MINIMAL SIGNLESS LAPLACIAN COEFFICIENT VECTORS OF

CACTI AND SHARP INCIDENCE ENERGY IN THE
EVEN-CYCLE CLASS

CHATGPT 6ASTRA

ABSTRACT. We give a self-contained classification of the coefficientwise minimal
elements of the signless Laplacian characteristic polynomial among connected sim-
ple cacti with prescribed order and size. Every minimal graph is a bouquet of
triangles, squares, and pendant edges. There are at most four minimal graphs;
the admissible numbers of squares are given by an explicit table, with changes at
cyclomatic numbers 4, 6, and 9. The proof uses a positive principal-minor expan-
sion for concentrating blocks, a parity-preserving cycle-shortening identity, and
two polynomial induction certificates. We also determine the unique incidence-
energy minimizer in every fixed-parity class, in particular in the entire class of
bipartite cacti, and give its spectrum explicitly. Exact enumeration covers all
121167 cacti of orders 1 through 13. The remaining incidence-energy comparison
between the incomparable minimal graphs in the unrestricted class is not resolved
here. Priority is not claimed: the original texts of the two requested anchor papers
could not be obtained, so the historical open-problem statement and a complete
novelty audit remain unverified.
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ematical content. It may therefore contain mathematical errors and should be read
with caution. A Japanese version is provided below.

1. RESULTS AND SCOPE

All graphs in this paper are finite, simple, undirected, and connected. A cactus
is a graph in which every edge belongs to at most one cycle. Put n = |V(G)|,
m = |E(G)|, and r = m —n + 1. Write

Q(G)=D(G)+ A(G),  det(z] —Q(G) = _(—1)f¢(G)a"*.
k=0
We order graphs of the same order by G <o H if ¢1(G) < ¢x(H) for every k. The
word minimal means Pareto minimal, whereas a least graph is below every graph in
the class. These notions are different.

For 0 < b < min(r,n —2r —1), let B, ,; be the graph obtained by identifying one
vertex from each of r —b triangles and b squares, and attaching n —2r —b—1 pendant
edges at that common vertex. All these identifications use otherwise disjoint vertex
sets.

Theorem 1.1 (Complete coefficient frontier). Supposer > 1 andn > 2r+1. Define
s=n—2r—1 and

{0,1,...,7}, 1<r<3,
I - {0,r=2,r—1,r}, 4<r <5
" {0,7 — 1,7}, 6<r<s,

{0,7}, r>9.

The minimal graphs in C, n,, up to isomorphism, are exactly
{Bm’b bel, b< 3}.

Their coefficient vectors are pairwise distinct and incomparable. A graph in this list
is determined up to isomorphism within C, ,, by its entire coefficient vector. For
r =0, the unique least graph is the star K ,_1, with the convention Ko = K;.

This is a classification for every admissible pair (n,m), rather than an extrapo-
lation from small orders. The proof is in Sections 2-5. Section 6 settles incidence
energy for fixed numbers of odd and even cycles; its all-even specialization is the
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first fallback problem in the research brief. For the unrestricted energy problem,
Section 6 gives an exact reduction to at most four explicitly specified graphs, but
does not decide all comparisons as functions of n and 7.

The requested starting point was Wang-Zhong—Zheng [WZZ19]. Its bibliographic
record was verified, and its treatment of graphs without even cycles is described
in the introduction of [ZW20], p. 4216. The particular future-problem passage in
[WZZ19] was not verified in the original text. Accordingly, we do not assert that
Theorem 1.1 is a historically new solution of a verified published open problem. The
limitations of the source audit are recorded in Section 9.

2. CONVENTIONS AND POSITIVE ROOTED POLYNOMIALS

Two cycles in a cactus have at most one common vertex. Conversely, this condition
implies that every edge lies on at most one cycle. If two cycles share a path or at
least two vertices, taking consecutive common vertices along suitable differing arcs
produces a theta subgraph, and one of its edges belongs to two cycles. Thus both
conventions give the same class. The blocks of a cactus are edges and cycles. Its
block-cut incidence graph is a tree: a cycle in that incidence graph would provide a
route outside one block between two of its vertices, contradicting maximality of the
blocks. Counting vertices by successively attaching leaf blocks gives

(2.1) n=1l+t+> (L-1), m=t+Y 0
i=1 i=1
where t is the number of bridges and ¢; are the cycle lengths.

Proposition 2.1 (Admissible parameters). For n > 1, the class Cy, , is nonempty
exactly when m =n — 147 with 0 < r < |[(n—1)/2|. The subclass with ezxactly
a odd and b even cycles is nonempty exactly when n > 1+ 2a + 3b. For prescribed
cycle lengths Cy, ..., L., the condition isn > 1+ > .(¢; — 1).

Proof. The necessary inequalities follow from (2.1), using ¢; > 3, or ¢; > 4 for
even cycles. For sufficiency, identify one vertex of the required cycles and add the
nonnegative number of remaining vertices as pendant neighbors of that vertex. For
the parity condition choose triangles and squares. The construction is simple and
connected and preserves the prescribed cycle counts. The case r = 0 is the star
construction. 0]

It is convenient to use the polynomial with positive coefficients
(2.2) Po(x) = det(z] + Q(G)) = > _ ¢u(G)z"*.
k=0

For polynomials, f >. ¢g means that f — g has nonnegative coefficients. We use
G <g H to mean G <o H and inequality in at least one coefficient; it does not
mean strict inequality in every coefficient.

Lemma 2.2 (Positivity and bipartiteness). Q(G) is positive semidefinite. Every
proper principal submatriz of Q(G) is positive definite. Moreover, det Q(G) = 0
precisely when G is bipartite. If G is bipartite, Q(G) and L(G) = D(G) — A(G) are

similar.
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Proof. For a real vector z,

21Q(G)z = Z (2u + 20)%.
weE(G)
If a vector on a proper vertex subset is extended by zero, vanishing of this sum forces
zero at its neighbors, and then at every vertex by connectedness. This proves positive
definiteness of every nonempty proper principal submatrix; the empty determinant
is 1. For the full matrix, a kernel vector must satisfy z, = —z, across each edge. A
nonzero such vector exists precisely when a consistent two-coloring exists. An odd
cycle forces its value, and hence every value, to vanish. For a bipartition, let S be
diagonal with entries 1 on one part and —1 on the other. Then S? = I, SDS = D,
and SAS = —A. Consequently SQS = L. A cactus with only even cycles admits a
two-coloring, by extending the coloring successively across its edge and even-cycle

blocks. ]
For a rooted graph (A, u) define
(2.3)  Ra(x) =det((z] + QA)[V(A)\ {u}]),  Ha(z) = Pa(z) — xRa(x).

The degrees in this principal submatrix are the degrees in A; this is not the signless
Laplacian of the vertex-deleted graph.

Lemma 2.3 (Rooted positivity). The polynomials R4, Hx have nonnegative coef-
ficients. If A is connected with h > 2 vertices, Ra has strictly positive coefficients
in all degrees 0,...,h — 1, and H, has strictly positive coefficients in all degrees
1,...,h—1. Its leading coefficient is da(u). For A=K, Ry =1 and Hy = 0.

Proof. Expanding a determinant in the diagonal variable z gives

Z det Q(A)[U], 2"V,

UCV(A
ueU

Every term is nonnegative by Lemma 2.2. All nonempty proper principal minors
are positive, which gives the asserted positive coefficients. The term U = {u} is
da(u)z"=1. The corresponding expansion of R4 gives its assertions. O

3. CONCENTRATING BLOCKS WITHOUT CHANGING CYCLE LENGTHS

Let B be a connected vertex-transitive graph. At distinct vertices vy, ..., v, of B,
attach rooted connected graphs (Ay,uy),..., (A, up) by identifying u; with v;. All
other vertices are disjoint. Call the result G. Let G, be obtained by attaching all
the same rooted graphs at one vertex of B. Write M = zI + Q(B) and R; = Ry,,
H, = H,u,.

Lemma 3.1 (Exact concentration identity) With these hypotheses,

(3.1) Po—Pg, = Y detM (B)\{vi:ie B} [[H]] R =0

IC{1,...,h el jer
m>2
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If at least two A; are montrivial, every coefficient of 27 for 2 < j < |[V(G)| —2 on
the right is strictly positive. In particular the decrease in ¢o is

02(G) = 02(G.) = Y da, (ui)da, (uz) > 0.
i<j
Proof. For x > 0, eliminate the nonroot vertices of each A; by a Schur complement.
The determinant acquires a factor R; and the diagonal entry at v; acquires H;/R;.

Thus
Py = (H Ri> det (M +3 %E> :

Expanding multilinearly in these diagonal additions gives one term for each subset I.
The empty term is Pg [[ R;. The singleton term for 7 is the principal cofactor at v;
times H; ] ;i I Vertex transitivity makes these principal cofactors identical. For
G, only the empty and singleton terms occur, since a determinant is affine in a single
diagonal entry. Subtraction proves (3.1) for z > 0, hence as a polynomial identity.
Each remaining factor is a principal-minor polynomial of a positive semidefinite
matrix, or a polynomial in Lemma 2.3. For any two nontrivial attachments, the
term I = {i,j} has positive coefficients in degrees 2 through n — 2: multiply the
full intervals of positive coefficients supplied by Lemma 2.3 and the positive definite
proper principal submatrix of Q(B). Only terms with |I| = 2 contribute in degree
n — 2, and their leading coefficients are da, (u;)da, (u;). O

Corollary 3.2 (Prescribed lengths). Fiz n and a cycle-length multiset ({4,...,¢,)
satisfying Proposition 2.1. The unique least cactus is the bouquet of these cycles
witht =n—1->",(¢; — 1) pendant edges at the hub. Every other graph has strictly
larger ¢y, for 2 < k < n — 2, whenever this index interval is nonempty.

Proof. 1If a cactus has at least two cut vertices, the path between two such vertices in
its block-cut tree contains a block incident with at least two cut vertices. This block
is either an edge or a cycle, and is vertex transitive. At each of its vertices, combine
all off-block components with that vertex to form one rooted attachment. Apply
Lemma 3.1, choosing an existing cut vertex as the new attachment vertex. All other
cut vertices on this block disappear; off-block cut vertices retain their status, and
no new cut vertex is created. The number of cut vertices strictly decreases. The
graph remains a cactus with the same blocks, order, and size. Iteration terminates
at a graph with at most one cut vertex. In a connected block-cut tree with at most
one cut vertex, every block meets that vertex, unless there is just one block. Hence
the terminal graph is exactly the stated bouquet. Any nontrivial iteration is strict
in ¢, and in all the stated intermediate coefficients. This also proves uniqueness and
covers trees. Graphs with zero or one block are already in the required form. O

4. PARITY-PRESERVING SHORTENING
Let D_1 = 0, D() = 1, and
(41) Dj = (l‘ + 2)Dj_1 — Dj—2 (] Z 1)

This is the determinant of the j x j tridiagonal matrix with diagonal x + 2 and
off-diagonal 1. Put £; = D; — Dj_y. Then Ey =1 and E; = 2D, + E;_;, while
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D; = D;_; + E;. These two positive recurrences prove that both polynomials have
strictly positive coefficients in every degree from 0 to j.
For a cycle rooted at any vertex, direct determinant expansion gives

(4.2) Re, =Dy, Po,=xDyq +2(Dy-q — Dy—o) +2(—1)"".
Indeed, the cycle determinant equals (z + 2)D; 1 — 2Dy 5 + 2(—=1)"1: the two
oriented full-cycle permutations supply the last term, and the two ways to use a

root edge as a transposition supply the two path minors. Formula (4.2) follows by
collecting the diagonal term.

Lemma 4.1 (Two-vertex shortening). For ¢ > 5, replace a rooted Cy by a rooted
Cy_o with two new pendant edges at its root. Denote the new rooted graph by Ty.
Both graphs have { vertices and { edges. With e = (—1)1,

(4.3) Re, — Ry, = xDy_5+ (x4 2)(Dy—3 — Dy_4),
(4.4) Pe, — Pr, = 2{2Dy_3+ xDy_4 — 2¢(z +2)}.
Both differences are coefficientwise nonnegative. The second has strictly positive
coefficients in every degree 1,...,¢ — 2. The replacement remains coefficientwise

decreasing after attachment at the root to any connected rooted graph.

Proof. A pendant edge has R =z + 1, H = z. Two such attachments give

Ry, = (x+1)*De3,  Pr,=(z+1)*Pc,_, +2z(x + 1)Dy_s.
Substitute (4.2) and use (4.1) twice to obtain (4.3)—(4.4). The first right-hand
side is positive by the recurrences for D, E. If ¢ = —1, positivity of the braces
in (4.4) follows term by term. If ¢ = 1, use Dy 3 >, Dy = 22 + 4x + 3 and
2Dy — 2(x 4+ 2) = 22 + 6x + 2. This also proves positivity throughout the asserted
degree interval. For rooted coalescence A V T, Schur elimination gives

(45) Pyyr = RaPr+ HaoRy.

Its difference under the replacement is therefore RAAP+ H,AR >. 0. Since R4 has
positive coefficients in all its degrees, this difference is strictly positive in degrees 1
through |[V(AV Cy)| — 2. This proves strictness in ¢, ..., ¢,_1 as well. O

Theorem 4.2 (Fixed parity). Fiz a,b > 0 and n > 1+ 2a + 3b. Among cacti with
a odd and b even cycles, the unique least graph is B, ,ivp. Every nonisomorphic
graph has strictly larger ¢o and, more generally, ¢p for 2 < k <n — 2.

Proof. First apply Corollary 3.2. Then shorten every odd cycle to a triangle and
every even cycle to a square using Lemma 4.1. Both parity counts remain fixed. The
liberated vertices are pendant neighbors of the common hub. This ends at B,, 4445-
If the original graph was different, at least one concentration or shortening step was
nontrivial and strict in ¢5. The stronger intermediate strictness follows from the two
lemmas. When the class contains only one graph, the strict assertion is vacuous. [
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5. PROOF OF THE COMPLETE FRONTIER

Write z = 4+ 1 and introduce the following rooted polynomials:

Ry = (z +1)(z+3), Hy =2(x+1)(z +2),
Ry = (x4 2)(2® + 42 + 2), Hy=2z(z+2)(z +3).
Let U be a triangle with one pendant edge at the root and let V = (). Set
u= Ry = (z+1)>*z+3), v =Ry = (z+2)(z* + 4z + 2),
(5.1)  h=Hy=(z+1)(32° + 92+ 4), k= Hy = 2x(x + 2)(x + 3),
f=v—u=2*+3z+1, Py — Py =z%—4.

All of u,v, h, k, f are coefficientwise nonnegative.

Lemma 5.1 (A single square exchange). Suppose the rooted context A is a bouquet
containing c triangles and any number of squares and pendant edges. Then

4
Hy >, gcRA.

If ¢ > 3, replacing an additional rooted U by V increases every coefficient weakly,
and increases ¢o strictly.

Proof. For a rooted bouquet, R, is the product of the petal R polynomials and H 4
is the sum of one petal H times all the other R factors. For a triangle, H3 — %Rg =

%1:(93 + 1) >, 0. The other petal terms are nonnegative, proving the first assertion.
Using (4.5) and (5.1), the difference is

4
Ra(x® —4)+ Haf >, Ra ($2—4+§f) >.0

when ¢ > 3. Strictness in ¢ also follows from the degree calculation below, equation

(5.5). O
For ¢,d > 1, put a = 4¢/3 and define
(5.2) F.q= (v +a)w®—u) +dkv?" — hu'™?).

Lemma 5.2 (Two larger exchanges). Fhy >, 0 for every d > 4, and Fy4 >. 0
for every d > 8. Consequently, in a context with ¢ triangles and arbitrary pendant
edges, replacing d copies of U by d copies of V is coefficientwise increasing for
(c,d) =(2,d>4) or (1,d > 8).

Proof. Direct multiplication gives the identity
Fogy1 =vF 4+ k(v —u?)
(5.3) +uHu(2? — 44 of) + dhf}.

Here v¢ — u? = fz;l;é v 1yl >, 0. For a > 4/3 and d > 2, the expression in
braces is bounded below coefficientwise by
(5.4)  w(z® —445f)+2hf = £(130 4 395z + 4132 + 1732" + 252") >, 0.

Appendix A displays the integer coefficients of 3F; 4 and 3F} g; every coefficient is
positive. Those are explicit polynomial identities obtained from (5.1)—(5.2), not
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numerical eigenvalue comparisons. Equation (5.3) proves both assertions for all d
by induction. For the consequence, coalesce the d petals with A. The difference is

RAFQd + (HA — OéRA)(Ud — ud) ZC 0.

This follows by writing the petal bouquet polynomial as zR? + dHR*! and using
Lemma 5.1. U

Proof of Theorem 1.1. Theorem 4.2 shows that every minimal graph is one of B,, ,
with 0 < b < min(r, s). Each bouquet has hub degree n — 1 —b, 2r + b other vertices
of degree 2, and s — b leaves. The identity

¢2 _ (trQ) ;tr(Q ) _ 2m2 —m— %zv:d(v)Q

therefore gives, for 0 < a < b < min(r, s),

(5.5) ¢2(Bn,r,b) - ¢2(Bn,r,a) — (b _ a)<2n ; d—a— b)

Thus a bouquet with more squares cannot dominate one with fewer squares. At
x = 0, its determinant is

> 0.

4(r —b)3rb14b ph <,
0, b=r.

To see this, multiply the rooted constants R3(0) = 3, R4(0) = 4, Rk,(0) = 1, and
use H3(0)/R3(0) = 4/3, while the other petal H constants vanish.

First eliminate all 1 < b < r — 3. Each consecutive exchange from b — 1 to b has
r —b > 3 triangles in its context; Lemma 5.1 shows that B, ,0 <o Bn,p. Every
intermediate bouquet is admissible because its number of squares does not exceed
the final b.

Next, if b =r — 2 and r > 6, apply Lemma 5.2 with c =2 and d =r — 2 > 4.
The context has these two triangles and s — d pendant edges. Before the exchange
it has, in total, r triangles and s leaves; afterwards it is B, , ,_2. Thus this graph is
dominated by B, ;0. Forb=7r—-1andr > 9,use c=1,d =7 —1 > 8 in exactly
the same identity, with s — d > 0 leaves. All the exclusions are strict by (5.5).

It remains to prove that no graph in the displayed list can be eliminated. For

r=2,...,8,
d—y 1[4 ’“‘1<1
d() _7“ 3 .

For r = 3, 4,5, the ratios d,_»/dy are respectively 8/9,8/9,128/135, also less than 1.
For the first inequality, the successive ratio of these ratios is 4r/(3r+3); checking r =
2,3,4,8, with the last value 2048 /2187 < 1, proves every indicated case. Among the
last three indices, the determinants strictly decrease as b increases: d,_/d,_o = 2/3,
and d, = 0. When r =1, dy = 4 > d; = 0. Together with (5.5), these facts prove
pairwise incomparability of all the retained bouquets. The eliminated bouquets
are dominated by B, ,o, so none can dominate a retained one. Any nonbouquet
is strictly dominated within its parity class. This proves minimality, completeness,
and the asserted spectral rigidity. For » = 0 apply Corollary 3.2. 0

(5.6) dy := det Q(Byp) = {




MINIMAL SIGNLESS LAPLACIAN COEFFICIENTS OF CACTI 9

Corollary 5.3 (When a least graph exists). For r > 1, there is no least graph
exactly in the following ranges:

r ‘mnge with no least graph
1<r<3 n>2r+2
4<r<b n>3r—1
6<r<8 n > 3r

r>9 n > 3r+ 1.

For every other admissible pair the unique least graph is B, .

Proof. The first positive index of Z, is respectively 1,7 — 2,7 — 1,r. It is admissible
precisely when it is at most s. The explicit domination proof above gives a least
graph when only index 0 remains; two incomparable minimal elements preclude a
least graph. O

6. INCIDENCE ENERGY AND EQUALITY

Let qi1,...,q, be the eigenvalues of Q(G) and put IE(G) = >, \/q;- If N is the
unsigned vertex-edge incidence matrix, then NNT = Q(G), so this is also the sum
of the singular values of N.

Lemma 6.1 (Strict energy monotonicity). For graphs of the same order, G =g H
implies [E(G) < IE(H). If one coefficient inequality is strict, the energy inequality
18 strict.

Proof. For ¢ > 0, integration by parts after the substitution u = tq gives

> log(1 + tq)

The boundary terms vanish: the logarithm is O(t) at zero and O(logt) at infinity.
Summing this finite collection of integrals yields

(6.1) IE(G) = % /0 h log (Z ¢k((;)tk> %.

The integrand is monotone in each coefficient. If one difference is positive, the
polynomial difference is positive for every ¢ > 0, so the logarithmic difference has
strictly positive integral. This also checks the direction of the energy inequality
without an appeal to a citation. 0

Theorem 6.2 (All-even sharp minimum and its spectrum). Let r > 1 and n >
3r+ 1, and set t = n — 3r — 1. Among all bipartite cacti with n vertices and
r cycles, the unique least graph and the unique incidence-energy minimizer are
B, ,.r. Equality in the energy bound holds exactly for this graph up to isomorphism.
Put n = \/Q—I— V2 + \/2 — V2. If t > 1, let A\, Ag, A3 be the positive roots, with
multiplicities, of

(6.2) N—(n—7+4)\° + (4n — 4r + 2)A — 2n = 0.
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Then the minimum energy is exactly

3

(6.3) t—1+rV2+(r—Dn+ > /A
j=1

Ift =0, replace the last formula by

(6.4) 7“\/54—(7‘—1)17—{—\/r+2+\/7“2—27‘+2—|—\/T+2—\/7’2—2r+2.

Forr =0, the minimum isn — 2+ +/n forn > 2, and 0 forn = 1.

Proof. The least-graph assertion is Theorem 4.2 with a = 0,b = r; Lemma 6.1 and
strictness in ¢y prove energy rigidity. Write F' = 22 + 42 + 2. The rooted-petal
formula gives, for ¢t > 1,

(6.5) Py, . (2) = 2(z + 1)z +2) F7C(a),
Clx)=(x+t+1)F+2r(x+1)(z+3)
=23+ (n—r+4)2° + (4n — dr + 2)z + 2n.
This follows by summing the hub term z, the ¢ contributions z/(z + 1), and the
r contributions 2z(x + 3)/F, and then multiplying by (x + 1)/((x + 2)F)". The
spectrum therefore consists of 0, 1 with multiplicity ¢ — 1, 2 with multiplicity r,
2 + /2 each with multiplicity 7 — 1, and the three roots in (6.2). They are positive

because the matrix is positive semidefinite and C(0) = 2n > 0. Fort =0, n = 3r+1
and C(z) has a factor « + 1; cancellation gives

PB3r+1,7‘,r = w(x + 2)TFT_1{:L‘2 + (2T + 4)37 + 6T + 2}

This gives (6.4), including Cy when r = 1. For a star with n > 2, the spectrum is
0,12 p, giving the last assertion. O

For a nonminimal all-even cactus, every coefficient ¢ with 2 < £k < n — 2 is
strictly larger than that of B, ,,. The coefficients ¢g, ¢1, ¢, always agree. Also
¢n—1 = n ][], fi: choose one deleted edge in each cycle to count spanning trees and
use the forest formula in Section 7. Consequently ¢,,_; agrees exactly when all cycles
already have length 4, including the vacuous condition for trees.

Corollary 6.3 (Prescribed parity or lengths). The bouquets in Theorem J.2 and
Corollary 3.2 are also the unique incidence-energy minimizers in their respective
classes. In particular, the assertion applies to every cactus class with exactly one
even cycle and fized (n,m).

Proof. Apply Lemma 6.1 to the respective least-graph theorem. Fixed n,m and
exactly one even cycle fix the number r» — 1 of odd cycles. O

For completeness, all candidates in the unrestricted energy problem have explicit
polynomials. If a =r —band t =n —2r —b— 1, then

tx aH bH
= (z+1)'R§R} S+ ).
(x+1)'R3 4(9c+x+1+ R + R

Terms with zero multiplicity are omitted. All denominators cancel. In particular,
Pg, .= @+ 1" (2 +3)""H2® + (n+ 3)2* + 3nx + 4r}.

(6.6) Py

n,r,b

n,r,0
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Theorem 1.1 and Lemma 6.1 reduce the unrestricted minimum to the least energy
among the at most four listed bouquets, and exclude every other graph as an equality
case. We do not claim a complete parameter classification of which of these incom-
parable bouquets wins or whether ties can occur for arbitrary parameters. The
sharp all-even and fixed-parity conclusions above do not require that unresolved
comparison.

7. TU-SUBGRAPHS AND SUBDIVISION MATCHINGS

Proposition 7.1 (TU formula, with its normalization). A spanning TU-subgraph
has components which are trees or unicyclic graphs with an odd cycle. If it has c
odd unicyclic components and tree components Ty, ..., T}, its weight is 4° [ [, |V (T3)].
Then ¢ (G) is the sum of these weights over TU-subgraphs with k edges. Isolated
vertices are tree components of weight 1.

Proof. Let N be the unsigned incidence matrix. Expansion in principal minors and
the Cauchy—Binet identity yield

$(G)= Y detN[I,J".
[I|=|T|=k
Fix the selected edge set J. A nonzero square determinant must select as many
rows as columns in each edge component. A component with more edges than
vertices gives zero. In a tree, exactly one row is omitted; each of the |V(T')| choices
has determinant +1, by successive leaf elimination. In a unicyclic component all
rows must be selected. Removing tree leaves reduces its determinant to that of an
unsigned cycle incidence matrix, which is zero for an even cycle and £2 for an odd
cycle. The latter assertion follows from the two possible cycle permutations, whose
signs coincide precisely for odd length. Squaring and multiplying over components
gives the claimed weight. With oriented incidence instead, every cycle determinant
vanishes, giving the Laplacian spanning-forest formula. This independently proves
the normalization used here; compare [CRS07] and the checked restatement [ZW20,
Lemma 2.1, p. 4217]. O

Let S(G) be the subdivision graph, and let m;(H) count its j-edge matchings,
with my =1 and m; = 0 for 57 < 0.

Proposition 7.2 (Cycle-corrected matching formula). Let & run through all sets
of pairwise vertex-disjoint cycles of G, including the empty set, and put (D) =
Y ceq |C|. Then

(7.1) ou(G) =Y 27U =1) Wm0 (S(G) = V(S(2))).
9

Deletion includes both the original vertices on each selected cycle and the subdivision
vertices of its edges.

Proof. In the bipartite ordering of S(G) its adjacency matrix is ( ]\?T Jg ) Block
elimination for a nonzero indeterminate y gives

det(yl — A(S(G))) = y™ " det(y*I — Q(G)).
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This is a Laurent-polynomial identity, valid also for trees where m—n = —1; its right
side is nevertheless a polynomial. Expand the left determinant by permutations.
Nontrivial permutation components are transpositions along matching edges and the
two orientations of each cycle. A selected original cycle of length ¢ becomes a cycle of
length 2¢ in S(G) and supplies a factor —2, while every matching edge supplies —1. A
term contributing to "™~ % with cycle set 2 thus has sign (—1)*~4“)+1?l and factor
2171, Divide by the coefficient sign (—1)* to obtain (7.1). Vertex disjointness and the
specified deletion are exactly what is required for the remaining transpositions. [J

For Cy, the four-edge matchings of S(Cy) = Cs number 2 and the cycle correction
is —2, giving ¢, = 0. For (5 the correction is +2 and gives ¢3 = 4. Thus raw
subdivision matching counts do not equal signless Laplacian coefficients even in the
all-even class. A matching injection alone does not control the alternating cycle
terms. The principal-minor method in Sections 3-5 supplies positive differences di-
rectly, avoiding that cancellation problem. Formula (7.1) was independently derived
here. Du’s requested paper [Du25] concerns this connection, but its exact formula
and theorem number were not checked against the unavailable original text.

8. EXACT ENUMERATION AND COUNTEREXAMPLE CHECKS

The generator recursively attaches a leaf edge or a leaf cycle at every vertex orbit
of a smaller cactus. Every nontrivial cactus has a leaf block, so deletion of that
block proves completeness inductively. A rooted canonical code records a sorted
list of incident child blocks. An edge records its child’s code; a cycle records the
cyclic sequence of child codes starting after the root, minimized over reversal. The
unrooted code is the minimum over choices of root vertex. Induction on the block
tree shows that equality of codes is equivalent to graph isomorphism. In particular,
cyclic order is retained; a block-incidence tree alone would not be an adequate
isomorphism certificate.

n 1 2 3 4 5 6 7
count 1 1 2 4 9 23 63
n 8 9 10 11 12 13 total
count | 188 596 1979 6804 24118 87379 121167

Integer powers of () and Newton identities compute every characteristic polyno-

mial exactly:

k
ep =1, ke = Z(—l)j_lek_j tr(Q7).
j=1
Every division is checked to be exact. As independent checks, all 291 graphs through
order 8 were recomputed by SymPy’s exact characteristic polynomial routine, all
103 graphs through order 7 were checked by enumerating every edge subset in the
TU formula, and the generator was compared with NetworkX’s full graph atlas
through order 7. There were 242,334 comparisons against the prescribed-length and
prescribed-parity bouquets, with no counterexample. The shortening identities were
checked symbolically for 5 < ¢ < 50. The frontier table was additionally checked
in 930 bouquet parameter classes 1 < r < 30, 0 < s < 30. The proofs in Sections
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3-5, including the two induction bases, establish the statements for all parameters
independently of these searches.

For every graph the data record its edges, all coefficients, cycle lengths, odd /even
counts, degrees, blocks, block-cut incidences, diameter, and leaves. Floating-point
energy is used only to screen candidates. For each of the 49 order—cycle-count classes
through order 13, exact rational isolation of the roots of the integer characteristic
polynomial and rational square-root bounds certify the winning energy among the
Pareto candidates. The bounds have more than 30 decimal places of separation
precision and are stored as rational numbers, not merely decimal approximations.

For a small normalization check, a triangle with one pendant edge has P = z* +
823 +192% + 16x + 4, whereas Pg, = x*+ 823+ 202% + 16x. Their difference is 22 —4.
They are incomparable, although Cj has the smaller incidence energy. The energy
winner also changes with the parameters: at (n,r) = (10,3) and (11, 3) it has three
squares, whereas at (12,3) and (13, 3) it has three triangles. At (12, 3) the certified
values begin 16.15344082377579 for the triangle bouquet and 16.15781765716216
for the square bouquet. These observations disprove a universal “always choose as
many even cycles as possible” energy rule; they are not a substitute for a general
energy-classification theorem.

9. NOVELTY AUDIT AND SOURCE LIMITATIONS

The search cutoff was 10 September 2026. The requested combinations “cac-
tus graph signless Laplacian coefficients”, “cactus graphs incidence energy”, “min-
imal signless Laplacian coefficients cactus”, “signless Laplacian coefficient order-
ing cactus”, “even cycles cactus signless Laplacian”, “subdivision matching signless
Laplacian cactus”, and “TU-subgraph cactus extremal” were searched. Follow-up
searches used “bouquet”, “quadrangular”; “vertex transitive blocks”, and “coales-
cence”. General web search often returned irrelevant results; this is not evidence of
absence. Crossref, OpenAlex, and Semantic Scholar metadata and citation searches
were also used. Direct Google Scholar and zbMATH requests returned access errors;

MathSciNet was not available.
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Source Verified scope and limitation

Wang-— Title, authors, volume, pages, DOI verified. Publisher and

Zhong—Zheng DOI full-text routes failed. The future-problem page/section

[WZZ19] is unverified. The no-even-cycle result is described in [ZW20],
p. 4216.

Du [Du25] 2025 publication metadata verified. No accessible full text or

repository copy was found. Its exact theorem and applicabil-
ity could not be checked against the original.

Zhong-Wang Full 18-page text read. Lemma 2.1 is on p. 4217; Theorems

[ZW20] 3.17-3.18, p. 4231, concern unicyclic graphs with prescribed
bipartition. They do not state an arbitrary-r cactus theorem.

Lu-Zhu [LZ20] Full text read. Sections 3—4, notably Theorems 3.11 and 4.2,
address tricyclic graphs. This fixes r = 3.

Kummel [Kum?23] 2023 thesis inspected, including its introduction, the signless-

Laplacian discussion and the reference to [WZZ19]. It con-
cerns forest generating functions; no general cactus frontier
classification was located.

Earlier coefficient The unicyclic and bicyclic records [LTS13, ZZ13] were ver-

papers ified as related work. Their original theorem numbers are
unverified. Spectral-radius extremality [CZ16] is a different
objective.

OpenAlex returned three citing items for [WZZ19]: the two 2020 papers above
and Kummel’s thesis. Semantic Scholar returned the two 2020 papers. These are
all the items returned by those queries, not a claim that the databases contain
every citation. Du’s record returned no citing items in the queried Semantic Scholar
response.

The relation of the mathematical statements is precise. The fixed-parity theorem
at b = 0 concerns the no-even-cycle cactus class, and at b > 0 concerns classes
containing even cycles. Their union over a, b covers all cacti. The all-even theorem
allows unbounded r and is not just the »r = 1 or » = 3 specialization covered by
the checked related sources. The full frontier theorem then compares those parity
classes with one another. Nevertheless, because the two requested anchor texts
and the complete literature could not be checked, the audit has not cleared any
priority claim. The phrase “proved here” describes the self-contained derivation in
this manuscript, not a certified novelty claim. No statement that the 2019 open
problem remains open, or that this paper resolves that verified historical problem,
is made.

10. REPRODUCIBILITY AND TEMPLATE CHANGES

The implementation uses Python, NetworkX, NumPy, and SymPy. No random
search is used. The supplied files have the following roles:

e cactus_exact.py: complete cactus generation, exact coefficients, Pareto
extraction, graph descriptors, and energy screening.

e verify results.py: graph-atlas comparison, independent polynomials, T'U
checks, bouquet comparisons, and rational energy certificates.

e bouquet_frontier.py: integer-polynomial exploration of the reduced fam-
ily and comparison with the proved frontier formula.
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e proof certificates.py: exact verification of the exchange identities and
the positive induction-base coefficient arrays.

e cacti.jsonl, summary.json, and energy_certificates. json: machine-
readable full and summary data.

The README gives execution commands and the environment versions. The up-
loaded template actually available in this task was the copy whose name ends in
134231 .tex; the brief also mentioned an earlier 133416.tex copy which was not
supplied here. The available copy was used as the base. Its amsart class, 12-point
size, mathematical macros, theorem environments, margins, section style, and alpha
bibliography style declaration were retained. The unfinished \title [} was replaced,
author metadata was set to chatGPT 6Astra, and LualLaTeX Japanese support was
added using luatexja, with explicit IPAex font-shape mappings. The luatex85
compatibility package supplies the legacy PDF primitives required by the retained
Xy-pic package. Japanese theorem environments share the same counter scheme.
Hyperlink anchors have language prefixes so corresponding theorem numbers can
be reused. The page bottoms are left ragged to avoid artificial vertical gaps around
tables. Compilation uses LualLaTeX exclusively; XeLaTeX is not used.

APPENDIX A. POSITIVE INDUCTION-BASE CERTIFICATES

The following table gives [27](3F34) and [27](3Fyg) from (5.2). A blank entry is
zero. The omitted coefficients above the displayed degrees vanish. Substitution of
the explicit polynomials (5.1) verifies both identities over Z[z].

J | [#7](3F2,4) [#7](3F1,8)
0 104 25948
1 10889 5536949
2 84792 96513760
3 289390 807903964
4 556584 4220825976
5 666203 | 15366138242
6 520272 | 41394570336
7 269780 | 85640823708
8 92152 | 139484195268
9 19927 | 181934862179
10 2472 | 192335903424
11 134 | 166155480696
12 117896376080
13 68874191036
14 33118723264
15 13068481112
16 4205136292
17 1092070763
18 225304544
19 36054956
20 4312952
21 362802
22 19136
23 476
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DR DL D, W HDAEIIEE T L IZIEEATH D, BEIFREL, ... (-2 DFTARTT
ETHhb, ZOEHE, LEOWRNEEEE S 7 7 IR THNE L ZRIIT-oTH, £
BUXIEIL 2200,
AERH. M EEEUTIE R=2+1, H=0 DT, ZAKDMHIZLD

Ry, = (v +1)’Dyy,  Pr,=(v+1)*Pq, , +2x(x + 1)Dy_s
2135, (4.2) AL, (4.1) 2D & (4.3)-(4.4) BESND, ATHEDIEMENE
& D, E DAL D» 5D, e = —1 R BEOHFEINFHI L IZHATH S, e=1
5 Dy_g>.Dy=a%+4r+3 £ 2Dy —2(x+2) =222 +62+2 2>, ZhiZ&
. FRUAZXBOEXBTOEMELRS, NS 72BTabEZ AVT
IZD\WT, Schur HE2S
(4.5) Payr = RaPr + HaRp
L%, EBHTERDEX RAAP+ HA\AR>.0 TH D, Ry IFZDEIRILTIEDFR
BAERODT, ZOEZKELDS [VAVE) -2 £$TIARTTEL RS, Zhi
Gy, Pp_1 DEERFADERLTWVWD, O
EH 4.2 (AEOMEEEEE L 725E). a,b>0,n>1+2a+3b ZEET S, &H
Hx o ff, WA Z b D cactus DHFH T, —EARB/NTCIE Buapy THD, T
NEFAMTRNT T 713 ¢ DEEIZREL, KD BUT2<k<n-2DITARTT
¢k b§,§§%c:kgb\o
AR, 23R 3.2 2T A, ICHIRE 4.1 12k 0, THKE =M E T, (MK
Z AT £ TR 5, AP MEABRBIIZ D 5700, RoIHRIZI @O H
NZEET LD T, #XE By THD, BAIDT T 782 Bignf,
D b —EOEREITHEPIEEHHTD V. ¢ DEEIZTS, HEREIZD
WCH I ODOHBEOMENZEHT 5, 77 AZ—DUNT 7 I8 R0VGE, BE
MDOFRIFEETH B, O

5. 2H/NTT D B D FERH
z=x+1BE, ROMNELHAZMHS,
Ry = (x+1)(xz +3), Hy =2(z+1)(z +2),
Ry = (v +2)(2® + 42 + 2), Hy = 2x(z +2)(z + 3).
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U ZRIZ—ARDELEMNIT=ZA., V=C, &L,

u= Ry = (z+ 1)z +3), v=Ry = (v +2)(2* + 4z + 2),
(5.1)  h=Hy=(z+1)(32° + 92+ 4), k= Hy = 2x(z +2)(z + 3),
f=v—u=2"+3z+1, Py — Py =14

EBL, u,v, bk, f DRBUTTXTIFATH B,

i 5.1 (—EDOMAADRHR). IR SMEL A D, c HO =M LLEEED
VAT - 0% KD bouquet TH5H LT3, TD&E Hy >, %CRA ThbH, c>3
o, BINORME U %2 VIZRHT 5 L fRE8UI5 <ML, ¢y ITEEEITEMNT 5,

FEB. A E bouquet D Ry FRFEREDD R ORETH O, Hy 1F—D DHEKI
DD H EMDFTRTD RDBERLEZHBDTHD, ZAFRITOWT Hy — 3Ry =
2e(r+1) >0 &7 0, MDD DHEIFALDTRADEREZHD, (4.5) & (5.1)
F 0. R SR E T\

4
RA(x2—4)+HAf >. Ry <x2—4+§f) >.0

CHD, BEOFERIL c>3 25, ¢ OHENIL. BOWKEE (55) 15

w5, O
¢, d>11ZXL a=4¢/3 EBE,

(5.2) F.q=(z+a)(w* —u?) +d(kv! — hu®™)

LED D,

i 5.2 (CREEORERLZM). TRTDI>4 T Fy>.00 IRTDI>8 T
Fig>.0Td%, ULizhioT clHD=AE LALEMEBDIED ) 5 72 B TITE W
T dHD U %2 dHD V IZESHADEHER. (¢,d) = (2,d>4) £/ (1,d > 8)
DL SR LIS 5,
AbHl. ERERE TS &

Foagpn=vE. 4+ k(vd — ud)
(5.3) +uHu(z® — 44 of) + dhf}
2185, vl —ul = ij;é v >0 TH D, a>4/3,d>2 DL E, RfEE
R L ITIRT R SRHiliET N5,
(5.4)  w(e® —4435f)+2hf = £(130 4 395z + 4132 + 1732" + 252*) >, 0.
Ik A2 3Fy BEU 3F s DBEBEEEITANTERRT S, KBRBITETHS, Z
niE (5.1)(5.2) 2o FONSHRNRLIEHAEEATH D, EAHEOBAELLE TIE
R\, (5.3) I K DIRIAEAREH LT, TRTO d 2T 2 ERPMES, ZHEREA
DIFFEIZDWTIE, d fEDE UHERER S D bouquet DEIEAMN 2R+ dHR' TH
w5, M5k A LRTEDELBDEIX

RAFQd + (HA — OéRA)(Ud - Ud) Zc 0
L%, filild 5.1 BELSNTOIEAMEZRIET 5, O
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SEHL 71 DFFH. ERE 42 120, TRTOM/NGIZ0 < b < min(r,s) 277
By DWNTNMTH 5D, 2D T 7120F, W n—1—b O, RE2 DM TE
RO 2r + b M, R s -0 D B,
(tr Q)% — tr(Q?)
G2 = 5

1
:2m2—m—52d(v)2

76, 0<a<b<min(r,s) IZXUL
b—a)2n—5—a—0
(55) 52(Bugs) = 0a( By ) = LIS Z D)
&b, UTIz3o THUAEDZ N bouquet AR WEDEL{LT S Z L1\, 2 =0
T,

4(r —b)3r—b=14b 0 h <
0, b=r

THb, 21X R3(0) =3, Ry(0) =4, Rk, (0) = 1 Z2HF &, H3(0)/R3(0) =4/3
25> e Bonsd, MOMKHESDO H OEFHITE T TH 5,

FT1<b<r—3%2FTRTRL, b—1 25 b ~NOERMOAERIZIEr —b>3
fHD=MEh 5D T, M 511280 B,,o <0 Burpy L%, @FOIUMLOE
XERBED b ATRRDOT, IRTOHRMT T 73R INS,
WIZb=r—2,r>6725, fEH2%c=2d=r—2>4Tfi>5, F&ELIZ=
DDEMBE s —d KOELAN S5, KHENZIZRIET r fHD=AF L s KDZE
WHBH Y, RWEIE B,y o £705, EoTIND B, KEEINE, b=7r—1,
r>97%6, AUEEFERNIZc=1,d=r—1>8 Z2RAL. BELDEEZ s—d>0
ReT 5, TRTORIME(5.5) T OEETH 5,

L7220 7NNl ER» NN 2RT, r=2,...,8 TIX

dy 174\

do N T (3) <1

THd, r=3,4,5 D d,_o/dy I FZTNEN8/9,8/9,128/135 DT, THHH 1 LD
INE W, A DAEFERIZDONWT, £ DIOBHEIHLE 4r/(3r4-3) TH D, r = 2,3,4,8
EHER L, mBOMEDY 2048/2187 < 1 TH A Z & %M XX, FHEHHDTRTD
GEDMED . BREO=ZDDRFOMTIX, b WX 5 LITHIITEE ICIR D, EER
d,,«_l/dr_g = 2/3 D d, =0 ThHd, r=1TIX do =4>d =0 Thbd, 2o
& (55) 2HGbEB L, KU bouquet IFEWIZHIEEARETH 5, MRIL7ZH DI
Byo (CXBLEINDDT, L7V T7 7% KB TER, bouquet THRWT T 71
HOD#MI 7 ANTHEIZKEL I N D, THNTH/NME etk &KX TRERS

(56) db = det Q(Bn,r,b) = {

MVIZEBHIMEDRES ., r=0 DEFEIXR 32 2EAT 5, O
% 5.3 (B/NEHEAET 2HH). r > 1126 L. BN EAMEE LA EBIE S & 5 &
IRTH 5B,
P | BUNEAMEE L B

1<r<3 n>2r+2

4 <r<5 n>3r—1

6<r<8 n > 3r

r>9 n > 3r+ 1.

ZRUNDFHENT A=K TR, By, B—HEABNTTH S,
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FEEA. 7, OEHIDOEDRTIE., TNEFN 1,r —2,r —1,r THD, TNVHEEIN
52X sAFTHEZEEAMETH D, WFEOZITLVESL & &, FOBRNZL
BEDFEIIZ RN TR 5 X5, DD ARRERM/NTTYH S & X, B/NITIIFEEL
A A O

6. INCIDENCE ENERGY & %545 44

QG) DEEME ¢1,....q, £ U, TEG) =3, /i £ 55, FF5E2MITHWIH
& - 34 incidence matrix Z N &35 & NNT =Q(G) THE57 56, Zhid N OFF
FAEDOMTH H 5,

& 6.1 (Energy OBEHM). FICHAKRD I Z 712OWT, G <o H %56
IE(G)<IE(H) TH5%, =D THRIBMAFEADVEE 25, energy DAFER S B
‘t‘\% %o
FEEH. ¢ > 02/ LT u=1tqg LiEHL, HOEDZITD L.
o log(l + tq)
[ = o

2185, WEULE AT O(t), EET O(logt) D THFAEIXHZ 5. ARREOF
EHEIZOVWTRLAEDET

(6.1) IE(G) = %/ﬁ log (Z or(G k) e

LB, HRESEBIIEBREBIZOVWTEHFATH S, — D THERBENERS, £T
ROEFTARTDt >0 TEERD, NEOEDHETHHEIZIEL RS, ThiZ
D, BIFAZIIZES S energy AERDAIEHHERTE S,

T 6.2 (2K 7 ADBVER/MEE AT ML), r > 1, n > 3r+1 &L,
t=n—-3r—1&BL, nHM r FABKRDOZI cactus 2KDH T, —ERm/NLH
D —J&7% incidence-energy H/NJ 7 71 B,,,., T®H 5, Energy D AREFEAXDE S

75 IMINEFABMTHBBERB, n=v2+vV2+V2—- V2B, t>1D
rE, EBHEEEADTEDZM A\, A\, A\ &

O % m

(6.2) N (n—r+ 4N+ dn—4r+2)A—2n=0
TED S, Energy D i/IMHEILEE IZ

3
(6.3) t—14+rvV2+(r—Ln+ > VX

j=1

ThHod, t=0D& &L
(6.4) 7“\/5—1—(7’—1)77—1—\/r+2+\/r2—2r+2+\/r—|—2—\/r2—2r+2
B, r=00D&ZENn>2Tn—-2++y/n. n=1TOTH5,

GFH. BN T TERIZEH 42 D a=0,b=1r DFETDH 5, %i61a¢2®ﬁﬁ
M5 energy DMIMEDREDS . F =22 +4x +2 2B <, B ESHEEEH D DARIC
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b, t>1TIX
(6.5) Pp,. . (2)=2(x+ 1) (x+2)"F'C(z),
Clx)=(x+t+1)F+2r(x+1)(z+3)
=2+ (n—r+4)2* + (4n —4r +2)z + 2n

Thd, ZNEHLDOEH z, EPSD ¢ HDEFE o/(x+1). WAED»S D r HDF
5 92(x+3)/F 2R L. (z+ 1) ((z+2)F) #7322 THEONE, oTAR
IV 0, BEEE -1 1, EEEr D2, TNTHhEEE r—1 D 242,
BLU (6.2) D=L 6405, BEITLEEMEEE C0)=2n>0IC&DIETH S,
t=0TlEn=3r+1THO, Clz) THT 2+10Hbd, MFLT

Py, = (@ +2)"F"Ha? + (2r + 4)x + 67 + 2}

LIRBDT (6.4) S, TNEr=1D Cy BEL, n>2 DEDARY ML
0,12 n THbH., HEDOEEEHES, O

B/NTHRWRMEEAR cactus Tl 2<k<n—2 DITRTD ¢ W B,,, &V
BIZRE, ¢o, b1, o EHIZ—HT D, £/ ¢ =n][,(; THD, EHBT—K
DUAEHIRT 2P HIZ LD BIEARBEZRZ., B 7HID forest formula 25 & Z
DAPROENDG, LD oT ¢y BT 2 LiX, T RXRTOHBEPEMN»SE
I4THAHZLLAMETH S, ROGEIZFARIZOWTORM 2 EERSM LT 5,

& 6.3 (AEEE 72 IR EZIEE L 72 energy). &H 4.2 &R 3.2 @ bouquet &,
ZNEND T T AT—FE7R incidence-energy /N7 7 7 THH 5, KT, (n,m) %
EE L., MEAKES &5 28D cactus DITANTDZ JAHEHTE 5,

FERH. T O s/ N EBICHIE 6.1 ZEAT 5, n,m AR 1 2EET S
&, HHBEBIL r — 1 IZEESI NS, 0

—f% energy DI X TOBMOLIHASHRTE S, a=r—b,t =n—2r—b—1
95 L,

(6 6) PB CLH3 bH4

tx
— 1tab
(x+ )R3R4(x+x+1+ s + R4)

THbd, 0 DEHIFRS, TRTOHRHIMNG I NS, K
Pp,.o=(x+1)""*(x+3)"" {2 + (n + 3)z* + 3nz + 4r}

B, EHL LAEGLICED, —ROB/IMEIZFIZE I N2 E & 415D bouquet

D energy DE/MBEIZIEE L. ZTNUND T T 7 13EBHRALIEM D S RPN D, LH

L. 205 DB AFEZ bouquet D ENDE DD, LED/NNT A — X TRMENE Z

DIFZPTDNVT, SERBNT A =X PFIFFERL RV, FORMEAKS X O&FE

[E € DA DHNFETRIZ X, T DRI LI B E R,

n,r,b

7. TU-SUBGRAPH & SUBDIVISION O MATCHING

fid 7.1 (TU 2R & EHML). 28 TU-subgraph & 1%, KiEFEK D PR E 72137
B % £¥D unicyclic graph TH S H D%\,  unicyclic K% ¢ RKkD %
Ty,...,T; £32&, ZOEAT 4T, |V(T;)| TH2. ¢p(G) \&. L8 k O TU-
subgraph OEADIEHNZHFE LV, MZTHAIEEALDARES & LTHZ S,
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FERH. 55 & 1T 72\ incidence matrix 2 N &9 5, E/MTHIRIZ KB EREE
Cauchy—Binet [HZEX 2> 5

¢(G)= > detN[I,J
[1=71=k

2iib, LEEG J 2EET 5, EATHRDNEZTH 5720101, &Lk TEX
N7 EFIEPFE UL RITNER S BV, HRLDIAPZ VWS IEY o252 5,
REDTIRATZD &5 E—DR<, EDT2RVWTE, EZ2IHRBEET S 75X
T 1 &0, ZOEREI |[V(T)| TH S, unicyclic K7 TIEETZ2EIXRITH
X570, KROEZRET S L. unsigned cycle incidence matrix D475 w7
T 5, TOMISMEHARKL S 0. AWHELRS £2 TH D, ik, BB THEER =D
DEMOTTFH, HBEEDFEROLEICR> T—HT L e o>, ZFU T
BT EDLE L LAMEOEAIIL S, [MEATE incidence matrix % {# 5 55
I, IRTOABKITHIANA2 Y a &7 0, Laplacian D2 forest formula 731§ 5 1
%, ARTHS EFALIXZ OFEHTHN IR TE 5, [CRS07] B & O THERR
U7z [ZW20, Lemma 2.1, p. 4217] OFEARS S| I Nz, O

S(G) % subdivision graph & U, m;(H) & H O j KDiAN 574 % matching D
L35, my=1,j<0TldEm;=0LED5,

e 7.2 (BABSHIEAT & matching ARN). 2 %2, EHEELEE2ET G OTHMEREKO
EORBEHBDE LU, (D) =Yy |C] EBL, ZOEE

(7.1) or(G) = Z 27— 1) N my 5 (S(G) — V(S(2)))

_@
Thb, HIFRT BIHAIZIEK, EIRUZZHAK EOTTOTENE., TOHIZHEAL
subdivision JTHR D 5 % &3,

AERH. S(G) @ Z¥BIEF Tk, BEEITAE (&) TH B, FEDOREIL y 122VT
Juay 7HEEITOL
det(yl — A(S(G))) = y™ " det(y*I — Q(G))

75, T Laurent ZIHA L UTOEEXNTHD, m —n=—-1 &5 KRITHK
LTEEMTH D, AERIILEANL 5, FHOTHR%2EfCREMT S, JE
HEH7Z2 B 87 13, matching (A2 S A#ie | KEAKO —D2DMETH 5, DL
X ( OHIE S(G) TIREZ 20270, WHT -2 %5 %%, matching D301 —1
2H 25, gyttt ZH 5T AHBES 2 OHEIZ, 5 (-1 g1 217

2RO, BREBO/S (—1)F TEBZ LT (7.1) 2195, THMESM L EE U ZHIFR
FZMEZ. B DHBMPMEND -DIZH &5 EnBEREMTH 5, O

Cy Tk, S(Cy) = Cs D 434 matching % 2 ff, FABEHIEIXZ 242D T, ¢4 =0
&b, O3 TIHRHEN 12820, ¢35 =4 245, LIzdoTeMEEKs 7 AT
$H->TH. subdivision @ matching #Z D H DI signless Laplacian fRE & —E L 722
W, matching O HH 7213 Tldk, RG22 R OB EHEZHIE TSR0, 5 3-5
HiDE/MTFIRNIT & B HEKIE, Z2EHIFARIETE A, 2 OMHBROME % 3]k
5, (7.1) EZARTHNIZEHLZEDTH D, fHEI N Du DX [Du2s] 12
DEREE S M. TOMERARB LCEHFTEZ, METE sl BE
L7201 TR,



cactus @ signless Laplacian £2%% 27

8. BEHIE & AR

AERER I NS cactus DA THAIE 12 5530 X 72 (X ZERARK % {51 1) 5 #E % AR
2475, JEEMAZR cactus IFEET T /7’5_’%’)@T ZTNEHIRYT 5 Z & THEADSE

EMEDFIINZHE S . A E canonical code 121X, T HF7 70y Z7Da— K%
V—bMU7Y A DNEEEKT B, ﬂlf‘li?@ﬂ*— RZGEk L. BB CTIIB OISk
F51+a—ROXMEF %2, KELZHEDELED/NIWHIZIEHRIELT S, L a—FK
T RTOWDERZ DT D /Ml L 5, block tree (2B BIRHIEIC KD, I—
RD—E & 7 Z 7RBOEMEMELRE S, Bz, AR EDIEFR 23 L Tnwb, 7ay

7&@%@%%%%@*#ifi FERHE I IEA T2 TH B,
1 2 3 4 5 6 7
1E%& 1 1 2 4 9 23 63

n| 8 9 10 11 12 13 &&t
% | 188 596 1979 6804 24118 87379 121167

BRATH Q DFE L Newton fHFEANIC L 0, FRMELIHA 2 B ICEHE T 5,

k
ep =1, ke = Z(—l)j_lek_j tr(Q7).
j=1

TRTOBREVEOYINDG Z L 2R T 5, MR e LT, STHALF®D 291
72 7 % SymPy O ERMZEAGHE CHFEL, THSAUTD 103277 7%27
NTDOLHAEEIZONWT TU AR THER U 72, BRI 7 THREL T T NetworkX
D4 graph atlas & IRE U7z, HEREREE S & CFMHEEE D bouquet & D ELIR I
242,334 BT, KB 7RIp o 7, FEMEEERIE 5 < 0 <50 TRl THICHERR L 72, Al
INTERFARIZOWTIE, I56121<7r<30,0<s<30DI301HD bouquet /X F
A—=R DT ATHER Uz, 5 3-5HiOFEHIX, ZDDIFMEDYIIZIHA % & T,
IO DHREIFMILIZTRTDNT A — &%W5o

7T — 2, BT T 7 D, R BRE, A EEREL . Tay o, block—cut
incidences, EfE, FEH 2L 72, FEVNEIUL energy iﬂ%?ﬁ?ﬂﬁtﬂf’ HZfE S,
THRLAT D 49 A D THAEY - BARRE 2 5 AT RTIZDWT, BHRE liéﬁﬁfﬁ@ﬁ‘ﬁ
ZAEBXETHBL., FAROEH LR %> T Pareto MEAHE D E/N energy %
REEL 7z, 30Mi 2 A DREEDO RIS T 5 E Nt Z, BRL/NMNIRRTHA
HE e UTHRIELT WD

NEWERMERER L LT, —ARDRE0% o =BTl P = o4 8054 10024 162-+4
ThHO., P, = 2" +82° +2022 + 162 ThH b, TDEIF 2> —4 L7125, WHIXH
BEABEZZ A, incidence energy (& Cy DA D/NZ WV, Energy DE/NT T 71385
A—ZIZE O ZET B, (n,7) = (10,3),(11,3) TEE2DOUARZR DL DML,
(12,3), (13,3) THEHE2D=ZMFE 2RO DD, (12,3) Tl RiEMEDEDE
SHIE. = bouquet T 16.15344082377579. VU bouquet T 16.15781765716216
Thbd, N6 IR Z ATEERR D 2 < 31UK energy /N &0 5 K]
DRBITH B, £/3F A —RIZHT B energy FFHEH DD D IZIE7R SR,

9. Bt EiE & Uk EDRRSL

A DA 2026 429 H 10 H& U7z, #KEHS 717z “cactus graph signless Lapla-
cian coefficients”, “cactus graphs incidence energy”, “minimal signless Laplacian
coefficients Cactus” “signless Laplacian coefficient ordering cactus”, “even cycles
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cactus signless Laplacian”, “subdivision matching signless Laplacian cactus”, “TU-

subgraph cactus extremal” OflEE ZMEE L 72, i\ T “bouquet”, “quadrangular”,

“vertex transitive blocks”, “coalescence” %> 7B H 11072, —MD web ML

U U I ERIFR 7 AE R 2 R U 7223, %M’Ef‘ﬁﬁﬁh@fﬁ"@?ﬁ% XL 7%\, Cross-

ref, OpenAlex, Semantic Scholar D &5 « 5IHMRE S W7z, Google Scholar &

zbMATH NDEEET 72 AEL 7 — 27D, MathSciNet [ZFHTE 705 72,
SRR AR & B

Wang-— B, EH, B, X—Y, DOI 2R U7z, ikt - DOI #%

Zhong—Zheng FH DA SCHUS IF B L 7z, future problem 0)/\~ Y - I AREE

[WZZ19) RTHhD, BEARKRLDGEDOKERDOE L [ZW20, p. 4216]
THEZA L 7=,

Du [Du25] 2025 FED HREFEZ MR LU 72, FIHATBEZ2 AR SR repository
FIE D263, BB & EH P ReME 2 R L G T E R
o7,

Zhong-Wang 18 R—=Y DX ZEHAT, Lemma 2.1 1& p. 4217, Theorems

[ZW20] 3.17-3.18 13 p. 4231 TH D, —#AHDOKE S Z4HE L 7< uni-
cyclic graph 2% 5, &'ﬁ@ r @ cactus EHZ B XTIV
2\,

Lu-Zhu [LZ20] ARX %A T2, o 3-4 i, F#IZ Theorems 3.11 & 4.2 I tricyclic

graph Z#\W», r=3 IZEEINTWV 3,
Kummel [Kum23| 2023 HEDZA076m X D P, signless Laplacian Digim. [WZZ19]
~NDBIH %GR U7z, Forest generating function % % 5 i
THY, —M cactus DREMB/N T EEIL DD S h o 7=,
DARG DR EGH ERLS TN [LTSl?) 7713] @ unicyclic * bicyclic (23 5 FHqE
R U 7=, I S D EBRA 5 I KRR T d 5, [CZ16] D spectral-
radius ffE | i R DOIGIE & IXHND RS,

OpenAlex (% [WZZ19] O5[ L LT, ED 2020 FD —fwX & Kummel D¥A;
A X DE 3 %K U 72, Semantic Scholar 1% 2020 4ED —Gm X &R U7z, ZivLY4i%
BRBTERS =22 EERL, T—ZR=ARNTRTOFHZPNHEL T WD E WD E
RTIEARW, Du OXXHRIZDWT, BUfE L 72 Semantic Scholar D& 2181 H A0
o Tz,

B EROBEMRIZIHETH 5, AMEEEHD b= 0 (ZMEEAE R LU D cactus
7T AP, b >0 IMAMREZEL I I A ZH D, a, b IZb5F N o DE6ITE
cactus TH 5, MMHARKEHIE EBRO W r ZFF L, Eﬁwbﬁ@ak_ MXDr=1%
ik r =3 OEEEBIISVIRAZE D TR, 2BUNTERIX, 512 hs
DHE G T Z Zni%khfj—é UD UIEE I N2 DD E & SRk % HERR
TETVWRWZD, BEEDFRIZOVWTEEZEE L 72 & 13kba\w, AR TE
ALz & ZOEMATHSEM U282 52X WS ERTH D, Fiffikz
FRRE U 72 & W0 D IR T8\, 2019 AEDFEDBUED RIFIRTH 5 & & KRR
SCHEGRF A D T D EL M 2 R U7 & 5 FEIR L2V,

10. Bl AEE T 7L — b DK

1% Python, NetworkX., NumPy. SymPy ZMA\W %, SLEEERIZIT> TV
W, BT LT 7 A IVOEENIROLED TH S,
e cactus_exact.py: cactus DIERAERL, BRI, Pareto MU/NCHIE, 75
7 DEtih . energy DfEAHHH,
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e verify_results.py: graph atlas & DA, MWL IHAGIE, TU A
8. bouquet HER, HHEUZ L 5 energy AEEHE,
e bouquet_frontier.py: Wi I NZBEIZ DWW T ORBLIHABR L | FEHZ
NIz WG B & D L,
e proof_certificates.py: A#IESER & IFANEED YL HA D EDRES D
JE ARG
e cacti.jsonl, summary.json, energy_certificates.json: &7 — X & E
W OB 7 7 1 s
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