ. KR 9871 (H
W72 275 7 % &%), unicyclic 2846 M, theta 7 bicyclic 2616 fE., figure-eight 731 f#.
dumbbell 456 ff, cycle A X SITKZEVWH D 3826 HTH 3, KE2 LU FDTEAD
FRE e BRI DBINC X 2 HE TIE. 10088 fflA3 Ky-minor-free TH - 7z,

CH+DFEEIIZ TN TOATLAESEYIE L, BEST — X WG T flat ZHEK L.
(18.1) ZEBEFURCHE T %5, Z OFFTIIFFET = 64-bit BEUUE 5, FZEE flat
DFHIL Boolean R EEDETDH H D rank DIEFIIEEDHE LI R DT, &
BUIMRBZ 12 Ay T FRC 1 TR 515, N7 L 7=z Python S22 CIMTEMEE
B WS, ATHEMRO26 %2 & 111 flClisEE 2 g L7z, flat DRI Fn
7=l bR D . flat DEFEYIZ L L 7=,

BZIEA % Q FT square-free 77f# L B K FD (—o0, 0) NDE FE % B 72 Sturm
ETHEAELT, EEELZ DA REBICEFE LW L 2R LT, 51Ty ZIH
ROBAHEIC X 2 FBR XD 5, 55 HTOELUEZ S 72, EUEZ D b D % FEiR
PEDFFRNZ WD TIE W2 W,

BMF—&1X, 1<a<b<ec a+b+c<I18%&MIETEIT4ME. C, D, K, 12
0<b<20KDIEZMAT63PNTH 5, TNTHEAELRERGEZ @i L7z, theta
R CLEBERTRE 7R path O —EIDOM 7Y 441 1 TN TEUER 72 B interlacing DMRE %
W L7z, e 1 <|E| <10 DT RN TOHEFEHF T Z 71200T, FHDIEHN 3390
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e Aoy 32251 HHlE. BB interlacing DM Z @i L7z, HHEBEXRE & X
MEAE TILOFRICBII 2 EZRE L. ged sHETHEFRHAD RN & 2R L
Too B2 ZHAMMI 1348 TH 2, 26 OFMREEIIEEZED EH O TIX
7’;1/\0

FLUWFEEHEIZOWT, (0,0,0)ZFR<0<r<2, 0<s<3, 0<b<40%
PRI RX—=ZFETFIE, rank BE A 17T D59 ZHEREE X 5, IRTADERKB LU
square-free ED B LR E X BB L7z, T T EOBOEMNEB X OCBELICE S 2
147 e, AHEHEXHE & R T ORFSFIC K 5 B 7% interlacing DT % @i L
7zo 11HLIRTIE, AL U7 flat 12 & DR % 21 AT o720 T HIT, BDRT
A =R 100 EWVWH T X=X EEL 20 MOEHEEAT X —20HT, KHFESF
A & interlacing ZME L7z, HRMEDTRZAAT 2D, 2o OBFRKRETIE
%<, BEERXE EHDAATH 5, BIIAZ Y 7 ME block_factor_search.py &
book_factor_identity.py TdH 5,

(Ta S5, b) ‘ Hr,s,b(t)
(2,0,0) | 1+ 18t + 182 +¢3
(1,1,0) | 1+ 65t + 200t + 65¢3 + ¢4
(0,2,0) | 1+ 212t + 16152 + 1615¢3 + 212t* + 1°

ST U7 AR B OMER E LT, [t]Hyep = 5715%20 —3r — 65 — b — 1 21952, flat £
5715°2°, atom B 3r + 65+ b TH D, KE 1 D Chow RDAERITITE DIEZE flat,
A7 72 —REARDEEIE atom B E D — 2D R0 5 TH %, rank 1 DEBDGE
Wb ZoRIFX 0252 %,

21. Wit ¥ EvLERIAN ZIHINAD LR
L(M) @ incidence algebra I231F 2 FEBIZE y £ 3%, XH ETIE

Xra(t) = Z p(F, K@=, xrr =1

F<K<G

THb, Bfigtz 6 L FL . BPRIRMERER O AT -1 720D T
—t

A H= (0T =t - D -y

£ 7%, ZAUX [FMSV24], Theorems 1.4-1.5 ® Chow [HERXTH 5, ML » %

BALTGO—2) ' ZEHL, 2=1/t ZRRAT 2. FHEKE LT

(21.1) HM@y:@—J)EZQCQ%ﬂQ

tk—i—l
k>0

2155, ZOMIEMBEEY UTHRL., @IRRICEZ FIR L TWRW,

T OBEICOWT, FrEBEBE 2 DB AIAARIIBET L OBICHES 5, BA
IABDT % flat DXINZDOWTEL &, ZNENDFEETHALIIHMZEN S 05 THh
%, 1EZ£D Boolean matroid Tld

(X™)o1 = k(t —1)
DT, LBTRWMEED M IZ2OWT

b+1 kb(X?\?)G,E
k>0

y:
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2155, Xh—iciE, (21.1) DEAIAAREZSHTORICE 2278 DHEM
DEERINKTH 5, DD scalar 72 Chow ZIHHKZ 1T LD Z L DIFMENE L
3%,

— D direct sum D7 RIZBEIC [Pie25], Theorems 1.2-1.3 B XU 1.9 THE SN T
W3, Hilbert fi#EE 5 &, 22 THRW M, N IZDOWT

(21.3) Hyenv = HyHy + ¢ Z HoyryevyeyHurHi e

@£FeL(M)

o£GEL(N)
Y%, MiFORKAlat ZED, EFLD rank 0 DR E A WS, ZOBHMOESER
EARDNFERMEZFEEES 2 DU TldRw, R & IfEE flat I XK > TE(LT 2056 T
H5,

21.5(1. V=0 - TOvIDORFEEE. N > 1 BIUIEAFEHDIIA = (A, ..., \n)
WXL

(21.4) Fval®) = 3 (TT0+20) (TT20) (1 + "1 A 50
SClm] €S ¢S

YIEFET Do FMEIC. XN+ X)X —N(1+0) ZRBBL. & X7 % Aj(t) TE
B2 5, BT OHIBRZ A\ TRT, EH»S
(21.5) Fna = (1+ M) Enpa — A1+ 8) Fvayg
2195, 261X TN T palindromic 2> monic T, EXTEIX 1 TH 5, FHEFE. SIHEHD
FERBRENE N +m—1TH D, wE@RRES & CEBCEOFNE [[,(1+N)—N) =1
L%,

graphic DFEDRIEDT X = k(t — 1) £ B < p > 2D atom Z 7D rank 2

@ uniform matroid DFHEZIENL (t—1)(t —p+1) TH %, FfH flat 1F p HD atom
723720 T

(xih Joa =k(t—1)(t—p+1) + (S)p(t -1)?=X (gX - ]%2(1 + t))

21350 K iIZ2oWTIE, $IRD rank 3 DEHEGEIEIC (p, ¢, 1) = (6,7,18) ZHAT
5

(21.6) (o = 53X — (L4 0)(2X — (141))

b, AL—TDFHEFIX TH3, HETDOEFR L Eulerian DFEMEFERIC
b
(217) HT,S,b == Fb+T+S;(1/2)T+S,13

2175, 2T TRIRX—&D FIRNFIIRIEREZ ERS 5, KT %2 EHTUL (16.2)

Y325, —Drank 2 OEFMRETIE. A= (p—2)/20—XKF—Dr X —Dk 5

25, ZNTEHE16.1 D~ b A FADIRIRICDOWT & ZHAGEEH X 1 7z,
FIFAME Hoop = Ay (0>1) EEBIZ. ROZODi{tAZ15F 5,

Hr+1,s,b - %H’r,s,b-l—Q - %(1 + t)HT,S,b+17
Hr,s—‘rl,b = 3Hr,s,b+3 - g(l + t>Hr,s,b+2 + %(1 + t)QHr,s,b—i—l'
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CHUE EOREB O T2 #TF 5 2 L TR O, RO EERIHER TIE R,
A(z,1) = 3,00 An(t)2"/nl EFAUR, 745> 1IIHL

2 (30, — (1+4) (20, — (14 1)°
(21.8) > Hisgy = (80: - { ;3+5 20 =+ (2.0

b>0

H15 %, 0, DVEFAPRIXt ZEREL T 5, r =5 =0DEEIX Eulerian HEKZDH D
&5,

Proposition 21.1 (rank 3 DR3N). tk M =3 & L. atomB% p. rank 2D flat
% (. atom & rank 2D flat DIEAREN DEEBE T £ 5 5,

I pAl—1 p4l I I
21. ST T Sl PV S T TR RS
(21.9) a=g 6 5 u 5 T3 v pt3
EBFIX, TRTDOL>01IZ2OVWT
(2110) HM@B(; = O[Ab+3 + 6(1 + t)Ab+2 + {U(l + t2> + 'Ut}A[H_l

DA RYASN
AERH. n = x — 6 £ B <, strict chain DEXIIE A4 32D T

k k
(X*k)m = kxo1 + (2) (7]*2)0,1 + <3) (?7*3)0,1
TH5, s{HD atom Z &L rank 2 O flat DFFEZIANIZL (1 — 1)(t — s+ 1) TH %,
Mébius B D fEZ 2L &b 3 &
Xoua=(t—D{?+ (1 —pt+1—p+1-—1},
(77*2)0,1 =(t—1*{(p+Ot— (20 —p—0)},
(7*)oq = I(t —1)°

185, FROAXTIE, atom ZRBEHT DD L rank 2D flat ZRHT 5 DITH
FTHIZE S, 5 6 > 0ATHHEMBMDEENITI TH 5, ZIHRK T EHT
uE

(X™)o1 = ak®(t — 13 + BE2(t + 1)(t — 1)* + k(t — 1){u(1 + %) + vt}
2%, > 112OWT, Eulerian ZIHAOFEMEEFER T
Ko At
Z thHl (t _ 1)j+1

k>0
TH2, THUF(1—2) "I L Z@DIRLIEASE, 2 =1/t ZRATEIEO L
%, 0T8O Eulerian it A TRIE E N5, ZORE (21.2) ITRAT 2L t-1
DRENPTNTHEL., (21.10) 2155, O

Pl O BRI EIZRO@ED TH 5,
core‘p l I\ Q 6 u v

C, |4 6 12] 2 -1 0 1
D |5 6 14|7/3 —3/2 1/6 2/3
Ky |6 7 18] 3 —5/2 1/2 1
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diamond @ rank 2 ® flat 1%, oD 3HLD=AELWNOD 2D flat 572 %, K,
TRIUDSDEZAELE ZOD WL LRWHDONTH S, ZHUTE D, BEHOK
EFTEZHEOLTICROLBEL R TE 5, atom BH3 3 D rank 2 DIGEICHE T
BAAARITEZHEHAT 2. (16.6) 2185,

22. THETA ¥ BICYCLIC GRAPH : FLAT OHNZ X 2 & b=

Cf;b = H(EBZ- Ue;—1,0,)®By

CERT D, RS 2D circuit ZHEHLT 2L Uy, 122570, HOFHHETIE—2D
Boolean BEZREICE I o b, LEDN->T, ZOXRETEHEZI 22T, #IHAZL
X Cop = A, TH 5,

F&X L @ circuit @ flat 1&, 2R TH 2558, REZi<L-20HTEETDH
LGER 5, BIED rank X L — 1, AEUE 1 T, PHERIC circuit 133 5720, £
FHD rank i, HEIX (f) T. IHERICIERE X L — i D circuit 235 %, %% circuit T
WINDOZRS, SHIZOARDED S S j RZER, FEAT rank DN j Z A 7=
boE [, KoM () 2T DR w, KD circuit DREDFIE d LT %,
R=Y.(6; —1)+btBIFZ

(22.1) Cop=[Rli+ Y. wqCap;
ERT 2<f<R

7%, ZAUL block 7MRICEE S 2 HUE LML TH D REETIZR WV, FAEHE
B TFOITANTOflat Z LFED X 51CEA L. (182) ZHEHAT 2 2 TH %,
theta DA Toper = Huro,, )08, £ o TDATFDRLIEIZ, (16.6) D=F4
FEOZIHEAT, 13 TH 2%, a=(a,b,¢c)s N=a+b+c¥rIB<, theta DIIFERTER
B FIZOWT, path i 2SR NT208 % div IED d; DEEE s ¥ 3 5,

Lemma 22.1 (Theta @ flat ®73%H). flat DEMGAE DR 7 b UE, B x5 ERXD
HDTH 5,

(1) s =37T., IED% d; IFMEE,

(2) s=2T. EOZRITHBE HITd; > 2

(3) s = 1T, EO—RAHS d; > 2.

(4) s =0T, theta DEAESE,
ZDIIBUE T, () TH %o BN, RE d D theta, MIET 2R ED DD circuit
DEMN, —D2D circuit, 28~ s A4 N7k 25,

FAEAH. ¥ O path d 2AINEIZN TVRFIUR, Z D DhiRUTEFE TRV, FEiEhi
HAG AT 1 path DRI R DT, RPN ZLOMIHIERR 2P ITET %, L
Do TH1DEEFlat TH b, P72 ¥ H—DD path BEINEINLTVIUE, =
DD FE CEAER D ICE T %, ZDr &, /272—0721FRi3 7= path 3B IUZ,
Z DRV T DM E TR A D flat DFEHITR T 5, 4L ERIF 7= path
T, 2D XD ITHmd @ 2 RIEDIE RV, ZNTHRY DHEE. Z0%E
Wb, BHINTWR ZIHES % &% path DRI 25, £ path 23—D
IMEE N2 & —DODhmA— L., 5 path (X[ CTHAIZfT Wz cycle 1T/ 5, %
D cycle matroid {ZEHMTH %, (EHEIEZ% path TEDAZFR 1 ZESRZ L THS
nbd, O
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FEINBZRZ MLdE 0<h<EIZOWT, FEOINFEC h AOEE® L -2I1E
RZ Qan & L. EDrank &

d|—2+h s=2,3,
pld.h) = 1d ~1+h s=1,
h s=0

350 s=3%5 Qan="Tudpasn THH. THRLSNINIET 2 C ZIHKTH %,
R=N-2+keBIFIX

k a;
(222) Ta,b,c;k — [R]t + Z <h) H (dz> qR_p(dﬁ)Qd;h
d 3FFrahs, 0<h<k i v
2<R—p(d,h)<R
2182, HHOEZINFED rank 1ZEIZ/NE W, rank 1 £ 2 TEENRENL, 1+t TH
D. Coo=1ThHb, LIzhBoT(22.1)(22.2) I&. fEED cactus & theta, fit>T
EE DHEHE bicyclic DIFE D Chow ZHR %, il 4 D flat ¥R TITIET 5, I
ffa—RExzoMrznF FHEET 2,
[ FT R DH 22T 5,
(CL, bv C) HM(GQ b.c)
14+ 7t + ¢
14 24t + 24¢% + 3
1427t + 272 + 83
, 1+ 71t + 225¢% + 7143 + ¢*
(3,3,3) | 1+ 394t + 5905t + 134713 + 5905t* + 394t> + 16

72720, 285 O b72 1 TIESER IS S vk v, FIHICHSE § 5 interlacer
WD TRV LTH 5, EED theta F 7 IHMEE D bicyclic graph IZBI3 % F
MEEMY LTHIRLARW,

)

)

)

NN NN
W N W
N2

(17
(17
(2)
(2,

23. EEBEEFDIEH

interlacing DftflA%Z ZH T, FIFNLRF S DAL 52 5, EREZREFET 2
%, RUERIEH O LICHWS i3 LRw,

Lemma 23.1 (fF81C X 2 ). ¢ B dEOBMBZADFEREZFE. RmXIRED
%E@%tﬁéof@ﬁﬁ@d+1_%%m%ﬁwﬁ\ﬂm>0z&i?éog®%
EHRlx T

f(z)

g (z)
BBHZE, g=<fTHD, fOTXRNTOEMIEMTAETD 5,

AER. W E 2 < - < 1 2MINDB, ¢ (2;) DFFBE (-1 250 FE > TR AIRE
D2DT, IBEIN f(2;) DFFEDRAICED %, 1> THBHEXEIC f OF&ED
Hb, £72. —00 TORMEMKIADTFFIZED 21 KOLEWZ—D2H D, f(zq) <0< f(0)
Dz, 2 0DMICH—2oH %, Aitd+ 1HOERZADELAMEFLN. KEER
STDOTEEEIZIRTLITH S, d=0DFEE. mE TR EIELED—XX
ZIERNOBRNPATHD 2D, O

Eulerian ZJHX
(23.1) Apir = (1 +nt)A, +t(1 —t)A,, A =1

<0
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Ziili7z T, RO FRBHUTTHAT 5 Z & THREADIHLIE LN, [E-oTZD
W MEERDES . A, DEDFFRT, HilE A THD L t(1-1t) <0 2%, &
BB EBIRZ 1 TH 5, A 2 55RD THE 23.1 ZEH AU BFRDEH
THTHH A, <A1 THBH I L ZAHTE 5,

23.1. AFHEAICBET 2 ERFIRNE.

Theorem 23.2 (Eulerian KFEM). fEED N > 1 LIFED T X — X A 1ZHt
L. Fya &, EBOBEZRE. BMREOHEFERIZ T 2HRD, BT i 1T LT

Fyavi = Fna < Fygaa
DD LD, BRFEDBERIZ A DBZEDHEITH KD LD,
FERA. Drf = (1+ RO f+t(1—t)f £B<s (21.5) MR T, ERDEMD S

(23.2) Fxs1:a = DyamFrin +26 > \iFya

=1

DD LD, FERE j+d=N+mZim/z3H(1+)%4; TFEHEE2 L. Dyim
AR A CBTERIEDEIE 2dt(1 +1)T1A; 5, REBOBIE NS 1+t %
WNTRER e BB LTI TEE — 3, MFva DEB0 5, fE-T (23.2) DFF S L
RE2 DIERECIE b5,
mIZDOWTHRMA L. TXTD NI 2 FRZFIRHICEEHT 2, m =013 A, =1
2 HEEZEERA U 7z Eulerian DA TH 5, RE m — 1 DINTDINTOWTEER%E
REST B, NBIORE m DINIAZEET 5, Fill2WTQ; = Fyay, B,
U%Miio)ﬂiii))% Ql =< FN+1;A\2’ TdH 5, Qz O)g){—il’ 2B\ T (215) £h
Fyia () Fnipai(e)
R R
135, M 231 BB L THTH. mEXREL EROEIX (21.5) OEHTHER L
2o FoTHIWCDOVWTQ; < Fya 4D, BRIBEMTATDH 2, Q, BWERDY
BRI BHEDTE 0 D&% AW,
o TP =Fya OEREDOFER 2 T, TRTDTOWT Qi(x)/P'(x) > 02D
D (232) 05

Fyiia(z) (1 — ) + 2 Qi)
_?@T__(l )+2%:&P@)<0

2195, BHTHIIEEICATHD, 2 < 02D\ > 02DTHRD OFIZIEIETH 5,
TEHEDPD P < Fyyoa EBRDIFINEDEAL 2, BORIX—XHEFENTED,
FIR LA OWTERE X CHBEFEAIX TN THR I S, O

(21.7) kD, EH16.1 DFEREDLES , aV—TDEIMIN Z2—2HLT, £
DaAL—TORODICEATEZMA DIEII NI X=X 122 AL. EHIZD
AT Ky B EHZ 2EE I X—X 1 2 AT 5, RFEHE»S (16.1) D
% interlacing DM€ S . —fED rank 2 DIHFEIE N = (p—2)/2 > 0 ZHW 5, itk
13 flat DT % RO D T parallel extension DFERDHED , TN TEEMDITELIRGE
HAD D 5 72,
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23.2. rank 3 D core ICRTBEMEE. s=1+t. B=t(1—-1t) tBZ,
Zif =1 +jt)f +Bf'

CIEFRT Do 211 DXNT A= LTw=v—2u, P, =Hgs, £H<, (23.1)
2S5 &

(23.3) Poi1 = %3P + LKy, Ky = —28Ap9 — (2u+ v)sApiq
2152, HREZEIKEETICHERE T 2121
Li(sAj_1) = sAj+ 2tA;_q,

ZLi((us® +wt)Aj_) = (us® + wt)Aj_1 + (du + w)tsA;_»
ZHOVAE IV, dut+w=2u+vBDT, TNHNS (23.3) DS,
Lemma 23.3 (ffi})] interlacer). a > 0, a = =28 > ¢ = 2u+v > 0 ERE L.
A=cla&BL,

T =20\ +w >0, S=aXN+BA+u<0
BHIE, TRTDL> 01220V T
App1 < Ky < Py < Pyyq

DALY SLD,

AEFH. n=b+1, P=A,. E=A, 1. F=A,, &L, 2D X K, =aF —csP
THhb, POFER 1 TIEKy(v) =aB(x)P'(x) £72%, K, DIERIFE L ERIE I
a—c>07%2DT, FFEHECE>TP <K, 218%, P=A DEBDLEDBIFRL
HIEDEZ 2, FRIT K, DFE R« Tl
P(x)
Ki()

7%, TR K, DEMER TG ORFSZ IS 220, FRDIERF & EEHER
VG‘% %o

FDEOIRBRBHTE = \sPThH53,K,=aFE—csPEWI L, BP = E—(14+nt)P
EHVWS, TWE F=(1+Mn+1DtH)E+BE WXRATS2L, 21BNV T

>0

B
F=—K,+ 2\t + \*s*)P
a

219%, 1toT
Pr) _ o . oy L)
R —B(a) +{Tr+S(1+ )}Kg(x)

Thb, FHHIEEICA, FIHIIEETH S, P, lE monic TELBIEDN 1 DT,
FEHEXID Ky < P, 725, wRIZ. P, DEER 2T Ky(z)/Pl(z) > 0TH 5,

(23.3) 726>
Ppya(z) L H(2)
Py(x) Py(z)
28T, BURNBHERMEZIX P < By DES, IRTOAREFERIHKETHD, &H
BEERHEFESAZHRL TV S, O

(23.4) <0

<0

= B(x) +
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—=D® rank 3 D graphic core IZDWT, 337 X —=RIIRD\EH TH %,
core ‘ a c A T S
Cy |2 1 12 3 0
D [3 1 1/3 17/9 —2/27
Ky |5 2 2/5 12/5 —1/50
P> THIRE 23.3 DIREDFTRTD b IZDOWTHETZE N, 285D core DA DIEEIH
éhﬁ‘:o
C3 IZ2WTIE, (16.6) & (23.1) 2o ZE CFBHET Ay < Ty 2185, £/

Toy1 = Loy + t Ay

BRDT, T, DFERTIHMETIUX T, < Ty DHES . RDBGEX Eulerian ZIH & 72
D, T TIZh->7%,

BRIRIZT T 7D 7 AR T b, rank 23E 4 3 D loopless graphic matroid % fif
FHE L, Fi7z i CTzar—7HFR< &, rank 235 4 3 DHflZL bridgeless graph T
FRTZ 3, HBHTZRW cycle 205 D rank 13472 & H 272DT, 2D
EOBBINI/mA—DOTH S, ZOHEFIFH L 4THD, C5. TF4THFED
Cin Ky\ew Ky oWSThhreid, MO ar—7720%52%, Zon8E

5 diamond, 638725 K4 T®H %, cycle ZHD 575372 1F U Boolean matroid T
H5. LLEDREKNIIE T2 IRTET %D Boolean K F %71} 2#{E2 DT, EORHK
DSEACE, EH 16.2 2FEH S iz,

24. INTERLACING ¥ Z DlFhd

V=27 - 7ay D77 ATIE. (16.1) B=2DHRMNZ 75 7HIEIHNT 3
[ 72 interlacing % 5-Z2 %, @M LB GO0 5, N\ DD T X — &% [EH
FEL. v% Fya DERET 5, B, RBREBEH., BXU (21.5) 256

dr (14 z)Fya()
A (14 A\ Flyp (@)

218%, 1+ DA OHITEM 232 12X D HEICIETH 5, o TT X —X%ZHY
T 1 EDPIVRLEFEAN, 1 EDREFVRREFAGABEZ, —11THEEA
EEIDIR WV, ZAUFIEMERIEER T3 7z < B 2T Didam T %, palindromicity 12
IO, — 1B XBPETBDOL &, OZTDL RO FLHe D, TOEEEIILT
H5,

diamond v@&i Kb = 3Ab+2 - (1 + t)Ab+1 = 2Tb 7&:@“@\

(24.1)

(24.2) Harepyos, < Hupyos, < Hu(pyos,,,

2155, B—DHEBIXIHEICEE ST 2 HHETH H 5, diamond DHLIAAN DA% X
M3 5., BLRICZATEZR2 05 TH 5, HAZIHE L 725512 rank 2
@ Boolean matroid £ 72 D, Z DBIDUHEIIFERAICHE R W,

FEHDODZHEAIIANTHETH %, o THEATHFHONZR L, —183FHLE
72 % DIFKBDTBDGEIR S, ZDEEEIX1 TH S, Newton DAFRIZL -
T, B, = Z?:o hit' & FHX, ZIEBRECIERL U 72 R85 hl/(f) ¥ log-concave T
H25 OLOBRBHINZ ultra log-concave TH 5), v ZHADBEDHEEFELIZ T ZHFD,
BWENDN 2 =t/(1+1)2 I K> T—DODADEITKHIET 205 TH 5, ZHNHIEHE
WD S DIFEHETH D, EREOFEHDOKD D Tidz v,
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graphic DFELINT S . HEHEBUC X 2 — R T o&EM»E o s,
Theorem 24.1. fEE D loopless rank 3 matroid D787 X — X p L, 1 D3
3p—1)<I<3(p+0)—6
iz 32012, TRNTD b > 012DV T Hyep, DEAITHEMABEDOFEKTH D,
Appo < Hyep,
DI D ALD,

AEAH. RO (21.9) Do > 00 a > wlZXB L. a> 0D ILD, £ I HEFEHIRET
MiERTe o <0D Ay DEMZOIE

A, () < —z(1—x)
X)) = 112

(24.3) 0<

THb, n=1TEz = -1CBIZFRATHS, n > 20585 L = A, /A,
B=z(1-2)&8BL, 2iZBWVWTL=—(1+nz)/BTHDH,

A;H-l_ . /
7% Ay Dn—1HDFERE & L HBFXL =3 (v—&) ' TH D, Cauchy-Schwarz
o L' >12/(n—1) %218 %, B<0KRDT

A’n+1>n(1+x2)+2x>1+$2
4, Z -1)(-B) © -B

£73%, REROHKTIE, DRZHMAT0FDEN (1+2)> THD, T (24.3)
DIRE Tz,
n=>b+1%L. (21.10) & Ay, DEHTIEL T A}, THIZ &,

Apa
Apps
2135, EIEMDIFIER O 2RFZATH S, 25 TRITNUIu>0THD, (24.3)12
FoT2KIIBla—u) < OAT A%, fFEHEZEHTUI LV, ZO5RMET
DEHETHD ., BEHEZFRLZWD, O

aB + {u(l + ) + vx}

I
A t——EAt—Zn———l t
(1) n{ )n! e(t=1)

s —¢
n>0

¥ B<, rank 3 OLNRIIROH U -6 5 2 5,

b
Zyua%:a@A+ﬁu+w@A+mu+ﬁmwﬂ@A

b>0

CRE (23312 k D, EREOABICOWTHRR L MO WL O 58 5 5.
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25. SERIES-PARALLEL \NDLFR £ BOOK GRAPH

FEM16.112K D, cycle BT RT=MAETH 3% cactus graph IZDWT, cycle &
RO EICEF U7 SR ED IR $ % . K, block 12 & o T series-parallel T\
7HEEND D, AEED series extension ZfER L7z H DTIERW, series extension
RADMITIE. AN —T MR 2HEe B s, XDRERMEENSRE LT, B, %&
Ky, =D DR Z bS8 % 272 book graph £ 3 %, n > 083 %, A% 2n+ 1.
rank n + 1 @ series-parallel graph T®» D, core & cycle DM HHERICKZ LR
2o Ba(t) = Hys, () £ 5L

Proposition 25.1. $XTDn > 0I1IZ2WT By=1T»HDH,

(25.1) TH4t+§:<>2% nj+§:()%HAn]

753‘}32 b joo q:ﬂ‘&\-
_ A\2,(1-2t)z
(25.2) 3 B.(t) (1—t)e

= te(lft)z)(l _ t62(17t)z)
ThH 5, HERFEARNTHRL. ¢ = 1 TORERMEIIFRETETD 5,

AERA. flat I2B W T 2D DG TR ITAUR, jIEONITEAZES, £hzh
%5 LRI DR o rank j OFERD (7)27 8D H | IFER ORI B,
THb, ~DODNEDBFRICKRITICET 2786, TOMRTITABMNINERZ j #:%3,
rank (& j + 1. fEEUZE ( ) T IffELE rank n — j @ Boolean matroid £ 72 %, j =n
Mé&nkﬁﬁ?%@fﬁ@ﬂ%@ﬂ#%%<o%ofﬂ&%# (25.1) 21§ %,
B(z) =3 B,2"/nl €8s [n+4 1 o gy DRI, Z0hth
_ef—te” tef—e¥ 1t _t(eF —e")
S(z) = 1= Q(z) = - ; R(z)_l——t
THb, WoTB=S+Q(22)B+R(2)(A—-1) 7%, (RALTEHETS L
(1 o t)2€(1+t)z
(etz _ tez)(eﬂz _ t€22)
2T, AU (252) EMLTH 3, O
0 <n <25 TIFHEEER Sturm GHEIC K o TERMEZHER L, #3522 HA D
Y interlacing DA % @8 L7z, n < 5 TE#{E=N & A7 U 72 flat DF|ZED—E
Lo ZRLERZOVWTOEREDIIHEENTE LTS, IR
LT 6 FEREZ HERR L R,
REBEEUICIZ S BT RIS D % dB % [Ma20] DR (3.3) D excedance D
12X % type B derangement ZIHA L L. D, (t) = t"d3(1/t) £ B, HKEED S
2" (1—t)e ?
Z D”(t>ﬁ T 1 te2-0=
n>0

2185, Az t) ZHENT. (25.2) &3 AUL

B:

n

(25.3) B.()=Y (Z) Ap(t) Dp_i(t)
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DRFHE NS, HRXEBORBIIEE T, Dy =t. Dy=4+t2 ThHhs, ZDEHA
IAATZT TRERMEIIED W, BIZIX, TH f = A3Dy 1K L., f#iB) interlacer DA%
ﬁ D5 ai%%ﬁ% I./focll\o %B%%\

f=tt+4)(t*+4t + 1), Dy = t(t* + 232t> + 1312¢* + 752t + 32)

THb, fORNER —412BWVWT f/(—4) = —4, Ds(—4) = —13696 72 DT,
Ds(—4)/f'(—4) =3424 >0 2D, FFORAME f < D5 ICHKT %, 0 DILEE
RIE -4 TDOZDREEZRMHEL W, ZAUIER interlacer 1IR3 2 KHITH - T,
book graph @ Chow ZIHFXNDFEIRVEIINTF 2 KA TIE7R W,

26. RBI. 27F 7. B X UTTROMRGA

FHEHFHFATIX, maximal building set @ graphic matroid (ZIEFR D [ Fid 7
M oTz. o THRPRHIS, FRMEDITN 2 HE D sharp B FEE FRLARWV, 72
72U, iR ZAtBH O E 2 PERR T 2 A B D 5.

TEH 23.2 DT A =R DIEZFUTHD RS 2 23 TERV EFE Fy g =
—A3+2(14t)Ay = 1+ 2 FEERTRV, ZHUIHIRRZ L DfEHTRIHERICN S 5 K
flcH-oT. ¥ brA4 FORBITIER,

FFEMOREEEZ oD aL—FTI TR S,

Hy, =1, Hy,=1+t

¥7:. Hyee = T(Hy) & 72 5 EBHI 72 scalar fEFZR T 1. graphic matroid (ZFRE
LTHFELRV, FEEE,

HM(C4) = HM(D) =1 + Tt +t2,
Hyscpwe = 1+ 18t + 1887 + 2,
Has(pyge = 1+ 19t + 19 + 7

ThH3, rank E AJTZHERADRFE LT ZDOEKR XIS, L diamond OHULMA ¢
ZFNLNDLEMTT B, FAFNLF27t + 2712 + 13 & 1+ 24t + 242 + 31275
%o Mo T, HOIEEHRE T2 WZIEKZHNER T 2 BN M2 EFAZRD
FELZ W,
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ARG TIF o N2 BEE L IRERI 2B 2,
RIE i 72 BA 1R & 5 s P

B ar—7 (21.2). (23.3), BIUTELOBEHIAR,
parallel extension flat DIEFIIFRDOHIPITED HRVDTH HAZE,
loop D3ENN AFED loopless Chow B DK DHIPHA, BHRINIC HE (M) =
Hip\loops & IRIREFR TIUT, £ DILRAZRIIED 5720,
graph  1-sum * cycle matroid DEM & 72 5, scalar 72 H OFETIIR < FEigT
block D resolvent Z{# 5,
HIBR - XA rane(S) = (S)s Tarse(S) = ra(SUe) —rar(e) & flat HIE,
(18.1) Zffi5,
series extension * fHEEZED loop T coloop TH WV E X series extension (&
iy Uz £ D 2-sum, f&EMDTT 258 aL—TDBME 25,
matroid 2-sum HIEE R e 23 loop TD coloop THRWE T 5, BRAIBHESL
DS =5US 2T T(S) = Tl(Sl) + TQ(SQ) —€ ZZT
e=11F e € cli(S1) Ncly(S2) DHEIIR S, flat HE L (18.1)
ORI REE 15 5,
2-sum D rank NTlE. Z D circuit DELdR» 57D %, R TFD e & F 12\ circuit
DIEDPIT, WADC; ez BLE XD (CLUCY) \ e B3FHT LW circuit & 725, AL
EEOMEEDD x5 ¥ —Drank K5 D, WHAE HITe & span T2 & F(Z
FR2, H72T %2 o 72— 172 2-sum OFERELRIFEHIT TR L2 W,
semi-small decomposition {&, FFITN—T TR LT

Hyr = Hape +2 Z HasyroeyHurr
FeS.

5 2%, S 3 FUed flat L7222 flat F C E\e DEBGTH %, HFiLnail—
ZITx LTI

Hyge = (1 +)Har + ¢ Z HapHayp
GCFCE
2185, ZHold [FMSV24], Corollary 3.24, Remark 3.26 TH b, [BHM22] IZH
k3 5, MBIHILHIR & IHEE AR CTH 2, SENERZEXTH 2 Z 21T H
5. Z05 OMO—RIFRIEIIED 2,

27. HrtERi e & IR

MRETlE, “graphic matroid Chow polynomial”, “real-rooted Chow polynomial”,
“theta graph matroid”, “bicyclic graphic matroid”, “cactus matroid”, “series-parallel
matroid Chow polynomial”, “Chow polynomial recurrence”, “interlacing Chow poly-
nomial” ZXfHRE L, X 51T coloop, bridge. book, diamond Z/INZ 72K %Z1T >
720 HUSR L 7z—RXHRD theorem statement ZHERE L7z AN 2T X —& &
FAT L 7 RREE IR BRNSIRTE L 72,

diamond DHEK M (D) @ B, 1& uniform TlE72 <. b > 1 Tl paving TH R, 1§
1% upper rank-uniform TV, HUDHDUHEZ b + 2 HD atom ZHi>—7F, b
LN DU b+ 3 D atom ZHOH 5 TH %, i€ > T UMEL-shellable TI37%
Vo F7zrank 2 D =MAJE flat 1X 3D atom ZFFH, rank 2 DFHRD flat 1T 2 fH L 2
Fi7z= 720728, lower rank-uniform T3 72\, i€ o Tl D TN-poset DEE % Z D
MAICEREHTEZZR WV, MEE 5IHLURERBEOEHEIAROR L D FREZE
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BRI VHEATH 2, 72720, EFEREAL TOWRWHIO O £ THE
FR3 2 dDTIERW,

MLOWEEHOBEIZOWTSH, cycle BT D rank BERICKZWE Z A TR#E# S
% uniformity DIEDBHN D, r> 2D Uy T, —DO=fERke, B2 ">
D=AEIPSE—UTOEEAZDDIE. WIND rank 2D flat TH 5, [HED atom
Bixzhzn3r—-383r—4TdHH, MIXKHED atom b 3 & 2 THRR S, 7E-T
upper 2% lower {Z% rank-uniform T7Z% . UMEL-shellable T% TN-poset T® 7%
Wy 8> 20D M(Ky)®5 1220 ThH, —DD block ND rank 2 ® flat &, 72 % block
DZ=DOD rank 1 @ flat TlX, INHHED atom D365 —5 & 65— 6 8%, r >4 %7
W s>3 %R BE—DOBMRATICrank 6 ZZ %, rank A3 Xz 5. =
AT circuit 12 X - T paving DIRE DN 5, T oD BRI LHERICE D, TEH
L EGIH U7z uniform, {Krank, TN, UMEL OEH & DZ20H & 021272 %,

5T [Ath25]) OFEM 1.1 2R L7ze I 2" (1 + 2)F DIFAMEITNT S
Eulerian Z#1 %2 5 23, D AN B KOCBREOIEF. (21.4) ORMRFE2Hi b ¢
WHFT HRFRE 2 IXE KR 5, 2026 4F 9 H ORERICIE [Ma26] DI AEHE L
[AlexE26] DEHIRED G Tz, LTz statement X, KFED IV =2 - Tvv 70D
RNAR, WTHIERE 2L — 7 ORIIFNIEZFES 2 & DTRE L7z, ZDHEK
. D W B RBEINREEANTEE LR W Z & OIREETIE AR W,

HUDIZRZFGE, 2V =2 - 7y 70K e, cycle H53 D rank BEEIZKZ W
RIS 5. RFHEAZ FH W2 RN & % 7R interlacing DERRAEHTH %, 1B
HifGSR & LT rank 3 @ Eulerian 242 & 825802 & 2 T75 21872, theta & book
DOHFALRNTEEIAE ADEE R EHENXTH D, ZNHIZOVTH MR LOER%
31F %, FEED theta < series-parallel DFERMEZREIR L7z & TR T2 d DTIERW,
FEHD Y F ANFI=AJE cactus Z TR TEA, cactus TRWIZ =7 - Tav g
BN, IRTD cactus ZZETHIFTIEA L, EMD diamond DEEIZ theta core
25, WIS EEOMDITN S 2 RFEZFEHT 2 & D TRV,

28. ARFFERIHEE & BB

%2 BIFE. EED T, pens HEED Cpps R D book graph, Z L TEED series-
parallel matroid DFARMETH %, HANTRIF TV 5 BARRREZRIT, (22.2) D theta,
Z DO circuit, —2D®D circuit & W5 IHEE % [FRHICHIE S 5. SRR interlacing
DMTETH %, AR THWZREIIH T 5 interlacer TIX Z N6 ZHlHITE W, E
H 241 DT HEEEZWMOBRIT 20850 b HlOMETH %,

B BERNTIE grapht D—H&, BERE K., FBROGEE. BHEOMWbAL B X CHEH
270 T EED, —KD T T 7F|ZI21& nauty 2.8.6. NetworkX 3.6.1, SymPy
1.14.0, mpmath 1.3.0 ZfHH L7z, BROFIEHIHETH D, HIF L 7=/ NS bUE
TH b, etz TeX 7 7L — M 2HER L. RIEKD title ZE1E L, LuaLaTeX
D HARGEXSZBI L, FIHTERWATREND H 2 ZHERFR Sy 7 — DT EHEN
BARE R T 7= BRI & HASGERIZIXIR UM statement & GEFHZ & TW 5,
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