MEAN RC CURVATURE AND PINCHED VOLUME RIGIDITY:
AN INTEGRAL ESTIMATE FOR THE RICCI DEFECT

chatGPT 6 Astra

ABSTRACT. We prove a quantitative rigidity theorem for compact Kéhler man-
ifolds with mean RC curvature at least (n + 1)/n, under the explicit additional
hypothesis [|[Z — Zx|lop < 1/(14+/n). Here Z is the curvature contraction on Her-
mitian endomorphisms and %, (A) = A+ (tr A)I. The volume deficit controls the
squared L? norm of Ric* —(n + 1) in every complex dimension n > 2. Maximal
volume forces the normalized Fubini—Study metric. The main ingredient is an ex-
act formula for mean RC curvature in terms of the trace-free Ricci endomorphism
and a feasible optimizing density matrix. We construct compact perturbations
satisfying our hypotheses while failing both H > 2 and Ric > (n + 1)w. Alge-
braic examples isolate two obstructions to the unrestricted equality problem of
Datar—Seshadri, which remains unresolved in this note.

This note was generated by ChatGPT 6. Iwai has NOT verified any of its math-
ematical content. It may therefore contain mathematical errors and should be read
with caution. A Japanese version is provided below.

1. INTRODUCTION AND MAIN RESULT

Let (X,w) be a compact connected Kéhler manifold of complex dimension n > 2.
We use w = v/—1g,;;dz* N dz’ and
Rijir = —0:059u1 + 9" (939xq) (03 9pr) -
The Fubini-Study normalization is Hrs = 2 and [wrs] = 271 (Opn(1)).
Here is the operator used throughout the paper. On the real Hilbert space H, of

Hermitian endomorphisms of 710X, with (A, B) = tr(AB), let %, be determined
by

(1'1) <¢@$(PU>an> = R(u,a,v,@), Pu<w) = <w7u>u (|u| = 1)7

and real bilinear extension. Rank-one projections span H,; equivalently, for A =
Yo aiP,,, Z.(A) = > a;R,,s,- Kéhler symmetry makes this operator self-adjoint.
Set

1.2 (A=A A)l = min(Zz(B)).

(12) R =A@ AL )= max A (B)

Thus Z, is the pointwise space-form model and p is exactly the mean RC curvature
of Datar—Seshadri. Operator norms of Z refer to H, with its Hilbert—Schmidt norm,
not to a curvature operator on symmetric complex two-tensors.
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Datar—Seshadri prove the optimal volume bound under ;1 > (n+1)/n, and identify
the average scalar curvature at maximal volume [DS, Theorems 1.1 and 5.2]. Their
general equality question remains outside the scope of a pointwise scalar-curvature
comparison: the latter can fail even for a positive bisectional curvature tensor (Sec-
tion 5). We obtain a comparison in an explicit neighborhood of %, and convert it
into an integral estimate.

Theorem 1.1 (Volume deficit under curvature pinching). Suppose that, everywhere
on X,
n+1 1

1.3 > B — Ry <e, 0<e<
(13) p2 | E - Ay < ¢ <1

S

Write v
vz/ﬁm v=——, FE =Ric* —(n+1)I,
; 2r) (n+ 1)

where Ric* is the Hermitian endomorphism of the Ricci form. Then X is biholo-
morphic to P*, 0 < v <1, and

1 2 n n—1)/n
(1.4) @ﬂzéﬂM%w < (1422 n(n + 1) (0™ D" — )

(1.5) < (1+2)(n+1)(1—v).
In particular, v =1 if and only if (X,w) is biholomorphically isometric to (P", wgs).

The volume constant is optimal. We make no optimality claim for the pinching
radius or the coefficient in (1.5). The conclusion quantifies the Einstein defect in an
explicitly specified integral norm; it does not assert convergence in a metric distance
or a C* topology. Riemannian volume is V/n!, and the norm in the theorem is the
complex Hermitian endomorphism norm. These choices are part of the statement.

The biholomorphic classification in this theorem is already supplied by positive
bisectional curvature and the Frankel theorem [SY]; we use the verified formulation
[FLW, Theorem 0.1]. The additional conclusion concerns the given metric. Its proof
uses a formula for the optimizing density matrix:

(1.6) n*u=2S—(r,A'r), r = Ric? —§I, A =T11Z |y,
n

where S = trRic*, Hy = {A : tr A = 0}, and II is orthogonal projection onto .
We prove the formula under explicit positivity and feasibility hypotheses, and verify
those hypotheses from (1.3). Completing a quadratic form is elementary; the point
requiring care is that its critical point must lie inside the positive density matrices.
Section 5 shows that omitting this issue gives false statements.

Proposition 1.2 (The hypotheses include additional compact metrics). For every
n > 2 there are Kahler metrics Wy on P, 0 < t < tg, with Wy — wrg smoothly, such

that .
: n+ ~n n
I%(l.n:u@z = n ’ /th < (27T) ’
while neither Hg, > 2 nor Ricg, > (n + 1)i; holds. For every fited 0 < ¢ <

(1++/n)7Y, all sufficiently small t > 0 satisfy the pinching in (1.3).
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Thus the main estimate is not an application of either curvature branch of [DS,
Corollary 1.2]. The explicit family will also check the normalization and show that
the added hypotheses do not assume the Einstein equation. The finite-dimensional
identity, its volume-deficit consequence, and this separating family are the results
established in this note. Their novelty is assessed separately in the accompanying
audit.

2. THE OPTIMIZING MATRIX AND THE RICCI DEFECT

2.1. Quantifiers and normalizations. For a Hermitian holomorphic bundle F',
RC positivity means Vo Vo # 0 Ju # 0: RF(u, @, v,v) > 0. Uniform RC positivity
reverses the last two quantifiers: Vo Ju # 0 Vo # 0 with the same strict inequality
[Y, Definition 1.1]. The condition used here is instead

n+1 |v|2.

n
The admissible B may have any rank. No smooth choice is part of this definition.
The maximum exists because the density matrices form a compact set and the least
eigenvalue is continuous.

For completeness, minimization over unit vectors equals minimization over density
matrices, by diagonalizing a Hermitian endomorphism. The bilinear form (#Z(B), A)
is continuous on the product of two compact convex sets, so the finite-dimensional
minimax theorem gives

p= max mf}n(%(B), A) = mf}n mgx(%(B), A)

Ve dB >0, tr B=1Yv: (Z,(B)v,v) >

with both variables ranging over density matrices [DS, Remark 2.1]. Our calculation
below proves its particular value by matching upper and lower certificates; it does
not exchange optimizations without a certificate.

Our sign conventions give

p=—V—100logdetg, [p] =2mci(X), Z(I)= Ric!, pAw'!= gwn.

In particular Sps = n(n+ 1), and Riemannian scalar curvature is 25. All manifolds
in this note are smooth. Ordinary Chern classes, rather than orbifold or reflexive
Chern classes, are used.

Lemma 2.1 (An interior formula). Let R be an algebraic Kdihler curvature tensor
on a Hermitian n-space. Define Z,S,r,11, A as above. Suppose A is positive definite
and

(2.1) B, =

L= E(I —A7'r) > 0.
Then B, is the unique mazximizing density matriz, and
(2.2) X(B,) = ul, n*u=2S—{r,A'r).
Consequently, if al < A < bl with a > 0, then
r|? r|?

The same value formula holds if B, is only semidefinite, although the assertion about
a unique maximizing matriz is not needed in that case.
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Proof. The endomorphism A~!r is trace free, so tr B, = 1. Since I1Z(I) = r, we
have

1
[I%(B,) = E(T —AAr) = 0.
Thus Z(B.) = M. Self-adjointness gives

nA = (#(B), ) = (B., 2(I)) = %(S A ).

The choice B, is admissible, and hence u > A. For any admissible B, its least
eigenvalue satisfies

Amin(Z(B)) < (Z(B), B.) = (B, Z(B.)) = A

This proves u = A without choosing eigenvectors smoothly.

If B is another maximizer, then C' = Z(B) — ul > 0 and tr(CB,) = 0. Positive
definiteness of B, implies C' = 0: indeed Bi/ 2C’Bi/ ? is semidefinite with zero trace.
Writing B = I/n + by with trby = 0 now gives r/n + Aby = 0, hence B = B,.
Finally, the spectral bounds on A~ imply (2.3). O

Lemma 2.2 (An explicit feasible region). If |Z — %Zsllop < € < (1 4+ +/n)7!, then

(1-e <A< (1+e), B, >0

Under the additional condition > (n+1)/n, one has
rf?

>
I+e ™
(2.5) |Ric* —(n+ 1)I|* < (1 +2¢)(S — n(n +1)).

(2.4) S—nn+1) >

)

Proof. Put D = # — %,. Since %, is the identity on Hy, compression gives the
asserted bounds on A. Also r = IID(I) and |I|gs = v/n, so

evn

I7|lus < ev/n, A7 Jena < A 17 |as < 1 < 1.

Here || - ||ena is the usual norm of an endomorphism of the tangent space. This
distinction between two operator norms is essential. Every eigenvalue of I — A~ !r
is positive. Lemma 2.1 therefore proves (2.4).

Let ¢ =S —n(n +1). The same operator estimate yields

0<qg=(D),I) < ne.
Orthogonality of the scalar and trace-free parts gives
¢
|Ric —(n+ DI = | + = < (1 +¢)g +eq,
n
as required. In this region B, varies smoothly with the curvature tensor: inversion

is smooth on invertible operators. Smoothness is thus proved from a formula, not
assumed for a general pointwise optimizer. O
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3. GLOBAL CONSEQUENCES

Proof of Theorem 1.1. For unit tangent vectors u,v, equation (1.1) and |P,|ps =
| Pylus = 1 give
R(u,w,v,0) > 1+ |(u,v)]* —e > 0.

Thus X is compact Kahler with positive orthogonal bisectional curvature. Theo-
rem 0.1 of [FLW] applies and identifies X biholomorphically with P". This step does
not identify its metric.

Let h = ¢1(Opn(1)), with [ h™ = 1. Since the Kéhler cone of P" is the positive
ray, [w] = 2mah for a real a > 0. No rationality assumption on a is used. The Euler
sequence 0 — O — O(1)® ) — TP™ — 0 gives ¢;(X) = (n + 1)h. It follows that

(3.1) v=a", / Sw™ = n/ pAW™t =n(n+1)(27)"a" .

b X
By (2.4), the average of S is at least n(n+1); equation (3.1) gives a < 1. Integrating
(2.5) and using (3.1) proves (1.4). For 0 < v < 1, concavity of v»~V/" implies
(v—1),

p(=D/m < 1 4 n—1

which proves (1.5).

If v = 1, the nonnegative continuous function |E|* has zero integral, so p =
(n 4+ 1)w everywhere. Together with V' = (27)", this meets exactly the Ricci hy-
potheses of [DS, Corollary 5.3(2)], which gives the asserted biholomorphic isometry.
Equivalently, one can use uniqueness of the positive Kahler—Einstein metric on P"
up to automorphisms, as in that corollary. Conversely the normalized Fubini-Study
metric satisfies all the assumptions and v = 1. 0]

Remark 3.1. The defect estimate and the volume inequality in this proof do not
use the higher-order jet estimate or Theorem 5.2 of [DS]. They follow from the new
pointwise identity and the known complex classification. Only the final identification
of an Einstein metric is delegated to the Ricci rigidity theorem. In particular, the
proof does not assume that holomorphic sectional positivity implies the required
Ricci bound.

There is also a formulation not requiring a fixed distance from the space-form
tensor.

Corollary 3.2 (An interior criterion for equality rigidity). Suppose u > (n+1)/n,
[xw" = (2m)", and at every point

A>0, IT—-A"'r>0.
Then (X,w) is biholomorphically isometric to (P", wgg).
Proof. Lemma 2.1 gives
n+1

S—n(n+1):n2(u— >+<r,A1r>zo.

Theorem 5.2 of [DS] gives that the integral of the left side against w™ is zero. Thus
both terms vanish at every point, r = 0, and S = n(n + 1). Consequently p =
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(n 4+ 1)w, and [DS, Corollary 5.3(2)] applies. The hypotheses of the cited average-
scalar theorem are precisely compact Kéhler, the stated mean RC lower bound, and
maximal volume; no Fano assumption is inserted. O

4. A COMPACT FAMILY BEYOND THE TWO ORIGINAL BOUNDS

Proof of Proposition 1.2. On P" set
pi([Z2]) = JLQQ m=po—p1, U=po+Dpi,
Zk:o ’Zk‘

and define the globally smooth real function
2

3 T mrms)

Write wy = wps and wy = wy+tv/—190f. For all sufficiently small real ¢, compactness
and positivity of wy ensure that this is Kéhler, with [w;] = [wo].

(4.1) f=m*—

We use the complex Laplacian A = gi'0;0;, which has nonpositive eigenvalues.
Direct differentiation of the moment functions gives

Am=—(n+1m, Au=2—(n+1u, [0m|*=u—m’
For example the last identity follows from }, . gé3 (0;m)(0;m) in the affine Fubini-
Study metric go;5 = 6;;/(1 + |2]?) — Ziz;/(1 + |2]*)?. The product rule now gives
A(m?) = 2u — 2(n + 2)m?. Substituting (4.1) proves
(4.2) Af = —2(n+2)f.

2

The inequalities m? < «? and 0 < u < 1 show that the maximum of f occurs

precisely at [1:0:---:0]and [0:1:0:---:0]: the convex function u* —2u/(n+3)
has its larger endpoint value at u = 1. Its value there is
n+1 2
fmax =

+ .
n+3 (n+2)(n+3)
Differentiate p, = —/—19dlog det g,. Since Ric}, = (n+1)I, differentiation of the
inverse metric in S; = tr,, p; yields
(4.3) So=—-AA+n+1)f=-2(n+2)(n+3)f.

The formula in Lemma 2.1 is smooth near wg and rqg = 0. Its quadratic term has
zero first variation, so, uniformly on P",

_n+1 t

(4.4) Lo, —+ Esg + O(t%).
Consequently, for t | 0,
min /1 :n+1+d—”t+0(t2) dp=—2(n*+3n+4) <0
x e n n? ’ " '

Taking a minimum is justified by the uniform remainder: evaluating at a minimizer
of S{, gives the matching upper estimate. No smooth dependence of minimizing
points is assumed.

Set

(4.5) ay

n . ~
= min p, Wt = Q.
n+1 x Y
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Under constant rescaling by a > 0, o = @ 'j1,,. Therefore min ug, = (n + 1)/n,

and
1

dn 2 ~n n
at—1+n(n+1)t+0(t)<1, (QW)n/th—at<1.
Moreover @W; — wy smoothly as metrics on X, so it satisfies every fixed positive
pinching bound in the proposition for sufficiently small ¢.

We verify the failure of both original boundsatp = [1: 0 : ---: 0]. Use coordinates
zj = Zj/Zo, 1 < j <mn, and put ¢; = |z;|>. At p, go = I and first derivatives of g,
vanish. The expansion of (4.1) gives

fa =1 )= (G2

The coefficients of ¢ and qjg- (j > 2) in that expansion are respectively 8 and
3 —2/(n+ 3). Equation (4.2) gives

d

o (pr — (n+ 1)wy) = (n+ 3)v/—100f.

0

The first eigenvalue of Ricgt —(n+ 1)I at p, along 0.,, is consequently

2(n — 1)(n + 4)

2
. t+O(t) < 0.

d
(4.6) <—4(n +3) — —) t+0(t?) = —
n
For the sectional curvature computation, if h = f;7(p) and ¢ is the coefficient
of ¢, then R};;(p) = —4c and differentiating its denominator ¢3; gives H{(9,,) =
—4c — 4h = —16. Rescaling as in (4.5) therefore gives

2d, )
Hs,(0.,) — 2 = (—16 - n(n—+1)> t+O(t)

4(n—1)(3n +4) 9
4.7 = — t+O0(t") < 0.
(47) ) O
All coefficients in (4.6) and (4.7) are strictly negative for n > 2. This proves the
asserted failures on actual compact Kéhler manifolds, rather than only on algebraic
tensors. O

Remark 4.1 (Scaling check). For w = awpg one has Z = a '%,, u = (n +1)/(na),
S =n(n+1)/a, and v = a”. Thus the mean lower bound has the correct direction
a < 1. The family above is not a family of rescaled space forms, as witnessed by its
nonzero trace-free Ricci variation.

5. OBSTRUCTIONS TO REMOVING THE HYPOTHESES

The following calculations test potential extensions of the proof. They do not give
compact counterexamples to the question in [DS, Section 6.

Proposition 5.1 (Failure of the unrestricted scalar comparison). There is an alge-
braic Kahler curvature tensor in dimension two with positive holomorphic bisectional
curvature such that = 3/2 and S = 72/13 < 6.
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Proof. In a unitary basis let

6 18 24

E:% 13* 112?21—3:%

include all terms required by the Kahler and conjugation symmetries, and set the
other components to zero. For a unit vector u, R,; has diagonal entries o|uy|?+|ug|?

and ~|u;|? 4+ Bluz|?, and an off-diagonal entry of modulus y|ujus|. Its determinant
Is

Rini1 =

ay|ur[* + aBlugug|® + Bylug|* > 0.

The positive diagonal entries show that this is positive definite for every u # 0,
proving strict bisectional positivity.

For B = diag(1/4,3/4) direct multiplication gives Z(B) = (3/2)I. Hence
i > 3/2. The same B is an upper certificate, because for any density matrix C,
Amin(Z(C)) < (Z(C),B) = 3/2. Thus p = 3/2, whereas S = o+ [ + 2y = 72/13.
The trace-free diagonal direction has A-eigenvalue (a + 5 — 2v)/2 = —12/13. This
identifies exactly why the positive quadratic defect argument fails. O

Remark 5.2 (Local realization). This tensor is realized at the origin by the Kéahler
potential

e! 5
® = |z]* + |2)* — Z|21|4 - Z|Z2|4 — 7|21 ?|22 .

Its complex Hessian is positive on a sufficiently small neighborhood; at the origin
its first derivatives vanish and R = —d0g has the specified components. A small
positive scalar multiple of the curvature tensor preserves S < 4u. Increasing the
tensor by a factor slightly larger than one makes > 3/2 at the origin, and on a
smaller neighborhood, while still keeping S < 6 at the origin. This local realization
does not provide a compact metric with the global lower bound and maximal volume.

Example 5.3 (Convexity without feasibility is insufficient). In dimension three take
a torus-invariant Kéhler tensor determined by

1
C =ww' 4+ =1, w=(3,1,1),

Cij = Rizjj, 10
with its Kahler-symmetric companions and all other components zero. On diagonal
Hermitian matrices the curvature operator is C'; on each off-diagonal real two-plane
it is multiplication by Cj; > 0. Thus & and A are positive definite. The density

matrix P, has Z(P;) = diag(91/10, 3, 3), giving u > 3. For any density matrix B,

Amm(f@(B)) S (%(3»22 ;‘ (ﬁ(B))S?, _ 3311 + ;_(1)(322 + ng) S 3.

Therefore p = 3 > S/9 = 253/90. The candidate in (2.1) cannot be positive
semidefinite, by Lemma 2.1. In particular, positive curvature operator alone does
not justify (1.6) with a nonnegative defect.

6. SCOPE, PRIOR RESULTS, AND REMAINING QUESTIONS

The available arXiv record for [DS], checked on 8 September 2026, listed v1 (16
August 2026). We read its 19-page PDF, including the vanishing, jet, and equality
arguments. The broader equality question was not resolved in the later material
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located by our searches. This is a statement about the sources inspected, not a
certification that no unlocated solution exists.
The comparison with the closest sources is as follows.

(1) The general volume theorem and average-scalar equality are due to [DS].
Our contribution is the pointwise identity on its stated feasible region and
the resulting estimate (1.5). The compact family in Section 4 separates the
hypotheses from the two original metric lower bounds.

(2) The complex classification under positive orthogonal bisectional curvature is
known [FLW]. It supplies ¢;(X) and the Kéhler cone in our proof, but it
does not identify an arbitrary metric or give our Einstein-defect estimate.

(3) The recent Calabi-operator result [DFL, Theorem 1.4] starts with a Kéahler—
Einstein metric and uses an operator on Sym?7%°X. Our operator acts
on Hermitian endomorphisms, and the Einstein equation is a conclusion at
maximal volume. These are different hypotheses; no identification of the two
operators is used.

Removing pinching requires an argument which can tolerate a negative trace-free
compression or an optimizer on the boundary of the density matrices. The two
examples in Section 5 separate these obstacles. The unrestricted maximal-volume
rigidity problem is not solved here, nor is a compact counterexample produced. An-
other question is whether the integral control proved here can be upgraded to control
modulo automorphisms in a geometric topology; that would require additional an-
alytic work not supplied by the integral inequality.

Research status. This is an Al-generated research manuscript with complete argu-
ments for the statements above, relying on the explicitly cited established geometric
theorems. It has not received independent human verification or peer review. The
accompanying audit records the literature search and the independent symbolic and
linear-programming checks. Those checks are supplementary, not proofs of the gen-
eral statements. Novelty remains subject to expert assessment and further literature
verification.
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mean RC #iI# ¥ pinching @ N TO{ARERITE
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2026 -9 H 8 H
BH. mean RC HIZRA (n + 1)/n LD a > %7 b Kihler ZEAIZDOW
T, BARMZBBINRGE |2 — Zillop < 1/(1 + /n) O FTERNZEIMEE
HAEIHT 3. 2 2T Z % Hermitian H ¥R Lo iRt h,
:%my_A+mAﬂf%5 TRTOEFERILn > 2T, FEKED
Ric! —(n+1)I D L? 7 V4D _REHIHT 5. SRR O 5 &1 R E BT
X7z Fubini-Study FEME 6N 5. HLE R 5D, bL—2Z 0D Ricci
HOMERB | FFR SN2 R LB EITHIC X - T mean RC iz % R 3
BN TH2. AROIREZMZFTH H > 2 ¥ Ric> (n+ 1w D5 %
iz way s rtEOEEEMR T 5. REMI2Fc XD, Datar-
Seshadri D DHESMEAD o DEEL ST 2. ZO—KFEIZA
TR TD .
D — MEchatGPT 6 BEM L7 DTH D, BHIFEENLBAEE 2L fT-
TWEHA. ZODBENREECED 200 LNEEA. TORDFEEFEL
ATLIZE W,

1. BA L FAER

(X, w) ZERXTTn > 20D a7 bEifE Kahler 2R 5. w = /—1g;5d2"'A

dz7 £ EZ, RO/ E%
R = —0i0;911 + gpq(aigkq)(ajgp[)

TE®D 5. Fubini-Study st EDIEFEIX Hrs = 2 B XU [wps] = 2m¢1(Opa(1)) &
T 5.

AR THWRERAREZERT 5. TH°X ® Hermitian H OHERIBI2EKE H, & L,
FEWNHE (A, B) =tr(AB) ® AL 5. Z, %
(1.1) (%#.(P,), P,) = R(u,u,v,0), P,(w) = (w,uw)u  (Ju| =1)

EEMIEHEIC L > TED . B DERSIE H, 2iR5. FEZEFRE LT,
A= a;P, ITNL Z,(A) = a;Ry.q, TH 5. Kihler 0iFMEX D, ZOEHARIE
HOHEZTH 5.

(1.2) X (A) = A+ (tr A)I, p(x) = e Amin (% (B))

B ZIBERICTBII2EFBEMPEOETVTH D, puid Datar-Seshadri @ mean

RC H?E;K%O) HDTH5. ZDIVEFAZE/ L LIZ Hilbert-Schmidt / VA ZFD H, IZ
523D Thh, EENR2BET > VL EOHRIERARD /LA TIERW.
Datar-Seshadri \& u > (n+ 1)/n O N CTHRERAE ERZRL, RRKEEOGE
DGR A 5 —#iF 2 PUE L 7z [DS, Theorems 1.1 and 5.2]. Li» L O SH#E
¥, RZTEDRHZ—IRIEZ T TREIRZ v, EEE, 2O HEIZIED EHIK
ﬁ%?%ﬁoﬁﬂm@¢TV7wkﬂbféKﬁibﬁh(%M@ AT Z,
DHRIIGEE THEZ /R L, EPHEcHE T2 5.
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SR 1.1 (#2R pinching @~ T OAREXRIBFET). X DI XRTOKRT

n+1 1
. > - * || O S 9 S
(1.3) Pz |Z — Rllop < € 0 6<1+¢ﬁ
MR D TOLIRET 3.
v
V:/ﬁﬂ V= —, E = Rict —(n+ 1)1
; 2n) (n+1)

Y#L. 22T R Ricci TERITHIGT % Hermitian B CHERIBITH 2. ZD L
=X ZP e RUERITH D, 0<ov<1dD

"< (14 29)n(n+ (T =)
(1.5) <(1+2)(n+1)(1—w)

B DILD., FRCv=1TH2 ¥, (X,w)d (P wrs) EXEHIEETHZ Z b
ZFEETH 3.

ARHE LR OEBIIERFETH 5. pinching DHFEB LU (1.5) 0){4‘;&%)33‘1@1'36 5k
FEIRLZRWV. #HEmld Einstein SR o030 %, HEd LD /L A TS
5HDTHDH, FrEM OIS CF ﬁ*ﬁf‘@ﬂy;ﬁ’i’ﬂigﬁ L TidWwizw, Riemann {K
B v/ Tthh, EHD /L 213EE Hermitian HEHERBID ) VA TH S, Th
5D S EHLD—ETH 5.

ZDOEHIZ BT 2 BIERIDEIE, IED RN & Frankel D E# 63T
wiEohs [SY] ﬁﬁﬁf@izﬁj%ﬁﬁE L7z [FLW, Theorem 0.1] D ERLZHW 3
BINX 58, GAONTERICEATS2HDTHS. FEHATI, r:@ﬂ:%éﬁi
T BEEITHN DN Jﬁ

(1.6) n*u=2S—(r,Ar), r = Ric? —§I, A =T1Z |y,

(1.4)

WS, ZZTS=trRic!, Ho={A:trA=0} TH DY, T Ho \NDELEHH
T%é.:@ﬁﬁ%,E@ﬁt%ﬁﬁﬂkLf@ﬁ@@k%?%%TmmﬁﬁmT
THEHAL, (1.3) 252N o DRERHRT 5. —XERXOF7EHBERIIHIEFENT
H2H, ZDOHARDBIEDELITHDONERICAS Z L IIFEENIBHETHL. 2D
REEMT 2 e TRICRD Z e Z2E S HEITRT.

W 1.2 (REDMR S W7z 73 >k bR, #n > 210 L, P Lo Kihler it
B, 0<t<tyT, B — wps PWBDITLD LB,

1 -
min s, = " / o < (2n)"
X X

n

iz —7, Hwt>2%>R1cwt_(n+1)wt S DTN DBFET 5. (EED
.ELKO<6<(1+\/_) BizsL, Ta/hE I RTDt > 07T (1.3) D pinching
DIHALT B .

it > TEFHMMIZ [DS, Corollary 1.2] D D DREEDO VT2 ZEH L2 D
TRV, ORI ZBRIZERCORE S A, BINDIED Einstein TR Z
RELTWIRWZ & BRT. ARIOTOEFNX, ZoFERIEANDRFmR, BXLU
DO L DEWEIRT 2O, ARTIHEH LR TH 5. MO w
TIXANRDOER X & CHNTICHHES 5.



12 chatGPT 6 Astra

2. {74 & Ricct iR o $h

2.1. ®ibEIEBHE. Hermitian (ERIXZ RV F O RC IEEM: &1, Vo Vo # 0 Ju #
0: RF(u,u,v,0) >0 EWVWHIEHTH 3. uniform RC IEEMETEREZED DD &
L3, Vo Ju # 0 Vo # 0128 U TR UREAERZZKR T 2 [Y, Definition
L1]. ZAUTH LARRTHW 2 &M1&

Ve 3B >0, tr B =1VYv: (%,(B)v,v) > |v]?

“C%Z) FFAEN5 BORBEIMEETH 5. B2 REROFEIIERICET ENR
BT a o0 D TRADEBEIZERZ DT, RAEIZFEET 5.
EEE \DT=DIZRR B &, Hermitian H CHERR 2 AL TUX, BT Mk
D IMEIE % FM??'U:@E’JWKK%LL\ FHIEIER (#(B), A) 32D a vz

MEEG O L TR DT, BRXITO minimax EHD 5

p = max mf{n@?(B), A) = min m}gax(%(B), A)

2155, ZZTHER L EHEETIZE < DS, Remark 2.1]. TR TIE B TR
%HHTM%ﬁJZ?%ﬁﬁU%T LTEZIVES 5. R miBfb DT 2 33 2 2
XL,

ENEINSRES S DMEIE

—/—10dlogdet g, [p] =2me1(X), Z(I) =Ric*, pAw™ ! = §w”
n

TH5. FHZ Sps =n(n+1) THYH, Riemann AH T — @A@zgfbé e~ HOEZ
BRARIZ I RTIESH2LTH D, orbifold R FTHYZR Chern ZHTIE 42 <, EH D Chern
2 HW3.

filild 2.1 (NWETORR). R % Hermitian n XoGZEM L OB Kihler i=R7 > >
nel, ,%’STH.A’S:J: EOWREDD. ADIEEMETHD,
1

n—+1

(2.1) B@zﬁU—A*ﬂ>O
EIRETZ. TDE E B, ZRKANEZENT 2ME—DEETIITDD,
(2.2) X (B,) = pl, n*u=295—(r, A" 'r)

MDD, /o Tal < A<bI, a>074%51F
|r?
2.

(2:3) )

TH5. B, PHIEEMET LR WGEICHEDONRIIRTLT 20, ZOHEII1TEK
KATHND—BEMIZ & fdiﬁb&m

A A DR L—RF0RDT, 1B, =1TH%. HRI) =r &
H%Uiy:%@—AA*ﬁ:
THH, Z(B.,) =N EIF5. BEHEMELD
7M:¢@ngy:wmgu»:%@—¢m%m»

Y7%%. B, 3HFBEEINZDTu>A\Th3. (EEDHFEITH BITHL
Amin(Z(B)) < (Z%(B), B.) = (B, %Z(B.)) = A

2
<s5-n2u< !t
a



mean RC H{3 ¥ pinching @~ T OIRFERIME 13

THED00 p=\%H8%. ZZTREBEXRZ LD L PRERZHOTORL.

B R0 KL TR 518, C = #(B) — pul > 02 tr(CB,) =0T»%. B,
DIEEMEED C=0rk3. EBE, BPCBY WHEEMBETIL—R20TH 5.
B=1/n+by, trby=0tFELr/n+ Ay =04%DT, B=B, %2%55%. REIC
A~ OEHEDFHED & (2.3) DIES . O

i 2.2 (FFAMEDMRAE X N2 PRI HPH). |2 — Zollop < < (1+/n) ' 72513
(1-e) I <AL (149, B, >0
TH5. I5pu>n+1)/nksid

[rf?

(2.4) S—MH+U21+€2Q
(2.5) |Ric* —(n+ 1)I|* < (1 +2¢)(S — n(n+1))
DI D AL,

iFH. D=% - %, Y BL. Z. 3 H, ECHESEAZELZDOT, ZOFEHMEZE3 L A
D2, Elr=1DI)BLK|I|lus=+/n &b

evn

rlus < evn, AT flena < AT s < T < 1

THbD. T lena BEEHOBECHERE LTOBEHED/ VALATHS.
DIFHZE /N L XBT 2B D 5. [ - A r OFEHEETRTIETHD, i@
21,5 (2.4) 218 5.

g=5S—-n(n+1) tiBL , FAUCEHRMHME?S

0<q=(D(),I) <ne
Y5, ANt PL—X0DETOERELD

2
[Ric —(n+ DI = [’ + L < (1+2)g+ 2

ThHYH, FRMWMES. ZOHFFHTIE B, IZHET > Y LGS 2IHKET 5. Ak
VERZDOWATH Z IS EDTE S 6 TH 5. 1o T LS IEND & AFHH
INTBD, ~HOEIT e DEBELITINCOWTIRE L 72D DTlEAw, O

3. RIBHY 72 ki
EHE 1.1 DFERH. BHENR Y P oL w0l L, (1.1) & |Puas = |Polas =1 & D
R(u,,v,9) > 1+ [{u,v)]* = >0

TH5. o T X IZEDEAEANMEETER 2> 3 > %7 b Kéhler 2K TH
D, [FLW, Theorem 0.1] Z#AH 3 2 & X ZP" & XWERITH 5. ZOERETIIETE
EEE X TV,

h=c¢(Om(l) &L, [h"=1 IERLT 5. P* D Kahler #IXIEDFEFRLD
T, Ea>0Z2ZHWT [w] =21ah EFIT 3. a DEEEIZHWZRW. P* D Euler
SERH0 = O = 0P TP 5 0&kD o (X)=nm+1DhTHZ05

(3.1) v=a", / Sw" = n/ p AWt =n(n+1)(27)"a"
be be



14 chatGPT 6 Astra

%ﬁé @®i08®$ﬁdMn+Uuiﬁ®f,@D#%aglf@é.&@
EHEALBDEHAVDE (14) D5, 0<o <1 T V"ML D

—Lw-1)

n

U(n—l)/n < 1+ n

Thbh, (1.5) 215%.

u_lﬁgmﬁﬁﬁ%%ﬂwwwﬁ IR 0RDT, TRNTORTp=Mnm+1Nwl
%%, V=_2m"tibts L DS, Corollary 5.3(2 )] D Ricei HIFRIZBI S 2 REDE
DFEFWi7zZ N, KD B PERIFERMEINES . FMEZRITIEL LT, [FROFEH L F
BRIZ P EDIE® Kahler-Einstein 7 80 H AR 2R —EM2ZHWTH X, #
12, IEFMEE 7z Fubini-Study GFEIZ TR TORE L v = 1 Zili/z 7. O

TR 3.1, ZOtHIcBT 3 RO $hoiiHil & AR AEFRI, mﬂ®m%pmﬁﬁ

% Theorem 5.2 Z VT WAV, SHIOEZ DlEER L, R D MBS KR D 5y

*Eﬁﬁ SHE-oTW5. H&ZED Einstein gFE D FEE I Ricei MIPEEHZ AW,
, 1ERUWTE =R 0 IEMEME D> & 0372 Riced RERDRED LIRE L TV,

WWR@%A YA OHMREE L RWERLDELNS.
% 3.2 (NMGMIC X 2 EMINE). 1> (n+1)/n, [(w"=(2r)" ZREL, FRT
A >0, I—AYr>0
DD IDOE T2, ZOLE (X, w)iE (P wps) & EHIFERETH 5.
AIERH. FHRE 2.1 205

S —n(n+1)=n? (u—nl_l)%—(r,A_lﬂZO

TH5. [DS, Theorem 5.2/ 12 KUK, D " KT 2HTIE0THS. iEoT
GAOMIEIFERTOLRD, r= 05D 5 = nn+1)z218%. XoTp=(n+1)w
féb,m&cmwmymmﬂ%ﬁmféé.mﬁbtﬁﬁxﬁi—%ﬁwﬁﬁw
fEWF, 2> %27 b+ Kéhler TH 2 Z &, HHED mean RC T, BLUHRKAET
H D, Fano MEIFENML TWiw, O

4. FERXD OO R ENNZ a7 btER
i 1.2 DFEH. P* ET

72
pj([Z]) = %a m=py—pi, U=Dpo+DP

BE, KIS 272 5B

o, 2 2
(4.1) /= n+3u+ (n+2)(n+3)

%E@é wo—wFstL Wi = wWo + ty/— 85]” t%( a Ny ]\‘Iﬁt CUOO)IE{[E
LD, T/ VFEE I LT 2T Kihler st & TH D, [w,] = [wo] TH 3.

.ﬁfLﬁ)éFIELE%?ﬁ?f LaplamanA—g]@a PHWS. B— X MEERERE
WMndse

Am=—(n+1m, Au=2—(n+1u, [0m|*=u—m?



mean RC H{3 ¥ pinching @~ T OIRFERIME 15

215%. PIZIXREOFENZ, 774 VEEIETO Fubini-Study #H& go;5 = d;;/(1 +
27) = Ziz; /(1 + =) ZHINT S, gé](ﬁzm)(%m) ZEIETRINES . BTl
EDAm?) =2u—2n+2)m*THYH, (4.1)Z2RATHL

(4.2) Af==-2(n+2)f
2185, m* <P 0<u<1&D, fORRAEEbIDE[1: 0l &
0:1:0 0] TH5. FEFE %ﬁu—mym+a D i £ f@ﬁ@u—1®ﬁ
DREWV. ZDiRAMHEIE

! _n+1+ 2

T n 43 (n+2)(n+3)
T%%

—/— 66’logdetgt’5_’1ﬁfl r5 5. RlCO (n+DITHYH, S;=try, p BT
Z)l%n+£®17u& %)E@%)Z

(4.3) So=—-AA+n+1)f=-2(n+2)(n+3)f

725, fE2.1 ORI w DIEFETIESLTHD, r1o=072DT, ZDO_KIED
FB—ETIX0TH 5. EoTP" F—FRIC

n+1 ¢t 9
(1.4) po =" L)
MDD, XoTtL0IWHL
1 d,
m}}nuwt _nt + Et + O(t%), dy=—2(n*+3n+4) <0

Thbd. mMEZI A EESRIREO—RMEIC L o TIEM b 5. S) DER/NET
FHES % eSS 5 Lo Db 1S oS, RANRDOHE S RMEIFEIXRE LT
Wiz,

n . ~
min p, Wy = AWy
n+1 x 7

B B a > 012 K BIERMNTIE oy = 0™ iy BODT, minpg, = (n+1)/n
THhY,

(4.5) ay =

a; =1+

n 2 1 /An_ n
nmen TOWI <L G [ er=a <]
5. XHIX FOFEE LTO, — w LI DILODT, dEDIEED
[E%E U 72 IE®D pinching EEUIXT L, T2/ NVt TZD plnchlng 7535243‘5

FEH XD =20 FRAH D V1775 & YEp=1[1:0: 0] ChED 8 5. FEAE

=Z;/Zy, 1<j<nZHD, ¢ =|z* LEL. p’GGigo :I“C‘Zéb, g D—FE
ﬁ NE0TH S @Q%@ﬁ?ét
2(n+2)

fii(p) = —4, Emﬂ:_7Hﬁ (j>2)

2185, ZORICBIZ ¢t (>2) ORI, Thzhst 3—-2/(n+3)
ThH3. (4.2)05

S (o= 4 1) = (n+3)V100]



16 chatGPT 6 Astra

TH2. o TpIlkBI 3 Rick, —(n+ 1) D 9., HIADEH I
2(n—1)(n+4)
n

(4.6) ( %n+$—%)t+0@) t+0(t*) <0

LR 5.

ERMTERIREZEE T 2. h= fii(p) &L, cZ @ DRI T2 L, R1:(p) = —4c
Thd. Hhkg DY T 5 LITXD H\(0,) = —4c—4h=-16&135. o T
@@@Mﬁﬁmﬁhm

2d,, ,
Eﬁ@ﬁ—2=(—%—nm+1»t+0@)

A —-1)(Bn+4) 5
(4.7) = OESY t+0(t*) <0
Y5, (4.6) 8 (4.7) D—KFEII TR Tn > 2 THFRICATH 2. Zhuckb, €
BT > 72 ThEFEBRD a7 b Kihler 2K ETZ OO A2 i
AT U722 & DSEFRH S . 0

FE 41 (KM DOME). w = awps THNL, Z = a ' %, p = (n+1)/(na),
S=nn+1)/a, v=a"TdH3. > T mean RC Tﬁbiﬂiblﬂlﬂ%@mﬁia <1
25Z2%. LORIZ, FL—2Z0® Ricci B DERD 0 TRV P55 &5
12, ZEMIE 2 RN U 72 T,

5. ROEZHD R < B bR

DUR ORI QIR ATREME Z M E ST 2 HDTH D, [DS, Section 6] DHEIC
N5 2387 Mg REITIER .

il 5.1 (BEMHDR D 7 — O RAL). BBEXIC 2128V T, [ED IERIKIH
HIR A2 RS, u=3/2B XS =72/13 < 6 &/ 3REMW Kihler 7 > Y )LH
IR 5.

AEAH. 2 =& VY BERIZHBWT

24
~ 13 = 1122 = 13 =7

L ED, Kihler XfFME & HAZWFED & BER KT Z ED, ThANZ 0T 5.
ﬁﬂ«? IR S AOR Ruu DX AT afur|? + ylusel? & v|ui|* + Blug|* TH D,
FERS AR 7 DAEIHELK v|uyug| TH 5. ZDITHIRIE

aylur|* + aBlurug]? + Bylug|* >0

TH2. MARDHIEZRDT, ZHUITRTDu#£0ICH LU TIEEMTH D, EH|
WBTHHIRIZET S 5.

B= dmgu4w@kﬁbfpﬁﬁ%?%z@() (3/2) I 7%DT, u>3/2TH
%. FU BIZED50fHlId 52 5. EEE, EEOEETH C I L A\nin(Z(C)) <
(#(C),B) =3/2 TH5. %ofu_amt# S=a+p+2y="T2/13ThH 5.
FL—Z 0 DXAITENCEBT 5 ADERMEER (o4 5 —27)/2=-12/13TH 5. Z
NDIED BT & 2 FHEAME 2 72 W BT 2 IEfEIC R LTV 5. O



mean RC H{3 ¥ pinching @~ T OIRFERIME 17
FE 5.2 (RAMNRER). 207 ¥ Y uiE Kihler K7 ¥ ¥ v L
a B
® = |z)* + |2 - Zle|4 - 1122!4 — |z ]?|z2)?

WEDEEATERINS., TN VIR TIEER Hessian IZIEEBETH D, JHA
TIETEDO MDD 072D TR = —-00¢ \3E8E LI aEHRK>. 7>y
EONIWERBBELTD S < 4pl3fREINS. 1 L DD UKRZWERLSZ BN,
JF e ZD /NS WVIEfETu >3/28kD, REBFHTS <62ROZ N TE
5. ZORAERIE, KEBNZTNREEREEZFFOa Y 7 MHEEZHKRT 59
DTIERW.

Bl 5.3 (MR TREEFAEEZRETERW). BREIOT3ITBWT

1
Ci; = Ryj3, O =wuw' + 1_017 w=(11)

TEE S —7AAFZ Kahler 7> Y V% #F 2 5. Kahler S BT %
&, ZofE 035, XA Hermitian {75 _ETIXMRIEHRIIC TH D, FEXT
AOEF2RITE T ZEM E TGy > 0 TH5. [EoTZ L AL BITIEEMET
b3, BRI PICOVT 2(P) = diag(91/10,3,3) BOT u > 3 %45, EEO

SR B 1A L
Amm@wng(%@m”;“ﬂBMBzﬂm+§gBm+3ms3

THb. EoTu=3>5/9=253/9075. @21 KD, (2.1) DEHITINEF
IEEETEH D152V, FHC, HREAROEEMEEZ T, IFaOMEEE R
D (1.6) ZIEXS{LT Z 720,

6. WG, e ThE, SRS NME

2026 £ 9 A 8 HICHERE L 7= [DS] @ arXiv afskiciE, vl (2026 48 A 16 H) 2348
HEINTW . HBEM, jet, F5OHEOFMZ AT 19— D PDF ZHAR.
SEOBRBRTHERTEREOER TR, —ROESHEDRIIIHERTE -
7z, ZHEFABELLZEBERNICOWTOMETH Y, READBRDFELRNI LD
REE T2,

B HIEWERITHIE e DHEIIRDOEY TH 5.

(1) —ROEEEH e FIGR H T —iROESIX [DS|Ick 2. ARTEMLZ
DI, FEE LR TcoOR I e ofEF L, Z20h 5155027 (1.5)
Th3. FaAfioar 7 FEIEREZ, REPEFERYD _ODitE N B
252 EIRT.

(2) IEDQERIEADNBHERO N TORERZRZSRIRD I TH 5 [FLW]. Z
AUIARREDFEIAIZ ¢y (X) & Kahler DB 2 52 205, (EEDOEZ o’k
FFREZFEE LD, SE O Einstein FEX» 5O FTNEFMLZD T30
TR,

(3) B D Calabi fEFHZRICEI 9 % [DFL, Theorem 1.4] 1%, Kéhler-Einstein 51 &
EHFESY L, Sym*TYX FEOERZREH VS, AROIEHZRIZ Hermitian
HA R FIC/ERH U, Einstein ARERIIBRABEOSGEOME@TH 5. K
EFERZ-TEY, MEARZFE—MHT 258mIEHTORW.

pinching ZEH{ D BR < 12iE, P L —R 0 DEGANDEMEB A DT M ZFOGEE,
2 W R LA THI D ETH 2R DRFICH 2 B E BN 2EmPDETH S, 5




18 chatGPT 6 Astra

S5HID oD, TNHDEEERSITTORLTWS. AT —&D R ARERME
MREEZERLTEST, ay 7 b aRAIBGZTWRY. X512, SEOEDFE
fiiz B OB 2 BR < RM 2T OFMcHED sh 20 METH 5. 2Tl
BEOARERZ T TIRE SN WVEBIMOBRANEL 725,

W ERRDNIE DY, AR AL MER L 7=-EERTH D, BHEC U 72 BERI 0 22
HEHEZHWT, EEo&mEDTRkHEm %ﬁ%bt%@f@% NG AGE
I K BHATARGERCETUIZ T TRV, RO X BIIIEGAE , iz kgEd
ﬁﬁﬁbiUﬁﬁﬁﬁhiéﬁﬁ%ﬁﬁbt._m6®ﬁﬁmﬁ%f%b —i%D
iﬁ@ﬂ%%ﬁ%b&m.%ﬁﬁﬁomf@,%W%Ki%%ﬁk‘%@im%m
PAETH .

S Sk

[DS] V. Datar and H. Seshadri, Volume comparison and rigidity for positive holomorphic sectional
curvature, arXiv:2608.15850v1 (16 August 2026), 19 pp. https://arxiv.org/abs/2608.
15850v1.

[FLW] H. Feng, K. Liu and X. Wan, Compact Kihler manifolds with positive orthogonal bisec-
tional curvature, Math. Res. Lett. 24 (2017), no. 3, 767-780. f#&8 L 7zhix® Theorem 0.1:
arXiv:1710.10240v1. https://arxiv.org/abs/1710.10240v1.

[SY] Y.-T.SiuandS.-T. Yau, Compact Kihler manifolds of positive bisectional curvature, Invent.
Math. 59 (1980), 189-204. https://doi.org/10.1007/BF01390043. [ X DEXITIES
\7 7R TERIPo7. ARGTHW S 28X [FLW, Theorem 0.1] TH/RINCHER L 7=.

[Y] X. Yang, RC-positive metrics on rationally connected manifolds, Forum Math. Sigma 8
(2020), e53. T F8 L 72D Definition 1.1: arXiv:1807.03510v2 (4 September 2018). https:
//arxiv.org/abs/1807.03510v2.

[DFL] Z.-L. Dai, H.-P. Fu and Y. Lu, Kdhler Einstein manifolds and the Calabi curvature operator,
arXiv:2609.05106v1 (4 September 2026), Theorems 1.1 and 1.4. https://arxiv.org/abs/
2609.05106v1.


https://arxiv.org/abs/2608.15850v1
https://arxiv.org/abs/2608.15850v1
https://arxiv.org/abs/1710.10240v1
https://doi.org/10.1007/BF01390043
https://arxiv.org/abs/1807.03510v2
https://arxiv.org/abs/1807.03510v2
https://arxiv.org/abs/2609.05106v1
https://arxiv.org/abs/2609.05106v1

	1. Introduction and main result
	2. The optimizing matrix and the Ricci defect
	2.1. Quantifiers and normalizations

	3. Global consequences
	4. A compact family beyond the two original bounds
	5. Obstructions to removing the hypotheses
	6. Scope, prior results, and remaining questions
	References
	1. 導入と主結果
	2. 最適化行列とRicci曲率のずれ
	2.1. 量化と正規化

	3. 大域的な帰結
	4. 原論文の二つの下界を外れるコンパクト計量族
	5. 仮定を取り除く際の障害
	6. 適用範囲，先行研究，残された問題
	参考文献

