ROBIN EIGENVALUES ON WEIGHTED INTERVALS:
COLLAPSE OF THE INFIMUM AND SHARP UPPER-MODEL
RIGIDITY

CHATGPT 6 ASTRA

ABSTRACT. We study the principal Robin eigenvalue over positive smooth den-
sities on a fixed interval satisfying a finite-dimensional Bakry-Emery curvature
bound. The proposed lower optimization degenerates: its value is zero whenever
the admissible class is nonempty, and it has no minimizer unless both boundary
parameters vanish. The nontrivial comparison has the opposite direction. Every
admissible density is spectrally dominated by a curvature-equality density tangent
at the maximum of its ground state. We prove a sharp one-parameter reduction
for the supremum, an exact nonnegative curvature-defect identity, and equality
rigidity. For C'D(0,2) we solve the asymmetric Robin maximization completely:
two explicit Bessel thresholds distinguish a unique positive affine maximizer from
either endpoint-degenerate affine profile. Symmetric parameters yield the con-
stant density, also for 1 < N < 2, with an elementary sharp eigenvalue equation.
Symbolic calculations, 6,768 numerical comparisons, and a dated literature audit
accompany the proofs. The results are mathematically proved here; novelty is not
verified.

This note was generated by ChatGPT 6. Iwai has NOT verified any of its math-
ematical content. It may therefore contain mathematical errors and should be read
with caution. A Japanese version is provided below.

1. INTRODUCTION AND MAIN STATEMENTS

Robin boundary loss depends on the density at the endpoints, whereas the bulk
mass depends on its integral. A lower curvature bound controls neither of these
quantities separately. This creates a basic distinction between the principal Robin
eigenvalue and the first nonzero Neumann eigenvalue appearing in spectral-gap com-
parison. Our initial lower-model conjecture fails because both endpoint densities can
collapse.

We retain the original admissible class and solve the lower problem first. We then
change only the optimization direction and obtain a sharp upper-model theorem.
The asymmetric C'D(0, 2) classification below determines a quantity beyond the zero
lower bound, including precisely when a smooth positive extremizer exists. All the
analytic proofs are included; no unproved spectral comparison is used.

Let p=N—-1>0, k= K/p, and

Hxnp={h=u”:weC*]0,D]), w>0, w+rw <0}
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Write Ag(h;a, ) for the principal eigenvalue with «/(0) = au(0) and «/(D) =
—pu(D), where o, § > 0 are finite.

Theorem 1.1 (The original infimum). The class Hx n.p is nonempty if and only
if kD* < 2. Whenever it is nonempty,

A(K,N,D;a, ) =0.
If a + B > 0, this infimum is not attained. If « = [ = 0, every admissible
density attains it. Prescribing any positive total weighted volume does not alter
these conclusions.

For the meaningful upper optimization put
Z/{(K,N,D7Oé,6>: sup AR(h70576)

h€Hk N,D

Define s,(t) to be sin(y/kt)//k, t, or sinh(y/—kt)/v/—k according as k > 0, kK = 0,
or k < 0, and put ¢, = s...

Theorem 1.2 (Sharp upper reduction and rigidity). Suppose kD? < 7% and o+ >

0. Set (D/2)
Cr
B,{: m, Wb(t) :Cn(t—D/2)+bS,{(t—D/2)
Then 0 <U < oo and
(1.1) U(K,N,D;a, )= sup Ag(W};a, ).

[b]< By
More precisely, if w > 0 is the ground state of wP and x s its unique mazimum
point, the solution W of
W" + kW =0, W(z) =w(z), W'(z)=w'(z)
is positive on [0, D] and satisfies
Ar(WP; o, B) < Ar(WP;a, B).
FEquality holds if and only if w = W . Consequently, every mazimizer in the original

positive smooth class is a curvature-equality model, up to multiplication by a positive
constant. Formula (1.1) uses a supremum; it does not assert general attainment.

Here is the complete classification in total dimension two. Scaling reduces its
statement to D = 1. Let Jy be the regular solution of Ji(2) + 271 J}(2) + Jo(z) = 0,
with Jy(0) = 1, J5(0) = 0; put J; = —J}. Let jo1 be the first positive zero of .J,.
For s > 0 define k; € (0, jo1) by

(1.2) ks Ji(ks) = sJo(ks), R(s) = k2, U,(t) = Jo(kst),
and set
(1.3) T(s) = — /1 Us(t)tUé(t) it — k. /1 w "

The integrand is defined continuously at zero. Put R(0) = 7'(0) = 0.

Theorem 1.3 (Asymmetric threshold classification). Let K =0, N =2, D =1,
and a, > 0 with o« + B > 0. Then 0 < T(s) < s for s > 0, and ezxactly one of the
following occurs.
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(1) If « < T(B), then U = R(B). No positive smooth density attains the supre-
mum. The unique maximizing profile in the closure of the affine model family
is h(t) = Ct.

(2) If B < T(«), then U = R(cv). Again there is no positive smooth mazimizer.
The corresponding unique affine profile is h(t) = C(1 —t).

(3) If a > T(B) and p > T(«), there is a unique b, € (—2,2) such that

b (), (1)
(14) /0 1+ b,(t—1/2) at =0,
where up > 0 is the ground state for hy(t) = 1+b(t —1/2) with the prescribed
Robin conditions. The sharp value is U = Ar(hy,; v, 8), and its full set of
mazimizers is {Chy, : C > 0}.
For a general length, replace (o, B) by (oD, 8D), compute on [0, 1], and multiply the
resulting eigenvalue by D=2,

Corollary 1.4 (Symmetric coefficients). If K =0, 1 < N <2, and 0 > 0, then
U,N,D;o,0) =k, ktan(kD/2) =0, 0<k<m/D.

The mazximizing densities are exactly the positive constants. The condition N < 2
is sharp for a statement uniform in o > 0.

The new-candidate content is the upper optimization, its curvature-defect identity,
and the asymmetric thresholds. The zero-infimum obstruction and the elementary
symmetric comparison are not advertised as established literature novelties. The
final audit explains why the overall status remains mathematically proved, novelty
not verified.

2. BAKRY*EMERY CURVATURE AND ONE-DIMENSIONAL DENSITIES

For h = e~/ = wP we have f = —plogw, hence
w/ w// (wl)2
fr=-p—, "= —p—tp—yf
w w w
Thus, in the total dimension convention,
(f/)Q w//

N /i
(2.1) Ricy = N1
Since p,w > 0, Ric}V > K is equivalent to w” 4+ rkw < 0. This is an exact equivalence,
including the sign.
For completeness, the local diffusion convention is also checkable directly. With
L=u"— fu/, T(u) = («')? and To(u) = (u")* + f”(v)?, one obtains

(Lu)? _ N -1 (u,,+ flu

N N N —1
At a given interior point, v’ and u” can be prescribed independently. This proves
equivalence with the local CD(K, N) inequality. On the interval, the usual one-
dimensional distortion formulation is expressed by the same differential inequality;
see [4, §4.1, equation (4-4)]. We require positive endpoint densities throughout the
original optimization. Singular endpoint models occur only as explicitly described
limits.

Dy(u) — KT(u) — ) + (Ricf —K)(u)*.
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The parameter p = N — 1 in this manuscript is a density power, not the nonlinear
exponent of a weighted p-Laplacian in the literature. Those are different parameters.

3. THE WEIGHTED ROBIN STURM—LIOUVILLE PROBLEM
For real u € H'(0, D) define

an(u, v) = /0 W dt + ah(0)u(0)0(0) + Bh(D)u(D)o(D),

D
mh(u,v):/ uvh dt.
0

Positive continuity of h on a compact interval makes its minimum positive, so the
weighted and unweighted Sobolev norms are equivalent. Traces are continuous and
H'(0,D) — L*(0, D) is compact. A normalized minimizing sequence is bounded in
H'; weak compactness, strong L? convergence and trace convergence give a mini-
mizer. Its Euler equation is

—(hu') = Ahu, u'(0) = au(0), (D)= —pu(D).

In particular,

/OD(—Lhu)uh dt = /OD(u’)2h dt — [hu'u]) = an(u,u).

The outward normals are —0; at zero and +0; at D; the boundary signs therefore
agree with d,u + ou = 0.

Replacing a minimizer by its absolute value leaves the quotient unchanged. The
resulting nonnegative weak solution is C? by the ODE. A zero at an interior mini-
mum has zero derivative, so ODE uniqueness forces the solution to vanish identically.
A zero at an endpoint has zero derivative by the Robin condition and gives the same
contradiction. Thus a ground state is strictly positive, including at the endpoints.
The Wronskian of two solutions satisfying the left Robin condition vanishes; this
proves simplicity.

If «+ 8 > 0, a zero minimum would force u’ to vanish and a nonzero constant to
have positive boundary energy, a contradiction. Hence Ag > 0. The identity

(3.1) (hu')" = =Aghu < 0
shows that hu' is strictly decreasing. Its endpoint values have opposite weak signs,
and at least one is nonzero. Consequently u has exactly one maximum x: it lies

in (0, D) when af > 0, at 0 when o = 0, and at D when § = 0. This single sign
change is essential in the upper comparison.

4. SCALING AND NORMALIZATION
Put ¢ = Dz, v(z) = u(Dz) and h(z) = h(Dz) on [0,1]. Then
v'=Du', v =D*", Lzv= D*Lyu)(Dx), Ri(}jcy = D?Ric} (Dx).
The boundary conditions become v'(0) = Dawv(0) and v'(1) = —Dpv(1). Equiv-
alently, the pullback metric is D?da?; replacing it by da? is the constant metric

scaling g — D~2g. Unit tangent vectors and normal derivatives gain a factor D,
and the Laplacian gains D?.
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The pushed-forward measure has density Dh(Dzx), but the factor D cancels from
the Rayleigh quotient. Directly,

D I
/ (u')*hdt = D~ / )?hdz, / w?h dt = D/ v?hdx.
0 0 0

Multiplying the numerator by D changes the endpoint coefficients to Da, DS.
Therefore

(4.1) A(K,N,D;a,f) = DA(KD? N, 1;aD, D),
and the same formula holds for &/. The dimensionless combinations are K D?, aD,
SD and AD?.

For ¢ > 0, a., = cap and me, = cmy, so Ag(ch) = Agr(h). Also f changes by a
constant and the curvature is unchanged. Thus fixing [ h = V > 0 alone removes
no density shape.

5. COMPUTATIONAL AND SYMBOLIC EXPLORATION

The script bakry_emery_robin_computations.py records exact symbolic checks
for (2.1), the Schrodinger potential below, and the Taylor expansion of w?. It uses
a uniform mesh with 800 cells, a positive tridiagonal discretization of the weighted
energy, and lumped mass. Cell density is the mean of its endpoint values. This is
an approximate scheme, not a certified interval computation.

Smooth admissible samples are generated analytically. On [0, 1] take

g(t) = sin(nt) (co + Z ¢ cos(jwt)) ,

||M3

CJ|
j=1
Expand g = > g, sin(¢nt) and set
gesin({rt)
Then w"” + kw = —Ag < 0. The Dlrlchlet Green kernel is s,(min(t,s))s.(1 —

max(t,s))/s.(1) > 0, so the added term is nonnegative and w > 0. Positivity and
curvature are justified analytically, rather than only at mesh points.

We used Kk = —1,0,1, N = 2,3,4,5 and boundary pairs (1,1), (.2, 3), (0,2), (5,.1).
For each of these 48 cases, the finite grid exhausts

b/B. € {—.8,0,.8}, (co,c1,¢0) € {1} x {—.5,0,.5}%, A€ {1,1,10}.

There are 81 grid samples and 60 further seeded random samples per case, hence
6,768 comparisons. No invalid density occurred and no negative comparison gap
below —107° occurred. The smallest computed model-minus-density gap was
0.00054818. The model was tangent at the discrete ground-state maximum; this
mesh choice is an approximation to the analytic construction.
For the collapsing family in Section 6, with N = 2, D = a = f = 1, the
approximate eigenvalues were
£ | 107! 102 10-?
AR 0.6300803 0.0919715 0.0097774
constant-test bound | 0.7014893 0.0948936 0.0098303
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The affine equality family, in contrast, has infimum R(1) = 1.5769927 in this case;
Section 12 proves this separation. Refining the constant-density mesh from 400
to 3,200 cells changes its computed eigenvalue from 1.707054037 to 1.707052989,
compared with the shooting value 1.707052976. Independent high-accuracy ODE
shooting is used for the asymmetric examples in Section 11. All numerical conclu-
sions remain evidence, not proof.

6. PROOF OF THE ZERO-INFIMUM THEOREM

Let ¢(t) = sin(wt/D). Twice integrating by parts gives

/w b o) dt = T w(0) + w(D)) + (n——)/ Judt.

If kD? > m2, the right side is positive while the left side is nonpositive. This
proves emptmess, including the borderline case. For an empty class we may use
the extended-real convention inf @ = +o00; the asserted value zero is only for the
nonempty class.

If kD? < 7%, choose € > 0 small enough that a. = 7/(D + 2¢) satisfies a? > &,
and put

we(t) = sin(ac(t + €)), he = w?.

These functions are smooth and strictly positive on the closed interval, and w” +
kw. = (k — a?)w. < 0. The test function 1 yields

(o + B) sin(aze)?
[P sin(a.(t + ) dt

The denominator converges to a strictly positive integral by dominated convergence.
Section 3 gives nonattainment for aw + § > 0 and the complete Neumann equality
case. Volume normalization follows from Section 4. This proves Theorem 1.1.

0 S AR(hE) S

7. SHARP COMPARISON AND A CURVATURE-DEFECT IDENTITY

Fix the maximum point z from (3.1), and define the tangent model W as in
Theorem 1.2. Put g = —w” — kw > 0. Variation of constants gives, for ¢t > x,

W(t) — wit) _/ sult — 8)g(s)ds > 0,

and for ¢ < z the corresponding expression is [,” s.(s — ¢)g(s) ds > 0. The kernels
are nonnegative because [t — s| < D < w/y/k when £ > 0; they are positive at
positive arguments when x < 0. In particular W > w > 0.

Write r = w’/w and R = W'/W. The Wronskian satisfies

(W'W —wW') = —gW, (W'W —wW')(x) = 0.

Consequently,
tx g(s)W(s)ds
t<uw
R ) O |
(7.1) (t) — R(t) LbWisds
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Both (r — R) and v are positive to the left and negative to the right, in the weak
sense for the first factor. Thus

—Ly»u = Ap(wP)u+ p(r — R)u' > Ap(wP)u.

Let v > 0 be the model ground state, with eigenvalue \;;. Multiply by vW? and
integrate. The Green boundary expression vanishes at both endpoints because u
and v satisfy the same Robin parameters. It follows that

D D
(7.2) (A — )\R(wp))/ uwoWP dt = p/ vWP(r — R)u' dt > 0.
0 0

This proves the comparison without a Barta theorem citation.

Proposition 7.1 (Exact defect formula). With the preceding notation,

(7.3) (Ot = An(w?)) / " W dt
D v p—1 u max(t,z)
= <wwtk)|uﬂ</.@)g@m“$®)ﬁ.

In particular the comparison is strict unless g = 0.

Proof. Substitute (7.1) into (7.2). If the integral vanishes, continuity and positivity
imply » = R wherever u’ # 0, that is on both open subintervals separated by z (or
the single such interval in a mixed problem). Integrating the logarithmic derivative
and using w(x) = W(x) gives w = W everywhere. Equivalently, g = 0. The
converse follows directly. O

Every positive equality solution, after division by its midpoint value, is W) for
exactly one |b| < B,. Endpoint positivity is equivalent to this interval of parameters;
positivity inside also follows from the positive Dirichlet interpolation by its endpoint
values. The comparison gives one inequality in (1.1), and inclusion of the models in
the admissible class gives the other. To see finiteness, allow |b| < B, temporarily.
The continuous function [ W} has a positive minimum on this compact parameter
interval, while aW}(0)? + W, (D)P is bounded. The constant Rayleigh test bounds
all model eigenvalues uniformly. Positivity follows by choosing any one positive
model. The equality argument proves all the remaining assertions of Theorem 1.2.

8. VARIATION, SHOOTING, AND THE SCHRODINGER VIEWPOINT

For w. = w + £¢ put n = ¢/w and normalize my(u,u) = 1. Differentiation of the
simple eigenvalue gives

81 h=p]| [0 = 202+ OO0 + FHDIDU(D)

D
= —p/ huu'n dt.
0

The last equality uses (huu') = h((u')* — \u?); its endpoint terms cancel exactly.
Thus dropping density-dependent Robin boundary terms would give an incorrect
variation.
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Here is also a second-variation formula, so that a saturation argument is not
assumed. Let a.,m. be the forms, {u;},;>1 an my-orthonormal eigenbasis with u; =
u, and B’ = a' — Am/. Then

1B,

(8.2) A= (a" = xm")(u,u) — 2\ m/ (u,u) — 22 N — A

Jj=2

Here h = phn and h = p(p—1)hn? are parameter derivatives. To verify (8.2), differ-
entiate the eigen-equation and normalization. The coefficients of u are —m/(u, u)/2
along u, and —B'(u,u;)/(A\; — A) along w;. Substitute them into the derivative of
the first-variation identity. This is equivalently the reduced-resolvent formula; the
form smoothness and the isolated simple eigenvalue justify the expansion. There is
no general sign for this second derivative. When p =1 and A = 0 it is nonpositive.

At an equality model, an admissible one-sided perturbation obeys ¢” + k¢ < 0.
If it also has ¢(x) = ¢/(x) = 0 at the model ground-state maximum, the Wronskian
gives ” > 0 on the left and n” < 0 on the right. Formula (8.1) is then negative for
every nonzero such perturbation. Saturation is compatible with a maximum, not
with the proposed minimum. Forw =1, N =2, D = a = 8 = 1 and ¢ = sin(nt) /72,
the exact integral in (8.1) is approximately —0.1073464076; the recorded one-sided
numerical quotients converge to this number.

For shooting, z = u’/u satisfies

Y =-N—pw/w)z—2* 20)=a, zD)=-p.

A root must be selected on the positive-eigenfunction branch. This is the Riccati
version of Sturm comparison. Its drift coefficient changes the comparison direction
when z changes sign; matching the density at the ground-state maximum handles
precisely that change. A global one-sided drift inequality alone does not give the
desired result.
Finally set v = h'/?u and a = (log h)’'/2. A direct derivative calculation yields
d2
1/2( -2 4
h'*(=Ly)h = +V,

V:a/+a2=(f/)2_f_”:Ew_”+IM(w,)2‘

4 2 2w 4 w

The new boundary conditions are
V'(0) = (4 a(0))v(0), V(D) = —(8—a(D))v(D).

In particular V' < —K/2 + p(p — 2)(w'/w)?/4. This is an upper constraint with
an additional drift-square term, and the transformed boundary coefficients vary
with the density. A potential-only lower comparison is therefore unavailable. The
direct Wronskian proof is shorter and avoids these moving boundary coefficients.
Localization results for mean-zero Neumann problems likewise cannot be substituted
for the Robin argument.

9. PROOF OF THE ASYMMETRIC CLASSIFICATION

Throughout this section D = 1, K = 0, N = 2. Thus A" < 0 and the equality
models are affine. We supply the endpoint limit argument because replacing a
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positive density by a vanishing one without tracking its boundary condition would
be invalid.

Lemma 9.1 (The endpoint model). For s > 0, the density t with natural condition
(tu')(0) = 0 and u/(1) = —su(1) has positive ground state Uy and eigenvalue R(s)
from (1.2). For o, >0,

Ar(t +0; a0, B) — R(S), 040.

Moreover its right derivative at zero exists and equals

(9.1) d%)\R(t +5a,8)| = O‘I—T;m
o+ J, tU5dt

Proof. The regular radial equation is U” + ¢ 'U" + AU = 0, U(0) = 1, U'(0) = 0.
Its solution is Jo(v/At). On the branch before the first zero, the boundary loss
—U'(1)/U(1) increases strictly with A: differentiating the ODE and its Wronskian
gives derivative fol tU?dt/U(1)> > 0. This loss runs from zero to infinity. It
proves uniqueness of ks, and positivity of Us. Integration by parts, or the iden-
tity [tU2((v/Us)")? > 0, proves the ground-state variational characterization; the
boundary term at zero vanishes. This identity first applies to smooth v, and ap-
proximation gives the corresponding weighted energy inequality whenever needed
below.

Write us(0) = 1 for the positive ground state and As for its eigenvalue. Constant
tests bound As uniformly for small §. Integration of the equation gives

ad As /Ot(s + §)u5($) ds.

) = 20
) =5 T

Positivity implies us(t) < 1+adlog(1+1/d). Hence |uj(t)| < ad/(t+9)+Ct, with C
uniform. Equicontinuity and the integrated equation show that every subsequential
limit is the regular radial solution with the right Robin condition. It is nonnegative;
an interior or right endpoint zero would force it to vanish identically, contradicting
U(0) = 1. Thus it is the unique positive solution U, and the whole sequence
converges uniformly. The derivative converges pointwise for ¢ > 0 and in L?(0,1) by
the displayed bound. In particular the right boundary condition passes to the limit.
For 6 > 0 differentiate the Rayleigh quotient:

v o () = Asud) dt + aus(0)° + Bus(1)?
o St + S)u2 dt '

Uniform and H! convergence give a limit for this derivative. Using U” = —U’/t —
R(B)U, its numerator tends to

1 /
a+/ UtU dt = a—=T(f).
0

The denominator has a positive limit. Continuity at zero and the mean value theo-
rem now establish (9.1). O

Lemma 9.2 (Threshold range). For every s >0, 0 < T(s) < s.
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Proof. Let A\ = R(s) and put A(t) = —U.L(t)/(tUs(t)). The radial equation gives
tA" = X\ — 2A + t*A?% and its regular expansion is A(t) = A\/2 + \*?/16 + O(t%).
Thus A" > 0 near zero. At a hypothetical first zero of A’ in (0, 1), differentiating
the equation would give A” = 2A2% > 0, impossible for a first zero approached from
positive values. Therefore A(t) < A(1) = sfort < 1. Since 0 < Uy < 1 and —U] >0
on (0,1], 0 < T(s) = [y A(t)U,(t)?dt < s. O

Proof of Theorem 1.3. By Theorem 1.2 it suffices to maximize over h, = 1+ b(t —
1/2), =2 < b < 2. Lemma 9.1 extends its eigenvalue continuously to b = 2 and
b= —2, with values R(f) and R(«). A maximum on this closed parameter interval
exists.

Suppose first a < T'(f), and use U = Uy as a trial function for any positive affine
density h(t) = a + ct. Linearity of both forms in h and the radial equation give

(9.2) an(U,U) = R(B)mn(U,U) = afo = T(B)] < 0.

Here a = h(0) > 0 and U(0) = 1. It follows that every such eigenvalue is at
most R(/3). The inequality is strict if o < T'(5). If equality holds at the threshold
a =T(B) > 0, equality in the Rayleigh principle would make U a ground state with
left boundary condition U’(0) = aU(0), although U’(0) = 0 and U(0) = 1. This is
impossible. The limiting model ¢ reaches the supremum in the closure. Reflection
proves the other endpoint case. The opposite endpoint cannot also maximize: the
same supporting identity, or its radial trial-function version at that endpoint, is
strict there. Lemma 9.2 also shows the two parameter regimes are disjoint.

In the remaining case both endpoint derivatives into the interval are positive by
(9.1) and reflection. Thus a maximum occurs at an interior b,. Differentiating with
hy gives

dAp(hy) [y upul/hydt

9.3 _
88) db I hyu? dt

This follows from (8.1), since ((t — 1/2)/hy) = 1/h}. Hence every interior critical
point satisfies (1.4).

Conversely, let b, be any critical point, v = up,, and A\, = Ag(hs,). The linear
functional on affine densities F'(h) = ap(u,u) — Aymy(u, u) vanishes on hy, by the
eigen-equation and on ¢t — 1/2 by stationarity. These two functions span all affine
functions. Thus F(h) = 0 for every affine h, and the Rayleigh principle gives
Ar(h) < A.. If equality held for two distinct positive affine shapes, their common
ground state u would satisfy both ODEs. Subtraction gives

hy  hy\
AR ()
<h1 hz)u

For nonproportional affine functions the factor in parentheses is nowhere zero. It
follows that w is constant, contradicting A\, > 0. Therefore the critical point is
unique and is the unique affine maximizer. Finally Theorem 1.2 is strict for non-
affine densities. This proves the stated full equality classification and nonattainment
assertions. ([l
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10. SYMMETRY, PARAMETER DEPENDENCE, AND LIMITS

When a = 8 = o, reflection makes 1y symmetric for the constant density. Equa-
tion (9.3) then vanishes at b = 0, so the preceding proof gives the unique affine
maximizer for N = 2. There is an independent argument valid for every positive
concave density h. Let v(t) = cos(k(t — D/2)), where ktan(kD/2) = o. Integration
by parts gives

D D/2
an(v,v) — K*my,(v,v) = —/0 hov' dt = —/0 (W (t) — W'(D —t)]u(t)v'(t) dt < 0.

Concavity gives the sign of the bracket and v' > 0 on the left half. Equality of the
principal eigenvalues would make v a ground state for h; subtracting its constant-
density equation gives h'v’ = 0, hence h is constant. If 1 < N < 2 and w” < 0,
then

K = pw? (ww” + (p — 1)(w')?) <0.
This proves Corollary 1.4 and its equality case.

For any fixed positive smooth h, the map o — Ag(h; 0, 0) is strictly increasing and
strictly concave on [0,00). Monotonicity follows by testing a ground state for the
larger parameter in the smaller form; its endpoint values are positive. Concavity
follows because the quotient is affine in o for each fixed trial function. Equality
in a concavity chord would produce a common ground state for two parameters.
Subtracting either Robin condition would force an endpoint value, and then the
derivative, to vanish. This contradicts ODE uniqueness, proving strictness. At zero,

Ar(h;0,0) =0, i)\R(h;a, o) = M.
do 0 fo h

As 0 — o0, the eigenvalue increases to the principal Dirichlet eigenvalue. Indeed
Dirichlet trial functions provide an upper bound; normalized Robin ground states
have uniformly bounded H' norm and endpoint values tending to zero. A subse-
quential limit belongs to HJ, has unit weighted norm and has energy at most the
limiting eigenvalue. The Dirichlet variational principle gives the reverse inequality.

For the sharp symmetric supremum in Corollary 1.4, all these assertions hold since
its model is independent of o:

200 o w2
UZE—?+O(U3D) (0 10), L[—>ﬁ (0 — 00).
The expansion follows by inserting k tan(kD/2) = k*D/2+k*D3 /24+O(k%D"). The
original infimum A is identically zero for finite o: it is both concave and convex, and
is not strictly increasing. Its limit as ¢ — oo is zero. This is not the fixed-density

Dirichlet limit, and no interchange of infimum and limit is being claimed.

11. EXPLICIT MODELS AND EXAMPLES

For the constant model, the general principal eigenvalue k? is the first positive-
branch root of
(a8 — k*)sin(kD) + k(o + ) cos(kD) = 0.
One must not count the formal root £k = 0 introduced by multiplying a shooting
expression by k when o + 8 > 0.
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For N =2, K =0,b+# 0, set r(t) = hy(t)/|b] and e = sgn(b). The model solutions
are AJo(kr(t)) + BYo(kr(t)), where Y} is the second standard Bessel solution. Thus
an explicit determinant for the Robin equation is

g (A0~ adlbr(O) ek¥lhr(o otilirON) _,
ek Jy(r(1)) + Balkr(1))  ekYy(kr(1) + B¥alkr(1)) ~

Select the root with positive eigenfunction and combine it with (1.4); Theorem 1.3
guarantees a unique solution in the interior regime. Numerically, the equivalent
shooting equation is more stable near b = 0.

For D = 1, independent shooting and quadrature give the following values
rounded):
( ) (e, B) T(6) b, or limiting b U
(1,1) ]0.65190230 0 1.70705298
(0.2,3) | 1.10500615 2 3.19929448
(1,2) ]0.94664167 | 1.95688709 | 2.55911255
(0.8,1) | 0.65190230 | 1.38602265 | 1.59771090
(0,2) |0.94664167 2 2.5H823776
(4,0.1) | 0.09520110 —2 3.64076467

Rows with b = £2 are supremal limits, not positive-density maximizers. The small
difference between the (1,2) interior maximum and R(2) = 2.55823776 is a useful
check that merely comparing the centered and endpoint models would miss the exact
optimum.

12. COUNTEREXAMPLES AND NECESSARY ASSUMPTIONS

The original equality-model lower reduction fails even with K =0, N =2, D =
1 and equal positive coefficients. To see that this is stronger than a failure of
attainment, extend the affine family to ¢t and 1 —¢. Both endpoint eigenvalues equal
R(o) > 0. For every v € H', their two ground-state inequalities give a;(v,v) >
R(o)m(v,v) and a;_¢(v,v) > R(c)m;_+(v,v). Every nonnegative affine density is
a nonnegative combination of these two, so its quotient is at least R(o). Endpoint
approximation attains this value in the limit. Thus

]1Zr>1£ Ar(h;o,0) = R(0) > 0, }111;% Ar(h;o,0) = 0.
h''=0 h’<0
The dimension restriction in the constant-density upper bound cannot be re-
moved. Fix any N > 2, let h.(t) = (t +€)¥~! on [0,1], and choose € small. This is
a C'D(0,N) equality density, and
he(0) + h.(1)

Jo he

The first derivative at o = 0 therefore exceeds that for the constant density. For a
fixed sufficiently small €, and then sufficiently small o > 0, it is a counterexample.
An especially concrete case is N = 3, 0 = 1: conjugation by t+e¢ gives zero potential,
left coefficient 1+ 1/e, and right coefficient 1 — 1/(1 + €). The eigenvalue tends to
72 /4 > 1.70705298, the constant-density value.

If the curvature assumption K = 0 in that upper bound is weakened to K < 0,
already N = 2 permits h(t) = cosh(a(t—1/2)) with K = —a?. Its small-o derivative

— N > 2.
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is acoth(a/2) > 2, again defeating the constant model. If both Robin parameters
vanish, every density is a minimizer and maximizer of the principal value zero; all
strict rigidity statements would fail. If negative Robin parameters are admitted, even
nonnegativity fails by a constant test with a negative total boundary contribution.
Finally, the endpoint profiles t and 1 — ¢ are outside the prescribed positive class;
calling them attained extrema in that class is incorrect.

13. PREVIOUS RESULTS AND NOVELTY AUDIT

The audit cutoff is 10 September 2026. Searches included variants of “Robin
Bakry-Emery sharp eigenvalue”, “Robin curvature-dimension”, “Robin concave den-
sity maximization”, “Robin affine density”, asymmetric weighted interval optimiza-
tion, and integral Bakry-Emery eigenvalues, with separate 2025 and 2026 searches.
A failed search is not evidence of absence. The following are comparisons with
sources actually inspected, with access limitations stated explicitly.

Spectral gaps and localization.:

Bakry—Qian [1], Kroger [2], and Chen—-Wang [3] are historical spectral-gap com-
parison leads. Their original full statements were not successfully retrieved here;
no theorem number or numerical convention is imported from them. Cavalletti—
Mondino [4, Theorem 4.4 and Corollary 4.7] was inspected in full text: its mean-
zero spectral gap and spherical-suspension rigidity are different from the principal
Robin optimization. Its N is total dimension, matching the exponent 1/(N — 1) in
its one-dimensional density condition.

Robin geometric comparison.:

Savo [5, Theorem 1, §4.1] proves a sharp Robin lower comparison with curvature,
boundary mean curvature and inradius data. His space-form curvature parameter
corresponds to K/(N — 1) here when the model exponent is N — 1. His boundary
control is absent in our zero-infimum problem. Shouman’s accessible abstract [6] also
involves boundary convexity. The full theorem and the precise finite-versus-infinite
dimension convention were not accessible; exact theorem number not verified.
Weighted nonlinear spectra and integral curvature.:

Li-Wang [7, Theorem 1.1] was checked: the tensor there is Ric +V2f, corresponding
to N = oo, with Neumann spectral gap. Ramos Olivé-Seto—Tuerkoen [8, Theorem
1.3] treats integral ordinary Ricci bounds and a nonzero Neumann eigenvalue. Liu’s
April 2026 article [9] concerns integral m-Bakry-Emery curvature and weighted
Reilly methods; only its publisher abstract and metadata were accessible. Its de-
tailed boundary assumptions and m convention remain unverified here.
Asymmetric and weighted Robin optimization, 2025-2026.:
Schneider—Schneiderova—Zhang [10, §1, Theorem 3|, including the June 2026 revi-
sion, optimizes a sign-changing coefficient in the mass term of an unweighted diffu-
sion problem. Della Pietra—di Blasio-Riey [11, §1, §3] also puts a possibly singular
weight in the mass term. Ahrami-El Allali-Ounejma [12, §1] studies a vibrating
string —u” = Mwu and eigenvalue ratios. None of these is the operator —h~!(hu')’
with the same density in energy, mass and boundary terms.

The closest recent same-density result.:

Chen—Wang—Zhu [13, Theorems 1.3 and 1.5], August 2026 version, treats fixed radial
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log-convex densities and domain optimization in Euclidean and hyperbolic spaces.
Our interval and its length are fixed while the density varies under a lower finite-
dimensional curvature bound. Do-Trong-Truong [14, §1.1-1.2], dated August 2026,
uses a different relation between volume and boundary densities and unweighted
diffusion. Its singular radial analysis does not supply the asymmetric thresholds
proved above.

Component-by-component assessment. The closest known ingredients are
model ODE comparison, the Rayleigh principle, simple-eigenvalue variation, and
regular radial Bessel solutions. None is claimed new. The specific new candidates
are: (i) the supremum reduction over all positive CD(K, N) interval densities with
an exact defect identity; (ii) the complete C'D(0, 2) asymmetric phase classification,
especially the threshold 7" and the unique positive affine optimizer determined by
(1.4). In the inspected statements, no result determines this quantity or these equal-
ity objects. However, inaccessible older statements and incomplete indexing prevent
a definitive global novelty claim. Accordingly every main result carries the status
mathematically proved, novelty not verified. This is a research manuscript, not a
certification of publication priority.

14. SPECIFIC REMAINING QUESTIONS AND REPRODUCIBILITY

The original lower problem is solved by Theorem 1.1; it is not left open. Concrete
extensions suggested by the proved upper theorem are the full affine-power phase
diagram for N > 2, optimization of the curved model parameter when K # 0,
and quantitative consequences of (7.3) under fixed positive upper and lower density
bounds. Uniform stability for arbitrary normalized maximizing sequences is not
proved here. A nonzero lower optimization would require a genuine shape restriction,
such as boundary-to-bulk control; a volume normalization alone is insufficient.

The accompanying Python file needs NumPy, SciPy and SymPy. Running it re-
generates the finite-grid and seeded random search, collapse tests, Bessel thresholds,
independent shooting values, mesh refinements and symbolic checks. The JSON out-
put records the environment versions and seed. The search is exhaustive only on
the displayed 81-element coefficient grid in each regime, not over all densities. The
manuscript was composed from the supplied amsart template, with repaired title
metadata, author chatGPT 6 Astra, and LualLaTeX-compatible Japanese typeset-
ting. The bibliography following the Japanese text is shared by both full versions.
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1. Frame TEH

Robin ST & 21 BRIZEE O rHIKAF T 5 — /7, NEROEZEITHE DM
INRIET 5. iR O TR TEmE O HIHIE S zwv. ZORT, 85— Robin
FEHEEIZRARY bPLF ¥ v FHEBICHN 2 B—IEE Neumann [EHH & AERICE
2%, WONHE L TRETF AT, MGOREEFRKRHICEZEAITDITS 22T
KEEX 5.

AR TITHFE S 7 AZEEHE T, IO MREEZEL . Z201R, ko =
I EEZ, ERICHT2HVETVERZES. LROIERFR CD(0,2) %I,
Fr WS FREZEZ CTHloMEERE % FMEICIRE L, IETHE O LR AKMEEEDOTFE
D52 5. ATHREIZ T X TR L, RIEFADREIEMEELEZ FH vz,

p=N-1>0,k=K/ptEBE,

Hinp ={h=uw”:we C*[0,D]), w>0, w+rw <0}

YIEDD. BROFEE o, 8> 01K L, BEREMEW(0) = au(0), o/ (D) = —pu(D)
OB —EEMEE \r(h;a,p8) & EL.
FEH 1.1 (oo MRRE). Hr,n.D METHR WD DREF I kD? < 12 TH
5. ZOFHFEDbH T

A(K,N,D;a,B3) =0
MENLT 2. a+ 8> 080 FRITERINZY. a=8=0R203XRTOFREE
MWRREERT . TEOEOEEANEERBEEZIEELTH, I DEmIEIED
Y9N

JEAAZ LRRRE %
U(K7N,D;Ol,ﬂ): sup AR(h70[76)

h€Hk N,
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EEDD. k> 0,k =0,k < 0DBHEERIGLC T s.(t) = sin(yv/kt)/VE, t,
sinh(v/—kt)/v/—k & L, ¢, =5, £BL.

FH 1.2 (Biu RS L BIME). kD2 < 72, a+ 8 > 0 LIREL,

_ (D)2 o B
<= 5D/ Wy(t) = c(t — D/2) + bs,(t — D/2)
L. ZIDEEO<U<c0THD,
(1.1) U(K,N,D;a, ) = sup Ag(W};a, B)

|6l <Bs
DALY B, £ D BRI, w? OEOH—EHEEE v, ZO—BERRANEZ v &
ERAR
W" 4+ kW =0, Wi(x) =w(z), Wi x)=uw'(z)
Zii/z3 Wik [0, D) 2K TIETH D,
Ar(w?; a, B) < Ar(WP; i, B)

i3, EEHORESEFFZw =W Th%. LI2>T, TOIETHG,N
27 7 AR KCEEBTFE TR, %hmmwﬁﬁh%%mf@4%ﬁ%rwf
5. AADNEFERICE2ERTHD, —ROFERE FIET 2 HDTIER.

ERTLB DG EITRTENARETH . ETRATIr—V Y 7ICEoTD=1¢,
T3, Jo % JU(2)+ 2 () + Jo(2) = 0, Jo(0) = 1, J(0) = 0 DIERIR, J = —J)
Y55, Jy DROIDIEDREEE jo, £EL. s> 01 LTk, € (0,j01) %

(1.2) ksJi(ks) = sho(ks),  R(s) =k, U(t) = Jo(kst)
TIED,
(1.3) T@z—/§ﬁ¥ﬂlﬁ—k/1ﬁﬂ¥@@ﬁ

Y 5. BTORREERILERIEEIC X - TRIRT 5. RO) = T(0) = 0 L2 5.

EH 1.3 FEFMRABOMMEN ). K=0,N=2,D=1,a,>0,a+3>0&7F
5. s>0%560<T(s)<sTHH, RD=DD5b5 x5 —DHRRILT 5.

(1) a <T(B)DHTE, U=R(B) TH3. IETIHLPHREEZ ERZERLZL.
—RETNVEDATICE T 2 —BREAMUBIRIE W(t) = Ct TH 5.

(2) B<T(a) DEGE, U= R(a) TH3. ZOEEHIETHESPERAEEE
FHEES, ~RETFNVEOHATOIRE () =C(1 —t) TH 3.

(3) a>T(B) 22 B > T(a) DG, Raiiiz3 b, € (—2,2) B—RIFET S !

o (O (1)
(1.4) A e =0,

CZTu > 01, f8E L7 Robin S&FD S & TD hy(t) =1+ b(t — 1/2) D
FEEBERTH S, BIOERIEU = A\r(h,;a,8) THD, RACEEREK
F{Chy, - C >0} IT—HT 5.

;%@ﬁéfu,@Wﬂ%uﬂMHnmﬁgﬁifﬁﬁZﬁfﬁﬁb,Eﬁ@%DQ

535,
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R 14 (2 RE). K=0,1<N<2 0>0%k5

U,N,D;o,0) =k, ktan(kD/2) =0, 0<k<m/D.
RAEEEIZEQEREEICRS. TXRTD o > 0120 LTk Z ofbimz iR
T2, RILDFEMFN <2B3mRTH 5.

BORTEDfAL, LIROmREL, RRIBEEFX, JIEFMREDOMETE TS 5.
TFIREE &0 S EESLHERN R ICOWT, X B LW e R TE e Fik
LW, ZR0FHZ RIS IIEERE S, FRIEISRER 5 2 BB EREDR

FICELT.

2. BAKRY-EMERY M3 ¥ —RITEE

h=el=uwPd f=—plogw TH3I0H,

/ " N2
f,:—]?gy f’lz—pw——i—p(wQ) .
w w w
L7z T, EXRITDHMTIX
) s () w”
(2.1) Rlc}v = f"— N_1- P

p,w > 07/RDT, Ricjcv >KYuw'+rw<0@FEMETHZ. ZHITFESEZEDIE
MR [FMET & % .

JERERIZRISN S 2 SR AT 2 88 & ERERERE T & 2. Lu = u" — f'u/, T'(u) = (u')?,
Co(u) = (u”)? + f"(u)? & F4UL,

(Lu)2 N-1 " f/u/
N ~ N (“+Ahq
WERD— R T & v IFMIHRETE 2 DT, RN CD(K, N) A% & D[F
ELHES . X LEo@EE O —RnEAMRIIC X 2 BB FE B AFATRE N
5. 4, §4.1, I (4-4)] 2ZH N0, TTORELRTE TR T D B EIRIE R
ET 5. WRTHAZET VRS O, B LR ORI 5.

KD p = N -1 3HEEOETDHD, FITHEICHN 2 IFEREAN Z p-
Laplacian D58 & 138272 5.

Fo(u) — KT'(u) —

)%+mm?—waﬂ

3. EEAfT = ROBIN STURM—LIOUVILLE [H&E
FRUER S v € H'(0, D) IZDWT,

%mmy:A W dt + ah(0)u(0)0(0) + Bh(D)u(D)o(D),

D
mp(u, v) :/ uvh dt
0

CREDD. hiZar o XELEOEDHERREKIZ D TIEDORMEZFH, BEANZ
Sobolev / )L L EEE D / NV LIIEMETH 5. b L —XEBIEEKET, HY(0,D) —
L2(0,D)xa > 7 v Th 5. EHbIhmMUNE H TERTH D, 55a %
7 M, O L2IGR, L — 2R D & R/ MEBIEDME S5 5. Euler HEERI

—(hu') = Ahu, u'(0) = au(0), (D)= —pu(D)
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Thb. Fc,
D D
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0 0
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DIEEMEDS Z DT X =25 FETH D, NHEOIEMETEIZIED Dirichlet i
FoTHHERTE S, B2 LR (1.1) O—HDOLRERXDNED, ETADHFES 7 A
CEEND e oMTHNES . BREE RSO —RINC b < B, ZFFT. av8
27 Mg T A — R X FCHERREE [ WP RIEOR/MEZR TS, aWy,(0)P + W, (D)P
WERTH L. ERRBERIC X > TETAEREIEZ I ErHMZ o0 5. (F
BOEDETFNVZ —DHNIU > 0 DS, LIFEDFESEINC KD EH 1.2 DR
h DFRGFEHS T,

8. 24y, B SCHRODINGER TEFAIZEIC X 2 R

w.=w+ep, n=0¢/wBE, my(u,u) =1CIEFLT 2. BEMEEGELZMS S
5

81 h=p]| [0~ 202+ OO0 + FHDID)U(D)
=—p /D huu'n dt.

REDFXTIE (hun') = h((v/)? — M?) ZHV, SsEA ERICHR SN S, HE
A7 5 Robin B5UHZ BT 2 &, B0 RANBRNHRS.

HRHF QM2 IRE L T LEbRWD, FEEndHILT 2. BXZ a.,m.,
mh-Efﬁﬁiﬁ%E% {uj}jzl & L, u;y = u, B =d —xm/ ZB< .k %

\ - B'(u, u;)|?
2 — //_ 1 _2 /! _2 |—7]
(8.2) A= (a" = xm")(u, u) — 22 m’ (u, u) Z; W

ZIZTIEEED NI A=W h=phy, h=plp— 1> TH5. ZORNKZMH
B2 3EEAER EFEZMT T 5. 0D u FTFAOFRENE —m/ (u,uw) /2, u; F
EOERNE — B (u,u;)/(\; — ) 2 DT, ZhEHE—EHOMMATIUE X
V. TR Y ARY MZK B RATH DD, TBROWE S L INL L 7 Hifl
EHEIC & o TR IES LIS, B AT O/FSIE—RIE—ELR V. p=1
POAN=0R0IFETH 5.

HEEFESET NV TOFFEIND FEDZ ¢ + ko <0 Ziili/zT. HITET LD
F—EABERORKA 2 T ¢(x) = ¢(x) = 0 ERETHUL, Wronskian 2> 5 EHIT
n >0, HHITY <ODRES. IEFDOZDI S REFITHL, R (81)FBEEKRE. L
oo T DRI R KL e BE L, RSN m/MEEBES LRV, w=1,
N=2 D=a=p8=1, ¢=sin(nt)/n> DG, K (8.1) DI —0.1073464076
THD, kL7 AEIEDREEZ OEIICRS 5.

PHEETIE 2 = o/ Ju d?

d = A —plwfu)z— {0 =0, +(D)=

il d. BIZEGEEDETH 3D HBINELRD 5. Z AU Sturm LD
RiccatilTERTH 3. : D5 E2ZEZ S NV 7 FEICKAHOAEZ I EDLS720,
FORKSTEELZHEIEIZ IR EICKS. EXBTHMBIZED FY 7 M AER
MWH 72T, KD 3 HEIZE SR,
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BRI v = hY?u, a= (logh) /2 v BL. BEEMI T

_ d?
h”%—Lthﬁ::—Eﬁ—FM

V=d+ad =

Pk DR AR LM

v'(0) = (a +a(0))v(0),  V'(D)=—(8—a(D))v(D)
THY, FRZV < —K/2+p(p —2)(w'Jw)?/ADMES. ZHIE RV 7 O FIEHE
£S5 b oy Th D, HEHRRDEEL L DI T 5. Lo T, R7v
A NET R LT REZEL Z I3 TEXRW. Wronskian 12 X 2 EFZFEFHD /5
DL, BT 2R TS BED v, FEZE Neumann B D J{ (b E B
% Robin DikamICEDEFRAT LI HTERL.

9. FEXHFRRED fE 72 RE DAL

AHEHTED=1, K=0, N=2t73%. LEDPoTh <0Thbh, hEES=E
FINF—REBTH 2. EOBRBELIHEATHZABEICE X2 2 12138 RE&E0
BN ER DT, MROFEGRZ B LW,

RE 9.1 (MAET V). s > 011K L, BEt, BRERSEM (tu/)(0) =0, HHEARE

fFu' (1) = —su(l) ZHORTEDIED S —EH BRI & EHHEE, K (1.2) DU, R(s) T
H5BH. a,B>07156

2w 4

(f?_[ﬂ_mﬂ+p@—®<202
4 2 w/)

R

Ar(t+0;a,8) — R(B), 010
SHRFTOEMAMIFEL,

d a—"T(P)
(9.1) M@+,m@0+ T a

dd
b,

AERA. IERNRER AR U + U+ MU =0, UWO) =1, U'(0) =0TdhHDH,
fE (V) TH 3. REPIOFLICERET 2RO T, BRIELR -U/(1)/U(1) &
ANIZBI L TR S 5. R, AR Wronskian #7355 &, ZOWTIX
[JtU%dt/U(1)? >0 &%, ZOEKREIED» LERKETENT 20T, k O—&
YL U, OIEMEMENINES . D, H25W0IE [tU2((v/Us))? > 0 2w EFERIC
EoT, HBEHHEOESNREMIbEONS. FBTOHRIHIXIEAS. £38
SR oI U TEERZRL, MUK > TURTHV R EAMNE 2 LF —F
FExH5.

IEDFHE—EARBEE us(0) =1 L IEHLL, EHEEE N\ & EL . EEEBRBELC
EoT, PEVIIIINTZ N E—HERTHZ. HFELLZESITI L

ity = 22 M(A@+@W@m&

T t+0 t+0

EMEPED & us(t) < 1+adlog(l+1/6) £725. LIdioT |[uh(t)] < ad/(t+06) + Ct
DI—kk72 C CTHOLT 5. FIRREEGE E BOTEOFERDL S, EEDOERDHIMmIR I
4 Robin &2 £ O ERIENIREMETH 5. ZOMRIZIFATH D, WEEI3GRT
BERIAUSIEEMICBL BoTU0) = LIKFET 5. ko T—BRIFMRU; THD,
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RHIP—RRCRS 5. BRIt > 0 THRANCRL, Loz 5 L2(0,1) THICR
5. RHUTEEEMDIMIRICHE 5.
§ > 0T Rayleigh B2 M3 % &
v o () = Asud) dt + aus(0)° + Bus(1)?
’ It + 0)u2 dt '
—RRICR e HYIRIZ K D 2O idiRz+i>. U = —-U'/t — R(B)U ZHwvwh
X, 7T OMRIE

1 /
a—l—/ UtU dt = a —T(5)
0

THY, TEOMRIZETH 2. FToHlM L FEOEHIC X - TK (9.1) 1315
Lbb. O

i 9.2 (BIMEDEF). TXNTD s> 01X L0<T(s) < s HBRRILT 5.

AERA. X = R(s), A(t) = —U.(t)/(tU(t)) £ BL. BRSO tA = \-24+12A2
#2185, IERIEBIX A(t) = M2+ 222 /16+O(t*) 2D T, BEOLHETA >0TH 5.
(0,1) NIZ A’ DEAIDBRDHIUL, HERXEZMD L TEDORT A" =242 >0 7R
5. CNRIEDEDPORAIOBRICEET 2L RXFETS. LkBoTt<1T
At) < A)=s¥27%%. 0<U, <1H»2(0,1]T-U >0TH225, 0<T(s) =
[L AU dt < s HFES . O

0

B 19D, EH1.21CKD, hy=1+b(t—1/2), -2 <b< 2OV THRAIL
TV, fEILIC K-> THEAEMEIXD =2, 2 FTHERLERTE, ZZ TOfEI
ZNENR(B), R(a) THB. AT X=X XH L CTRAMEDTFET 5.

¥3a<TB) eREL, U=Us RAERDIED—RKEE h(t) = a+ ct \TH T 2
BREEBIC IV B, WERD h IS 28T e B0 5

(9-2) an(U,U) = R(B)ma(U,U) = afa = T(F)] <0

Y35, ZZTa=h(0)>0,U(0)=1Th3. LEP>TINTDOED—REED
EHMEE R(B) AN THS. a<T(B) RoPRBEAFRXELS. BEa=T(8)>0T
HFEMPEZ 5725, Rayleigh R OFSRMITID U BLEHHRSEN U'(0) = aU(0)
i3I THS. LHrLU(0)=0, UO)=12DTHRARETH 5. MFREE ¢
WFETNVROAET ERZZER T 5. RIZIC K o TH 5~/ DR D5E B[RRI
Fohsd. PHIOWHRET MK LTS, AU E 72132 ORI &
ZRPEF L D, FRRCERAET 222w, /#2003, ZODNMHE
BOERLDOLRNZ DTN 5.

Ba5aE, X (9.1) e KEIC KD, Wi S PFIAEI K M e ITIEL k5.
L7 o TRAEEND b, TERS LS. by IZDWTOHITE

03) dr(h) _ 1N ?bug/hb dt.

db Jy houd dt

FEE, ((t—1/2)/hy) = 1/h2 2K (8.1) IKRATIUZ K. Lzds o TSRS
FR (1.4) 2727

WSRO S b, ZEUD, u=1u,, M\ = Ag(h,) T 5. —REE EOEN
B F(h) = ap(u, w) — Nemy (u,w) W&, FEIETERICED b, TEERD, FEEMAF
WKEDt—1/2TdHLRS. ZOZODBBIE—REHEEKEZIRSZDT, TXXTOD
—RhIZDOWT F(h) =0¥7%%. Rayleigh [FHI2 5 A\g(h) <\, TH 2. Rixs"
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DDIED—RIZIRTES I Z UL, HEOE—EHREE v 2’ =>dD ODE % /-
3. ErEB L
hy  hy\ o,
<h1 h2> u = 0.

HWIZHAI L 2 0W—REETIFEIANEZE 2 THETRVDT, wldE@leizoT
AN >0WCFETD. LizDo THFSIE—ET, M—o—XEXLFIRe 5. &
‘iz, EM123IE—REBEIZOWTHEETHS. Y EITkD, w7 BT
2 RESH v IEERD FRDEFAE 7. O

10. XFE, 85 X — ZARFENE, MR

a= =020, EBEEDOHE—EHREE u IR TH 5. X (9.3)1&b=0T
B30T, AiffiOFEHD S N = 2 TO—ER—XEAMUERIME LN 5. EED
IEDOMZERE A2 LT, MLOREHD 5. v(t) = cos(k(t—D/2)), ktan(kD/2) = o
LB BBAETITED

D D/2
an(v,v) — k*my,(v,v) = —/0 hov' dt = —/0 (W (t) — W'(D —t)]u(t)v'(t) dt < 0.

HMEDHEIMN O EZ2 5 2, EX0TEY >0TH 3. E—FHAEMEOESHALT
0T R I T 2EEERER T DS, ERHEBEOHTEREDELS VY =0
YD, hiZERTHS. 1< N<2»2uw' <015

W' = pwP? (ww” + (p — 1)(w')?) <0

BDT, R1.4¥ZDESHIHIEAXNT.

[EE LIZIETHE SR I L, 0= Ag(h;o,0) 13 [0, 00) THERME D DR M
TH5. HFME, REWRBOE—EAERBE /NS WVEREOERITKRALTES
N5, WAREDSIERDOTHREL 2 5. KRB OB 0o IZOWT—RXTH 57D,
ZDORRIEMTHZ. MEDKTESIMD LT > DRBUH @ D5 —[EH R
BHOBTFET 5. Robin FZHFDEZIS i fENEF L D, I HIEEKIFELZ-
TODED—EMICFETS. Lo THHREMTHS. BTOMELWMTIZ

_ B d . ~ h(0) +h(D)
Ar(h;0,0) =0, dg/\R(h’O’ o) ) = fOD P

o — oo TlE— Dirichlet B G ENHFFIEM T 5. FZFE, Dirichlet sRBREI L2 L5
5z 5. IEF{E L7z Robin 5 —[EHREBUIT H T—HERLRD, mREIZEIC
RS 5. EayRIE H B L, BEAMNEZ /LA —T, ZxLX—13EEHE
DRERRLLR £ 72 5. Dirichlet 27 HE» S OAERIG LN 5.

Z1ADEPNERU T, ETAN o LSRR VWOTRUMENE D D, BR
Nz

U= _ 7 06D 0 U™
—5—?4— (U ) (U\L ), —>E (J—)OO)

RN ktan(kD/2) = kD /2 + k*D?/24+ O(K°D%) ZHA LTI 5N 5. JTLO TR
AMFERD o IZOWTEFNZETHD, MTHMTDH 205, IR\ TITRW.
o— oo DR DBEFETH 5. ZAUIEEZEED Dirichlet MRfR & 135872 D, TR &M
RoOscHaz TR L TWA DI TR,
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11. BIRIE T & BRI
ERETNVLDO—ROE—FEGE L2 13,
(afB — k*)sin(kD) + k(o + 8) cos(kD) = 0

DIEDEHREFEICHIE ST 2RO TH 5. a+ 8> 0746, HERXIT L ZHIT 7R
WIEARNCHEN S k=0 ZEAHEE LTHA TR SR,

N=2, K=0, b#£0DHEIEr(t) = h(t)/b], e =sgn(b) £BL. EF LRI
AJy(kr(t)) + BYy(kr(t)) TH D, Yo I3HFHERY 7255 — Bessel (R TH 5. Robin 5%
S KN 1FNR

dot <ekJ6(/€r(O)) — aJo(kr(0)) ekYy(kr(0)) — aYb(kr(O))) _ 0
ek Jy(kr(1)) + BJo(kr(1))  ekYg(kr(1)) + BYo(kr(1)) '
EEBIRDIE L 72 2R 2, X (14) e AGDE 5. NEREETIZER 1.3 H3fE
@#E@%ﬁﬁ?é BAEANCIE b = 0 DL CRIEZSBSTIERO T NEET 5.
=1 THYVONBELBEESEHVWS &, ROEZIG2 GERITTALD ).

(o, B) T(B) b, F 72 IEHEER Db U

(1,1) |0.65190230 0 1.70705298
(0.2,3) | 1.10500615 2 3.19929448
(1,2) |0.94664167 |  1.95688709 | 2.55911255
(0.8,1) | 0.65190230 |  1.38602265 | 1.59771090
(0,2) | 0.94664167 2 2.55823776
(4,0.1) | 0.09520110 —2 3.64076467

b=2DTIE LR2 52 2MWETH Y, EOFEETORKMETIZRV. (1,2) OW
B RME Y R(2) = 2.55823776 Db T hkEE, FROET N EHRET VT %
L THEORKEZIRA SNV EZRL TV,

12. Bl & AR E D E

E®@*%G%TWN@F@ﬁﬁﬁ}C—ON—2lI—lﬁﬂﬁE@MﬂZmﬁ

BIZHBAL LRV, B2 23ZMORME D NEDD 5 T L ZRE D . —RETIVIE
%tty¢ifﬁﬁﬁéz,ﬁﬁf®ﬁﬁﬁwR@)>Of—ﬁ?éuﬁﬁwyeﬂw:
DWTZDDE—FEHEAER a;(v,v) > R(o)mi(v,v), a;_+(v,v) > R(o)my_(v,v)
PR D 370, FEE KB Z DD DIFERIREATH 2005, ZORD R(o) L
ks, HEANDELIT ZOMEIGED K DT,

111r>1£ Ar(h;0,0) = R(0) > 0, }ILI;% Ar(h;o,0) =0.
h'=0 h"SO

TERERE I & 5 ERROITHIR S 4820, EE®N>2%IﬁL,muLf

ho(t)=(t+e)N T35, ZHUICD(0,N) DHRFESEETHD,
he(0) + he(1)

Jo he

L7e3oT, 0 =0TCTOBEMNIERFELEDLGEZ LR, £3t0/hEwve Z2[HE
EL, K o méma>o%mmmﬁwzmé FRCIRARDIEN =3, o =1
DBETHS. t+e W XBHEBETRT Vo v VIEE, ERBIT1+1/:, Gtk

Bix1-1/(1+¢) 5. %@lﬁ@meMdmﬁL MO OB 1.70705298
LD RZFV.

— N > 2.
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O FRTHRFMHFK =02 K <0150 5 &, 3TN =2 Th(t) = cosh(a(t—
1/2)), K = —a? 253 &N 5. ZD/NEWV o TOWDMF acoth(a/2) >2 873D, i
DEBETNZ LS. WD Robin fREDER S, TRNTOEENE—EHES
DE/MUEETHORAEEETH DD, EEOMITEIINKIL LW, D Robin 75X
IR, EREBREBOBRRFSOMPAL RIGECIEFAkEZ b3, %
T2kt 8 1 —t BB LZIED 7 S ADITH D, TD 7 5 A TEM I N7
HEPFERZ LIZED TH 3.

13. FeAThHoE & D Lhig & Frii kR
B ORMEHIX 2026 F9 H 10 HTH 5. MEKFEIX “Robin Bakry-Emery sharp

eigenvalue”, “Robin curvature-dimension”, “Robin concave density maximization”,
“Robin affine density” DIEh, JENFRIRE AN & KB DR, % Bakry-Emery
HiR e EHEEZ S A, 2025 F L 2026 £ HHIBMKR L. MRTHEOPLZRNWI L
BAFEDIHTIZ RV, LR TEEBRCHA LB 0EERR, 7722AD
RELBHEHEL T 5.

ART MILF vy T ERFR1L.:

Bakry-Qian [1], Kroger [2], Chen-Wang [3] {ZFEESHHIZ AT FLF ¥ v TLEER
DFABENRTH 5. g DFERT statement [ TS EHIFTE o 72728, EH
FHERBERHNZ 2 22 58 L TWwiRw. Cavalletti-Mondino [4, Theorem 4.4,
Corollary 4.7) IZAX ZHER L7z, FHFED AT FUF ¥ v 7 & BRI O M1
THDH, ARRDH— Robin FEHHEO @ L ZRR 5. F#HXD N IFERITT, &
JERMFDFER /(N — 1) 3ARRE —HT 5.

Robin BB B #EMFRILLE.:

Savo [5, Theorem 1, §4.1] \ZphE, BRI, NEEEZ W28 Robin R
2R 5. ETUERZ N -1 e XsZE 5 &, ZDZEMEOME F X —
ZIIARRD K/(N — 1) IZWEs 5. 2 OHEAHENIARFEO FREOMBEICIE R .
Shouman [6] DAFH abstract I b EEFR DM SRMADH 5. TRLEFH EHIR - MR
RICDIEMELFFNIIIG T E T, EHESIIRERTDH 5.

BEATE IR AR ML RO R

Li-Wang [7, Theorem 1.1] THW 7 ¥ Y i Ric+V2f THDH, KTV ZIIX
N = co IZXIET 5. MHIE Neumann A7 V¥ ¥ v 7 TH 5. Ramos Olivé-
Seto-Tuerkoen [8, Theorem 1.3] l&3@ % @ Ricci HIZRDFE AR & JEZ Neumann
EAEMHEZIS. 202644 HD Liu [9] 1385 m-Bakry Emery B3R ¥ B A & Reilly
e HW5a. HRMEOD abstract & FFSFHRO ARG T X, FFMRIERSEEE m O
PNIRMERTD 5.

2025-2026 FDIEXTS « EAdE Robin RiE(L.:
Schneider—Schneiderova—Zhang [10, §1, Theorem 3] I% 2026 4F 6 HKETIR L L 7=
23, BADIZNMEBIEHROEBIHICA 2 FF5 2 LR R Bt § 5. Della Pietra—di
Blasio-Riey [11, §1, §3] &, FRICZ D152 EAZEREIHICE . Ahrami-El Allali-
Ounejma [12, §1] FIREIL —u” = \wu DEHELZHKS . WIFhd ¥ —--§H
& - BRI CEER A ARRD —h (') LI3RZ 5.
FALEEZBAWVWSROEOER.:

Chen—Wang—Zhu [13, Theorems 1.3, 1.5] ® 2026 4 8 AfkIZ, [REE L 7=BhE050™N
HED b & T Buclid 22 & W22/ Oz foi(t 3 5. AR TIRXE L RS Z2[E
FEL, ARXITHERO RRO D & THEEZHHNT. 2026 4FE 8 HD Do-Trong-Truong
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(14, §1.1-1.2] 1F, AHEERE & HFEE ORI OX SRR Z FV, HEEER D I E A
RN, Z ORFERENEMENT D & AR OIENFEEDE 5 2 DI T,
BRERC COFHE. & EVEEAIDEERE, €7V ODE H#, Rayleigh R, H
MEEMEDZESr, ERIEE Bessel B TH 2. 5 HIEOFRMEZFRL 2V, B
KB, (1) IED CD(K, N) XEE2RD FRZHEH 3 2 & & B
BRABEERX, (1)CD(0,2) DIENFMERDTERLGE DT, FICHEME T £3X (1.4)
TREZ—BRIED—XEKILEETH 5. MR L - statement 121X Z DESRFS
WRERET DHERIZEON SR o7 L2 LEHVIRXDAL D E R T &
J, RE[DTEETIIRVOT, RT3 2 HEE R HHED FRIZTE R0,
L7285 TERROFMIIFERIICIFFABES , FRIEIIKRERTH 5. AR
KRR TH D, "NREFEMEZIRIET 2 DD TIEZRW.

14. FERAE AERH AT 2 38 & BHTE

TED FIRFIEITER 1.1 TR L TE Y, RFEROF FHE L TiTwiRwy., FREH
POEEET BHRE LT, N > 21282 —REABDOEDFTERRIGEDTT, K #0
TOMRETND T X — & RiHl, EO—RREE FTFROb e TOK (7.3) DE
BWIRAEDS D 5. —ROIERL S iz AR 3 2 — R E T AR TIEFERA
Lwv, IEFEDO NRMEZE2121E, Win e NGO E &L ofil#EliZz ¥, IR % EER
WHIR T 2IREDBETH D, KEDIEFEZITIER T TH .

UMY Python 7 7 4 JLi& NumPy, SciPy, SymPy 2fiH 3 2. Ei735 &, AR
T EEES — FOERLEHER, BIb7 X b, Bessel B, M7 058 &l
b, EEEIHEEINS. JSON HNIQEREDOANN—Y a vy o — RHElidh
5. BERRLLDIX, SFEFICBIHRL 81 BEROBREMFTHD, IXRTOD
EETIERW., BERICEIEE SNz ansart 7 L — FR2HEHL, RIZERD title
¥ metadata ZBIE L T#E &% chatGPT 6 Astra & L7-. HAEEIX LuaLaTeX THL
H3 2. LFOSE T EGER e HARGERCTHETH 5.
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