RC-POSITIVITY OF INDUCED SYMMETRIC POWERS
AND POSITIVE MEAN CURVATURE
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ABSTRACT. For a fixed smooth Hermitian holomorphic vector bundle, we char-
acterize RC-positivity of an induced symmetric power of degree at least two by
positive Chern mean curvature for a suitable background Hermitian metric. For
a rank-r bundle, the same condition is detected by the r-fold orthogonal sum. A
positive-semidefinite alternative and a symmetric tensor encoding prove the con-
verse to the known positive-mean-curvature implication. We realize the sharpness
of the number of copies on Opr(k)®": its prescribed metric has RC-positive sums
of fewer than r copies, but the r-fold sum and every induced symmetric power of
degree at least two fail at a point. The bundles also admit other Griffiths-positive
metrics. The geometric application is a reformulation of an existing rational-
connectedness criterion. Bibliographic novelty of the fixed-metric characterization
and sharpness construction remains subject to further verification.

This note was generated by ChatGPT 6. Iwai has NOT verified any of its math-
ematical content. It may therefore contain mathematical errors and should be read
with caution. A Japanese version is provided below.

1. INTRODUCTION

The curvature of a tensor power is a sum of curvature operators. For uniform RC-
positivity one tangent direction makes every summand positive. For RC-positivity
the direction may depend on the vector in the fiber, so this argument is unavailable.
This note identifies exactly the additional condition needed for an induced symmetric
or tensor power to remain RC-positive. Throughout, the metric on the original
bundle is fixed.

Yang proved that positive mean curvature implies RC-positivity of induced tensor
and exterior powers [Yan18, Theorem 3.6]. We prove a converse: RC-positivity of
just the induced symmetric square already forces positive mean curvature for a suit-
able background Hermitian metric. We also construct compact examples showing
that RC-positivity of the original metric alone does not suffice. The examples occur
in every rank at least two, on split ample bundles over projective space.

Write hgymm for the restriction of h®™ to the parallel symmetric subbundle
Sym™E C E®™. Write h®¢ for the orthogonal sum metric, and K, = tr, R"
for the Chern mean curvature endomorphism. The background metric v and the
bundle metric h are independent.
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Theorem 1.1 (Detection by a symmetric power). Let X be a smooth compact
complex manifold of positive dimension, and let (E,h) be a smooth Hermitian holo-
morphic vector bundle of rank r > 1. The following conditions are equivalent.

(1) (Sym™ E, hsymm) is RC-positive for some m > 2.

(2) (E®™ h®™) is RC-positive for some m > 2.

(3) (E®",h®") is RC-positive.

(4) There is a smooth Hermitian metric v on X such that K., > 0 everywhere.
If these conditions hold, all positive tensor powers, all positive symmetric powers,
all nonzero exterior powers, and every finite orthogonal sum of copies of (E,h) are
RC-positive with their induced metrics. The equivalence also holds at each individual
point, with condition (4) replaced by the existence of a positive definite contravariant
Hermitian form at that point.

The implication from (4) to tensor and exterior powers is the cited result of Yang.
The reverse implication uses a specific symmetric tensor that records an arbitrary
positive semidefinite endomorphism of the fiber. Convex separation then produces a
common weighted trace, rather than a common tangent direction. The construction
of ~v uses a partition of unity on inverse metrics; it does not require a globally chosen
tangent vector field. It does not assert that v is Kéhler.

Theorem 1.2 (Sharpness on a compact projective base). For each integer r > 2,
there are an integer k > 0 and a smooth Hermitian metric h on

E = Opr (k)®"
with the following properties.
(1) (E®1,h%7) is RC-positive everywhere for 1 < q <r.
(2) At a point p, (E®",h®") is not RC-positive. For every m > 2, neither
(Sym™ E, hsym m) nor (E®™, h®™) is RC-positive at p.
(3) The curvature of (det E,det h) is negative definite at p. In particular no
background Hermitian metric has K., > 0 everywhere.

The underlying bundle E also admits a different Griffiths-positive metric. Thus these
are obstructions for the specified induced metrics, not obstructions to the existence
of other positive metrics on the bundles.

Li-Zhang—Zhang [LZZ, Proposition 3.6] already place positive mean curvature
between uniform RC-positivity and RC-positivity. Their Theorems 1.4 and 1.7 con-
cern existence of bundle metrics and rational connectedness. Wu'’s subsequent work
[Wu25, Theorem 3], [Wu26, Theorem 7] constructs metrics from uniform weak RC-
positivity. Our claims retain the initial metric h and test its induced powers. They
do not settle the existence questions about weak RC-positivity.

The proof and compact realization below are complete within the stated smooth
setting. We have not located their precise statements in the sources examined,
including the above 2025-2026 preprints. Their bibliographic status is POTENTIALLY
NEW, not a claim of established priority. The application to rational connectedness
in Section 5 is explicitly a corollary of existing geometric criteria.
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2. CURVATURE CONVENTIONS AND THE SCOPE OF THE PROBLEM

We use the Chern connection. In a holomorphic frame, write the squared norm
of a column vector a as a*Ha. Our curvature convention is

(2.1) R =—0;(H'0;H),  R'uu)=)> u'wRp
12

Thus a line metric e~ has curvature coefficients 9;0;¢, and Opn (1) with its Fubini-
Study metric is positive. We abbreviate

R"(u,,a,a) = a*HR"(u,)a.
This expression is real. For a background metric 7, the contraction K, j is equiva-

lently > R"(ej,€;) in a y-orthonormal tangent frame.
At each point, RC-positivity means

(2.2) Ya#03u#0: R"'(u,a,a,a)>0.
Uniform RC-positivity means
(2.3) Ju#0Va#0: R'(u,d,a,a)>0.

These are Yang’s Definitions 2.2 and 2.6 in [Yan20], using the numbering of arXiv v2.
Replacing > by > specifies the semipositive variants used here. Uniform RC-quasi-
positivity means uniform RC-semipositivity everywhere and uniform RC-positivity
at at least one point, as in Definition 1.1 of that version. No quasi-positive RC
hypothesis is used in Theorems 1.1 and 1.2.

On a compact base, a fixed background metric and a fixed uniformly RC-positive
bundle metric give a positive lower bound after normalizing both vectors. This is
already [Yan20, Proposition 2.9]; it is not an additional result of this note. It also
does not produce a smooth nonvanishing tangent vector field.

For a Hermitian tangent metric w, our normalizations are

_ R“(v,0,v,0) R (u,u,v,0)

(2.4) H,(v) = ) By (u,v) = |2 [v]2

ol
Here BSC means precisely holomorphic bisectional curvature B. Orthogonal BSC
restricts this expression to v L wv. Real bisectional curvature instead contracts
> ; Rijjaia; with a; > 0, divided by >, aZ, in a unitary frame. We never identify
these conditions. For Kéhler metrics the Chern and Levi-Civita connections agree
on the holomorphic tangent bundle; none of that symmetry is used for a general
bundle below.

Quasi-positive HSC means H > 0 everywhere and H > 0 in every nonzero tan-
gent direction at one point. Quasi-negative HSC is the corresponding all-directions
condition with signs reversed. Positivity or negativity in just one direction at one
point is weaker. For example, a positive-curvature curve times a flat torus has some
positive directions but never positive HSC in all directions at a point.

The initial literature check rules out presenting several neighboring statements as
new. Quasi-positive Kéhler HSC implies rational connectedness by Zhang-Zhang
[ZZ, Theorem 1.5]; their criterion in fact uses the absence of nonzero truly flat
vectors at one point. Matsumura [Mat, Theorem 1.1 and Remark 1.2] gives a locally
constant rationally connected fibration over a finite étale quotient of a torus in the
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compact Kahler semipositive setting. On the negative side, Wu—Yau’s projective
result [WY, Theorem 2], the Kéhler extension of Tosatti-Yang [TY, Theorem 1.1
and Corollary 1.2], and Diverio—Trapani’s quasi-negative theorem [DT, Theorem
1.2] already address the corresponding positivity of the canonical bundle. These
results motivate our restriction to the behavior of induced bundle metrics; they are
not inputs to the proofs below.

3. POSITIVE CONTRACTIONS AND SYMMETRIC TENSORS

Fix a point and put V = THX W = E,. Fix inner products for normalization. A
positive semidefinite contravariant Hermitian tensor B = | ; bju; ®u;, with b; > 0,
determines

(3.1) R(B) =Y b;R"(uj, 1;) € Herm(WW).

This is an intrinsic linear contraction. In particular it is independent of the displayed
decomposition. Every B > 0 is the inverse of a Hermitian metric on V.

Lemma 3.1 (A positive-semidefinite alternative). Ezactly one of the following holds:
(1) there is B > 0 with R(B) > 0;
(2) there is 0 # p > 0 in Herm(W) such that

(3.2) tr(pR"(u,w)) <0  for every u € V.

Proof. First, existence of B > 0 with R(B) > 0 is equivalent to (1): replace B by
B + el for sufficiently small € > 0. Let
C={R(B):B>0, trB=1}.

It is a compact convex subset of the real vector space Herm (W) with inner product
tr(AB). Suppose (1) fails. For € > 0, the closed convex set D, = elyy +{P : P > 0}
is disjoint from C'. A pair ¢, € C, d. € D, of minimum distance exists, and Z, =
de — c. # 0. The first variation of squared distance gives

(Zeyc—ce) <0, (Zeyd—d) >0 (ceC, deD,).
Taking d = d. + tP shows Z. > 0. Taking d = ely then shows
(Zeyc) <{Ze,d) — |Z)* < etr Z..
Normalize p. = Z./tr Z. and take a convergent subsequence as € | 0. Its limit p
is positive semidefinite, has trace one, and satisfies tr(pc) < 0 for every ¢ € C.
Since R"(u,u) € C for unit u, this proves (2). Finally (1) and (2) cannot coexist:
contraction with the positive tensor B in (1) would give tr(pR(B)) < 0, whereas

a nonzero positive semidefinite matrix paired with a positive definite matrix has
positive trace. O

For a Hermitian endomorphism A of W, write

Alml — ZI‘%(V—U QAR [I%(m—”).

v=1

This is the infinitesimal tensor action, not the tensor product A®™.
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Lemma 3.2 (Encoding a positive matrix). Let m > 2 and let p > 0 have trace one.
Choose an orthonormal eigenbasis with pe; = \je;, and put

(3.3) Spm = Z VA €5 € Sym™ W.
j=1

Then |s,m| =1 and, for every Hermitian A,

(3.4) (A[m]spvm, Spm) = mtr(pA).

Proof. The tensors e;&m are orthonormal. In a cross term with indices i # j, each

of the m summands of A" leaves m — 1 > 1 slots unchanged, and one such slot
contributes (e;, e;) = 0. The diagonal term with index j is m(Ae;, e;). Multiplication
by A; and summation give (3.4). The disappearance of these cross terms is precisely
why the argument requires m > 2. 0

Proof of Theorem 1.1. Work first at one point. Curvature of the tensor connection
is

(3.5) R*" (u, 1) = (R"(u,m))"™.

The symmetrizing orthogonal projection commutes with this connection. Thus its
image is parallel and the curvature of Sym™ F is the restriction of (3.5); its second
fundamental form vanishes. This also proves that (2) implies (1), without invoking
the false assertion that arbitrary subbundles inherit RC-positivity.

If (1) holds and there is no positive contraction, apply Lemma 3.1 and normalize
trp = 1. Lemmas 3.2 and (3.5) give

Rhsym,m (uy ﬂ) Sp,mv §p7m> =m tr<pRh(u7 ﬂ)) S 0

for all u. This contradicts RC-positivity, proving (1) implies (4) pointwise.
For a tuple a = (a4, ..., qa,) in an orthogonal sum, the corresponding curvature is
q

R""(u,,a,a) = Y (R"(u,w)a,, a,)
(3.6) =1 .

= tr(pa R"(u, w)), Pa = Z a,a;,.
v=1

Every positive semidefinite matrix on W is p, for a tuple of length r, by spec-
tral decomposition. Consequently (3) and the nonexistence of obstruction (2) of
Lemma 3.1 are equivalent. This proves (3) is equivalent to (4) pointwise.

Conversely suppose K = R(B) > 0. Its induced infinitesimal action on W&™ ig
positive definite: in an eigenbasis of K its eigenvalues are sums of m positive eigen-
values. The restrictions to symmetric and exterior powers are also positive. On
an orthogonal sum of copies it is block diagonal with block K. For every nonzero
vector in any of these spaces, its positive pairing with the induced K is a positive
weighted sum of directional curvature pairings. At least one of those directional pair-
ings is positive. This proves the remaining implications and all asserted functorial
conclusions.

Finally, at every z choose a positive tensor B, with R,(B,) > 0. Extend B,
smoothly near z using a tangent frame. Both inequalities persist after shrinking the
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neighborhood. Take a finite cover U, and a subordinate smooth partition of unity
Xa- The contravariant tensor
B=)_ XaBa

is positive definite, and R(B) = >__ XaR(Ba) > 0. Let v be its inverse. There are
no derivatives of x, in this curvature contraction: h has not been changed. Thus
K., > 0 globally, as required. 0

4. COMPACT REALIZATION AND THE SHARP NUMBER OF COPIES

4.1. The local model. Let r > 2, identify both the tangent space and the fiber
with C", and fix 0 <t < 1/r. Consider

(4.1) Ri(u, @) = tjul*I, — uu*.

For a tuple a = (ay,...,a,) with Y |a,|> =1, put D =3 a,a’. Then

(4.2) max » (Ri(u,@)ay,,a,) =t — Apin(D).

ul=1
v=1

If ¢ < r, the matrix D has a nonzero kernel, so this maximum is exactly t > 0. In
contrast, the tuple a; = e;/y/r, 1 < j <r, has D = I,/r and gives

r

(4.3) > (Ri(u,w)aj,a;) = (t—1/r)|ul> <0 (u+0).

=1
For each m > 2, the unit symmetric tensor s,, = r~/2 ; e;@m satisfies
(4.4) (Ry(u, @)™ s,,, 5,,) = m(t — 1/7)|ul* < 0.
Moreover,
(4.5) tr Ry(u, @) = (rt — 1)|ul? < 0.

Thus this model separates RC-positivity from positive mean curvature, even though
all sums of fewer than r copies are RC-positive.
It is a genuine Chern curvature model. On a neighborhood of 0 € C” put

(4.6) Ho(z) = I, — t|z]* I, + z2*.

The eigenvalues are 1 — ¢|z|? on z* and 1 + (1 — t)|2|? along z; hence Hy > 0 for
t|z|> < 1. At zero, Hy = I, and 0Hy = 0. Formula (2.1) therefore gives

RZ°(0) = tdy;1, — Ey,

where E;; is the elementary matrix, proving (4.1). The minimum over unit tuples of
length » — 1 of the maximum over unit u is ¢ at zero. Continuity of this minimum-—
maximum, on compact unit spheres in a local trivialization, implies that HSB =1 g
RC-positive throughout a sufficiently small neighborhood. This is a local openness

argument, not a conclusion drawn from numerical samples.
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4.2. Preserving a local metric inside a positive global twist. We record the
precise globalization needed here.

Lemma 4.1 (Globalization on projective space). Let Hy be a smooth positive matriz
metric on a trivial rank-r bundle near p € P". Suppose HSBq is RC-positive near
p, for a fited ¢ > 1. There exist k > 0 and a metric h on Opn(k)®" such that
h®4 4s RC-positive everywhere, and the curvature of h agrees with that of Hy on a
neighborhood of p, under the local identification.

Proof. Take affine coordinates z centered at p and put ¢(z) = log(1 + |2|?). Choose
0 <a<b<c< dsosmall that Hy is defined and H;? is RC-positive on a
neighborhood of {¢ < d}. Choose a smooth nondecreasing function n with n = 0 on
(—o0,a], n > 0 on (a,00), and n = 1 on [b,00). Choose the constant of integration
so that f' = n and f(s) = s for s > b. Thus f is smooth and convex. Replacing
the local Fubini-Study line metric e~ by e=/(#) defines a global metric h4 on O(1),
because it is unchanged outside a relatively compact subset of the chart. Writing
forms as their Hermitian coefficient tensors, its curvature is

(4.7) B = f(¢)wrs + () 0p ® 9.
It is semipositive everywhere, zero where ¢ < a, and equal to wpg where ¢ > b and
outside the chart.

Choose a smooth cutoff 0 < y < 1 equal to one for ¢ < ¢ and zero on a neighbor-
hood of {¢ > d}. The matrix metric

G=1I+x(Hy—I,)

extends by I, to the trivial bundle on P" and is positive, since it is a convex com-
bination of positive matrices. Set h = h%G. Tensoring with a line bundle gives the
exact formula

(4.8) R'"(u,u) = R (u,n) + kB(u, 0)I,.

On {¢ < ¢}, the first term is the curvature of Hy. For every nonzero g-tuple its
RC-positive direction remains positive after the semipositive scalar addition.

On the compact complement of {¢ < ¢}, we have = wgs. Smoothness gives a
finite C' > 0 such that

(RE(u, Wv,v)e = —Clulis|vl?

there. Choose an integer k& > C. Formula (4.8) makes h Griffiths-positive on that
complement, so its orthogonal ¢-fold sum is RC-positive there as well. Near p, the
line metric is constant and G = Hy, hence its added curvature is zero. This proves
all claims. 0

Proof of Theorem 1.2. Take n = r, t = 1/(2r) and the metric (4.6). Apply
Lemma 4.1 with ¢ = r — 1. RC-positivity of the (r — 1)-fold sum implies that of
every shorter orthogonal sum, by padding a tuple with zero vectors and using (3.6).
At p the curvature is still R;. Equations (4.3)—(4.5) give all failures asserted in (2)
and the negative determinant curvature in (3). For any positive definite background

contraction B at p,
tr Ry(B) = (rt —1)tr B < 0,
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so R¢(B) cannot be positive definite. Finally the direct sum of r copies of the usual
Fubini-Study metric on O(k) is a different Griffiths-positive metric on E. 0

The integer r in Theorem 1.1(3) is therefore sharp as a bound valid for every base
dimension and rank. We do not claim that it is the smallest possible bound for each
separately fixed pair (dim X, r). Already at r = 2 the example shows that taking
two identical RC-positive Hermitian bundles need not preserve RC-positivity with
the sum metric. The failure of the tensor square follows from an explicit symmetric
vector, not from a test on decomposable tensors alone.

5. GEOMETRIC CONSEQUENCES AND BOUNDARY CASES
5.1. A reformulation of a known rational-connectedness criterion.

Corollary 5.1. For a smooth connected compact Kdhler manifold X of positive
dimension, the following conditions are equivalent:
(1) X is projective and rationally connected;
(2) there is a smooth Hermitian metric h on Tx for which (Sym® T, hsym,2) 1S
RC-positive;
(3) there is a smooth Hermitian metric h on Tx for which every positive induced
tensor power is RC-positive.

Proof. By Li-Zhang—Zhang [LZZ, Theorem 1.7], condition (1) is equivalent to the
existence of Hermitian metrics v, h with K, > 0. Theorem 1.1 identifies this with
(2) and (3). The forward geometric implication from positive mean curvature is also
Yang’s [Yan18, Corollary 1.5]; its compact Kéahler hypothesis is satisfied here. [

This corollary is a DIRECT COROLLARY of the cited criterion and our fixed-metric
theorem. It is not a new theorem asserting rational connectedness under quasi-
positive HSC. Neither A nor 7 is asserted to be Kahler, and an arbitrary RC-positive
metric on Sym2 Tx is not assumed to be induced from 7.

For completeness, the usual tensor vanishing has a direct analytic proof under the
conditions of Theorem 1.1:

(5.1) HX,(E5)®™) =0 (m>1).

Indeed the dual tensor mean curvature is negative definite. For a holomorphic
section s the Chern Bochner formula, contracted with v, reads

’Yijaiaj‘3|2 = \V’s\i — (K (hyems, 5).

At a positive maximum of |s|? the left side is nonpositive and the right side is strictly
positive. Hence s = 0. This formula for a section of a Hermitian holomorphic bundle
uses no Kéahler symmetry or discarded torsion term. The vanishing itself is known
from positive mean curvature.

5.2. Positive mean curvature need not give a common direction. On P",
n > 2, let
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with the metric induced by Fubini-Study metrics. Normalize wgg by the potential
log(1 + |2]?), so that its HSC is 2. At zero, expansion of this potential gives

Rijkz - (Sij(Skg + 6%5@'.

Unitary invariance gives the same formula in every unitary frame. Tensoring by
O(—1) subtracts the first term. Consequently

RE(u,ﬂ,a,d) = |<u,a>|2, Kopsn = Ip.

Every RP(u,u) with u # 0 has rank one and a nonzero kernel. The given metric is
not uniformly RC-positive at any point, although it satisfies all four conditions of
Theorem 1.1. Together with Theorem 1.2, this proves strictness, for fixed metrics,
of both implications

uniform RC-positive = positive mean curvature for some v = RC-positive.

The first implication is already [LZZ, Proposition 3.6]. The calculation here distin-
guishes the two conditions without changing the metric.

5.3. Why a semipositive substitution is insufficient. Let X = P! x P! and
let L = pryOpi(—1) with the pullback Fubini-Study metric. Its curvature has
coeflicients — prj wpg. Every nonzero horizontal vector has zero curvature. Thus
all tensor powers and all orthogonal sums are RC-semipositive with the induced
metrics. For every positive definite background metric ~, however,

K., 1 = —tryprjywpg < 0.

There is no nonnegative mean curvature for this fixed line metric. Allowing a degen-
erate contravariant tensor supported in the first factor would give zero contraction;
its inverse is not a Hermitian metric. This explains the precise obstruction to re-
placing all strict inequalities in Theorem 1.1 by non-strict ones.

6. LIMITATIONS AND VERIFICATION

The main results concern Chern curvature of fixed smooth bundle metrics. They
do not give a Kahler metric, a new HSC structure theorem, a classification of RC-
positive holomorphic bundles, or a counterexample to a metric-existence conjecture.
The compact examples are abstract bundles; the local tensor (4.1) is not asserted to
have the additional symmetries required of a Kéhler tangent curvature tensor. No
assertion about singular spaces or finite monodromy is made.

The proofs use only Chern curvature formulas, finite-dimensional convex geom-
etry, and a scalar positive twist. Exact polynomial differentiation checks the cur-
vature of (4.6); independent calculations check the trace and the balanced tensor
identities. The accompanying code also tests (3.4) in complex, non-real eigenframes.
These computations check signs and contractions. Global RC-positivity of the con-
structed metrics follows from Lemma 4.1, not from finite sampling.

The principal bibliographic uncertainty is whether the converse in Theorem 1.1 or
the compact sharpness construction has appeared under different terminology. The
comparison was repeated after the proof, including the mean-curvature work of Li—
Zhang—Zhang, both recent papers of Kuang-Ru Wu, and Wang—Yang—Yau [WYY].
We found no containing statement in the portions examined. This is a bounded
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literature audit, not proof of novelty. The companion research_audit.md specifies
the checked versions, locations, rejected candidates, and the status of each claim.

Numbered results cited in the text refer to the specified arXiv versions.

[Yanl18|
[Yan20)
[LZ7]

[Wu25]
[Wu26]

[WYY]
[WY]
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HatEy C ROEHE W IFHIITH 3.

ER 1.1 (RIS X 2HE). X ZIERITTOE SR a v 7 MERZSHRIAL L,
(E,h) ZFE8r > 1 O S 57 Hermitian IFRINZ MLV E F 5. KOS FIE
ThH5.

1) % m >2122WT, (Sym™ E, heymm) 23 RC-positive TH 5.

2) H2Bm >21TDWT, (E®™ h¥™) H3 RC-positive TH 5.

3) (E®", h®") D3 RC-positive TH 5.

(4) X RICiE 5572 Hermitian FHE Y 2FEL, 2L ZATK,, >0L7%5.
INBRRILTZEE, IRNTDIEDT VY NVE, TRTOEDHHE, TXTOD
HEEDOHE, BIU (E,h) OEEOARMEOERENL, ZhZhOiFEEICD
W T RC-positive TH 2. ZORMEMIZEHTHRILT 5. ZDHE, F&MF(4) 13,
ZDRIZEBT 3 IEEEDKZE Hermitian TERUT & 2 IR OIS IEEEE b Z &
WCHEZEZ 5.

NN N @i

11
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(4) BT VI INVE - NBEANDEEIX, LiLD Yang OFERTH 5. #5A T,
7 7 A N— LOEREOFIEEMEE CHERR 258t T 2R E DN T > VL2 WS,
Z D, MEEOTHIICE o T, HBOEAMTEIRLBEOEAMET L —I %
95, v OEBICITHEIRICNT 2 1 O0EIZHWS DT, #RZ MS%2 KB
IESDEIX V. v hY Kahler TH B & idFIRL AW,

ER 1.2 (a7 MEBEIRIEZER LT o). FEOERE r > 21T LT, %
BEk>0r
E = Opr(k)®r
DS 27 Hermitian 51 & h 23FFEL, ROMWHE %77 .
(1) 1<qg<riZont, (E% h%)I13FE2 & 25 RC-positive TH 5.
(2) 5K pT, (B9, h®") X RC-positive TIFRWV. ITRXTDm > 212DV,
(Sym™ E, hsymm) B (E®™, h®™) & p T RC-positive TIXZRL.
(3) (det E,det h) DHIHIZ p TEVEMETH 5. FHT, K, ) > 003F DL T ATHK
329 % & 95 B HE 5 Hermitian 5HEIZFFEFE LRV,
FHIR E 2D % DlE, B Griffiths-positive ZREHEDFFD. Ld->T, Zhbik
FRE SNRERT RIS T 2EHFTH D, W EHDEMEGFESFET S I e
DFEFTITR L.

Li-Zhang-Zhang[L.ZZ, Proposition 3.6] 1%, “F¥IRIR D IEEMED uniform RC-
positivity & RC-positivity DI ET 25 Z & ZRHTR L TW5. [ D Theo-
rems 1.4, 1.7 3RO EDOFE L AEHEEE 2K S . 2 512 Wu ORE&FIFZE [Wu2b,
Theorem 3], [Wu26, Theorem 7] {%, uniform weak RC-positivity 7> 5 &l = Z 3
5. KRETIIHIDDFHEL R TFEF, TOFHEREZHET 5. Weak RC-positivity
BT 2Rt EDOFEEMBEZ IR L7 813 FR LRV,

PUR DRI a2 > o827 M e32BE, BEl LB RERED S & TG L T\ 5.
EFED 20252026 FED LTV ¥ b EEOCHECETIX, 2o CIEMEIC—ET S
Fik%E W8 o7z, SCEEDME DT POTENTIALLY NEW TH b, BN
DHEE L7z 8 WS FERTIE RV, 555 HOFEHEGEADICHIE, BEHFORMAN
HEEHDRE LTHRT 5.

2. MR DK & W7D FPH

Chern ##ix W5, ERIPMCEBWT, FIRZ v va D/ VADZ3R% a*Ha &
=L HROFEFAZ

(2.1) Rl =—0;(H'0;H),  R'uu)=) u'uR]
12

35, Lo, HMRDG R e OMIRMEEIL 0,00 TH D, Fubini-Study
FFEZMA T Op (1) XIETH 2. LIFTIX
R"(u,4,a,a) = a*HR"(u,u)a
LIRET 5. CORITIHCH B, TR BT B K, \&, - EREH
BRRVT Y, R (e).e,) £ bET 5.
HRIZBIF % RC-positivity &1,
(2.2) Ya#03u#0: R'(u,d,a,a) >0
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%\ 9. Uniform RC-positivity & I,
(2.3) Ju#0Va#0: R'u,u,a,a)>0
VS, ZheiX, [Yan20] @ arXiv v2 1281 % Definitions 2.2, 2.6 TH 5. KT
W2 PIEOZEMIX, > % > ICEXHZ 72D 3 5. Uniform RC-quasi-positivity
¥, 2% ¥ Z A uniform RC-semipositive T, 72 < ¥ % — T uniform RC-positive
TH2IZBKT 2. ZHEFCHRD Definition 1.11ZHES. EH 1.1 L EH 1.2
T, RCHIFRDMEEDIREIZH VIR,

a2y M RERZER BT, BREEE uniformly RC-positive 72 K D&t & % [
ET B, WMARZ MZEFELEZRICIEDO ARG NS, ZHUIBEIZ [Yan20,
Proposition 2.9] TH D, KIEOEIFERTIZRW. Kz, Z I 561560 RIEHIK
BRI PAGBME LN DI TH R,

R D Hermitian 518 w IZ2WTE, ROIERLEHW3.

R (v,0,v,0) R“(u,w,v,0)
24 Bl =" B = g
ARED BSC 1%, 1EHEICIERIXEFER/ER B # =3 5. Orthogonal BSC X, Z D=
Zu L vIIZHIBRL7ZdDTHS. —75, real bisectional curvature 1%, 1ERRERME
a; > 0 ZHWT Y, Rijaia; & Y0 THI-ZRBTHS. ZhoZF—HLARW.
Kéhler 31 & T3 Chern ##t & Levi-Civita i3 IERIFER L T—% 3 225, IR0
—ORDFHETIE, ZDONFMEZ VR,

BIEHSC EIE, £2L A H >0THD, H2—ROITXNTOIREELMAT
H>0t7%2Zt%2W\W5. #EHSCIE, RICENAOFAETHSZRELEbDL
5. —RO—AALITEERIZATHLZLIE, b Lhizv. FlzE, E
fiR Dl & P~ — 7 RDORICIZIED T IAD H 503, & 2 ROETTHT HSC HIE
LI 5 X,

BRODXERIERIC X D, BEET 20 o200 EHEREe LTS 23T
BN g s. HEIEOD Kahler HSC 22 & FHGEFEHEDE S & & 1& Zhang—Zhang|ZZ,
Theorem 1.5] 12 & 5. FEREOHIERMIX, H2—RTIFED truly flat vector 23IFTE
LBRWZ & THA. Matsumura[Mat, Theorem 1.1 and Remark 1.2] 1%, 23 >%327
Kahler #1E HSC DFIET, b— 7 ZADHIR étale fi % K22 & 5 % Ja e &7z AR
HIE7 74 7L —vary 252005, ARAITIE, Wu Yau OFHZRTREE O
2 [WY, Theorem 2], Tosatti-Yang ® Kéahler 55k [TY, Theorem 1.1 and Corollary
1.2], 3 XU Diverio-Trapani D¥EE DG DFEM [DT, Theorem 1.2] 25, M5 %
BERERDOIFEEZ B> TnE. ZOOOMREZEE X, ARTIEIFEINLR
DFFREDIRDFNIHREK S, URDRAD AT & L TR,

3. IEOfE e xtfiT > YL

—RZEEEL, V=TNX, W=E, 8. EHtOLOONELEET 5. F
EEMED R Z Hermitian 7> V)V B = Zj bju; ® @, b; > 01X LT,

(3.1) R(B) =Y bR"(u;, ;) € Herm(W)
J
CED L. THUINTERRBIEMENITH D, RRLETBRIEFELZ V. Fig, T+
HEDB >0V _EDH 3 Hermitian fHEDHTH 5.
filild 3.1 (RIEEMEITING & 2 ZFHIR—). ROWTNDr—FHRIHKIILT 5.
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(1) B>0TR(B)>02R2bDODEET 5.
(2) Herm(W) ®IT0 # p > 0 BFFEL T,
(3.2) tr(pR"(u, ) <0 (FRTD ueV)
&b,
AFAA. £33, B>0TR(B)>02R2bDMPFAETZ2Z (1) kAETHS. +
BPNEWVe> 0N, B%Z B+ely ICBEEHEIIUI IV,
C={R(B):B>0, trB=1}
B UL, W tr(AB) 2l A 72 EAR Y FVZEM Herm(W) D a > o827 by
HORETHZ. (1) DPPOLLARVERET S. ¢ > 0L T, FAMES D, =
el +{P:P>0}dC eXboiw. HitZR/NMNIT 28 c € C, de € D DIFAE
L, Z.=d.—c. 20 Th 5. HHEO_FEDFE L7 LD,
(Zeyc—co) <0, (Zeyd—de)y >0 (ceC, de D,)
2185, d=d. +tP 352 Z. >00305. E510d=cly &THUI,
(Zey€) < (Zeyde) — | Ze|)? < etr Z,
Y15, po=ZJtr Z b IERUELL, € L 01T L TICRT 25895% & 5. MR p i
FIEEETIFL—XDN1THD, IXRTDce CIZOWTtr(pe) <0 ZMAd. H
MR ML w2 LT R (u,a) € C DT, (2) S, ®EIZ, (1) & (2) IXFKE
WAL LRV, (1) DIED T > V)V B THIFIT % & tr(pR(B)) < 0 & 7525, JF
FHIEEETH & EEETHIOMD L —RBEELLTDH 5. O

W @ Hermitian B CHEREY A 12DV,

Alm] — Z ]I%(V_l) QAR Ig;(m—V)

v=1

LEL T U AVRBOER/NMEFTH D, 7 VU A®™ TR,

il 3.2 (EOTHIORE(L). m>28 L, p>0D L —RZ1ET 5. pe; = e,
Ziii 7z 9 IERE R B RKZE S,

(3.3) Spm = Z VA €§™ € Sym™ W
j=1
EBL. ZDEE s, =1THD, F£ED Hermitian H AHERT A 1ITDOWT
(3.4) (A 0 50m) = mtr(pA)
DIRILT 5.

AL, M IXIERIESSRTH 5. T i # j DRFEITOWT, A OFIHZm—1 > 1
fHDZRB Yy FRZEZRN. ZDIBE—DDD (e;,e;) = 03BN 2 DT, REHIIH
Z 5. INFj ORAEIE m(Aej,e;) THD. ZIUT N BHNFITRHIZ 24U (3.4) %
9%, m> 2030 BERDIX, FIWXIOREHDHERD/2DTH 5. O
EM 1.1 OFEH. ¥ K THEm T 5. 7 ¥ YR OHERIZ

(3.5) R (u,@) = (R"(u, )™

ThHs. MIMLEEZ2ERFNEII OB LA TH L. Lich->T, ZOBKRIE
FATTH D, Sym™ E Ofi#IE (3.5) OFlfRTH 2. H _EAEAIIHEKT 2. h
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Mo (2) %61 (1) badrsd. EEDERDTHRD RC-positivity 22T H#E < LW 5 k-
72FEEHWTWE DT TRV,
(1) DAL, IEORENIFELRVWERET 5. fE3. 1 Z#HAL, trp=1¢&
ERFET 2. fif322 (35) &D, IRXRTDOuIZDWT
Rhsymm (4, 4, Spms Spm) = mtr(pR"(u, @) <0

5. ZHUI RC-positivity ICRK T 5. L7doT, RZEIZ(1) 25 (4) B)ES.
EXEMDIta = (a1, ...,a,) WZRINT 2 HHE1E
q

R"'(u,u,a,a) = Y (R"(u,0)a,, a,)
(3.6) V=1 .
= tl"(paRh(u, )), Pa = Z aya,

v=1
THb. ART LRI E D, W EOEEDOFIEEMETING, EX r OfHZ W
Tp, £EFS. LEPoT, (3)IEMES 1 OEE Q) BWEELRVWI L LFETH
3. ZHUTED, HIrIi2(3) k (4) DFREEI RIS,

W2, K=R(B)>0k235. Wé RiZFFEXNZHR/IMEAIXEEMTH 5.
EE, K OBEEEEZHWS &, ZOEAEIEEZm EOEDOEEEOMTH S, Nt
M - NEADHIRBIETH D, HEOav—DEREMNTIESE 7y 7B K L7
3. IO DEBOEEDIFRNRY FUIZOWT, HFEINEK EDIEORT Y ¥
2, HARHEORT7 Y Y FOIEQEAMNEMTHE. D550 —D
DHARIRT7 ) > 7FIEEe b, ZNTERDDERY, INTOREIEICET 24
ORI NI,

RIZIZ, B TRU(B,) >0 R2IEDT VYV B, Bi&R., #REHWTB,
% DI OPICIER T 5. EtEEfiD 5 &, WFOIEMEEIRzNS. BR
BBEU, b, TRIWET2WES2R1O0E I v 2 d. KET VYL

B = ZXaBa

WZIEEETH D, R(B) = XaR(Ba) >0 ThH5. ZOWk v 35, hidZ
BFLTOWARVDT, ZOHRDOFHHIICIE xo DM IEHTHNZ V. Ko T, KM
K,,>0t7k5%. O

4. a7 b REHR Y BEMOEBORENE

A1 RFIETIV. r>28 L, HERE T 7 A2 dIZC eFA—HT5. 0<
t<1/r ZREEL,

(4.1) Ri(u,0) = tjul*I, — uu*

ZEZS. Y |a)? =13 Ma= (a1,...,a,) TRL, D=3 a.a; BL.
KRR

)N

q

(42) ‘Hl|a}1( <Rt(u7 a)a'ua au) =1t— Amin(D)
u= v=1
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THb. ¢<riolX, DIFFBEOKREROLD, ZORKEIZIEMHICt>0TDH 5.
—J, aj=e;j/Vyr, 1<j<r2WVWS5#MTED=1/rt7&b,

T

(4.3) > (Ri(u,w)aj,a5) = (t—1/r)|ul> <0 (u+#0)
j=1

218%. Fm > 2L, BAMIET > Y b s, =r 123 e8I

(4.4) (Ry(u, @)™ sy, 5) = m(t — 1/7)|ul*> <0

TS, X BIL,

(4.5) tr Ry(u, @) = (rt — 1)|ul* < 0

THb. LIhoT, ZOETIATIE r ARED T RTDEMD RC-positive TH 5
Wb bH 53, RC-positivity & FEER O IEEMIX B X 5.
CAUIERRD Chern HiFE 2 LTEHT 2. 0 C OIfET

(4.6) Ho(z) = I, — t|z]* I, + zz*

EBLLEREMEZ Y ET1I—t2]3, 2 ARTLI+(1-)2z2PTHS. £oT, tz> <1
BOIEHy>0TH%. HRETWEHy=1,, 0Hy=027%5%DT, (2.1)25

Rgo (O) - téijIT - Ez‘j

2182, 22T E TN THS. AT A1) DPERLE B r—1 OB
7 PO OWTR/IMER & D, B A w IOV TIRAEZ & o 72 EHIZ, K
MTtTH%. RITEBPICBIT 232827 MRBENERE ETO Z0fvh - &RAE
OEHREL D, TP VIEERET HYT Y 1 Z RC-positive £ 72 3. 2 USRI
BRI 2EmTH D, BUEY > T2 5 DR TIER L.

4.2. IEORBNZIZ Y OWERTRPGHRZ RS, BEZ AL Z E#IZENRS.

iR 4.1 (SHEZER EToKRBYL). p € P OEFHED BRSO Ei2, Eoh
RIEEMETYEIR Hy 526 T0wd 35, HBEELZq> 11220 T, HyY
& p DIEFET RC-positive LIRET 5. DL E, k>0% Op(k)® EDOFIE LD
FEL, hP1IEE 2 & Z A RC-positive 72D, FRFIZE DB Th ¥ Hy D
HERIX p DIEFH TS 5.

FERA. p ZHLE T BT 74 VR 2R E D, ¢(2) =log(l + |2*) £BL. 0<a<
b<c<ditnhEGES, {¢ <d} DEFHT Hy DERI N, Hy? H RC-positive
785 EK5125%. (—00,al Tn=0, (a,00) Tn>0, [byoo) Tn=1tR5MFE5D
TR BFRIER DB BBER. =D s>bT f(s) =s & RD X IHEDER
ER. IO fIFELHITHTH S, AP Fubini-Study EARRETE e ¢ % e /(@
WHEZ#HZ 5L, O(1) LOKBE R DEES. EBE, ZOEHEIIEEELEDOM
N7 PREREREDHTIIMBEZ LWV, Mo E % % D Hermitian 7
YYNVNTERRT B, ZOEIX

(4.7) B = f(¢)wrs + f"(¢) 0p ® 09
Thd. ZHEIEZEIZAFIETHD, ¢ <aTIIE, ¢>bBIUOEELHEDOIT
= WFS &:%Llﬂ.
0<x<1%Zi’l, ¢<cTl, {¢p>d} DiEETO &7251E 5D 7% cutoff BA%L
Y BER. ATHE R
G=1 +x(Hy—I)
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&, AMIIC L 2322212k, PP LoEPRIIEREINS. [EEMEITH DM
BROTGRIEEMETHS. h=hrGEeBL. ERRE DT ¥V ILEOHERARIC
£,
(4.8) R"(u, 1) = R (u,w) + kB(u,u)l,
DIEMEICHGLT 5. {¢p <c} T, F—HII Hy OMBETH 5. EREDIEED ¢fD
N7 bV DORHIZDWT, RC-positivity 252 2 /M ORIE, FIEOR A F—IHZ
MATHEDEETH 3.

{p<cl DAV Ry MRMHEETIX, F=wrs THD. BOLLX XD, ZOMES
kT

(RE(u, u)v,v)¢ > —Clulgs|vlg

ERBERDC > 0DFET . B E > O 8ER (U8 ICkD, ZOMMES
T h 1% Griffiths-positive £ 725 DT, Z®D qHDEREHN S RC-positive TH 5. p
DB TIXEMRKGTENERTHD, G=H 205, (X hziFEIEThs.
M ETFERIIREINT. O

EH1208H. n=1r, t=1/2r) 2L, (4.6)DitEEZ 3. q=r—1& L TH
A1 REHT 5. r— 1EDOEREMOD RC-positivity 225, ZH X DEWEMD
RC-positivity HHES . FEEE, FHICHE XY P ERI- T (3.6) 2EIX IV, plaBl
BEPRIZSIEHEE R, THB. X (13)(15)ICED, (2) TERZFTNTORMILL,
(3) DITHIRER D B EMEEDNES . p BT 2EEDIEEEOE FHH B 1oV,

trRy(B) = (rt—1)tr B <0

THH0 5, Ry(B) BIEEEICIIR S0, RRIZ, O(k) OEH O Fubini-Study &t
=% r JEMT 52, E_LDRIO Griffiths-positive ZRETEDF 5N 5. O

L7eo T, EH1.1(3) OB r i3, TRTOEZEMOXITE BEBIZEHS % I
Re L TRETHS. i (dim X,r) ZRlAICEE Lz Z2i12d, BIZRND
EHRTHZ L ZFRLRV. r=2DHEZFTH, FU RC-positive Hermitian 3
O oTd, ZOEMGEIXRC-positive 12722 LIRS N 223905, T
YNV HRIZOWTDOARKILNE, BHRIBRNFIARZ M2 OES dDTH Y, Al
fRT YN ERE L THERZD DT R,

5. ARG & G5B
5.1. BERIOAHGEREOHED S ViR X,

% 5.1. X ZIEXICDIE & Aedfia > %27 b Kahler 2HK L 35, ROSMHIZF
ETH 5.
(1) X 3HEiroGHERTH 5.
(2) Tx EI2HE 52272 Hermitian 18 h 2S7EEE L, (Sym® Tx, heym 2) 25 RC-positive
ER5.
(3) Tx FITIE & 2272 Hermitian 518 h BFEIEL, TXTOIEDAET vV ILEH
A3 RC-positive &£ 72 5.

AEFH. Li-Zhang—Zhang[LZZ, Theorem 1.7]12 & D, (1) & K., ,, > 0 & 72 % Hermitian
R, A DFET A I EEMETH S, EH 111K D, 2T (2) BLU(3) L[FMET
H 5. RO EENED & B 2HASRANDEEIL, Yang D [Yanls, Corollary 1.5]
TbH%. £ TRELI Y87 b Kibler L WS RUERZ 2 TS TWS. O
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ZORIZ, 5IHLUHEEHE e AREOEEFT=ICEE T 2 EH D DIRECT COROLLARY
TH5. HIE HSC 2 5 HHEGE 2 RTHEHTIERD. h & yDVTHIZDOWT
% Kahler 213 TR LAV, £72, Sym?Tx EOEED RC-positive aHED T 525
AEINDS EREL TWS DI TR,

HEL LT, EH11DOXHEDD L TOEEDT >V LMK

(5.1) HO(X, (E)°™) =0 (m > 1)
Wi, ERAREATRVEERAD D 5. EER, BT Y L ORI EEETH 5.
IERIEIWT s 12073 % Chern @ Bochner N % v THiEgkI 3 5 &,

YI0,05|s> = |V's]? — (K, (h=yoms, s)
5. |s)? DIEORARTIE, FEIFIEE, GAZIETHS. EoTs=0TdH
%. Z® Hermitian IERIRDUIRHC R 3 2 0 TIlE, Kéhler MFEEIAETH D,

torsion JHZ EHE L TH WAL, ﬁﬁ%%%@%@@?ﬁ%%@ﬁ@ﬁ#%ﬂ%h{
W3,

5.2. MR ABET AL MHDH 2 LIRS . P, n>2 ET,

(2 Fubini-Study sI &2 HiAE X NS5 EZ ANS. wrs lZ3ART V¥ ¥V log(l+ |2[?)
TIEHUEL, HSCH32 85 X529 5. BRTIORT Yy L REMT 2L,
Rizke = 0ijOre + 0360
%18 %. Unitary FEMIZ KD, FEDOROIERELAETH U ARDIMIILT 5. O(-1)

t@r/ywﬁ%tét%~ﬁﬁibﬁ#hé®f
RE(u,,a,a) = |(u,a)|? Ko = 1E
BB, u#0IINT S RE(u,u) 3T RNTHEE 1T, IEBOKERD. 5207k
FFEIX Y DT uniformly RC-positive TIE72 W23, EB 1.1 OPUSEHZ X T
d. ZhrEM1228bEs L, BELLFRICOVTOZODEE
uniform RC-positive = » 2 ~ IZBT 2 PR IE = RC-positive

BWTNHEDEETHE 00 5. F@@ﬁgdﬂk@HZHW%MMBQT@
5. ZITORER, SFEZZEEEFICFKFZEHILTWS

5.3. FIENOBEEIBMANPAToHME. X =P' xP' 2L, L=pr;0n(-1)I25]%
B L7z Fubini-Study gt &% AL 5. HHROBREIZ — priwrs TH 2. EEDIEFK
FRZ MU > THRIEFEL RS, LT, IRXNTOTYYILREBITTAR
TOEREMX, FHEEIZOWT RC-semipositive TH 3. ¥ ZAM, EEDIEE
HEOH FGHE v 122V T,

K, = —tr,prywps <0

b, ZOMEELZEMRRETEICE, FFEDFEmEEE X 2 RITREIEIR V.
BRI EINRIE LIERE T > VLR TF IR 208, 2Ok
Hermitian s & T3\, 00, 1.1 ODT’\“COD@’E%T%H%?F?’;E%Z:%%K
ﬁ%@i%@@ﬁﬁﬁﬁ@%“@%%.
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6. FRHL & MRAEE

FAERIZ, EE LB SRR OFED Chern IR T 2D TH 5. Kihler
AtE, #7272 HSC ofEEH, RC-positive RIERIR D 774H, H 2 WIXEFEDTFE
FHRANDORHIZE 275 DTIE RV, av 7 M ENZMRNEETH Y, [T
VYV (4.1) 3 Kahler 8K O fhRIHE LB M ONFMEZ Do L I FR LRV, K
FLZE[E] %> monodromy OFRMEIZOWTH FFR LRV,

AEBICH W2 DX, Chern RO AR, BREXITTOMEM, BLXSLEDRH T —
HERZROEMRRICE 21D TH 5. WERZEADMI T (4.6) DRIZR 2R
L, MV L7ZEET ML —REFEAT VIV NVDEEREZHR L. Mfa—FT
X, ERTICROBRVEZRBERKTD (34) ZHMET 5. ZHHIE[FE LHENOM
BThH2. LR DO KB RC-positivity 1%, BREDY > FLTldzz { #l
A1 X > CRFAE N 5.

R EOFE AT, EH 1.1 OM AR > oRT MmO, Bl
FECRUICHN TV A A[RENETH 5. FERHRICH L2/ DR L, Li-Zhang-Zhang O
SRR OIS, Kuang-Ru Wu OFGED —5w X, B LU Wang-Yang-Yau[WYY] %
MR L7z, MR L2 & FMCIEARE O FikZ B statement XA WEE R o 7z, 2
FIHZRE L EEEETH D, FMEOREATIE R W, B research_audit.md
2, WERBL72hR - ZHRTERT, R L7 o 2@, BXUOSFROIREZGRT 5.
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