AN INTEGRAL REFINEMENT OF THE BACHMANN-RISAN
MATRIX:
DETERMINANT DIVISIBILITY, KERNEL REDUCTION, AND
EXACT COMPUTATIONS

CHATGPT 6ASTRA

ABSTRACT. We study the matrix Ay defined by Bachmann—Risan in arXiv:
2608.15480v1, equation (5.31), with its original normalization 2H = A;Z. Put
N =k/2—-2,a=[N/2], and e = N mod 2. We prove, for every even k > 6, the
arithmetic refinement
det Ay, € 2%(k/2)Z.

The proof compares an integral double-shuffle presentation with the odd—odd ba-
sis, controls its determinant away from 2 by a reflection and finite-difference argu-
ment, and treats 2 directly from the Bernoulli recurrence. We also give an explicit
reversal block decomposition and an integral, Bernoulli-free construction of rela-
tion certificates. Independent exact computations give det Ay # 0 for every even
6 < k < 300. In depth five we obtain finite exact certificates through weight 15
and record a fully proved special-family reduction which is a consequence of the
known antipode method. The universal nonsingularity conjecture is not proved
here; neither the computation nor the integrality theorem implies it. The litera-
ture audit found no statement of the above arithmetic refinement in the sources
checked, without establishing an absolute priority claim.

This note was generated by ChatGPT 6. Iwai has NOT verified any of its math-
ematical content. It may therefore contain mathematical errors and should be read
with caution. A Japanese version is provided below.

1. INTRODUCTION AND THE SCOPE OF THE RESULT

The starting point is Bachmann-Risan [BR26], particularly §5.3. Their matrix
already has the name Aj. Its nonsingularity is Conjecture 5.16, stated there for even
k > 6, and their reported exact verification covers even k < 100. At the audit date
of September 10, 2026, the arXiv record displayed only version 1, submitted August
16, 2026. The author publication pages linked this work; no subsequent proof of
Conjecture 5.16 was identified in the searches described in Section 10.

The principal proved result of this note is an arithmetic statement, valid without
assuming nonsingularity.
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Theorem 1.1 (Integral refinement). Let k > 6 be even, and let Ay have exactly the
row order, column order, and normalization in [BR26, (5.28)—(5.31)]. Set

NZE—Z, a:[ﬂ_w o 1 k=2 (mod4),
2 2 0 k=0 (mod4).

Then

(1.1) det Ay, € 2%(k/2)°Z.

In particular, its determinant is an integer although its entries need not be integers.
The statement permits the determinant to be zero.

The closest input is the odd—odd basis theorem and its finite-difference proof in
Gangl-Kaneko—Zagier [GKZ06, Theorem 2 and §4, Proposition 3]. Those results
concern a rational basis change. Our refinement tracks the determinant over Z[1/2],
identifies the entire odd-prime denominator contribution of the presentation matrix,
and cancels it against explicit factors from paired H-rows. The Bernoulli recurrence
then removes the remaining possible powers of 2 in the denominator. This proves
a uniform arithmetic conclusion for every even weight. We do not describe rational
basis existence itself as new.

Prior result Ay, is nonsingular for even k£ < 100 by the computa-
tion reported in [BR26]; nonsingularity in cusp-free
weights is proved there.

Proved here Formula (1.1), in every even weight, and an explicit
integral presentation for certificates.

Computed here Nonsingularity for every even k < 300, using exact
arithmetic.

Not established here Nonsingularity for all even weights; a new general

depth-five parity theorem; bijectivity of (.

The power and odd factor in (1.1) are uniform guaranteed divisors, not a claim of
optimal valuations at every weight.

2. FINITE, SYMMETRIC, AND FORMAL VALUES

We use decreasing summation indices. For an index k = (kq,...,ky) of positive
integers, its weight and depth are |k| = > k; and d. For k; > 2,

(k)= D> mMemgt

my1>-->mg>0

Let Z denote the rational algebra generated by these values. For finite values set

A= HIFP/@FP? Ca(k) = ( Z Hm;kl mod p)

p>mi>-->mg>0 4 p

Finitely many inadmissible denominator components do not affect an element of
A. The increasing-index convention of Kaneko—Zagier [KZ] is converted to ours by
reversing indices.
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Write ¢*7T for stuffle-regularized classical values, with (*7(1) = T and the empty
value equal to 1. Symmetric values are
d
Cs(k) = (=18 (ko )¢ (Bjrs - ka)  (mod ((2) 2).
=0
The regularization comparison is discussed in [IKZ06, §2, Theorem 1]; the
finite/symmetric construction and its conjectural correspondence are in [KZ,
§§7-9].
For the formal finite algebra let $ = Q(z,y), ' = Q + Hy, and z; = 27 'y. The
stuffle product is

2ok 20 = Zg(u % 2p0) 4 2p(2aU * V) + Zq1p(u * 0).

The shuffle product sha is the usual shuffle of the letters x,y, with multiplicities.
Let R reverse the sequence of z-letters. Following [BR26, Definition 3.1], form the
quotient of $H! by the stuffle ideal generated by

(2.1) ushav — (=1)"" ™ R(u)v (u,v € HY).
It is 2%, and the class of 2, - - z;, is (i (k). Empty words are allowed in (2.1); in
particular it gives reversal. Its depth filtration is

Fily Z5, , = Spang{(}4(k) : |k| = k,dep(k) < d}.

The formal classical algebra is the quotient by extended double-shuffle relations,
with formal symmetric values defined by the same regularized alternating sum.
Bachmann—Risan’s Main Theorem A gives a surjection Zf{ — Zf/¢f(2)Z!. In-
jectivity is not used here. Their Main Theorem B proves strong parity only through
depth four.

3. THE PRECISE BACHMANN—RISAN MATRIX

The formal double zeta space Dy, has generators Z, , P, forr +s =4k, r,s > 1,
and Zy, subject to

-1 —1
T e

u+tv=~k
The two quotients must be distinguished:
Dy = D/ (QZ;, + QZ1k-1), 5k =D/ Span{ P, _, : r even}.

Put I, = (3,5, ...,k —3) in increasing order. The classes Z, y_, r € I, form a basis
of Dy, whereas they can satisfy relations in Dj [BR26, Lemma 5.14 and Proposition
5.3]. Their dimensions are N and N — dim S, respectively, with Sy the cusp forms
of weight k on SLy(Z).

For r;s > 3 odd and r + s = k, the original elements are

2H, s =(rs—r+1)Z, s+ (rs+s—1)Zs, + (s + 1) Zsp1,-1 — (r + 1) Z 4151

s 2[00 e
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The formula makes sense in D; before either projection. Throughout, binomial
coefficients outside 0 < j <4 are zero. Bernoulli numbers have the convention

t tJ 1 .
:ZBjﬁ, By =-= B;=0 (j<0).

et — 1 , 2’
j=0

For odd m define precisely as in [BR26, (5.28)]

(3.3) bk —u) = i (k . 2__1 5) (“ , 1) Biom o1,

=0
The summation is empty when u = 1. Define Ly,(u) = A}, m(u, k — u), solely as
an abbreviation. Expanding [BR26, (5.30)] and using Zj_; 1 = — Zy ji—t glves

the entry formula

(Ag)re = (rs =1+ 1)0 s+ (rs+ s —1)ds4

(-0 0-0)

tely,

1 1
(3.4) +2 {T j (Lo(t) = Lo(k — 1)) = 2 j (Lo(t) — Lo(k — 1))}
Here s = k — r. Thus Aj has size N x N and
(3.5) 2(H, oy )rer, = Ae(Zyj—r)rer, in Dy.

There is no additional transposition or factorial scaling in this equation. The factor
2 would change a determinant by 2V if omitted.

4. AN INTEGRAL PRESENTATION AND ITS ODD-PRIME DETERMINANT

Set k =2m+2withm >1,so N =m—1. Put x; = Z;_; and set x; = Z;, = 0.
Order the remaining variables as
E = (3:271.47 <o Tom, x2m+1)7 O = ($3,$5, s 7x2m71)~
Fori1<r<m+land2<j<2m+1, let

j—1 J—1
4.1 Tr‘: r_ m+2—r-
(3.1

These are the shufﬂe—mlnus stuffle equations in . Write their integral matrix as
(B C) according to (F, Q). The symbol B here denotes a presentation matrix, not
a Bernoulli number.

Lemma 4.1 (Odd-prime determinant). The matriz B is square of size m + 1, and
det B

—— € Z[1/2]".

(2m — )N 1/

In particular, B is invertible over Q. For every odd prime p, v,(det B) = v,((2m —

D). No sign convention is suppressed in a subsequent equality: (4.2) only asserts
membership in the unit group, whose elements are £27.

(4.2)
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Proof. We give the integral refinement of the finite-difference argument in [GKZ06,
§4, Proposition 3]. Let n = 2m and work over R = Z[1/2]. For homogeneous
degree-n polynomials define the free R-modules

Bases are g; = (X —Y/2)%Y"% 0 < j <m, for G, and h; = X'Y""+ X"V for
0 <i < m, together with h,, = XY™, for S. Consider
Cg = g(Xa Y) +g<Y7X) _g(XaX - Y)

It is symmetric: the difference between the last terms after swapping X, Y vanishes,
because

g VY —X)=g(-X,)Y - X)=¢g(X, X -Y).
The first equality uses the defining reflection of GG, and the second uses that n is
even. If h = Cg, substitution gives

@3 h(X,Y) + Z(Y “XY) ik,

Indeed the two g(X, X —Y) terms and the two ¢g(Y, X) terms cancel. Thus C is
injective; both modules have rank m + 1, so it is an isomorphism over Q. Formula
(4.3) shows that its inverse is defined over R, hence its matrix Cy in the displayed
bases has det Cy € R*.
Let F : S — R™ take the coefficients of X'Y"~! X3y»=3 X"y, X" in
(X, X +Y)—h(X,Y).
We compute det(FC). In the one-variable model write g(t) = g(¢,1), h(t) = h(t,1).
Then g(1 —t) = g(t), so Ag(t) = g(t + 1) — g(t) is odd. The polynomial a(t) =
h(t) — g(t) satisfies a(1 —t) = —a(t): to see this, write
a(t) = u(t) —u(l —1),  u(t) =1t"g(1/?),
where homogeneity makes u a polynomial. Consequently Aa(—t) = Aa(t), and the
odd part of Ah equals Ag. Symmetry of h identifies h(X, X +Y) — h(X,Y) with
the variable swap of h(X + YY) — h(X,Y). Its odd coefficients are therefore the
reversed odd coefficients of Ag.
For j > 1,
Ag;(t) = (t+1/2)% — (t —1/2)% =25t + lower odd powers.
For gg = Y™, the odd coefficients vanish, while
(Cgo) (X, X +Y) = (Cgo)(X,Y) = (X + V)" + (X = V)" —2V"

has X" coefficient 2. Hence, including only an irrelevant ordering sign,

det(FC) iQH 27) = £2™

To recover BT, replace h; by (z)hZ for 1 < m, and h,, by 2(")hm. Divide the
output coefficient of X2~y n=2+1 by (2] 1)» leaving the last coefficient unchanged.
Expanding h(X, X +Y') proves entry by entry that the resulting matrix is precisely
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BT in (4.1); the central row is doubled because both summands in (3.1) coincide.
Therefore m o
27 2m! T, ()
detCo T, (7™

j=1 \2j—1

det B =

The factorial cancellation is
I, (") @m)! (@2m-—1

I (™) —2m(m!)2 a m!

j=1\2j-1
Since det Cj is a unit of R, this proves (4.2). O

5. PROOF OF THE INTEGRAL REFINEMENT

In the variables (E,O), write the integer coefficient matrix of all 2H, ;_,, using
(3.2) and P,, = 2, + , as (V W). The full square integer matrix is

(5.1) Qr = <€ V(“;) . Q€ My (Z).

Its first m 4 1 rows are double-shuffle relations and its last N = m — 1 rows are the
2H expressions. Eliminating £ by BE + CO = 0 gives

(5.2) A=W —-VB~'C, det Q = det B det Ay,

The first identity follows from (3.5) and the uniqueness of its coordinates in Dy; it
is also an independent way to compute A, without Bernoulli numbers. The block
factorization proving the determinant identity is

I 0\(B C
Qk:(VBl I) (o Ak>‘

Proof of Theorem 1.1. Adding the formula for 2H, ; to that for 2H,, cancels the
even—even terms and the binomial product terms, giving

(5.3) 2H, s +2H,, = 2rs(z, + xy).

For each pair r < s in I, replace one of the two corresponding rows of (J; by their
sum. This is an integral elementary row operation with determinant 1. It permits a
factor 2rs to be extracted from that row. If a central index r = s = ¢ = k/2 occurs,
its unpaired row is 2H,. = 2c¢*x.. There are a = [N/2] extracted rows. Every
noncentral odd index occurs exactly once in the product of the rs’s; the central
index, when present, occurs twice. Consequently

det Q) € 2°(2m — 1)IIc°Z.
Using Lemma 4.1 in (5.2) proves
(5.4) det Ay /c € Z[1/2].

This step cancels the odd-prime factors of the basis change even when the determi-
nant is zero; it does not divide by det Ay.
It remains to control the prime 2. The recurrence

2j—1 .
1 25 +1
2 2j+lz( i >

1=0
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and By = —1/2, Byj;y = 0 for j > 1, show inductively that 2B; € Z) for every
i > 0. The odd-index vanishing also follows directly because t/(e* — 1) +1¢/2 is even.
In the recurrence the divisor 2j + 1 is odd, so induction in j is valid in Z3). Formula
(3.3) therefore gives 2L,(t) € Z). Since r,s in (3.4) are odd, every entry of A
belongs to Zy).

Now apply the same paired-row operations to Aj. By (5.3) and independence
of the odd-odd coordinates, the sum of rows r, s is 2rs(e] +el). A central row is
2c¢%e]. Dividing each of these a rows by 2 leaves a matrix over Zzy. Thus

det A; € QGZ(Q).

If € = 1, then c is odd, hence det Ay/(2°c°) € Z). Equation (5.4) also places this
rational number in Z[1/2]. The intersection Z[1/2] N Zy = Z proves (1.1). O

6. REVERSAL BLOCKS AND INTEGRAL RELATION CERTIFICATES

Write h = | N/2]. For the first h indices r of Iy, use the paired vectors e, + e;_,
and e, — e,_,, and insert the central vector among the symmetric ones if NV is odd.
Let P be the matrix with these columns, symmetric ones first. Define

Dy =diag{2r(k—r):r e Iy, r <k/2}, (My)rr = (Ag)rt— (Ar)rr— (it < k/2).
The letters Dy, M} are new auxiliary notation and are not replacements for the
original Aj.

Proposition 6.1. Define the h x a block, for r < k/2, by

(Fi)re = (Ap)rt + (Ak)rg—t — 2r(k —7)0rp, t < k/2,
o (Ak)ri/2; t = k/2 when present.

Then

D 0
-1 _ k
pare (B0,

In particular,

det A, = H 2r(k —r) | det My, rank Ay = a + rank M.
T‘Sk/Q, rely
Fvery vector in ker Ay is antisymmetric under index reversal, and the displayed
change of coordinates identifies ker Ay with ker M. The left kernel is exactly

{(=vE D, v)P~t s vMy, = 0}.

Proof. The coefficient identity (5.3) says that the symmetric coordinate of Axv for
a paired index r equals 2r(k — r) times the corresponding symmetric coordinate of
v. For a central coordinate the same statement follows from its single row. This
proves the upper two blocks. For antisymmetric input, the r-th output coordinate is
Y oiek /2((Ak)T,t — (Ag)rk—t)vy; its symmetric part is zero, which proves the formula for
M. The diagonal entries of D, are positive and nonzero. Block elimination proves
the rank formula, and the first block equation forces the symmetric coordinates of
any kernel vector to be zero. Taking the antisymmetric part of Ay(e; + ex_y) (or
of the central column) gives the stated Fy. Finally a row (u,v) annihilates the
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block matrix if and only if uDy + vFy = 0 and vM; = 0, proving the left-kernel
formula. O

This factorization does not prove that M, is nonsingular. For example, its eigen-
value in weight 8 is —18/5; the signs are not uniformly positive.

Let p € Q[X,Y] be an even period polynomial. We require both evenness and
homogeneity of degree k — 2, together with

Write

k—2
X+YY)= e XY b = g — Qi I).
p(X +Y)Y) r§k<r_1>Q, ; Irk Q11 (r € Iy)
The known period-polynomial theorem in [BR26, Proposition 5.3}, based on [GKZ06,
Theorem 3|, states that > b, 7,y = 0 in Dy, and that these give all such relations,
with kernel the noncuspidal line Q(X*~2 — Y*-2),

Proposition 6.2 (Integral certificate). Choose a positive integer L such that every
Lb, is integral and put

Y= (O, e ,O, ng, Lb5, . ,Lbkfg) adJ(Qk)

The first m + 1 zero entries correspond to E. Let vy be the last N components,
corresponding to the 2H rows. Then

Z(’YH)TH’I’JC—T =0 1in 5k
rEIk

The coefficients are integers computed entirely from binomial coefficients. This
construction is valid even if Qi is singular; the resulting vector may then be zero.

Proof. The adjugate identity gives vQy = det(Qy)(0, Lb). Evaluate this row identity
on (E,0)T. The first m + 1 rows of Qy, are zero in Dy, and the remaining rows are
2H. The right side is Ldet(Qy) > b,Z, y—, which vanishes in Dj. Division by 2
is valid over Q. Integrality follows from Q) € Ms,,(Z) and the definition of its
adjugate. O

7. CONSEQUENCES FOR FINITE VALUES: THE PRECISE IMPLICATIONS

_ Bachmann-Risan’s Main Theorem C(i) already proves that the H-classes span
Dy, in every even weight, independently of Conjecture 5.16. Their Main Theorem D
already gives the unconditional surjection

Bp: Dy — Fily 245,  Hypor— Calr—1,1,5 —1,1).
Applying this known map to Proposition 6.2 gives the explicit integer-coefficient
identity

(7.1) > (v)eCalr =11,k —r—1,1) = 0.

rel;
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As a normalization check, take p = X?Y?(X%? — Y?)? at k = 12. Then b =
(0,2/15,5/42,1/45) and L = 630. Dividing the integral certificate by its common
factor, and choosing its first sign positive, gives (16,9, 18, —2), hence

16C.A(27 1,8, 1) + QCA(4> 1,6, 1) + 18CA<67 1,4, 1) o 2CA<87 1,2, 1) = 0.

This is the known relation in [BR26, (1.6), Example 5.18], not a new relation; it
checks the certificate’s normalization against the source.

For the formal finite analogue, Conjecture 5.6 of [BR26] remains a sufficient hy-
pothesis for the existence of 5f. We do not remove that hypothesis.

If det Ay # 0, the usual coefficient row is 2det(Ay)bA; ", exactly as in [BR26,
Theorem 5.17]. By Schur elimination, the certificate above is the same row multi-
plied by Ldet(B)/2. This nonzero scalar explains its compatibility with the original
period-polynomial construction. It follows that for every computed even £ < 300
the cuspidal period-polynomial relations are independent and exhaust the relations
among the formal H-classes. The assertion for this finite range uses the exact de-
terminant certificates.

More generally, whenever Ay is invertible, the relation spaces fit into

(7.2) 0 — Rel(H) — Rel(¢4) — ker g, — 0.

Indeed the surjective coordinate map QY — 5k has kernel Rel(H); restricting it to
the kernel of its composition with S, maps onto ker 8. Consequently

dim Rel(¢4) = dim Sy + dim ker S, dimFily Z4, = N — dim &y, — dim ker 3.

In fact these dimension statements only need the already known spanning theorem;
invertibility identifies the explicit period-polynomial basis of Rel(H). Thus no lower
bound on actual finite-MZV dimensions, and no proof of Main Conjecture E, follows
from Theorem 1.1. The integral certificate is an additional computational presenta-
tion of known period relations, not a claim of additional independent relations.

8. EXACT COMPUTATIONS, FALSE STRENGTHENINGS, AND PROOF SELECTION

The supplied program uses Python integers and python-flint rational matrices.
A separate SymPy implementation first reproduced [BR26, Example 5.18] entry by
entry:

-39 -23/3 —-35/3 —289/9
—-90 —278/5 —310/7 —1594/15
90  628/5 800/7  1594/15 |’
93 23/3 35/3 775/9

For all even k£ < 100 the rational reduced row echelon form was also computed
and has full rank. The determinant calculation, independently checked against the
reversal block determinant, was extended to every even k£ < 300. There are 149
weights if the empty weight-4 matrix is included. Its determinant 1 is our explicit
empty-matrix convention; the source conjecture starts at k = 6.

Ay = det A5 = 48672.
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k size rank det Ay factorization of | det Ag|
4 0 0 11
6 1 1 18 2.3
8 2 2 —108 2%.33
10 3 3 —3600 2%.3%.5%
12 4 4 48672 2°-32.13?2
14 5 ) 846720 27-3%.5.72
16 6 6 —38916864 28.3%.7.19-127

18 7 7 5654707200 2'°-37.52.101

The determinant at weight 300 is a positive integer with 2427 decimal digits; the
matrix has size and rank 148. Full numerator and denominator data are retained in
the accompanying results. Large numerators were not all prime-factorized, and no
large-cofactor primality claim is made.

The following counterexamples are exact and minimal within the stated weight
range starting at 6.

15 93/5
15 57/5

its determinant is —108. Total nonnegativity, and hence total positivity in
the original ordering, fails there as well.

(2) Nonvanishing of all principal minors fails first at k£ = 10: Ao has (A19)33 = 0,
although its determinant is —3600. All nonempty principal minors at weights
6,8 are nonzero.

(3) A rational LU decomposition without row exchanges does not exist for Ay
with a nonsingular diagonal in U, because its first pivot is zero and its first
column is nonzero. A universal pivot-free LDU argument in this ordering is
therefore unavailable.

(4) Naively extending the odd-odd indexing to odd weights is not a well-formed
extension of this problem: two odd positive integers cannot sum to an odd
weight. It would require a different matrix.

(1) Always-positive determinant fails first at & = 8, where Ag = ( ) and

For cusp-free weights k = 4,6, 8, 10, 14, nonsingularity was already proved in [BR26,
Proposition 5.15]. The noncuspidal polynomial X*=2 — Y*=2 has b, = 0 for all
internal odd r, so its relation coefficient vector vanishes, exactly as required.
Several proof mechanisms were actually tested. Reversal gives Proposition 6.1;
binomial /Pascal conjugation did not give a triangular remaining block, and the
weight-10 zero pivot excludes a universal pivot-free decomposition of the original
matrix. Even the weight-12 antisymmetric block has characteristic polynomial
5734 1352
—t+ —.
315 105
Simple diagonal symmetrization of the weight-16 block fails the necessary three-cycle
compatibility of entry ratios. No Toeplitz, Hankel, Cauchy, or orthogonal-moment
identification, nor a hypergeometric determinant recurrence proving nonsingularity,
was obtained. Rather than assert such identifications, the proof above uses the
successful finite-difference and local-arithmetic mechanism. Determinant integrality
was discovered computationally and then proved without finite verification.

2+
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9. THE DEPTH-FIVE FALLBACK: CERTIFIED AND GENERAL STATEMENTS

For each odd k£ = 5,7,9, 11, 13, 15 we enumerated every composition of k of length
five. In the quotient by Fily, we formed all leading-depth parts of g * w, where g is
a defining relation (2.1) and the depths of ¢ and w sum to five. The leading-depth
stuffle is ordinary interleaving of the index sequences, whereas the shuffle inside g
is the shuffle of the binary words. These operations must not be confused. Every
row is a proved relation modulo Fily. Incremental elimination over [Fig90003 selected
independent integer rows; the selected square matrices were then checked over Q
with nonzero exact determinants.

k all columns (kf) exact rational rank rows examined
5 1 1 1
7 15 15 137
9 70 70 677
11 210 210 2083
13 495 495 4970
15 1001 1001 10018

Hence strong depth-five parity is certified in those finite weights. This is an exhaus-
tive finite-weight statement, not an infinite-family novelty claim. The row construc-
tion may omit consequences originating at higher depth; full row span is sufficient
for the stated conclusion, so that omission cannot invalidate a certificate.

Here is a completely proved infinite family, explicitly separated from the new
arithmetic refinement.

Proposition 9.1 (Known antipode mechanism, specialized). Let w = (a,b,c,d,¢€)
have odd weight. Suppose a + b and d + e are even. Let C*(w) be the set of the
15 proper coarsenings of w, obtained by removing a nonempty subset of the four
separators and adding the adjacent entries. Fach separator choice is counted, even
when the resulting indices coincide. Then

¢fi(w Z ()

vEC* (w)

In particular this is an explicit depth-at-most-four reduction of 4 (a,1,b,1,¢) for all
positive odd a, b, c.

Proof. The stuffle antipode sends a word of length d to (—1)? times the sum of all
coarsenings of its reversal. For a length-five word of odd weight, reversal multiplies
every coarsening by —1. The antipode of the full word therefore evaluates to the
sum of all its coarsenings. In Y _ S,(u)*v = 0, the cuts at lengths 1 and 4 have
a depth-one factor and vanish. The cut at length 2 has a factor (% (b, a) + % (a +b);
both summands vanish because depth-one values vanish and the depth-two weight
a+bis even. The cut at length 3 has factor ¢!;(d, e) = 0 because d + e is even. The
two remaining end terms are the original value and the sum of all its coarsenings.
This proves 2¢ (w) + > vect (w) ¢ (v) = 0. The facts about depths one and two are
[BR26, Proposition 3.3]. O
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This proposition is an immediate specialization of the known antipode argument
in [BR26, Theorem 4.1] and [KZ, §6, Proposition 6], with the contractions retained.
It is not offered as a new theorem under the novelty standard of the task. For
the more difficult pattern Cfél(a, 1,b,1,¢) with a,c even and b odd, the surviving
obstruction is

2¢h(a,1,0,1,¢) = — (a+ 1)3'(a+ 1)¢4 (b, 1,¢)
+ (4 D3 (c + 1)K (a, 1,b)  (mod Fily),

where 3f(r) = ¢f(r — 1,1)/r. Tt follows by retaining the two nontrivial cuts and
using the depth-two formula in [BR26, Proposition 3.3]. This note does not prove
that this obstruction vanishes for all parameters.

10. NOVELTY COMPARISON AND REMAINING UNCERTAINTY

The initial and final audits used the exact title and arXiv identifier; the author
names with “matrix”, “nonsingularity”, “determinant”, “integrality”, and “divisibil-
ity”; and the terms “period polynomial matrices”, “Bernoulli determinant”, “Pascal
matrix”, and “Hankel determinants”. The coefficient 48672 was also searched. The

following distinctions are essential.

(1) The text of [BR26], including Conjecture 5.16, Proposition 5.15, and The-
orem 5.17, was checked, not just its abstract. The public version and the
author pages did not supply a general proof.

(2) The original [GKZ06] was checked at its basis theorem, its Bernoulli formula
(7), and the polynomial proof in §4. Our reflection map is based on that
proof; its rational existence is prior work. The new assertion investigated
here is the arithmetic refinement for Ay.

(3) The Kaneko—Zagier manuscript [KZ] and [IKZ06] were checked in the au-
thors’ public copies. The current KZ manuscript is a to-appear work, not an
invented journal citation.

(4) The determinant literature checked includes Dilcher—Jiu [DJ22] and the
recent Jiu-Yin preprint [JY26]. Their Hankel structures are different
from (3.4); no equality of those determinants with det Ay was established.
Brunault [Bru26, definition of Dy y and Theorem 4.1] evaluates Bernoulli-
polynomial matrices indexed by residue classes, using Dirichlet-character
blocks. This is a different defining matrix; we found no transformation
identifying it with the fixed-weight double-zeta matrix.

(5) Publicly indexed searches associated with MathSciNet, zbMATH, and
Google Scholar were attempted. A complete subscription-database or
citation-index audit was not available. The absence of a search hit is not a
proof of priority.

We did not find Theorem 1.1, with the matrix and normalization fixed above, in
the literature searched. This is a bounded novelty assessment, not a guarantee that
the result is unknown. The theorem is an unconditional all-weight arithmetic re-
finement, but it does not achieve the requested all-weight nonvanishing conclusion.



INTEGRAL REFINEMENT OF THE BACHMANN-RISAN MATRIX 13

The integral certificate and block formulas are useful structural consequences; nei-
ther they nor the depth-five finite computations are represented as a solution of the
outstanding conjectures.

APPENDIX A. REPRODUCIBLE EXACT COMPUTATION

The accompanying file br_exact.py runs the matrix scan, independent presen-
tation checks, structure checks, and the depth-five certificates. It requires python-
flint and sympy; every matrix calculation relevant to a conclusion uses integers,
rational numbers, or an explicitly specified finite field. The core construction below
also fixes all conventions independently of any downloaded source.

from math import comb
from functools import lru_cache
from flint import fmpq, fmpq_mat

def C(n, j):
return comb(n, j) if O <= j <= n else 0

def A(k):
assert k >> 4 and k %, 2 == 0
I = list(range(3, k-2, 2))
B [fmpq.bernoulli(j) for j in range(k)]
assert B[1] == fmpq(-1, 2)
@lru_cache (None)
def lam(m, u):
return sum((B[k-m-j-1]*C(k-2-j,m-1)*C(u-1,j)
for j in range(u-1)
if 0 <= k-m-j-1 < k), fmpq(0))
def entry(r,t):
s = k-r
q = fmpq((r*s-r+1)*(t==r)+(r*s+s-1)*(t==s))
q += C(k-t,s)-C(k-t,r)+C(%,s)-C(t,r)
q += 2% (fmpq(r+1,r)*(lam(r,t)-lam(r,k-1))
-fmpq(s+1,s)*(lam(s,t)-lam(s,k-1)))
return q
return fmpq_mat(len(I),len(I),
[entry(r,t) for r in I for t in I])

for k in range(4,301,2):
M = A(k)
d = M.det(Q)
n = k//2-2
divisor = 2xx((n+1)//2)*(k//2 if n%2 else 1)
assert d !'= 0
assert d.q == 1 and int(d.p) % divisor ==
if k <= 100:
_, rank = M.rref()
assert rank == n

print(k, n, str(d))

The independent presentation check builds B, C,V, W from (4.1) and (3.2), com-
pares W — VB~IC with A(k), and checks the odd part of det B. In the depth-five
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calculation, columns are all compositions of k£ of length five. The supplied code enu-
merates every defining shuffle generator and every interleaving factor whose total
depth is five, until a full-rank square integer certificate has been selected. Nonzero
rational determinants of those selected matrices certify the finite claims; no floating-
point rank threshold is involved.
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2026 £9 A 10 H
BIZ. Bachmann-Risan @ arXiv:2608.15480v1 DX (5.31) TEFI N5
791 Ay, %, B O 2H = AZ OFEH%ET 5. N = k/2 — 2,
a=[N/2], e=Nmod2 B, TXTOMEK kL >612D\WT
det Ay, € 2(k/2)Z
MDD Z e BT 2. AP CIRERRED —EY v v 7LEFROFRTR
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L, ®&IZ Bernoulli DMt NTZE 2 2T 5. IRFRIRIZ L 2R
H7vy 75y, Bernoulli 2% iH 7 WEKIRMOBRGEIAEZE L 5 2
5. N REEERTEIC KD, B 6 <k <300 DIANTTIEE(LHZMERE L
72, BREBICOWVWTIEEX 15 S TORBREMEFIHEZELE2 212, BE
H O EARD FTIED HHE D Rk RO SE R AR 2T, 2EXDIER
T REIAFRTIEEEH L TRy, GHEEREEM D 7 DiEHICIE R 5
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DUREHEEIR O AR 2RI ST 2 HAGERTH 5. HiFSE L O EHE S I3 HGE
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ZDJ— MEchatGPT 6 B4R L7 DTH D, SHIIEEN LML Z 2L T
TWEHA. ZODFENLREECDED 20 LNEVTA. ZODEREL &
ATLIZE W,

1. Fim e 15 o =45 R o HiFH

¥ 5% Bachmann-Risan [BR26], FiC §5.3 TH 3. FEwXOITHI%IE T TIC
A, THY, ZOIEBILMHEIXEE k> 6 12313 % Conjecture 5.16 & L TR SHNT
W5, FimXTHE SN TV L EH#HEIXEE E <100 THB. 202649 A
10 H ORI AT, arXiv DJBREIZIZ 2026 £ 8 H 16 HIEH D vl OANREREI N
TWe, FEDORY—ED ZOmXESZRLTED, B 10 HIGEIMETIEITED
—RAERHZ MR T X Il o 7.

AR CHEEICHEIAT 2 ERERE, IBEEHZRE LR W ROEMWFRTDH 5.

EM 11 (BEGRIUREE). k> 6 2@ L, A, O1TIERF, SERF, Stz
[BR26, (5.28)(5.31)] Db DL T 3.

k N 1 k=2 (mod4),
N=2_9 — | -

2 o [2} ‘ {0 k=0 (mod 4)
L. D E
(1.1) det Ay € 2°(k/2)Z

TH5. Fig, RAPEBEBEBRL LWz r0b567F, 1778 EHE 5. 2
D FRIZATHIADFE T H 5 AlaetE 2 HERR L 22w,
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&b IV OMEHE, Gangl-Kaneko-Zagier [GKZ06, Theorem 2 3 XU §4,
Proposition 3] DA - AEHEEKEM  ZDEMREMNC X ZFATH 5. £ 2 THlb
N3 DIFEHER LORKZIRTH 5. ARRTIEZ 075X % Z[1/2] L TEHL,
FRTH OB ZELICE T 2 0 BOFE2REREL T, Xeksd H DITHHHD
3R THZ T %. Bernoulli BOM{LIT X - T, mIRICER 2T 2 DORHHE
R 2. ZAUTK > TIRTOMBBEIIINT 2 —RLBMPMREZIS 5. GHK
R EDOIEEDFAEZ DD DZH L VAR RS D TR,

BEAT D5 R [BR26] 138 & < 100 OIER(LHEZFTRE CTHEREL, R
RIERA R VE XS TEIBREZIFA L TW 5.

8] DFERH EEBEXICNTS (1.1) &, BEfRGEHE 0BG
IR

SR DFHE FTARTOMEE k < 300 T 72 IBRLIERERR.

R DEB REBEITOIERLE, FrLv—RIZRES 5 D8

U7 4 BB, 5, OEBHME.

RN (L1) ODRFIF—RRICTREEEN A TH D, SEHSITIHEPRRTH % & Fik
L Tidwnwizw,

2. AIRME, *NFME, EAR7ZHE

TN DIRFIIIRPNEIC & 5. [EBBOIN k= (k... k) OEZIZ k| =3, ki,
HXEd TH3. B >2DLE

Cky=" > m™emg™

my>-->mg>0

CERL, INoDEPERT 2 EHEREE z L35, ARMEIC

A:HIFP/@FP, Calk) = ( Z Hm;kl modp)

p>mi>-->mg>0 4 p

ZHWS. BRIEDOREBICE T 20 OMEIT A DITTZZE Z 72\, Kaneko—Zagier
[KZ] W 3HEMEOHK Z W2 DT, A OEHUIIRTFINDORIETH 5.
¢ & ¢vT(1) =T ZWi/= 3 stuffle IERfLE L, 2250 fEZ 1 £ T 5. MNHZHE

£ — X fEIX

d

(s(k) = Z(—l)lir"'Jrij*’T(kj k)T (R, - k) (mod ¢(2)2)

=0
TH5. FHHED IR DWW TIX [IKZ06, §2, Theorem 1], HFR{E & SFRMEDFERK
B LT LEOXIIZOWTIX [KZ, §§7-9] ST 5. ‘
ﬁ%ﬁmﬁ@ﬁﬁmomf,ﬁz@@wxﬁ%=@+mh%zwf@t%<-wﬁm
=i

ZaU x zp0 = Za (U * 2p0) + 2p(2u % V) + Zgp(u * V)

TEZED, sha lIXF z,y DEH D shuffle T, EEEEZEZ 2. R % »-3FD
HDOKELE § 5. [BR26, Definition 3.1] IZHEWY,

(2.1) ushav — (—1)"" ™ R(u)v (u,v € H)
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THEBRENS stuffle 4 TTNMTED O OFiE L 5. 0D Z THY, 2, - 2,
DFE (k) e FL. X (2.1) TRZEEEDFFT. FICKEBEFRMEONE. TR 74
I hL—Tavid
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Zho— ZU2) 2t oSt 52 5. ZORNMEIIEA LRV, FisZOD Main
Theorem B 23GERH S 2580 %) T 4 13K X 4 FTTH 5.

3. BACHMANN-RISAN 175D IFffE: EF
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T
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ZIRLTABENR FVERTHS. ROZODEZXT 2 0E)ND 5 .
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WMEDRTEE " I, = (3,5,...,k—=3) £33, Zyy, r € [ 1& Dy DEESR
D, Dp TR ZEOZ 3B % [BR26, Lemma 5.14, Proposition 5.3]. ZHZ
DADOXITE N & N —dimS, THB. TI TS, & SLy(Z) LOEX k R
DZEFTH 5.

FEr,s >3, r+s=k XL, FE#HXDITIE

2H,s=(rs—r+1)Z, s+ (rs+s—1)Zs, + (s + 1) Zsy1p1 — (r+ 1) Z 4151

b2 2|0 e

TH5. ZORFEIHET MO D, THEEKERD. MU, 0<j <i 2k
T80 TIHRE () XE Y 35, Bernoulli 28I

J
t t 1 .
Eijﬁ, By =-—-= B;=0 (j<0)

el—1 < 2’
>0
TH5b. @B mITHNL, [BR26, (5.28)] DD
u—2
, B k—2—0\ (u—1
(33) sl =) = 3 () | G
5 %.u=1TEEMTHL. LUNTIIEMLS L LTDAE Ly (u) = N, 4 (u, k—u)

Zfi5. [BR26, (5.30)] 2L, Zp11=—> ) Zint ZRATZ L
(Ag)re = (rs—=r+1)0 s+ (rs+ s —1)dss

(-0 0)-0)

(3.4) +2{T—;1(LT(t) CL(k—1)) -
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218%. ZZTs=k—rThHs. ftoT A, 1T NxNITHITHD,
(3.5) 2(Hyp—r)rer, = Ae(Zrg—r)rer, in Dy
DD, ZORITILENMOELRE D BRI X 2 HE LD v, FlD 2 #EL L
TR 2N (G2 D 2 D TIEELDETH 5.
4, BRRBFR & AR ENCE§ 2175

k:2m+2,m218§'5<‘§'5ZN:m—1“€365 Tj = Ljk—j kb,
v =7, =0%3 3. HIEKI

E = ({EQ,LE4, e ax2m7x2m+1>7 O = (I37$57 e Jme—l)
DIECHIRD. 1<r<m+1, 2<ji<2m+1INLT
J—1 J—1
4.1 T, = —0jr — Ojomior
(4.1) ’] (r—1)+(2m+1—?") - J2m+2

8L, T (3.1) @ shuffle fl]22 5 stuffle fl 251 W=BRRTH 3. (£,0) iIit
SERUTH %R (B C) £ FEL. ZZTO BIIERTHITH D, Bernoulli L TITAR.
R 4.1 (FRBCBE T 217510, B 3KE X m+ 1 OIEHTHIT,
det B
(2m — 1)!!
Zi7- 9. K Bl Q LA TH D, EEDOFTHRL p 12DV T v,y(det B) = v,((2m—
N TH5. A (4.2) FHETEHANDOFEIZ T ZIAXRTED, Btk £27 TH 5. DU
BOFEAX TR OFFS ZIEENICAEE § 2 DI TR,
AEHH. [GKZ06, §4, Proposition 3] OHRZE D DiFkam = BEERINITHEZENL T 5. n =
2m, R=7[1/2) £3%. X n OFRZIEAXOHH R-HNH
G={g:9Y -XY)=9g(X,Y)}, S={h:h(Y,X)=nr(XY)}
EZBD. G OHERKIEg = (X —Y/22PY"%5 0<j<m, SOHEEZh =
Xyt Xnyi 0<i<m & h, =X"Y" Thb. B}
C.g = g(va) + g(Y7X) - g(X7X - Y)
EEZDL. ZOMEIINIFTH 2. EE, XY 2L ZORKOHEDAEIZ
WKLo THErRE. BRUDOFRIE G ORHENE, ZFBHICIEn DMEBTH S Z
Cxffo7z. h=CgHMRAICEST
X, Y)+hY - X,Y
(4.3) .Y) 2( ) _ 9(X,Y)

BEoN3. EAZEMTZY, g(X,X -Y) DL ¢(Y,X) OENZNZIHZK
T27DTH5. EoTCRHEFTHD, WMMEFEDOREED m+172DT Q LFEM
TH5. I (14.3) 1FZOHEBRD R FTERIND LB RT. o TLORIET
@'??ﬁ” Co X det Cy € R* 75:?%7’:'9“

F:S — R %,

(4.2) € Z[1/2]"

(X, X +Y) - h(X,Y)
o Xyt X3y =3 XY, X O ZONEICED BB E T 5. det(FC)
RT3, —EBIFIRTg(t) = g(t, 1), h(t) = h(t,1) £EL. g(1—t) = g(t) "DT
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Ag(t) = g(t+1)—g(t) IFZHNTH 3. Tz a(t) = h(t)—g(t) 1F a(l—t) = —a(t)
73, 24U

a(t) = u(t) —uw(l —1),  u(t)=1t"g(1/t)
CEFTETNE. ARECEoTu ld3ZBHEKE LS. o T Aa(—t) = Aa(t) T
D, Ah OBEFECRERS MAgk—%?é h O ED A(X, X +Y) — (,)
oiMX+YYj h(X,Y) OEBELWL b DTH 5. o TEZ DAL
Ag DEFHRFEZFNNI L2 DTH 5.
j>1Tik
Agi(t) = (t+1/2)% — (t — 1/2)% = 25 t¥7 + X DROFERBDIA
THb. go=Y" TIEFBRREIET,
(Cg0)(X, X +Y) = (Cgo)(X,Y) = (X +Y)" + (X —Y)" = 2v"

D X" DFRENT 2 TH . %ofﬁfmiéﬁ%%%wﬁ

det(FC) iQIIfQ = +2" !

CIRB.

BT 213% 7=, Kﬁﬁf®h€n<nfmi@hhq$%®h % 2(" )y 12
MHEZ 5. mﬁwxﬁlynwﬂmMﬁu( N c#E, RORBEE R,
h(X, X+Y) ZERT 3L, ﬁ%h%ﬁﬂmﬁ“’tk( 1) D BT e—83 5. H
%@ﬁ@ﬁ?2@,@b®go®ﬁ# T TR I LT 3. EoT
+2m+2m) [T, (1)
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J=1\25—-1

det B =

ZZTIEREHEET S
[5G em) @2m-—1)!
JJ (2?2) 2m(m!)? m!
TH3. detCy 1& R DRTHDT, (4.2) HES. -
5. BHGHIFE AL DREA

= (3.2) 12 M_xwmh%ﬁlbfﬁé TXRTD2H, ., D (E,0) B3 %
ﬁ%ﬂﬁﬂ%(quz$< 2IROBEIET 115 %

B
255 BOD m+1ATEEY vy v ZLVEBRTHY, HED N =m— 11T 2H
DFERTHS. BE+CO=026 FE ®lEET 3L
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21585, BHIOFERZ (3.5) & Dy, T8 2 EBEO—EMED SPEW, Bernoulli (%
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ERR 1.1 DFREMH. 2H, , & 2H,, DFREMA 2 &, HEK - BB 0IEE & O "IHRE
ZELREOEDHE L,

(5.3) 2H,+ 2H,, = 2rs(z, + )
b, I, DEXT r < s IZOWT, Q) DXILNT 2 —DODITD—F% ZDFNTHLD
25, 2T 1 OBBITEARZETHD, Z20ITHh 56 2rs ZHD HE 5.
HIROIRT r=s=c=k/2 DD 2%5E, MET5—1Td 2H, . = 2%z, £725. H
D Hjj‘ﬁbiégﬁf a=[N/2] HTH25. FRUNOETHRFIE rs OFEIC—ET
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det Qr € 2°(2m — cZ.

W41 (52) &> T
(5.4) det Ay /c € Z[1/2]
2185, ZOBRBTREERZHOTRBA T2 I X THKLL. det Ay TEEI-TW
WD T, TADRETHHRMIBENTH 5.

BBHHRM 2 BT 5. k=X

2j—1 .
L 1 27+1 ‘

B2y = 2j+1;;( i )R
¥ By =-1/2, Byj;1=0 (j>1) 25, WMHNC 2B; € Z) HIFTRXTD i > 01
DWTH D LD, ARIRNFEOHEIIE t/(el — 1) +t/2 BRI TH 2 e o ED
ZHES . WERNDTEE 25 + 1 BFBIED S, TORMNER Ze) ETEYSTHS. X
(3.3) £D 2L, (1) € Zpy &8 B. K (3.4) D r,s BAEIRDT, A, DREDH Ly
WKES 5.

SEEFRTNE R 2ITOERE Ay BRCHTS. X (5.3) LA - FEEEEOM
SRS, ros DITOMIE 2rs(e] +el) THDH, HRDITIZ 2% THE. Zhb
afiethzeh 2 THoTS Zp) LOITHIOEEHRDT,

det A, € QQZ(Q)

TH5. e=1DFAD cIFFBTHY, > Tdet Ay/(20¢°) € Zpy 278 5. I (5.4)
DORICAEEZ Z[1/2) CbES 5. Z[1)2|NZe=Z &H (1.1) MES. O
6. KEZ7 1 v 7 & BRI O BRAGEHE
h=|N/2| £5%. I, DFRAD h HORFE r iZ2o0WTe, +ep & €, — €y &
D, NDBaBRofRORY P XFMINCIIZ 5. 28 o 2 MAlAFEIZ 72 5

INCHANRTHNTHNE P T 5.
Dy =diag{2r(k—r):r € Iy, r <k/2}, (Mp)rt = (Ak)rt— (Ax)ri—t (1t <k/2)
CEFRT B. Dy, My, 3AROMBIELETH D, FHimX D A, 2RO FICHE X2
% HDTIXIRN.
i 6.1. r < k/21IML, hxa 7By 7%

(F)vs = (Ae)rs + (Ap)rp—t — 2r(k = 1)8py, < k/2
P (AR g2, t= k)2 BT 2 HE
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TEDD. ZOL X

D 0
-1 _ k
PAP = ( b Mk)

Thb. Frc

det A, = ( H 2r(k — r)) det M;,, rank A, = a + rank M;,.
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ker Ay DICIX TR TIHRFRIRICE U TRMNIFTH D, FOREEE L ker A), & ker M,
ZRI—HT 2. EZIEB 25 Y

{(=vED; ' v) P71 s oMy, = 0}
ThH%.
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5. BOTLOMMEBIRIERYIDO 70y 2 RN 6T R5. Aile + epy) (PR
TEZD—H) DRI E L B F, ORDBHES. RRIS, 17 (uw,0) 7y
2115 T T DB &M E uDy +vF, =0, oM, =0 ThhH, ZhDER
DREEZ 5. O

ZDRRIZFTIE My OIEREMIFEEA T2, EX 8 TIXZ DOEAHEIE —18/5
ThHDH, —FRZIEMEEZZRW.

p € QX,Y]| ZHEAMZIENE T2, XKk -2 OFRMEE FEBOEEEZ T
PEITLITMAT,
RERTB.

k—2
X+Y)Y)= rs XY b =g — Qi I
p(X +Y)Y) rék(r_l)% ; Irk Gh-11 (1 € Iy)
. [GKZ06, Theorem 3] 2% < [BR26, Proposition 5.3] 1&, Dy IZBWT
Zikr=0TH2BZ L, ThODBZDIIRERKLINRTERS L, B&

=
by
Z DRI DIEDIEREM T DERR QX2 —YE2) TH B Z L Z2ilhR 5.
6

s

Y= (O, e ,0, ng, Lb5, ceey Lbk_g) adJ(Qk)
EBL. BHDO m+ 1 HDOFEE E XSS 5. 2H DITIINIET 2&ED N K7
* v &3UR, N
Z(’YH)rHr,k—r =0 in Dy

rely
Thd. REBIBHETHY, “HFBEEFZI P OEETEZ S, 2O Qp 2R
THHILT 273, ZOHLEITHRBNT bDBFELZ LR D 2.
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AEAH. REFATHIOEER KD 1Qp = det(Qr)(0, Lb) TH 3. Wild% (E,0)T i
3%, Q. D®RHAID m+ 117113 D, THETHH, ROODITIE 2H TH . Ll
Ldet(Qr) > b, Zpj—r THYH, Dy TIFHAS. Q kT2 TEINUIFIRE 72 5. B
T Q € Mo (Z) ERETATHIOERE D HHES . O

7. BRZEEY — XA DIFH & LR ER

Bachmann-Risan @ Main Theorem C(i) &, Conjecture 5.16 & (FHILIZ, 2fH
WEXT H OED D, #1222 TTIEIAL TW3. FFRXD Main Theorem
D |3 S o245t

Be:Dy — Fily Zap,  Hpgr— Calr—1,1,s—1,1)
ZITTICHEZATWS. ZOBOBER 2 6.2 \Z#EH T4UX, BERBoESEN

(71) Z(PYH)TCA(T_LL]{_T_Ll):O
rely
2195, HMLOMEL LT, k=12 Tp= XY} (X?-Y?P £33. ZOr &
b=(0,2/15,5/42,1/45), L =630 TH 3. BEGEHZ L NN TEH D, RUIOFTS
ZIEICT 3 L (16,9,18, —2) ME 54,
16CA(2’ 17 87 ]-) + QCA(47 17 67 ]-) + 18CA(67 ]-7 4’ 1) - QCA(87 ]-7 27 1) =0

%, ZhuX [BR26, (1.6), Example 5.18] OEEFIDOBRTH D, #H LWEIHRR
TRV, FX R o —B e i3 520ITH 5.

JFEAWAEREICOWTIE, [BR26] @ Conjecture 5.6 23 3L OFEEZIRGES % 157
S UTIRARETD 5. AREIE ZDIREZFREL TWRW.

det Ay, # 0 725, WHE OFREATIX 2det(Ay)bA, " TH DY, [BR26, Theorem 5.17)
¥ —¥F 5. Schur HEICX D, AROIEHFEIZZDITO Ldet(B)/2 f5TH5. Z
DIEFFERH 7 —12 X o T, FamXOFHZIENIC X 2l e OBEWL 715, ito
T, SEGEHE LM L <300 ozhenT, RAEMZEAD S OBRA I3
Thh, W H oFOBGRNERL . Z OBRHEIFH O TR 21 T5GE
HAEZEH T 5.

—RIC Ay DRSS, BRAZERICOWT
(7.2) 0 — Rel(H) — Rel(C4) — ker f, — 0
DD L. FERE, D 5 D25 QY — Dy ORIZRel(H) THD, B, L DA
DIENHIR T 5 & ker B, NDEF 2B, E-T

dim Rel((4) = dim &y, + dim ker fy, dimFily Z4, = N — dim §;, — dim ker .
FRAIIE Z DTN AR EIR DB O BGERZ T TH 5. AlHPEIR Rel(H)
DRI FIHZEALEZFAET 2720108, Lo T, FH 1125 EK
DHER MZV ORITD FHS Main Conjecture E DFEIIIE S 7w, BEEUREGE

BHE BRI D AR R DG E LDEBMRRTH D, Fil-2 M 2R 2T &
D FIRTIE AR\,
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8. HUHETHE, RUDIL7zZewidfl, FERRTEDEEIR

WM 7' 275 4 TlX Python DY python-flint OHFHITHIZM S . HHIC
7D SymPy 52512 & - T [BR26, Example 5.18] 287 Z L ICHH L ¢
-39 —23/3 —35/3 —289/9
—90 —278/5 —310/7 —1594/15
90  628/5 800/7 1594/15 |-
93 23/3  35/3  T775/9

TRTOME k < 100 THHE EOfITREBIEOHE L, RAMEZHEEL .
TARGTEIEE 7 1 v 7 DITHIR e HNICIRE L2 9 2T, IXRTOME L < 300
FTCIEE L. BEX 4027 AT 49 HOEZ 725, 2275|0175 1
AT CTHRINCIRAT 20 TH D, FRXOTHIIE=6 250h% 5.

Ayp = det A = 48672.

EoRKEX FEH det Aj, | det Ay| DHERE iR
4 0 0 11

6 1 1 18 232

8 2 2 —108 2%.3°

10 3 3 —3600 2*.32.52

12 4 4 48672 2532132

14 5 5 846720 27.33.5. 7

16 6 6 —38916864 28.3%.7-19-127

18 7 7 5654707200 2'°.37.5%.101

B X 300 DITAIFUTIED 2427 M DEERLT, fTHIORE X L ERIX 148 TH 2. &7
T ORT — RIFETEERICIER L. BEARDTEIRTERBEIRL 72D T
37K, KRERRDARRTFORBIEIFIRL V.

UFORENIEEEZERZDDTHD, k=6 othd3EIDEHHTR/NTDH 3.

(1) ATFRAHICTE L W5 F3IE k=8 THD T . As = (13 3]2) 0177
AE —108 TH 3. JTDAT - YEFTORIEEN, o TEEMEYD ZDE
TN 5.

(2) IRTOF/MTHNRDIEFR & WS FiRIE b = 10 THIDTHALS. (Ag)33 =0
725, 175 E —3600 THB. HX 6 & 8 DZETHRWVWF/MTHIRIZIT T
EETH 3.

(3) A 1%, U OXARAT DT NTIERL 2217 LOEM LU 77fR% i
V. IO Ry bWET, RHAIDINIFETRWEZHTHS. [toT, Z
DIEFTEBHNZ ARy VR LD LDU 53f@% 45 FEE T X 0.

(4) T - TRORFELZDEFHFBREIANLEET LD, ZOMEDEFRL L
THALL W, ZODHFBOMIF RISV THD, HlITH%EE
RITD2DEND 3.

RREFERDZW k= 4,6,8,10,14 DIER{LMEIX [BR26, Proposition 5.15] T3 TIZ
AP TWS. JERAEZIENX X2 - Y2 TRAEHOITRTOFE r 120 LT
b, =0 27D, BABGRROBERZ bABEICK S, ZHEFHEGHED TH .

BRI OFEIHE 2 EBITHET U -, KEEh S 6.1 2157225, “IEfREA T4 « Pascal

TN LTI DT ay ZI3=ALTE R o7, HX10DFELERY ME
TEOTHNCXT T 2 EEII R ER Y R LOSREHRST 2. EX 12070 v
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7 T3 HREZ X
5734, 1352

Pt Tos
A, BX16 D70y 7k il A TMIME 3 23 AE, Bt =IHTE
BREM & 7= X 7w, Toeplitz, Hankel, Cauchy {THIRERZHEADE— X ¥ MT
e DEE, F7=13@% M 277t X 2 IEEBLEDREHIZGE S e d -
2. TNOHOREEZFIRT 2100 DIC, EERICHAL L-ERZE7 & RFTEMR DO
% EOFEIICH W=, 7RO IEEZFE» SR A LD, RE&NREEXE
FRARBEIZHRAT L 72w,

9. TR 5 OFUERRE | AIRAEIHE & —ikHIE5R

BABEZ kK =5,7,9,11,13,15 1L, RX5D k OB ETXTHIZEL 7-.
Fily 27k LT, EREFR 21) 2 gL, g Lilw ODEI DM 51225 TRT
D gxw DEREIRIED%E L o=, stuffle DEETE S IINTH| D@ E OIFE AR
BTH5—7F, g DFOD shuffle 1Z=FFED shuffle TH 3. ZD_DODIEIXX
AL RTUI RS 0., FITE Fily 275 T2 E4ZBEBRRNTH S, Floos £ET
BRI U CTHNL BT 2 8 0, BN EATTHOTHIRE & 512 Q L TEZ
WEtRE L TIFE2 MR L .

ko2 () AEE EOBERE AT

5 1 1 1
7 15 15 137
9 70 70 677
11 210 210 2083
13 495 495 4970
15 1001 1001 10018

o TINSLDAPEITIFRWVIEZ 5D 7 4 ZAFHZIC X > THER L=, 2
NBFERFERL LEZAREXDOTRTH D, HLWERKE WS TRTIEZRW.
COITHIRERIE, XD EWEI L SET ZBBREIRD AT R VATRESERH 5. Lo
LATOIR 2 BB EZEMTH 5 Z 8 35 HORGMIC T2 TH Y, DOEMIKAEHE
DELBMZRIBI DIV,
ROERIEIZONWTIISER A E 5 2 635, #H LWEMITREZL & 1 ZAPfE
WIS 5.

il 9.1 (BRI OXEEBEAR D ITIEDRHRL). w = (a,b,c,d,e) DEIZFTFHE L, a+b
d+e BT 5. C(w) &, WODXYID DZETHROWEDTESZIDRE, B
BI2 02 R332 THEZ I5EOEOHILOEEZ Y 35, HBROBTFH—HL
ThH, XUDDRESHF I ICEEZRZ . Ok E

1
Chlw)=—3 Y ).
veC* (w)
FHCIEDA K a,b,c DFTXTIIHL, (4(a,1,b,1,c) DIEX 4 IR DRI 72 K54
BEHN5.

AEPH. stuffle DAPEEGRIL, RE d DFEZ, ZORID TN TOHLOMD (—1)¢ £
~NED. B 5 TEIPFROES, L OHLORIZCHTFE —1 2L . fiE-> T3
RONIEEROFE, ZDFTNTOMEDOFNTE LW, HEX D So(u)xv =0



Bachmann-Risan 175 OFEGRFE L 25

ZBWT, EX 1 40YMOEIES 1 ORFE2FHFODTHAS. RX2TDY)
WHciE ¢y (b, a) + (hla+b) EVWSEFDDH 2. RE 1 DEHNFTHD, HEI 2D
BX a+ b DPEEEDOT, TOZDOFLBIIBETHS. £EX 3 TOYWNIIXKET
(i(dye) =0 23D 5. HAMIHOHIZITOMEL, TXTOMILOFTHS. EoT
2¢% (w) + D vec(w) ) =0%15%. HEX 1 & 212B3 52 H%EIX [BR26, Proposition
33| Ik 3. O

Z Ol [BR26, Theorem 4.1] B & 8 [KZ, §6, Proposition 6] d BEEID Xt Hf 5.
RO T, MHHEEZRL TRKE L2 DTH 5. RIETHEE S N Hiii ke
DEKTOHEH L LTIRLTIZWARWL. EDEEL W o, c B, b TFROEGE, 7
% [EE L

2¢h(a,1,b,1,¢) = — (a+ 1)5'(a + 1) (b, 1, ¢)
+ (c+ D3’ (c+ 1)K (a, 1,b)  (mod Fily)

THs. 22T (r)=C(r—-1,1)/r TH3. ZORIZZODIFARREIMZEL,
[BR26, Proposition 3.3] DEZ 2 DX EHWTHES . ARTIE ZDEZENTAT
DINTRXA—=RIZDVWTHZA S I ETIFREAL TWiW,

10. e oD g & 5k & ANl S

B RIEZEDBEE T, [EWRmXH e arXiv aialT, FE% L “matrix”, “non-
singularity”, “determinant”, “integrality”, “divisibility” O &, B XX “period
polynomial matrices”, “Bernoulli determinant”, “Pascal matrix”, “Hankel determi-
nants” ZMR L7z, RE 48672 ICOWTHRRKR L. ROXFIDBHETH .

(1) [BR26] 138 £27213T7% <, Conjecture 5.16, Proposition 5.15, Theorem 5.17
ZBUARLEHER LTz, B EEHR— O TId—RGEH 2 HERE T & 72 o 72

(2) [CKZ06] DFSC TEIEER, Bernoulli 203X (7), §4 DZIENUC L ZALH%
MR L 7. ARROKRMNEBRIZE DFEIICED &, AHEEAR Lo O
BDTH 2. FHEWIFLL M LWERE A 1S 2B EELTH 5.

(3) KanekoZagier DJFFE [KZ] & [IKZ06] 1%, EFEINF LR X EHER L 7-.
BED KZ FRIZHRTED D DTH D, 171 LR WHEEFRZ M > Tidw
ZQNN

(4) 175 XDk & LT Dilcher-Jiu [DJ22] B X UHILD Jiu-Yin [JY26] b HER
L7z. 22T Hankel #51X (3.4) 822D, ZH6DITHIR E det Ay 23—
T % L DREIFE SR D > 72, Brunault [Bru26, Dy y DEF, Theorem
4.1) 1%, FIRETHTNT 517z Bernoulli ZIHRD1T41% Dirichlet 5822
L0727 TEHMES 5. ERSINAITHNIERD, BEES D H
X — ZATH L [FE S 2 ZHUIHER T Z b o Tz,

(5) MathSciNet, zbMATH, Google Scholar IZBE#H 3 2 NBHER T DI H il A
7=, WEHl T — XX =205 | RG22 2ICHETE DT TId R V. MR
RIZHADDP 5700 T C IESEMEDREIIC 72 5 7300,

A L7k, 7ol Higibz L@ b EE L 1.1 oFdhid o0 5
Bhrole. THUIHEPHZ R o ZZHAMERHETH D, FRIDIARITD 2 & DLRGE
T3, EFIERE SN 2 R OBMIREELZS, KEOE—HETH
5 RHEIDOIFFHITEEZEL Twwv. BEGEAE & 70 v 7 KRR SHEIER 72
ZH5ABb0D, INHRHEE 5 OFRETHEZ RBIRTEOMRL LTS Z it
L7,
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APPENDIX A. FIRAJRE i3t &

W7 7 4V br_exact.py &, 1THIOERE, HIZRFRITINC X 2HE, MED
MRS, RS 5 DItIAZEZHIHT 5. LE R Sy 7 — X python-flint ¥ sympy T
HY, FEmICHWATHIEHREIIEE, A, FREHRLEARETITS. IR
DOHEDE, X oma— R LEFEGRYD I — FIKFETITTNTOHN 2 EE
95.

from math import comb
from functools import lru_cache
from flint import fmpq, fmpq_mat

def C(n, j):
return comb(n, j) if 0 <= j <= n else 0

def A(k):
assert k >> 4 and k %, 2 == 0
I = list(range(3, k-2, 2))
B = [fmpq.bernoulli(j) for j in range(k)]
assert B[1] == fmpq(-1, 2)
@lru_cache (None)
def lam(m, u):
return sum((B[k-m-j-1]*C(k-2-j,m-1)*C(u-1,j)
for j in range(u-1)
if 0 <= k-m-j-1 < k), fmpq(0))
def entry(r,t):
s = k-r
q = fmpq((r*s-r+1)*(t==r)+(r*s+s-1)*(t==s))
q += C(k-t,s)-C(k-t,r)+C(t,s)-C(t,r)
q += 2x(fmpq(r+1,r)*(lam(r,t)-lam(r,k-1))
-fmpq(s+1,s)*(lam(s,t)-lam(s,k-1)))
return q
return fmpq_mat(len(I),len(I),
[entry(r,t) for r in I for t in I])

for k in range(4,301,2):
A(k)
M.det ()
k//2-2
divisor = 2xx((n+1)//2)*(k//2 if n)2 else 1)
assert d != 0
assert d.q == 1 and int(d.p) % divisor ==
if k <= 100:
_, rank = M.rref()
assert rank ==
print(k, n, str(d))

k
M
d
n

MV RFRICEZBETIE, 4.1) & (3.2) 26 B,C,V,W ZHiKL, W -VB~'C
E A(k) BT 2L & HIT det B DEHRERD 2R T 5. B 5 DEIETIE, 4
WBEI Lk, RS5DITXRTOMBTH 2. Bffa— NiE, EF shuffle BAfRE, FEF
A5 IR B ITRTOMARSHTZINZEL, RAEROEBIETALAE 2 EA
KR CIEIET 2. FENATHOEEK LTI MIEETH 5 Z & H3VHREFH O
FIRZFEA L, FEINBUS OFEECHIE OBMEIZ D720,
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