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Abstract
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1 Campana-Winkelman 15 & &

XL OIS

LT [CW15] DX EIRmXDIEFED ICHEHRL TV, WAABRABRHHODEEVRE, BHAD
KL< OO 5D >fcOTHhEDES L.

1.1 1Z Introduction

Definition 1.1. [CW15, Defintion 1.1] ###7ZEf (complex space) X ' h-principle Zi&7c 9
CIX, EED Stein ZFKE S, EEDOEFBEK f: S — X ICDOWVWT, HHERIBEHF: S — X
HH->7T, F & f & homotopic THB.

History (&6 5 .

e Oka-Grauert: Stein Z#R{E S _E®D complex Lie group G % fiber £ $§2F GHR%Z X £ T 3.
FOEFBREIaY s X — G, HBIERIYIETE homotopic (75

Gromov: Eliptic % 51X, h-principle Z#77 .

Forstneric: Subeliptic 7 53 h-principle Z &7 .

FHEZR. (homogenerous complex manifold. & G H' X ICHBRICEAL TWLW3H0D) IE
h-principle Zi#&7=9. & >T CP", Grassmanian, Torus ¥ h-principle Z 79 .

A C C™ % Algebraic subvariety TRRT2UEBHDZ LD &, C™\ A H h-principle Z i
7=9.

o Oka ZERIKIZ h-principle Z#%7=9 . 2.6 B,

Stein DEFRIFRDED TH 3.

Definition 1.2 (IEBID - IER)SBE - Stein ZEM, [GR79, IV.2.1, 2.2, 3.12, V.4.2]). X &
(2nd countable) BEMTZEME £ 97 3. (reduced, irreducible, normal IRE).
X HER (holomorphically convex) Td 2 CIXEMERUTORMZHI-T L.

1. FEOENMIV/NI M K C X IC2WT, ZOERIMNE

R ={zeX||f(z) < max| | (y)] HER®D f € Ox(X) THROIL }

HELME[/INT MRS,
2. FEDERBREHLAVET {1,152, IC2VWT, X LOHBERREHK f BEELT
sup,ez, |f(yn)| = +00 EBS.




X HIERSBERTEE (homomorphically separable) & i&, FED z,y € X ICDWVWTH3 X L
OEBIEK f BB > T f(z) # fly) LhRBZ L.
X ¥ Stein ZZER C IFRDEMELGZHZ®/IT L.

1. X IFIERISEMR, 2£D X IIBEN (EFEOIVNT FESKICDWTEKNW A0
YINT MIBB LD K DRGEGE W B EFEET D) 2 X ROV /NY MERIERS
E8I3BRESTHS.

2. X NOEEOHEPES PICOWTEEB, 20 HI(P,F) = 0 BMEEDRFTENE
BEBFCq¢>1ICDWTHDIID.

3. ICOx ZEHEideal B LTz &, HY(X,T) = 0D R D ILD.

4. T'(X,-) : Coh(X) — AbI3ZEEF.

5. X (FIERM, IEAISBERTRE, D DEED 2 €¢ X ICDVWTEFDEBOHIAHFRT e =
dimgm,/m2 E92E, %5e D fi,...,f. € Ox BH>T, m, ZHEMT 3.

6. X |FIERIMD DIERIS BRI AE,

BORAFRTOISHDHOND IS5V, HLEHEDOIH X cCV,2=0TX =(g1=---=g; =0)
EETTVWBLEIR
e := dimg my/m2 = N —rank Jo(g1, - - -, gr)

E73%. REBEENS0c X DAL TCN ko — C¢ |ITBDAL LA TES. FiCdimX <e
Ths.

AL SIE =D TcD. £oT Stein B SIXBAAERZ 2FICHRIET N TET 2D TREZRS.

Corollary 1.3 (BFREEIZELRIE). X B Stein ZHEE TS, AED 2 € X ICDVWTHD X
LTOERIEE f1,.... [ DBOT filu B2 Z BT HBZ/NEBHEESU LORBFREZRE23.

CDFHXDETEEIZRDED.

7

Theorem 1.4. [CW15, Main Theorem] X % irreducible projective variety £ 3 %.

1. (=1.52) X H projective manifold T, h-principle Z @ 1=9 7% 53 special.

2. (=1.50) X H h-principle Z &= $ 7 5&, Brody hyperbolic Kihler Z¥k{K Y NDIE
AIER f: X > Y IZDOWT, fIFERICHS.

Theorem 1.5. [CW15, Theorem 1.2] X ZfETZERE T 3.

1. (=1.44) h-principle Z#1=3 7% 51, homotopically C-connected




2. (=1.7) X B algebraic variety ET=\& compact Kihler £$5. ZDEF (quasi-
)Albanese map |$E25T.

Definition 1.6. [CW15, Definition 1.3] X Z##TZER T 3.

1. X H' C-connected & IF, X DEED 2 ' entire curve D chain THEIENZ &, D
FD2,ye XIZDOWT, H3 f1,...,.fn:C—o XHH>T
z € fi(C) fi(C)N fi12(C) y € fn(C)

ERBd L.
2. X D' Brody hyperbolic & &, FEDIERER f: C - X NERC KRB L.

3. X hhomotopically C-connected & |3, fEE M unramified covering X’ — X ¥, Brody
hyperbolic #2HfZER Y ADIERIBR X' — YV ICDWT, RE ME—BDER

e (f) : m(X) — me(Y)

HE>0ICDWTOEBERICKRDZ L.

C-connectedness (&7 covering”, "IEBIBR T DR ICL > THRIEND. Ffc X D' smooth 51K
proper modification THRIND. FT-FEMZEZBMOER 7 : X — Y D' unramified & & Qﬁ(/y =0
%32 L. ([GPRGY4, Ch.2 Subsection 2-4] BH.) !

REME—BICBALTERT 3.

7

Definition 1.7 (RE ME—8). X ZUMBEZEM, 20 € X €T3, 5" = {(z0,...,2n) €
RS (24)? = 1} & n RFTERE, P = (1,0,...,0) £§3. X O n RKERE—E%

(X, z0) :=A{f: 8" = X [ f(P) =m0}/ ~

EEHRTD.
CCTf~g%Z’fZgldhomotopic”, D& D THZEMERH : S* x [0,1] - X T
H(z,0) = f(z),H(x,1) = g(x) B®HDHFET 51 £ LTAERRZANS.

I=100,112LTS"~ "]l %#E>TCERTIHEDHS.
ROZEHhbLMN>TWD

e X 7' C-connected, Y H' Brody hyperbolic 5, ERIE®R f : X — Y IIEK. I

Yotz CORRERIEHEDRBLKABVWLRES. $F5< btale(flat 5D unramified) DAHVWE RS, AFH X, Ysmooth
THNS flat BEICEXBDTHA XD EIFHRL.




C-connected 7% 5 (£ homotopically C-connected.?

o X A[#fa%: 51d homotopically C-connected. 7,(X) =1 THBDT.

e [CW09, Theorem 57?] smooth projective 3-fold T homotopically C-connected 7Zh' C-
connected THRWEINH S.

FLDHDBERNERSD.

Subelliptic manifold = C-connected = homotopically C-connected.

Question 1.8. [CW15, Question 1.4] X ZIERZRZHKIAL T3, h-principle ZH=T RS
IE, X |& C-connected FEATZER C IERIBRICEK > THRE ME—EED?

BARC LTIE > TWAHIT h-principle % 7= §EEERZSHRIEIZE T Subelliptic FRTZEE &
FABRICLE > TREME—RELD S . BBRZLEBARDTS. B, CTNIEESHRELHR
VWBEIWT, OV/NT FMERZHAEIZO > /N EZERIED proper analytic subset & homotopic |7
DFRVL. £ TZOMVEDEHEXRDBEDIEFSHERLY. 3

Conjecture 1.9. [CW15, Question 1.5, 1.6, 1.7, 1.8]

o (1.5) AV INY MEFFERZIRED h-principle Z i T=F 251, C-connected H*?

e (1.6) Projective manifold h¥ h-principle Z 1= 7R 51X, EAXEEIE Almost Abelian
M? 2% [CWI15, Theorem 6.1] T”Projective manifold \Z2\WT h-principle =
Special ”D'E ZTW3  [Special 7% 5 (XBEEREE I Almost Abelian h 71 HREER.

o (1.7) fEED compact Kihler manifold \Z2WT h-principle Z @ 1=9 % 51X, Special
He [CW15, Theorem 6.1] DFERRIE Jouanoulou trick Z1ED DT projective ZES.

e (1.8) X smooth (or normal) quasi-projective variety £ 9. X B special H* C-
connected ZIRET D. ZDEE h-principle Ziwl=h ? £7z OkaH*?

2Z DS [CW15] Tld” weak C-connected” & EWTdH o 7.
SZTIK [CW15) DBRXEDE E.



FLHBEI5VS2ETHS.

elliptic Ell, Ell, Ell,
Conjl.8
Y - Conjl.7 N
V4 - 7 T T = =< N
subelliptic Oka h-principle =———————=> special
P -7 /p %W15,Thm6.l}proj 0):7;&p |
C’onjl./S/ - _ 7 > |
_ - _ —~ ~ N | )
T Congl5 [CW15CTO}%?11\62 R | [CamO04]Conjj
> _ ~ - |
Rationall e homotopicall Ny
. onaty ———— (C-connected —= motopicaty w1 almost Abel
chain connected C-connected
Kobayashi

pseudometric = 0

[CW15, Section 8] (1.8) TIXXRDAFI% HIF 3

e "non-normal projective” curve T, h-principle % 7= TR LAY, special X C-connected Tdp
3.

e "compact no-Kahler” surface T, h-principle Z &7z & LAY, special T 3.

e "non-compact non-algebraic % C? OFEIH” T, h-principle %7z T B WA, C-connected T
& 2.

D% D Conjecture 1.8 (Zdnormal 14, Kahler £, > /NT MEISRETH S.
Remark 1.10. [CW15, Remark 1.9] (1) BBEARZERDSUTHRE D IID.

AJ#E = h-principle

Proof. X AJ#E7RDT, 2 € X THHT, EHEM g: X — {pt} LEBFEHRi: {2} - X TH>T,
iog ~  idx LB DHHB.

homotopic
KD THEED Stein ZHRIE S, FEDEFE f: S — X ICDWT,iogo f: S — X ITTEHEK
TRICERBMTS%. L Tiogo/ ~ [THBEOTLRLE. 0
omotopic
& 2T h-principle [FAHE THRWSHRIKICOABIKNH 2B 0D, AN MERDEE
IEAMBICARDERV. X ZAZTDIITERETHZIDT, BAENEELTH, (X, 2) 2 ZTHDDH
THB.



F7-Ol#E 7 affine T log general type BZKAENEFET S. (51AIE [CW15, Remark 1.9] B8) D
F D h-principle Z &7=7 1T ¥ special TIEZRL Affine variety BMEET . (DF D I /NT MMEE
(2). X’ — X % unramified covering T X, X’ WNEELERDHKEA LTS, 1.56 h'5 X B h-
principle Z7&7= TR 5, X' HiFLT. 7272 LBEIFRED L%,

Kl LT, 3>/\7 bk Brody-Hyperbolic manifold X T Eilenberg-maclane K (r, 1) ZZE7H D
934 Bz compact ball quotient T 2 U EDHIRE §5. §5& X DEIETIEAL.
&2 T 1.45 &D, X 1% h-principle Zi& 7= TRV, —A T Xyniv [EFIHETH B D T h-principle %%
1=9.

(3) LFDIIFAE?? ([ChMIIFELSNAEWL. 1L.1ICEIS f: S - X %ZEZXS. dimS > 3%
S5iE S DEHRIEE Jo & J1(f) ICDBER DA TET, LLIFEICAKDILD [Fcl8, Section 9.10]
M5, dimS =2%451F S DREEESRERODESMITZEXZ2BRENHD (5LWV? )

1.2 2ZE Specialness

1.2.1 Specialness and the core map

[CW15, Definition 2.1] Tld x5 BT E 1D, ZOREDNTULARVDT, [Cam04] ICEDWTER
93, £ /NT MEFZER X DY Fujiki class & 1&, compact Kihler Z#k{A & bimeromorphic
LB d3.

Definition 1.11. [CW15, Definition 2.1], X B> /N FMERZHRIE in Fujiki’s class
£9%.

1. [Cam04, Definition 2.24] p > 0 £ %. line bundle L C Q% A Bogomolov sheaf &
&, k(F) =p &3 . T C T Kodaira-litaka JRIT%

1 0 X. F®m
k(F) := lim sup og I (X, )

m—00 10g m

€ {~00,0,1,...,dim X}

ELTEERT 3.
2. [Cam04, Theorem 2.27] X h'special & I& Bogomolov sheaf Z#F1=2 W\ &.

3. [Cam04, Theorem 2.25] L h' Bogomolov sheaf D& &, %% p KytAV/NT FERZ
BRIK Y AD meromorphic dominant map f : X --» Y B®H>7T, L = f*(Ky) D X
D general point TR D IID.

Special T# % C ¥ |& bimeromorophic 4B T#H 3.

I (X) 21 DD (X)) = 0 R BIREREARZERID T ¥ http: //pantodon. jp/index.rb?body=Kpil B, #l
ZIXTEM g > 2 DRUIRIE K (7, 1) ERITH 2. (r *EHEECTS.)


http://pantodon.jp/index.rb?body=Kpi1

28 B D FE5RIF Castelnuovo-De Franchis DEIETH B (Bogomolov Ik > T—HLET 7). Bogomolov-
Sommese vanishing (Z& > T, R line bundle L C QF IEBICH S

K(F)<v(X,F)<p

Zwmlcd. COFESHDILD L FH Bogomolov sheaf TH 3.
Remark 1.12. [CW15, Remark 2.2]

1. X special R 5(F, —H%EY (of general type) Y AD dominant meromorphic map f: X --» Y
BEELAEV. BLEELES f(Ky) C Q4mY @ saturation 7' Bogomolov Sheaf ¥ %%
TLFES7®

2. [Cam04, Chapter 2] X special 2% 5. R ® dominant meromorphic map f: X --» Y I
DWW, Y B special.

3. [Cam04, Chapter 5] X special % 5I&, finite unramified covering X’ — X ICDWT X' H
special.” $FICIATHRLD IZD.

special = weakly special

BHEEIFHILLAEV. 3RTDREINH D) T T X H weakly special &IE MMEED finite
unramified covering X' — X ICDWT, X' IF of general type Y \®D dominant meromorphic
map f: X' - Y ZHFHwW &

4. Weakly Special 7213 Tl Core map B EDBFEENE X BRVD TARFTATHS. 7272 [Cam04,
Chapter 9] Kobayashi Pseudo metric £ DF 63 5. F 7 weakly special T Kobayashi
pseudometric HNE R R WHIH 3B S. [CW09] ©

5. [Cam04, Definition 2.1] X H'special T&H 3 C & &, of general type orbifold pair (Y, A) A\
@ dominant rational map HNEELBWVWC L EFEETHS.

6. RC £/l w(Kx) = 0 %51 special.
7. [Cam04, Section 6.5] Special Zk{&KIZ n — 1 AT O/NERTZED 5 3.
8. [Cam04, Chapter 5| n =1 D FIE

Special & weakly Special < Brody hyperbolic Tl&7a WL
n=20NLEIX
Special < weakly Special < k(Kx) < 2 DD m1(X) almost Abelian

& o T Special surface RS IFUATOWVWFTNHDEE D ILD
o K(Kx)=—00ohMDg(X)<1

5 Z OFERRIIMVR D EEL LV X [CWI15] IZBVWTH o Tz
CCONXEBELLS OS2z, BY BT special’ MABRL L WS T ?? $ L weakly special 7217 TldFR+5 %
ZrHhhoTWB. https://arxiv.org/abs/2410.06643 B,

10
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o K(Kx)=0
e K(Kx)=1D2qX) <1 (@(X):=sup{¢(X’) | X’ = X finite étale})
9. [BLOO] &D n=2®D& &, non-elliptic K3 ZBRWLVT,

Special < C2-dominable

5% L <L\ 5 & non-elliptic K3 (& special T#H 3 Z &h'HHh > TWLWBH, C2dominable HitoH
57, T

ER D Fujiki ZERIEIS Special & of log general type(C(X), Aqy ) ICHRTE 3.

Theorem 1.13. [Cam0/, Chapter 3] X A2 INT MERZIKIE in Fujiki’s class. DL
FTex: X -2 C(X) &\WD T 74 N—8HE7 dominant almost holomorphic meromorphic
map BNEEL TRZ®IET.

1. —f% fiber |& special.
2. Orbifold Base (C(X), Acy ) \& of general type. DED k(Ke(x) + Acy) = dim C(X)
Th5.

D cx & core map E\WNDS. $FIC Core map BEBA (D FD dimC(X) =0) @ 6(1E, X &
special THB.

meromorphic map ¢ : X --+ Y H¥almost holomorphic T# 3 & &, f DAREERFE
N

X Y
o

~
™ ~
PR
~

X
HEOTCE FREERI(0) CX LT, o(n 1 I(p) Y &H2ZL. FRMERSWVEZELT,
& % Zariski open set Yo CY BB >T p: o 1(Yy) — Y H¥ well-defined THS Z &.
Remark 1.14. core map cx : X --+ C(X) IC2WT C(X) I& Moishezon TH 3 Z &hbHH>TW

%. (Algebraic reduction Z#HT2H5) & > T C(X) I bimeromorphic % model ZEXD E X
T projective TH D EREL TRL.

Conjecture 1.15. [CW15, Conjecture 2.4] X A2 IND MMERZERIK in Fujiki’s class. T
DEFcex =(Jor)imX i3 ZIT

"C"-dominable % 513 Special TH 3. FFHZS5KELLBVWEFHINTVS. LWSDOH [CW23] IZT, "This
(C™ dominable implies specialness) might however be a low-dimensional phenomenon, and it is not expected to
remain true in dimension 3.” £ ® o7z, € MD7=8% Oka=> Special IFH LM LTHIEL <7@L\??

11



e J Orbifold version of Moishezon map (litaka map D—F&)

e 1 Rational quotient
T 3. HFIC special ZRIERIE =08 vy =0 THBRINS. CCTr (X)) ZRTEDS.

k4 (X) = sup{x(det F) | F C QX coherent subsheaf }

ki (X) 1 [Cam] ICK > TEEBME X Shafarevich map & DBEHEN H B.

Theorem 1.16. Orbifold version of Iitaka Conjecture B\ DIL D7 SIX, 1.15 BN IID.

Conjecture 1.17. [CW15, Conjecture 2.7] A2 INT MERZRKIK in Fujiki’s class IZD
WTRIZEME.

1. special

2. BAERBEM almost Abelian.

3. Kobayashi pseudometric hSHZ 3.

4. C-connected.

1.2.2 Kobayashi pseudometric DHE I 5\

C D513 Kobayashi pseudometric ICEAT3H T 5WVWTHS. [Kob9g| BROZ . WL/ HEE
DH—AA [Yamls] HEPTLS LU,

Definition 1.18. [NO90, Section 1.3 and 1.4][Kob98, Chapter 3] X f##ZE/, p,q € X
IZDWT,pH5 g NDOFMREH (chain of analytic disks from p to q) ZRTEDD: f;: A=
D(0,1) - X ZIERIBRE L T,

CDEE, MEEEERE (Kobayashi pseudo-distance) diop, &

dkob(p,q) := inf (dpoin(0,20) + - -+ + dpoin(0, 2)) -

fir%5

12



ELTESHS. T T Poicare 5121

1+ |z]

= 2tanh™ ! |2|
12|

dpoin (0, z) = log

£93. (p(0,2) £ELZHHB.)
M HZRIEDGEIXFMEREED $H 3. Kobayashi-Royden infinitesimal pseudometric %
£eTx ICDWT,

Fpy(§) =inf{A>0; 3f : A = X, f(0) ==z, A\f'(0) =&}

:inf{i | 39 : D(0,7) — X ¢(0) =z, ¢'(0) zf}

EL,v:[0,1] = M &WS C> #KE#RICEI L T, Finsler pseudometric %Z

1
L) = [ Fu(G i

cLe
diob(p, q) == igf L(7)
CELTERTSD. COZDIE—HT 3.

W=+ EE€Txa®Txa EFRLT, Faur(v) = Fu(28) E LTEST 3. 2 BT 3BHAELOHBEDS.
[NO90, 1.3.1] B

—#& D Poincare STRICEAL TIRRDEED: XEIREH o, (2) 1= =2 ¥ LT

1—wz

|1 —zw|+ |z —w| z—w

Lt ou(@) o,

— = 2tanh™!
1 — |w(2)] 11— 20| — |z — wl

dpoin(w, z) := log

1—wz|’

TH3. Chid A LD % CLWSHETEZ5N3.
UTFHDIIDZ & & IMARTHL.

~

Proposition 1.19. [Kob98, Chapter 3] X,Y ZfRZEME T 3.
1. [Kob98, Proposition 3.1.6] f : X — Y ZIERIBRE T E
dxob,y (f(P): f(9)) < dkob,x (P: )

YIS fOWERIASIEEIFEFESHHILT S.
2. [Kob98, Proposition 3.1.6]. BBIFMR D IZHEWT, dkob,p I& Poincare metric p ICZ

13
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3. [Kob98, Proposition 3.1.7]. dxop x |3HREERECH D, ERDEAIFNR D H 5 DIERIE
Rf:D—-XICDOWT

dkob,x (f(2), f(w)) < p(z, w)

BB, FIEED X LOEBEERE TEDELSICZ(f(2), f(w)) < plz,w) ZHEBIcT
‘5‘;, 0 < dKob,X ERB.

4. [Kob98, Theorem 3.1.9]

dkob,x xv ((z1,91), (z2,92)) = max{dkob, x (1, 22), dKob,y (Y1, y2) }

Proof. [1] fj: A:=D(0,1) —» X ZIERIE&RT
p=fo(0), fi(z)=fj41(0), 0<j<k—1 q= fil(z),
ERBBDICDVT, fof; B f(p) & flg) BREREMNBHIBICRZZEH 5.
2] %9 BEAIMAMR_E®D Poincare metric p ICDWT, D LIEAIBR f: D — D ICDWT,
p(f(a), f(b)) < p(a,b) fora,be D. (1.1)
MO ILD. BERS5IE 2 € DICDWVWT Schwarz Lemma & D

f(z) = f(0)

s 4 (12

Z =
‘Sof(O)( )| 1.18 Schwarz

THZDT,b=0DHEIF

L+ la]
L—lpso)(f(a)] 129 ~1—|a

p(a,0)

E2B. b A0 DFEIIAEVREBRZEZZZ T, b=0DFEICRET 3.
BEOID, p=0LTF3. 0D'5 ¢ NOFWRE fo,..., fr ICDWVT

k k

p(0,q) = p(0, fi(zk)) < > o(fi(0), fi(z) < > p(0,2)

p BB+ fi(25) = fi+1(0) 51 1.1 ;=

£723%. B inf H Kobayashi #EBEDEZER L D p(0,q) < dkob(0,q). —7,id: D — DIE0H5
g \NOAREEEZZDTEENDS p(0,q) > dkop(0,q). K> THESRKILT B.

(3] IBEEBEIC B B DIREBREDS. dkovx (f(), £(q) < plp,q) BEDZDICEB. £12 6 HED

14



& D BIREERE S (S, pHHq A D AR EHE fo, .-, [ ICTDWT

b, q < 25 fz fz Zz =~ ZP(Ovzi)
RE

& > THD inf A Kobayashi #EEEEDER LD L X B.
[4] IAHAADDTEHEE. FAREEZERDBLIF >TEEISBREICRLTWVL. O

Example 1.20. (1). A = D(0,1) DHEIE

1+ |z|
1—|2]

diob,p(0,1)(0, 2) = p(0, z) = log

(2). ¥&r > 00MEKR D0,r) DHBEIE, f: D0,r) = D(0,1) & f(z) = 2 BVERIERICE S

DT
r+ |z

og
r—|z|
(3) COBAIE (2) IZBVT, r — 00 LT dgape =logl =0 EHB. &oTLI9NBRAER 3.

diob,D(0,r) (0, 2) e dxob,D(0,1)(f(0), f(2)) = p(0, f(2)) =1

dgob,cn = maxdgep,c =0
1.19 (4)

(4) C* ICDWT, RFIEBIBR f: C > C & f(2) = e L THUE

dgob,cx < dgobc =0
1.19 (1)

(5) BEMTZER X HY C-connected(1.6 B8R) 51 dxop x = 0. FEEFRIFIATD®@ED: p,g € X ICDW
T, f:C—= XTfla)=p,f(b)=q 23 f HFETIHEIE

dkob,x(P,q) < drobc(a,b) =0
119 (1)

O WRDB. —RDFBEIE, p,g € X IZDWT, p=po,p1,...,p1 = q Tp; &piy1 BN C THERDS
bz enid

l

diob,x (P; q) > dion x (pi-1,pi) = 0
- —

15



LOTRNERD

C-dominable Kobayashi
(3C" - X) pseudometric = 0

Rationally Rationally
——— .
connected chain connected

FHIHERER Lie B X ICDWT, drkob x =0 THS.

e

Theorem 1.21 (Brody 78). > /\7Y MERZRKEIZDWVWTRIZEE.

1. Kobayashi hyperbolic, D& D dkop, ISEEREICED. (dkop(z,y) =0 2=y EWD
&)
2. Brody hyperbolic, DEDERDEAER f: C — X IFEHK.

.

MICIEUATOZ DB NTWS.

7

Lemma 1.22. [KL22] XY Z# A2 \J MERMZERETS. 48 P %Z “non-Kobayashi
hyperbolic” FTzld “dxobx =07 £ TR EE, OO ILD.

1. f: X =Y D finite 95, X HHE PEHFOHRS, Y BUE P Z1HD. finite étale
BOEHHDIID.

2. f: X --»Y dominant meromorphic map ICDWT, dx = 07R 51X, dy = 0.

. X=X1x-xX, &L, 2TOX; "B P EFHOHRS, X DUHE P &1FD

4. f:Y — X bimeromorphic morphism T X % smooth &9 5. dxy <ec BHIE dy <¢
THD.

(1) DERICEL T , [Kob98, Theorem 3.2.8] IC&k B: X BBATZERS, 7 : X — X H' covering space
LAY

dKob,x (P, q) = dyop % (D5 Q)-

inf
7(P)=p,m(§)=q,

REDFERICDOUVTIE [Kob98, Theorem 3.2.19] IC &K B Zariski closed subset V C X T codimy V >
27351,

(dKob,X) |X\V = dKob7X\V

16



Theorem 1.23 (Demailly-Lempert-Shiffman). X %& quasi-projective variety 3 2. Z®D
& E Kobayashi ¥EEEBE dion x IFABEIRTERIND. DX D REHIRDEC; T

K
dicob,x (P, q) = inf Y _ dkob,c, (Pi-1,i),
i=1

(\:7’3:5 TCTCL/p =Po,P1y-.-,P1 = q'("‘pi e Di+1 ‘EM'E%&EI%J? Cl _Cl%:éu:’\“é:ﬁo)tjé

\. J

CNH 5B Rationally chain connected % 518 dion x = 0 H'E X 3.

1.2.3 Orbifold Kobayashi-Ochiai

Theorem 1.24. [Cam0j, Theorem 8.2] X % A INY MERZIRIK in Fujiki’s class,
cx : X --» C(X) %Z coremap £§3. M ZEERREXREL L, M C M Zariski open
subset £ 3.

D EEZEED meromorphic map ¢ : M --» X Tg:=cxop: M --» C(X) hIERIt
(dominant) |27 3 HDIZDWVT, gld M --» C(X) I meromorphically \ZHEERT 3.

.

g:=cxop:M--»C(X)NDIERILLIF, M D&HBRT submersive, D&F D ¥ IETTHHDFREE
MdimC(X) eFLWI . H—FROFEELD Zhid g A dominant(25) EALCTHS. Flcex
DI E, FEED of general type R8T f : X --» Y THRL. ([Cam04, Chapter 2] BE.)

Corollary 1.25. [CW15, Corollary 2.9] X A2 IND MERZRKIEK in Fujiki’s class &7
3. dominant meromorphic mapyp : C* —-» X BMFEET DR SIX, X |3 special THBD. HF
IC Oka 785X special.

Proof. M :=C" C CP" =: M £ 93, 1.24 &b dominant meromorphic map g : CP* --» C(X)
Z1FD. CP" ' special ZRD T, [Cam04, Corollary 2.17] H*5 X b special &2 3

=EDERIF Oka 72 513 C*-dominable, D E D dominant meromorphic map ¢ : C* --» X &
D7c®. O

Remark 1.26. 1.24 DRMRICHEWVWT, D = M \ M I M D reduced divisor TH3LTD. §3L

17



[Cam04, Theorem 8.2](Kobayashi-Ochiai) IC& 2T
g HO(C(X), m(Kex) + Alex) — HOOL (g “) ((m — 1) D))

EWSER%1§3. ¢ BNIBERILBDT, 5 locus T g IELEICRD D5, ¢ IFHEHIZRS.
NERWVWRL 1.2 DREER%EE5EZ 3 D TES. M =C'CcCP" =M tH<L L,

HO(M, (e ™)®™ ((m — 1)D)) = 0 (1.3)

TH3. SoTdimC(X)=0TH5.
1.3 DFEBRICBIL TIERRD EED B D = CP*\ C" I& CP" @ hyperplane EFE—4RTE D ~ Ocpn (1)
TH3. p=dimC(X) &3, D" L IZET 3 slope up IFATDOLSICFHETES.

pp (Qpn)*™ ((m —1)D)) pp (Qpn)*™) + pp((m —1)D))

slope aﬂﬂff'ri
o mpp (Qpn) +m —1
1
- _mw +m—1<0
[Iwa2l,Prop.4.2] n

S CP" IZKEFEZFDDT (Qp.)®™((m — 1)D) I& D-semistable TH 3.

—f%IC ample line bundle A IZDWT, vector bundle E h' A-semistable DD pa(E) < 072513,
HY(X,E)=0T&%3 (ffl 1% [Kobl4, Chapter 5] B8) K> T1.3HEZX 3.

7

Theorem 1.27. [CW15, Theorem 2.10] X, Z % projective manifold, M %& smooth alge-
braic variety £33, RZRETS.

o 7: M — Z EWDELHR algebraic T ZFD.
o EED T D fiber I& CF EERA affine BT 3.

FEED meromorphic map G: M --+» X Tg=cxoG: M --+» C(X) B'IER{t (dominant)
ICBRBHDICDWVT, 5 ¢:C(Z) --» C(X) BMFEL, RORAHLAHICKS.

8[Cam04, Example 8.8] IZIF"RDBRIFBRICERTEZ L H o712, CHIFBZL2»HRVWEES.
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Proof. M = M\ D £78% & 573 projective variety M ¥ normal crossing ZZBHE D Z 3. §
27 M— Z CESHERNRND. ¥

F 12405 gDILFE G: M -+ O(X) BMFEET 3. core map D functoriality [Cam04, Chapter
A bAVWTERORZES.

_——G—‘

M Z X

| | |

I ear cz |l lex

i o Y Y
C(M)---"-->=C(2) C(X)

\\ /7
-_ - -

cr: O(M) --» C(Z) H® bimeromorphic TH 3 L ZRY. HLINMDRINNIL o == czocc’:
C(Z)--» C(X) &SBIFIFFERNTET T 5.

T7: M — Z @ general fiber IJBIEEHRE (rationally connected) THSD. 1L

ik

T M M—Z

A

&D, =D 2 ZIZDVWTCF2771(2) c7H2) THD. Ko T7 1(2) IZCPF EWEETH
D | %F(C rationally connected Td 3.

&2>Tr: M --» R(M) % rational quotient(MRC fibration) £ 3 &, r(7 1(2)) I&—f&kD 2 € Z
Topoint £83. &2 Ta:Z -+ RM)DH>T, aoT =1 L1R3.

7// _ Al
73 T Z- -~~~ ->R(M)
I | a
lexr cz | :CR(W)
(A y
@) - - - ~0(2) - -~ - = C(R(M))
~ 7

coremap @D functoriality & D
ta:O(Z) —» C(R(D) and caocr=cr

TH5B. &>7T[Cam04, Theorem 3.26](FBH) &£ D, ¢, : C(M) --» C(R(M)) I& bimeromorphic
THBDTERT. O

9Nagata D> /X7 bME. https://stacks.math.columbia.edu/tag/0F3T?utm_source=chatgpt.com BB,
CICHRBEZFE> TS, (Stein FEEEIBIZEES)
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Theorem 1.28. [Cam04, Theorem 3.26] Y & A2 IND MERZBBRE in Fujiki’s class,
r:Y --» R(Y) % rational quotient £33 L E ¢, : C(Y) --» C(R(Y)) I& bimeromorphic
TH3.

Remark 1.29. [CW15, Remark 2.11] £ 2 L8 < KA D I D.

X, Z projective manifold.
e [': X —--5 Y general type orbifold base N\® fibration.

M smooth algebraic variety T, projective manifold M ¥, normal crossing hypersurface D

ILEBAVNRIMEM =M\ D%EDHDET 3.

o 7 : M — Z O fiber & rationally connected T#H D, FED D DEHIR D IE Z IC25 TS
03.
e meromorphic map G: M --—» X Tg=FoG: M --»Y H dominant THD LT 3.

CDEEHBp:C(Z) --» Y DEEL, RORKXHAHICHD.

va.

EERBIC I [GHS03] & [Cam04, Theorem 3.26] ZfFS.

1.3 3 Z Jouanoulou’s trick

7

Proposition 1.30. [CW15, Proposition 3.1] X % projective manifold £§ % (b > LR
< wariety THRW).
CDEZEHB affine BRZERIEK M C1IERI25 7 M — X BH > TRzHET.

1.7: M — X REME—[EE

2. TDETDIT7A/N—IFC" £ EHE. FIZEEDT 71 /N\—T Kobayashi ¥REEEENH
ZATW3.

3. T ISBFMICEBRLE 7 7AN—RTHB.

4. 7 & real analytic section Z¥FD.

M Y Affine & 13 C" OFREZHA L BELZBD. B &H M = Spec(C[Xy, ..., Xn]/(f1,- -
ERBIE. COMBICEWVWTM A affine(Stein)” THDENEETH 3.

20
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Remark 1.31. [CW15, Remark 3.2] £ [L05] TN EINZT Y = v 2. ?Good manifold” (" quasi-
projective manifold _£® affine bundle T7 74 /N\—H C"") TH _EDFERIFAK D IID.

Proof. [X = CPN @ F] (CPY)Y % dual projective space, D £ D CPY @ hyperplane DES &
5. P:=CPN x (CPV)V &L

D:={(z,H)e P|ze H}cP=CPNx (CP")V

£&H<. CPN D hyperplane M 7% % universal family @ graph T#H 3.
D C Pl&ample T$H3.10 £¢ (CPY)V 2 CPN TH3. &k

(CPYY 5 H="{[20::2n] €CPY | agzg + --- +anzy =0} = [ag : - --an] € CPV
THRIETS. Ko TUE P =CPY x CPN £ HHRT. COR—RIZE-T,
D={([z0::2n],[wo: - :wn]) € CPY x CPN | 2qwp + - - - + zywy = 0}

3. £oTDIECPYN x CPN @ hyperplane IC% % D T ample TéH 3. !

Vi=P\D, m:=pr|y: V — CPN &HBIFIE, ThH (1-4) ODXMEE R T affine ZIKATH S
LTS TR TV,

(1-3). U={en #0} CCPN &£ F3. U=CNTHH, U LVWSERBEBTRR L, n = 2 &
LT
{zn # 0}xCPN P = 771 ({Zx # 0IND) = {((N0, - - -y IN—1), [wo : -+ 1 wn]) | wy = Mowo++ - +1p—1wN—1}
N-1
(7707 . 'anN—1)7 [wo N wN—l] — (7707 cee 777N—1)a [w Z T’Zwl
=0

TH3. £oTr {U)ZUXxPY\UXxPV 12U xCNTHD. kD (2), B)HEZXB. (1)
& (3) KOEEDERE ME—ENZFEL VDT Whitehead DEIE 1.46 50 H 3

(4) ICEAL TIE,
CPY > (z:---:2nv]—([20::2n],[B: ZN]) €V

¥ real analytic % section £ 7853 .

M Haffine (2725 C CIZEAL T, —f&ERD 512 Projective variety W = ProjC|[ X, ..., X,]/(f1,. .., fi) =
10[CW15] IZI&” Projection pri : P — CPY | pry : P — (CPM)Y O fiber IC& £ line DRT DD family &
positive ICXET 2H5 ample THB"EEVWTH>TchbhS5ah o7
Uy 5 LIB&AH CPN x (CPN)Y < CPN 2N |2k 5T, D 1d CPY 2N 0 2 JEBHER D hypersurface 12743
Zehsbbhd. U LIEBDHIAAIE https://mathlog. info/articles/1265 B
2projective variety DEARFIES D, (f) H' affine (7S, https://stacks.math.columbia.edu/tag/01MB7utm_
source=chatgpt.com
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Proj @iz, S| IEDWT, g(Xo, ..., Xn) & d RERZERE LT E

(wew gtw #0) =spee ({2 |rez, })

7B DT affine TH 3.
—MWmzEDLE< TH, I LIEDHAAH
(CIPN X (C]PN — (C]P’Nzil (z,w) — (Zi’w‘j)lgi,jgj\]
EEoTHbNS. CPV' - OFEE%R T); £ $5 L P = {T;;Tj; — T;;Tii = O}r<ijeny C CPN°1
CVWSEERERICRS. COR—BICE>TD2Pn{IN Tu=0} £%B3. £2T

N
M = {T;Tj; — Ty Ty = Oh1<ijen N{>_ Tii # 0}
=1
E7%%. M |F Affine ZFIE {S;;5;; — Si;S;: =0} N {Zfil Si=1} C CN* rERICHB.

—fRICIE X C CPYN ZEROIAAE LT, M :=pr; 1(X) ETHIZRBLV. CHiE X c CPV,V —
CPY ® base change DT, & M |& V = CPY \ D @ closed algebraic subset %D, V ' affine
BDT affine £7%43%. (1-4) ICEALTHV ETHDII>TWVWBDT, M THDILD. (base change
TI7AN—IFRETHD. X Hsingular TH C® HiFIhh5HH D). O

Example 1.32. X =CP' Dk .

e P:=CP! x (CP!)V = CP! x CP!
D = {(z,r) € CP! x CP'}. $HCHAKRES AR hik

D = {([z0 : z1], [wo : w1]) € CP*xCP! | zgwo+z1w1 = 0} = {([20 : 21], [~21 : 20]) € CPxCP'}

BDT, BADEIEZ [—21 : 20] = [20 : 21) EANBINITE R S.
V =P\ D ={(z,y) € CP! x CP! | z # y}

e T=prily:V = X (z,y) = z. THUX C-bundle IC7F3.

real analytic section X — V IFBIZIE z — (2,7) REDH B.
I LIBDHIAAIF

CP! x CP' — CP? [a:b],[c,d] — [ac: ad : b : bd)
THD, P2{ow—yz=0}CCP], D2 {z+w=0} £H3. £2T

P\ D= {zw—yz=0}N{x+w#0} c CP?
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THd CNUICARAD (1 —2) —yz=0RAETHS.13

C BB D & T finte map f: C — P £ LT, D base changeM — C Z i, Chht
LW DRSS, 4

Question 1.33. [CW15, Ques 3.3] FEDERZHIEK Z ICDWVWT, 3 Stein manifold S
CIFANIBR f:S - ZHH>T, ED fiber BNC* & RZ3BDIFHBZH ?

Z h projective 5 K DFETE, OV /N7 k Kihler ® & & THRER.

1.4 4Z Opposite complex structures and associated cohomological integrals
1.4.1 dominant rational map TD5|FTEL

TO#REICE L TIREEX TIF in Fujiki’s class” DIREISBD > Teh, ZORERLEES.

Lemma 1.34. [CW15, Lemma 4.1] X,Y A INT MERZBBRE in Fujiki’s class, f :
X --»Y dominant meromorphic map, I(f) C X FHEERLTS.

CDEIFEEDcc HFY)IZDWT, 12f2—2D ¢ € HRF(X) TRE®BTHDOHEE
95:

EED X kO closed (n—k,n—k)-form a, Y £ closed (k, k)-form BT, c = [8] € HMF(Y)

ERB3HDICDOWVT,
[a]-c'z/ ahfB
X\I(f)

LFOEVWT [ D fTOEIERLZ f*([]) = ELTERT 3.

HEE(X)IZDOWTIEFRD & HD ([Dem, Section 6.8, 6.12] BH&). Dolbeault cohomology
HP(X) := HI(X, Q%) := {0-closed (p, q)-forms}/{0-exact (p, q)-forms}
TEDH 3. Kihler %4 518, Bott-Chern cohomology group
HYA(X) := {d-closed (p, q)-forms}/{80-exact (p, q)-forms}
LT, HPY(X) = HpL(X) Td 3. F7c Kahler indentity H*5

HEp(X) = @pp g HPY(X) and HPI(X) 2 HOP(X)

Brrw=1%2w—yz=0IAT 3.
BYyZ20WThotehAINAY ? singular ICEBEBSARITE ..
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THB. N Fujiki THRKDIID. F7 Serre duality IC& o T (ZHUCIE Kahler (FARE)
<>: HPA(X) x H™PP=9(X) = C
IFIERIETH .

Proof. [ DHE—] (c1 —c2) - [a] = 0 BMERD closed (n—k,n—k) form a THDILDDT, Serre
duality &0, ¢ = co TH 3.

I DFEE] 7 X - X, F: X' > Y % f DFBERRELTS. F*: HP(Y) - HP(X') IZ
&2T, F*[p] € HWF( X HEETES. €T Ta% X £D closed (n — k,n — k)-closed form &
LT

o Tra N F*S
X/

EERTD. IBL

F*[8] : H" " H(X) 5 C [a]— | T*aAF*B
X/

NERTES. 7 H k(X)) — Hkn=k(X") 2D T, F*BIIERILTHS. &> T, Serre
duality &K D, F*[8] € HFF(X) HEETETS. TNx e HHN(X) 95, EEND

[a]-c':/ TTaNF*B = / T*a NF*B = / aN f*p
def ’ smooth XN\T=1(I(f)) som Jx\1(f)

AN O

1.4.2 Opposite complex structure

UTERBER EDESR.

X Zn RTERZIHREL TS, XpZ X Z 2n RTRIHRELCAHBLIZHDEL, TrX & Xg DFE

0 0 0 0
cTrX Tr X = - = — 14
Stk = T J(3x¢> o J(@yl) o (14)

EEERTD. U JoJ=—-1d % B.
—MRIC TJoJ =—Id LBBHDEBEEBEC VS . BHERBE JICOVT

ThX @ C=T'X o T'X

ERRTES, CCTT'X (resp. T"X) 13 J DEEE V-1 (resp. —/—1) ICRIET BEARTH
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. ERICLTRENI PLRTEX ICDOWVWT
ThXrC=T"X0T"X
CHRTE3. AERRICLT,

NTEX @pC= Y NT"X @ ANT"X
ptq=r

ThH3.
J DIEN%, u,v € TrX ICDWT, Nijenhuis 7>V IL

N(u,v) := [Ju, Jv] — [u,v] — J[u, Jv] — J[Ju,v]

CEETB. N(fu,0) = fN(u,v) = N(u, fv) BDT, Ny : Teo X x ToaX = TooX EVSRMR
WS B R %8S,

7

Theorem 1.35 (Newlander-Nirenberg). N = 0(J BAJTE7) B o IXEREESTH D

Definition 1.36. X Z n RITEERZHE, J Z X ICHIGT 2 ABDGBERBEE, X &
X D 2n RTEZSRAFEEL T 3.
X @ opposite (conjugate) complex structure X ZIU T TEDH 3.

X = (X]R, —J)

X HMERZHRE LB Z DI, —J D EIREDICEBZH 5. EE
N—J(“?”) = [—JU, —JU]—['LL,’U]—(—J) [U, —JU]—(—J)[—JU7’Z)] = [JU,, JU]_[U7U]_J[U7 JU]_J[JU7U] = NJ(“?”)

BDT JHRIRDE —J AIRDIIEHETH S .

Example 1.37. X = (C",21,...,2,) IZDOWT X = (CV,z!,....2") TH3. COEBHEEED
SERT 5.

ULT14DBTEDDESI, 2 = 2 + V—1y; ERBBTRRL, Xr IZ (21,91, .., Tnyyn) EWVD
EREEZND. 5L

TRX:]R<8 0 0 8)

duy’ Oy1”" " Oan” Oy
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£33, £oT

o 0 o 0
TRX®C=C ey —, — | =T 7"
RA & (8331 Oy1 " Oy ayn> x91"x

TH3. EERDSRDBDONB

0 0 0
Ty =C| o =T, = 7y —c| -2 ,ﬁ
X Oz oy’ 833 rayn X 8:01 + 0z,
_._ 0 _._ 08 _._ 0 _.
T 0z T Ozn oz o

TTX = (Xp,—J) DEFEBEICEVTOD T &I,
Tx = (—J: TgX ® C - TrX © C DEHE V-1 DEEZERM)

B 14D5

0 — 0 0 0
( J) (azl> E_ -/ <axz) -1 (ayz> 14 _ayz + ﬁaxz %z

THd. IoTWRT.

ST X Z n RITERSKIE, J Z X ICHIST 2EIEDBREERIBIE, X Z X O 2n RITERSHKE
WEET5. o X OEAEANT MLRZE, T'x LE—HRT 3.

h:T'x xT'x >CEXDIINZI—FAEE T30 ZLT

o 0
hi:=h
<8zl 8zj>

9% TRLUTDLSICAHS h:TrX @C x TrX @ C — C EWSILR%EES

e T'x ET'x I h TERZLTWS.
e u,ve€T"x ICDWT,

h(u,v) := h(u,v) (1.5)

%iﬁg-l_%b\B hl} = g,” + \/jlg//ij K@’ZD e

~( 0 0 ~( 0 0 ~( 0 0 ~( 9 0
I =h|—,— ) =h|—,— "o=—h|—, — ) =—h| 2, =
7 (3$i’3$j> (3yi’3yj> I <5$i’ayj> (3$j’3yi)

PR() LIER TERTNBNT MLEBE TS,
UM IS SEMEHSGH 9 BEBRL
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3. $5IZ g 1F Riemann 52T g(X,Y) = ¢g(JX,JY) (X,Y € T X) &2 HD%FEET 3.
WIZZDKS5H Riemann STENSITILE—FtEh 2FETES
TTX = (Xp, ) ICBVWTIII—FEtEIX 15 &D

~/8 0 _
TE5Ex6NM5. UTFIN%Z h eh <. h DEEX 2 XFER w, 1

wh = V=1Y_ hgdz Adz

2%
TEZ5NBDT, h OEAR 2 XER wy; 13
wy = V=1Y_ hzdz Adz = —V=1D hgdz A dz = —wp,
ij ' ij

THB. FiZwy, B Kéhler B 51, w; B Kihler £43.

Fre X = (Xr,J) DAEZ w)! TAN, X = (Xg,—J) DAETZ w; TANS.T TBL W) =
(—1)"wy BDT, (—1)" D ambiguity H'tH3. DEDERED Xr LD C* #&k 2n-form o IZDWT,

/Xa—(—l)”/xa

EB3. ULZFEHBERDEED.

Lemma 1.38. X & n RTTERZHIK, J % X ICWH T AR LBEREE, XpZz X
D 2n RITRZSFKEEIE, X = (Xg, —J) & opposite complex structure £ 9 3.
he X DIINI—FAE, w, Z h DER 2KERETDEEIRAHEDIID.

e hTXDIIIZI—FAENEZSNS.
o wr=—wy. WICADNT—F—HELSIE, hDES.

e WITXICAZZANDL, X DAZFL (—1)" DEVAHS. FHICERD Xr(=X,X)
LD C* % 2n-form a IZDWVWT,

- g

Yon MTESHEK Xz ICAZTEEZ 3213, ECTHHEIAEWV 2nform E5Z 3L EFL.
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1.4.3 opposite structure and meromorphic map

UTOMBEICELTH X ORADBH o1ch, £53 Kéihler DIREIFBEIZEES. FRAOVT
W3 L Z3IMAMTITIMRIRETH 3.1

Lemma 1.39. [CW15, Lemma 4.2, Corollary 4.3] X & > IND b nRIT Kihler 211K,
X ZF® opposite £ T 3.

o (: X = X C™ KB/

o c: X -—» Y ZEEZRZHIAY ND meromorphic map.
o p:=co(: X --»Y

e a: Y £ d-closed C>® #% 2d-form.

e wx: X EDKdihler form.

~ idx THBBH, wy:=—wx LT,

homotopic

I' = /XWY/\ ora = (l)d/Xw;’(d Acta=: (—1)4

ERB. (cald 1.3 DERE
THICdimY > 0D De: X --» Y BIERIL (dominant) B 5IE, p:=co(: X -+ Y I&
meromorphic TIEZRLY.

EERFIZ=idy : X - X,c=idx : X - X THD. BSMZ g :=col =idx: X = X |F
ERITIEARL.

Proof. wx = —wx €9 3. 1.38 &b (X,wx) I& Kéhler ZHAET, @E DT (—1)" DEVH
H3.
¢ idx I& homotopic TdHSDT

¢ =idx : H*"D(X) —» H*" (X))

IS5ERA%E R E BBERREARCHRML TV, FeBLLBEEDNVED o1, flE LT wy BMADBEREL AL S T2,
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%%, 2T

I—/ w}_d/\c*a = / C*w;”{_d/\c*a
X pullback Xg

= (—1)"/id}w}_d Ac*a
X

orientation

-~ (_1)n+n—d /wgz(d N
E X

S

wx

_ (*1)dI,

EBEOHWZRB.
BEOFRICBBLT, Y % Kihler ZIREL TRW? o = wy % Kihler form £ 93 &

I::/w’)l(l/\c*wy > 0
X EISE 4

TH%. —7A, L meromorphic B51F, I' = [fwg Ap*wy >0 THHB. TtUd I =(-1)I'IC
FIET 3. O

1.5 5 E h-principle and Brody-hyperbolicity

Proposition 1.40. [CW15, Proposition 5.1] n RITEKE S = {(x0,...,7,) € R" |
S @2 =1} & n RIT affine quadric

Qn = {(20,...,2n) €C"T| sz =1}
i=0

& homotopic TH 3.
£ Q, DEED 2 2IF CHICK > THEIEN S . $5C Kobayashi pseudo-metric |XFEIC 0T

Hs.

Proof. &9 zi=a;i+V-1y; £TBE Y1 22 =1 EWS &M

zn:x?—yizzl and zn:xi-yi:0 (1.7)
1=0 =0

Varochros DEEN S X — Y A flat hD X H Kihler 5 Y B Kahler 125 3. &2 T flattening 23 Y
@ bimeromorphic model H' Kahler (Z7%2%. &> TY % Kahler & L TR
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%3, SRLIZOWT, q(z,y) =Y 0 gwi -y £ T B.

p: Qn —  Np:={(z,y) € S" xR | ¢(x,y) = 0}
= ) = ) e ) 1 — ($0 ----- xn) (yo ----- yn)
z=z+iy= (2o +iyo, " ,Tn+iyn) T (x,v) <\/1+q(y,y)’ \/1+q(y,y)>

93, 1.7 &D Well defined T % €SB,

+a(y.y
Dl = {y e R* | q(y,y) < 1} 2:3'(5 ;: p(Qn) =S x D" THD p: Q, — S" x D" &
EREEFTHD. €L THEERIT
pl S x DL Qn
0 e = (Vi i)
ERB. £2TQ, & S x D" HREMEICED. £oTQ, & S™IE homotopic.
Qn D C*-connected % 9.2

M ={(20:":2n: 2ns1) € CP"T | sz =221} ={(20:: 2 : 2ny1) € CP"M | Zzi2+(\/—lzn+1)2 =0}
i=0 i=0

EH<. Qn=M\{z,41 =0} TH5.

Sr,ye M9 3L a,yc H=2CP? cCP"' TMNH C CP3H 2 RMEICHRZHDH

BTETS. O g22+ (V12412 =0 WS 2 XREEHDRIELBVEL SICE D) K> TCPP AD

2 REHE M N H ICDWT,

MNH={2+2+22+22=0=2P xP!

THZDT?, INHB z,y € M ITKRE 2 DBSHBEEHIE TR ENTE 3.

MEED 2,y € Qn = M\ {2p01 = 0} ICDWT, HBXE 2 DBESHEBHEIEMIR C HdH->T
v,y € C B3 CN{zpi1 =0} EREHEHEITDIL 28 RB2DT, 2,y &P 15 2 25|\
C* TRRAZNTES.

Kobayashi-pseudo metric B0 ICEAL T, 2,y € Qu IC2WVWT, f: C* - Q, Tf(0) =z, f(1) =y
zEBDL

dKob,Qn (ZE, y) = dKob,Qn (f(o)a f(l)) < dKob,C* (07 1) = _ 0
Prop. 1.19 dxob,c*x=0

CiEhWZR 3. O

20CW15 DFEAIE & < b5 Ah o e D THIEE
Ay J LIBOHIAR [a: b, [c,d] — [ac: ad : be : bd] TRIBUZH D
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Question 1.41. [CW15, Question 5.2] Z ZEFERZ#ED L < IFBERXITTCW ERC T
3. ZDrE TZ ¥ homotopic T, Kobayashi #tEEBED' 0 ¥ 72 3 Stein ZHK(E S DIFEL %
DT 3 topological obstruction (& 2 H ?

BIZIL, RRTT2 DEE I g B ENICHTD. %8 Kobayashi REEREDFD DIREZ N EILE
ICIEL L

Proposition 1.42. [CW15, Proposition 5.3] Z ZEFERZRED L < [FBEXIT CW &K
&9 3B. Z ¥ homotopic 7& Stein Z8{K S H\FEET S.

Grauert IC& % Stein DFHHT T TH B .( [Fcl8, Corollary 3.5.3] BE). Eliashberg DEEHN S H
HHB. 1 CORERNICHOD S BN S TcDT, ATV, BEID 14213 0EE<
EHBNTY.

Proof. Z HCW-BEDIZEIIEERSKAEDHZEICHETET . CWLWSDH Z HCW-EEES
IFIBDIAH Z - RHDFHETD. &oTC, H3 ZDFRAFHBEU c R HH-> T, ZI&U & homotopic
THD. CNIFERBERE?? U IFEGEESHRELDBEL.

MUTF Z W ERERSKRAED L T Z2ERS. R CEBRZWMB LT, dimg(Z) > 2 ZREL TR,
M =T;Z % Z DRERLETD. MIF>YFLIT 1w I ERKIE (2-formw T wdimZ HIER(LA
HD) MNEFEET . &> T almost complex structure,, BFFET B.777

M =T*Z OFtE& h & Z £® exhaustive Morse B p Z& 5. T3 p(v) = p(r(v)) + h(v) B
M £ exhaustive Morse B E %% . p D critical point (32T M := T3 Z — Z D Osection (Zdb
D, Fhld p D critical point &—EHT . 777

& o T, critical point T index > dim(Z) = 5 dim(M) &3 HDIFFEL AL, TO Eliashberg
DERE (FD [EL90, Theorem 1.3.1]) M5 M | Stein ZRIEICHD. 177 ELT M =T7Z - Z
|& homotopy EMET3H 5.

Theorem 1.43. [Eli90, Theorem 1.3.1] Let X be a 2n-dimensional smooth manifold with
an almost complex structure J. Let ¢ : M — R be a proper Morse function such that
indexes of all its critical points are < n. Suppose that n > 2. Then J is homotopic to a
genuine complex structure J such that p is J-convez. In particular, the complex manifold

(M, J) is Stein.
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Theorem 1.44. [CW15, Theorem 5.4] X % h-principle Z# - S fETZEREL 5. D
EE X & homotopically C-connected.

Proof. BIEBAT/RY. 3 unramified covering X’ — X &, Brody hyperbolic f##TZEfE Y ANDIE
BB o : X' =Y T, mp(p) : mp(X) = m(Y) DYk > 0ICDWVWTOBBRTRVETS. 1.56 &D
X' % h-principle Z#® 7= Z CIFRT B.

BIEEDOREDS f: 58 - X Z2BHERT
[/1#0em(X) me(p)([f]) # 0 € me(Y)

ERBZHDONHB. Qi & kRITD affine quadric £ 3L, 1.40 & D, BHEIR p: Q) — S* TH
ErE—FAEZEZZHDONHS.

& 5T Qp 1& Stein & D, h-principle 15, EBIEH f: Q,, —» X T
frfop:Qe—X

EBRBHDHEETS. Lo TUTORKZFS.

7 (Sk) = Z

ﬂk(ﬂ)isom| _ 70
m =7 — (X (Y
Hew =2 e T )

&> Tmp(po f): me(Qr) — m(Y) |& nonzero map T#H%. —AH T, EIEG po f: Qr — Y IF

T (BR) THB. &> T mp(po f) 1 zeromap IR D FE.

[ERIER po f: Qp —» YV DERICOVT] 2,2/ € Qp IKDWT, 140 &D h : C* = Q, T
h(a) = x,h(d) = o/ BEETS. EHEMEBRexp: C - C*, 2~ e* ZENUEL pohoexp: C = YV
HENS. Y A Brody hyperbolic RO TEHE D p(z) = ¢(a'). O

Corollary 1.45. [CW15, Corollary 5.5] X % Brody-hyperbolic 8RZ#%kACT3. X B
h-principle Z#Gi=9 2 &, X HEJfETH S LIZRETH 3.

Proof. BI#&E7% 51& h-principle (& 1.10 B*5. X B h-principle Z#&7= 9§ 5. 1.44 £D, homo-
topically C-connected. & T X $¥Brody hyperbolic "D TERD k € Z, Tmp(idy) : mp(X) —
k(X)) 1 zero map THD. FHIERD k € Z, T mp(X) = 0. ALK D Whitehead DEEE (T5&
B)&D X IIHETHS. O
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Theorem 1.46 (Whitehead). CWEEADEDEHRERR f: X — YV ICDWVWT m HMEED
ke€Zy CRAE GBREM—FAME) S, X LY IFREME—RE (RELEYY)T
Hs.

Corollary 1.47. [CW15, Corollary 5.6] 3> > INT =78 Brody hyperbolic Z#&{&l h-
principle Z e 7R,

BFICEHR 2 UL O /N M) —T VEIE h-principle Z iz T AL

Proof. IEDRFTD AV INYD bR BEREHREIIEARE [X] € Hy,(X,Z) D0 TIRBRWVLD T, $5ICH
TRV, KoT145&D. O

Remark 1.48. "homotopically C-connected” H'5”Brody hyperbolic Kahler Z(ANDEIRHE
ICTR B 13 EDTRLY. (Projective 85 1.50 A5 IEL L)

C % BEAMIRE §5. C I$TEK 2 U ETHRE 2 D finite map C — P! Z#FD.
m(C) =m (P =0
THEINSBIC m(f) =0THB. —HT fIFEHTIFHRL. DFD
() =0 TH f BERICHS RV XIEHD 5 3.
BEZDHFITIE, Ho(f) A0 THH 3.
BRI m(C) = 0 ICBAL TIERDEBEHN 5HH'B.(C DEBEREBEIITRTHB)

Proposition 1.49. [Hat02, Proposition 4.1] X — X Z{RAEZERID covering space £ 3 3.
2 EDBEE n I DWVWT 1, (X) 2 7 (X).

Theorem 1.50. [CW15, Theorem 5.8] X Bt projective variety T h-principle %z #71=9
£93. f: X --+Y %& Brody hyperbolic Kihler Z¥{KY D meromorphic map £ 3.
f DUMER, £7IE X DY smooth(KLT THHE]) 61, f IFERTHS.

Proof. MDERICED f: X - YV ISEBBERTH S EIRELTRL.

Claim 1.51. X H¥smooth(KLT THA[) D & T, meromorphic map f : X --» YV (FBICER]T
H3.
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Claim DFERR. 7 : X — X % X % resolution LTH'S, f OFREESBELI-HDLT 3. f:
X >YZ fhoFEINHETS.

r X% fOREERLTSL, X IEKLT 2D T Hacon-Mckernan DEIE [HMO7] 1522 71 (z)
|& rationally connected Td3%. —74, Y & Brody-hyperbolic 7 D T4FIC rational curve Z & £ 748

W 2T f(r ) IF—RTdH 3. &>T[Deb01, Lemma 1.15] D rigidity lemma D75, f IF1IE
BTH3. O

[ ZEBTRHRVWCIRELTFEZTRT. X & projective RO THREBIR C C X T flc BNEHT
BOWHDZED.

Jo & C DEZFBEL L TROLDZES.

o C:=(C,—J¢c) (C,Jc) @ opposite complex structure (1.36 BER)
o j:C = C &Gt LTOEEER.
e 7: E — (C affine C-bundle (1.30 BHR)

9% & h-principle 15, B jor: F — X |&, EAIBKR h: E - X EREMEYITHS.

Jh

FE
jot
7 Cbundle \
c—  >x—71 .y

BDceCIlZoWT, 77 1C) = C &b, Y IF Brody-hyperbolic RD T, foh(r~1(C)) =pt &
B3 LOoTCEAB/R:C Y T, foh=poT ERBDDHDHEFIET 3.

7 E - CIEREMNE—REZEZZDT, o~ foj THD. FIC

©* = (foj)*: HY(Y,R) - H*(C,R) = R

=

—

TH3. 5Y LD Kihler fom % w &F3. ¢:C — Y | meromorphic 2D T.

Yrw > 0
[e- Ic&kBR—4R
—HT,1.39&D
07)*w = *w = = — *w < 0.
(FJ) [e- K& BRA—8 /c / 1.39&w?2-form /c flo DERTHL
L o' = (fo ) ICFETHS. O

22X H¥ smooth 725, FHEE m#H F smooth centers @ blowing up TTE 3.
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1.6 6 E h-principle implies specialness for projective manifolds

Theorem 1.52. [CW15, Theorem 6.1] X projective manifold. X ¥ h-principle &= 9
BB, X & special.

Proof. X % X @ opposite complex structure £ L, 1: X — X ZEEL L TOEEEHRCT 3.
1.30 & D X projective BD T, $ 3 affine ZHkfA M C1ERI25 7 M — X H'H 3.

h IERA T -
o C™ section < lTN ~
— oo g} \
p QA X---XF2 o)

~_ S

{=hoo C'*®
M & Stein DT, to1: M — X |Z h-principle Z#> T, HBDIEREHR h: M - X T, 107 &
homotopic HHDHEET 3.
1.30 & D, C™® ffsection 0: X - M ZEUD, (:=hoo: X - X B KL

(:=hoo ~ o700 = oidg=1
homotopic o section

&2 T(lE=idx : X — X ¥ homotopic T#H 3.

Sex: X --» C(X)%Z X D coremap £§3.2 UTFdimC(X) =0D%D X h¥special) TH S
CEEBEETRY. d:=dim(C) > 0,n :=dim(X),g:=coh: M --» C(X). £H<. we , wx
Z C, X @ Kahler form & LT,

= (-1)*-T#0.

e 1.39
I (co Q) (wd) € HEU(X) 10 TIRABW. 134 &0, coC: X --» C(X) IIBBILTHS. £oT

g:=cxoh = c¢xo(hoo)or

co( o T
def o section

¢: =hoo ~—~— ~~
non-degenerate fiber bundle

&Dg=cxoh:M--»C(X)BHIFERILTHS.

BZZILXHERETHZ I EFE>TVS.
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1.27 H*5, meromorphic map ¢: X --» C Typor=g=cxoh &ERZ2HDHH 3.

h 1ER]
MJX\\X
CX\‘V >~ _ \\VCX
— Jde, BE ~
ox)- 2 o)
IHL
= = h =
¥ ve 7;(;?- ((pOTZCXOh) exe _o'_ = exe C
—ids =
&> Texol: X --» C(X) I& meromorphic Tdh3. CNIE1.39 ICFET 3. O

Conjecture 1.53. [CW15, Conjecture 6.2] X %& projective manifold £ 3 %. X D h-
principle Z /I TR SIE, m(X) (& almost Abelian D ?

C N Campana OFA” Special 8 51F 71 (X) I& almost Abelian 1" OEETHD. m (X) H
linear(GL DERDEE) D solvable 74 S IX IR FE 7.2

Conjecture 1.54. [CW15, Question 6.3.]
1. compact Kdihler ZFRERICEWT, h-principle 72 513X special B¢ T HISHE TIXIE
L L.

2. X quasi-projective manifold £ %. h-principle Ziml=L, X H'W\\H7& S proper sub-
variety Z C X &6 homotopy BMBICEDRHEWVWETSD. CDEE X & special h?

Corollary 1.55. [CW15, Corollary 6.5] compact Kdhler IEIICEWT, h-principle 785
|& special.

Proof. Kx big % 5& projective IC%3%. CDHBHIFEFHHN>TWVWBDTK(Ky) < 1 EIRELT
R\

X ¥ special THWE T B. [Cam04, Proposition 9.29] & D, X HHAE % D Tweakly special TH
RV, DFD, H B finite etale cover X' — X EBE 2 LA ED curve C AD surjective 1IER B
fl: X' - CHFHETS. 1.56 15 X' H h-principle ZiFzdH, CNIF 1.60 ICFETS. O

24 Arapura-Nori DFEIEHS 71 (X) 1& virtually nilpotent (27D, Albanese map W57 7+ N—EFEA D T [Cam04,
Section 7] D&FswH'S 71 (X) I virtually abelian IC7%3.
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Lemma 1.56. [CW15, Lemma 6.6] m: X' — X ZfEMZEED unramified covering £
3. X D h-principle Z &=L, X' B h-principle =129 .

unramified covering & (& E 5 < etale (lat KD unramified) D L BS. XFWIEIKD LT
7L\ (B3, finite etale DIZFEIEARER)

Proof. f: S — X' % Stein ZEf S h' S DEFEFHERE T S. wof : S — X IFFEFLD T, h-principle
h5, HBEAERF: S — X Tao f & homotopic BHDHHB. DX D

H:Sx[0,1]—-X H(0=7nof H(,1)=woF

CRDLOHWEFEETS.
(0} ——" ~cs,x)
N
0,17 (S, X)

& o T Homotopy Lifting property H*52°
H :Sx[0,1]—-X H(,0=f noH =H

ERDBDNDWEETS. o TCF =H' (1) T2Lno0F =F:S— XHDEAMZRDT, F'H
ER]. D F' & f & homotopic T#H 3 O

Remark 1.57. Oka Mh% unramified covering TH#23IEHIE, (FIZRIFCAP ZE X3 ) E&ICHT
<% S HEVWEDHDHEHERDT, Lift BNEICEN S D5, h-principle TRERICWLDELD X E
BEDEHERS — X 'S — X' IC Lift TEIDWDODSBWVEDICH B (S IFBEEFEIFRS %
L)

1.7 7 E Necessary conditions on the quasi-Albanese map

1.7.1 3> /%% k Kihler manifold 55

compact Kihler D&% Z X, quasi-projective (FE DK SICHIEL /=S VLVWHEIRRS.

Theorem 1.58. [CW15, Theorem 6.4] X % compact Kihler £ 3 %. ® L Albanese map
DL TRWESIE, X & h-principle Z T S 720N,

Proof. h-principle Zi#7-9 & L TFEZRT.

BRERTBOBWBEB DT 74 N—FRESIEHT=F 5 LL). Serre fibration 72h'5?
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zar

Albanese map a: X - A¥9%. Z =a(X)
EHm->TWVWBELTRL.

aDNEFHTRVWDT, A\ Z # @ THB. &> T(x1)[Kaw80, Theorem 4|& D, HR BREZD
sub-semitorus 7; C A ¥ Tj-orbit S; C A DB > TRE "= .

9% FIREL T, ADBITes Nes € Z

1. Sl cZ
2. FE®D A D sub-semitorus W ICDWT, D2 c ATa+W C ZREIE, W CS; &3
NH3.
1.59 &0, 79 € m(A)\ Umi(S;) BN SB. Albanese map DEH S
ay : m(X) - m(A)

BOT, a,(1) = 7 HBNE. k2T : 8 = X GERABEIHEETSZ. S|~ CBO
omotopic

T, EfiiBH~: C —» X BEET S (EBEOEARLHY, Thbd 4 EKRY)

X |& h-principle Z#% 79 DT, IERIER

f:Cr =X

Ty~  [EBBLONEETE. SN DEAER

homotopic

F=aofoexp:C—-C"—> X -— ZCA.

<~ zar <~ zar

Z18%. (*2)[Kaw80, Theorem 3| & D analytic Zariski closure F(C)" %& Z LT« 3 &, F(C)
I& A @ sub-semitorus DF{THEENE 1R B.

EoT Q) 1553 58 H->T, F(C)" S &%, £2T, a0 f(CC S &kDm(CHZZD
BAIT% 1o £ T3 L

w)=(@on.lie) = (aoflle) e m(S),

homotopic

cNUE ac(y) =y € m(A)\Umi(S;) ICFIETS. O

FIGERRICE - TcfiEZe R L THEL.

Lemma 1.59. [CW15, Lemma 7.2] T1,..., Ty & G = Z" OEPREEL T 3. rankz[; <n

D (3BRER (R —2—RZ OBREMMBFORDMEFL D) 2D T, BREM T —NILEOEK
EEB&D, 4 = 77kl @ (Torsionpart) £ 3.
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Proof. G =177 < R* ¥ A—41) v RERICEBDHAL. 2 € GIDWT [jz|| 82D21—F 1w R
BB 93 BABMHCGDIVI%ZdLTD reZ, IZDVWT

N(H,r)={x e H|||z|]| <r}

EHELE, r>0ICDWT|NH,r)| =00 THB.

MEED AREDNS NIy, 7) = O(r" Y HhD, N(G,r) = O(r"). THD. &> T, rx+o0KEL<
EXNUZ (torsion part DR HERTITZH5VAKET TN, v e G\ Ul BEFEET S. O

Corollary 1.60. [CW15, Corollary 7.3] X % compact Kihler £ L, ¥ 2 AL DR C
ADEHF: X 5 C%2BITDLTS. ZOEE X & h-principle Z T SR,

Proof. A (resp. J) & X (resp. C') @ Albanese variety £ 9%. 1.58 &0 X — ADEHEHRWVT
CETREIFRRL.

BIEZE X - ADL5 93, Albanese map DEFMHLD, [ A - T HH 3.

) A
4k
c 2 J

TRLR:A— JI3eHens. I FREHBOT, F*: HY(C,Qf) — HY(X, Q%) 385
THhd. &£oT

Y HY(X, Q%)Y — HY(C, Q)"
325 T#H . Albanese variety DIBENS J = HY(C, QL)Y /H(C,Z) THBDT, [ : A—J
DEHMNE XS (1.66 BE)

o T Fioax 32K T, Floax =acoF &V ac 125 TH3. LHL CIFEEH2ULEBDT,
g=dim(J) > dim(C) =1 THBDTFE. O

Proposition 1.61. [CW15, Proposition 7.4] X compact Kdihler Z8&(&T, complex torus
AND finitemap f: X - AZBIDLT 3.
X D h-principle Z@/ TR 5L, X & complex torus TH 3.

AL D S ZRINTERDERS. ¥

Proof. X — Alb(X) % Albanese map £ 3 %. Albanese map OE:EMEN S Alb(X) — A DEFE

HICW15] ICIE [NWY07) ZEZIEE X B LEVWTWY, K<hhshb o7
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$5%. ZD Stein HE%E AIb(X) > A > AL T 3.

X Alb(X)
f with con. ﬁbrei ¢ with con. fibre
A A

finite

CCCLICHTLK 22 TOZBKEIIRTHREL C CITFRETS. &> T AIb(X) — A’ I bimero-
morphic T 3. LH L Alb(X) ICEERIITFELBVDT, Alb(X) 2 A TH 3.

& 2T, X = Alb(X) & finite map IC8D. —ATIT 7 A N—ERFLOTRABEERICHRS. O

1.7.2 quasi-Albanese D1EH

quasi-Albanese map (ZB§ L T [Wan22] @ preprint @ Appendix Z B8 L 7227 (Fujino £ DX
THRWV)

Definition 1.62 ([Fuj15], Definition 2.8). G Z&EEHRRBBEEL T5.
1-H—->G—A->1

%Z G @D Chevalley decomposition &3 3. T T H & #&HEAREE: THD, AlF Abelian
variety TH>. HBL H ~ GImH (ZZT G, IFEE C £KRY) THNhIE, G %

semi-Abelian variety L IEN.

semi-Abelian variety D W< DO\ DINEMNEEZRDLSICFEHTH< -

Proposition 1.63 ([Fujl5], Lemma 2.11, Lemma 2.13). G %& semi-Abelian variety £ L,
15GL -G —A—1

Z A % Abelian variety £ 925 G D Chevalley decomposition £F 5. ZDEZTRXHED
iID.
1. GId ALDEGL-ETHS.

2. G \FHETH .
3. G OEBWEIZ CImCG THD, 11(G) & CInC DRFLABEIEL G ~ CIME/r(GQ)
riB.

https://arxiv.org/abs/2005.05782 Preprint version IZI& Appendix B > THER D HHD P T L

40



https://arxiv.org/abs/2005.05782

Proposition 1.64 ([Fujl5], Theorem 4.4). G & semi-Abelian variety &L, W & G @D
SR HRBZREE T5. TDLTF log Kodaira 2Ryt &#(W) >0 .

FIor(W)=0 &%B2DIE, W B G D semi-Abelian subvariety DFTHRENTH 355
IZFRS.

Proposition 1.65 ([Fujl5], Theorem 3.16). U %Z smooth quasi-projective variety & L,
welU ZEIERETS. CDEE semi-Abelian variety Alby & EET

alby : U — Alby
MNEFEL TRZ®ICY.
o alby(u) =0.
o EED semi-Abelian variety G NOREE o : U — G T a(u) = 0g Zimlc 385,
Tefe—o D RKEE: OERE f: Alby - G HFEELTa= foalby Zwid.

alby IFCDEHEBMEICE > T—RISIRED, alby Z U D quasi-Albanese map EIFT, Alby
Z U D quasi-Albanese variety &ML\,

UDAVNT FTHNIK, alby IFBED Albanese map & —T 3. Alby & alby OWEEICD
WTIE [Fujlb, 3] Z&8E. Albanese map DEAXMMEBEIIXRDEED.

Proposition 1.66 ([Fujl5], Lemma 3.11). U %Z& smooth quasi-projective variety & L,
alby : U — Alby Z D quasi-Albanese map £ 3. D EHFEINBZER

(albU)* : Hl(U, Z) — Hl(AlbU,Z)

IE2GTHD, ker(alby)s I& Hy(U,Z) @ torsion BRI —T 3.

1.7.3 quasi-projective DIFE

Theorem 1.67. X % quasi-projective manifold £ 9 3. B L quasi-Albanese map H* dom-
inant TRWEBSIX, X & h-principle Z & T T 720,

Proof. 1.58 MIEBRICEWVWTRD K S ICHIETNIXEL.
(x1) DEB5FIE [NW14, Theorem 5.6.19] ¥ [NWY02, Lemma 5.5] Z B8R T 3.
(x2) DEBFIIE Noguchi’s logarithmic version of the theorem of Bloch-Ochiai ([NW14, Theorem
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4.8.17)) Z5|A9 3. CNTEANES. O

Corollary 1.68. [CW15, Corollary 7.3] X % algebraic variety & L, 8% 2 A kD phiR
CADEHF: X sCEBITDZRETD. COEE X I|F h-principle Z i T= 70N,

Proof. (EBRIFZ <K FIL. &H T Albanese variety DWRH S J = HO(C, QL)Y /H,(C,Z) TH 3
DTREMNER S LV ST 1.66 ZES 121 -

Proposition 1.69. [CW15, Proposition 7.4] X quasi-projective manifold T, semi-abelian
variety A N\D finite map X — AZBI3LT 3.
CDEE X D h-principle ZiwT=T 7251, X & semi-abelian variety TH 3

"INWYO07] EDRNER B EEVWTWARERLR DA S b o fe.

1.7.4 FIATNTVLEERS

MF (NW14] O5|HEN TV BB Z BN TEL.

e

Theorem 1.70. [NW1/, Theorem 5.6.19] T % semi-torus £ L, T — T % equivariant
compactification £ 3 %o T D closed analytic subset & Z ¥ L, Z=ZNT IC8FEN3
T @ sub-semi-torus DIEXTTMEZ TR TEDHT-LDDEHEZ W £ T 3,

CDEE, T D closed analytic subset W DMEELT W =WNT Zi#&lcd. THIC, W
DEEDBIN D IFIERTTD stabilizer group % H Do

Theorem 1.71. [NW1/, Theorem 4.8.17] (Logarithmic Bloch-Ochiai Theorem) M %
a2 ND & Kahler manifold £ L, D & M E® reduced divisor £ %, HL g(M\ D) >
dim M B5IE, FED entire curve f: C— M\ D ORIE M OFRT Zariski dense IZ1&
LANSYAN A

Corollary 1.72. [NW1/, Corollary 4.8.18] (Bloch—Ochiai Theorem) ® L q(M) > dim M
B5IE, EED entire curve f: C — M & algebraically degenerate T&H o

Theorem 1.73. [NW1/, Theorem 6.6.1] (Noguchi-Winkelmann—Yamanoi) X %& complex
algebraic variety £ L, 7 : X — A %& semi-abelian variety A NDBREHRE T3, f:C—
X ZEBD entire curve £F 3. HL K(X) >0 R5IE, f & algebraically degenerate T
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HBo
T5IC, f(C) D Zariski BABDIEREIE semi-abelian variety 780D, Thid A DHDE
D semi-abelian subvariety DFITRENDBR étale B TH Do

Corollary 1.74. [NW14, Corollary 6.6.2] X % quasi-Albanese map H* proper map T&H
3 & D% complex algebraic variety £ B0 K(X) >0 DD g(X) > dim X THDLIRE
T3, CDEE, FED entire curve f: C — X |& algebraically degenerate Td o

1.8 8 & (Counter-)examples
special = h-principle C-connected = special
WS FHIE X D normal, Kihler, > /NT FE WS EHEH WS,
Example 1.75. [CW15, Example 8.1] non-normal REHEHR X T C-connected(H o &5 < ra-
tional) Z @729, h-principle % 7z & AR LV
X ={[z0:21:2) € CP?: 292120 = 25 + 23}.
£9%. ChIE(1:0:0) ICHFERDNDHBDT, smoooth TIEALY. &> 7T non-normal THB.
THICX =P TR,
heX =Pl 5 X [wg:21] > [#3+ 23 : 2wy woa?]

EWSBYRT X |& rational THB. $FIC C-connected.

FCDhIE X DIERETHSD. I [Har77, Chapter 4 exercisel 8] ZFAWS. m: X — X &
FEREEd5E,p=(1:0:0)€ XIZDWT

dp = length(m,O+/Ox)

THD. pOELTX IFuw =1 +03 LBBDT, 5, =1TH3. —H X & CP? O 3 XHRHD
Th(X,0x) =1(= W) & o T [Har77, Chapter 4 exercisel.8] h*5

(X, 0%) =h'(X,0x) =6, =0

D X 2Pl i3,
X XEXDERHRBLTHL, X ISTEERED S2H< >DVWEELICH>TWS. h: X =
P! - X IEh(0:1])=h(1:0])=[1:0:0] THOZDMDRIF 1:1ICEBDT,

Znormal TIFHRWD T special BREIFHLED ZEDNTERL.

43



X 13 S? Ol & Ml %z D7 F TR L FE

THD. ChiF PV S ERERE—RIETH S Lo TERBEEIX S O ERICHVUT,
ZODERICSZHZ Z2HH 3.
Hurewicz DEEH 5

T9(X) ~ Hy(X,Z) ~ 7"

EBB. Lo Tm(X)~7Z- THB. BICh: X - X ICE>THEETN S
7~ 7my(X) 5 7y (X) =~ 22 (1.8)

I TIFERL.

% Q2 % 1.40 D& 57 2 KT affine quadric £ §3. Qa2 & Stein T S? ¥ homotopic THD. £
Ty em(X)\ hi(m(X)) ZEIE, 1.8D5

viQy— X and v IEh:X o X #RHELEV

EWSERBRZEHTES .
H L X D h-principle ZB7=TH5(E, o [y EBBEREBRf, : Qy » X HFETS.
10motopic

h:X = XIEXOERILED £, 13 h: X - X ZEETS. LHLIhidy DERDBICFET 3.

C DI&RE > 7= 5 normal TH RFIENZR L ?

Example 1.76. [CW15, Example 8.2] non-Kahler J>/\7 MEZRENE (F_LBIE) T h-principle
i lo SV, special £ BHDHHS.

HEBE X [RE®/ICT.

o IVNY MEZRMED OREXITa(X) =0
o ZTEMEN A x C T, HEREHRT foliated TNB. ZHINIE7: AXxC - X VWO HER
ELT, r({z} x C) DFD leaf ZFFD foliation BFEET B &L ES.

[Cam04, Section 2.1] IC& D, a(X) = 0 7 51X Special TH B

—HFEEDOEREBHRC* - X DRI X Dleaf ICEFFENDS. 3 ThidexpZHhFELT,Co X &
£23%,C - AxCICLift LT, C = A SERICEZ DT, C OB r({z) x C) OB

BDTZ = m(C*) - m(X) CLWSEHERET, ERIERHISRBVHDHEETS. £oT
h-principle % 7z TR0,

¥oh B & B O 5 L W https://math.stackexchange.com/questions/20282/
fundamental-group-of-s2-with-north-and-south-pole-identified Hatcher @ p.11 IZHH D P T LVRAH
H3.

507 OT manifold (3 FBEIOERTEAR) i a(X) = 0, s(Kx) = —c0 THRHSERLAEL YO L.

NZHTNDSERDENER f: C— X IZDWTHEA dence entire ICBBZ L HERBLBS.
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CEVWTH 2 INE < hOh 5D oTcm (X)) IEZ3 & Z D extension Ty (L) & Z EEES
LW, BBICBBLTIEL c X ZFleaf & LTipm (L) # m(X) THBIEDSEKTVWBLEES. B
LENHE RS, m(X) \ism1 (L) DIT 7 I23ED map HNEHER TIERMERD SRKEWVDE DD
I27%%. 2ED 1o =[S - C]—n=[S'— X]BRDT

F:C* ~ StAx

homotopic
HEHER TUDAE B ERBHRE D homotopic ICRSBWVWHDICHD.(E WD ZE?7)

Example 1.77. [CW15, Example 8.3] non-compact ZEZH{E T C-connected 7=H%, h-principle
ZHIESBRWEILHS.
Rosay-Rudin DFE ([RR8S, Theorem 4.5]) Hh SBEEAERDEE S € C?2 TH > T, FEDIERILAILE
BB F:C?2 > C?2I22WT

F(C*)NS#9

ERBPDHWEETS. X =C?\S. £§3. SIFBEHARDT, X |& C-connected TdH3.(S DiE
EIXEREBERDT, F20D 2 RUIIIFTNIETHERSZHH)

G := SLy(C). £ 9%. G |& affine(Stein) TH 3. £ LTS3 & homotopic TH 3. 32

peG,v,weT,GELT, ERIEHK
f:C? =@

T exp(v),exp(w) € f(C?) &2 HDHH B (exp: T,G — G ZHEBERLE T5. C DB exp
%z v, wHFRD C* ICHIRTHUIZRLY.)

BOFHERF: G- XII2WT, LD expfEoTC2 5 G 5 X - C2%EZNE, SOES
o
rank(DF), <1 for anyp € G,
MEDIID. K> TEZIKREDER g : Gr — Xg ERTEZT D Jacobi 175 Jr, DF 0132 U
TTH3. UELDEED d-closed 3-form w ICDWT F*fw=0Tdh3. 2FD F*: H3(X,R) —
H*(G,R) IZEHETH 5.
—HTEEEE [ S X T

o HN(X,R) — H3(S3,R) D0 TIEARL

EBBBLDWEETS. Chudpe SICDVWT, F2 r D open ball By(r) By(r) \ {p} C X &%
D% LNITRL.

CDfEG ~ SPUIHhFELT, EHERG - X #Z2 1L, T h-princple ZIZEIFl &

homotopic

%%%. (b LIERIER L homotopic 5 H3(X,R) — H3(G,R) IF0IZH>TLES))

32p % IEEfE Hermite T DEME TS L, SL(2,C) = SU(2,C) x P L WS DENEET S5 L), https:
//homepage .ntu.edu.tw/~cjtsai/teaching/23dg/HW2.pdf7utm_source=chatgpt.com CN%ZiRH D L P |XOJH3E
(BAATH T TR) THO,SU(2,C) = S3(diffeo) NEXZDTERS.
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1.9 9 E Does special imply the h-principle?

CDIADIF[CW15]| ZDFFE L.

Question 1.78. X smooth projective & 9 3. Special % 5(3F h-principle Z#i=gH?
NniF 2 Rt THREA.

1RTH 5 OK. B e ind 3.
2 RITTTRDBH DIF h-principle ZiT-d Z e Hhbh>TW3S.

e rational surfaces,
e minimal surfaces
e ruled over an elliptic curve

e blown-up abelian surfaces and their étale undercovers (bielliptic)
2 MITTRDH DI special 72HY, h-principle Z i 7= T E8RITHH > TLIRL).

e blown-up K3 and Enriques surfaces
e the blown-ups of surfaces with k =1 CNSIFATD 2:ED
1. elliptic fibrations over an elliptic base without multiple fibre

2. elliptic fibrations over a rational base with at most four multiple fibres, where the
sum of the inverses of the multiplicities is at least two (respectively, one) if there are
four (respectively, three) multiple fibres.

3 bz 2<hHhh AL, X Fano, RC, rational manifolds (e.g. P @ degree3 LA_E®D
BE#RICIR o 7o blow up) B L.

3 Rt E®D Fano, RC IZE8 L Tl&, non-degenerate meromorphic map C* — X HRER. H L
FELABRWVWARSIE ISpecial 72H' Oka TlE7%RLV) FITH . i unirational THAREA.

RDIFET h-principle BMREINZIHD OO SRR

e smooth blow-ups and blow-downs,
e products®?

e (finite) étale coverings, for which only one direction is known (cf. [For11]).3*

BE NS DIEIET Special IFFREFEIND

BINRIBHEICOHBZERS.
34finite etale X’ — X T X' B h-principle #7179 £ FIZ X BFETIHhBHH SR
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Gromov DEIE Telliptic = Oka = h-principle] T#& 3. elliptic DHIIZEF L T Homogeneous 7
BERZHIK (P, Grassmannians, tori) X C" \ A (A IF codim 2 LA_E® algebraic subvarieties A)
BENDHB.

B E Oka ¥ DEFE(IL projective manifold” DIFFIEKDEED .

elliptic = Oka = h-principle = special

Mh-principle=OkaJ (F—RRICETH S. (BAUMARZEEZER D) LERIFESBBEZ5H?

Question 1.79. [CW15, Question 9.1] projective manifold ICB8 L T h-principle = Oka?

1.10 @R -bB&oBoflk
1.10.1 Hyperkahler D&

Kobayashi pseudometric H%H X % & L\ 3 &M1& HyperKéhler D5 THRANNMNTLS. Kamenove-
lehn[KL22] Z &% & RD@ED

7

Theorem 1.80. [KL22, Theorem 1.1] X primitive symplectic variety £ 5. ERD
primitive symplectic variety T X & locally trivial deformation Z3F2H D rational SYZ
conjecture Z il T 3. CDOLIRMEDIID.

1. bo(X) > 572 BIE, X |& Kobayashi hypertbolic TIE7&EL).
2. bo(X) > 772 BIE, Kobayashi pseudometric dx E&EIC 0.

Question 1.81. D Z#Kk{KIF Oka, C-connected, h-principle Z &7=9?

k = 0 7R DT Special ISEETHB.
F 7o7singular” DIFEIFAHIC Oka, h-principle ZiF T HR27E B o7

Question 1.82. Fujiki D 2 X7t symplectic orbifold (&2 T h-principle Z &7z H\?

Fujki fe4E A 82 & IC symplectic orbifold DHIZ H L TWS. https://arxiv.org/abs/2503.
23373 8D L.
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1.10.2 [CW15] &

[CW15, Section 7| R T TR 272k

Question 1.83. X %Z compact Kihler Z8k{A ¥ § 3. h principle Z 7= 9 7% 5 & weakly
special??

£ 7z h principle Z & 7= 972 SIFEED Brody hyperbolic ZRIENDIERIBRIZEL?

X D projective DIFRIFIEL LY.  special 7 5L weakly special @D T. X H' compact Kihler D
BRIFES%3? HLIELWERS [CWI5, Section 7] IEBRRICIEL L.

Question 1.84. h-principle (& bimeromorphic invariant?
finite etale X’ — X T X' H' h-principle Z#7= 3 & FIZ X KT ?

HLEFSHSEBWL, €5 TRUVARS special TRWRANIZHS.

Question 1.85. h-principle Zi#7c A& 5I1E, FRDORIR p : m(X) —» GL(r,C) DBIZF
almost Abelian??

special %8 51X L& .

Question 1.86. LCH LK IFEFNEDBWMFESE 179 I D ILHBVDTIX?
F7-1.50 IF X A¥singular 72 & FOBIARFUCHE>TWNS?

Y ZPPRAICHZIBH2ULEOV - VEETS. X CPZBERPETBEY EDcone 2T 5.
[:X-»YZPHhEYANDHELLTD. CNIIEHRTIFHRL.

BHHMIT: X > X%EPTDblowup £TBE X Y IEPLREARS. m ()Y THD, X
DEFFESIFTLC EDEL. h-principle Zii 72T HD OS50,

B ZDOHIIIEREICERRAIT, Rationally connected TIE7R LAY, Rationally chain connected Tdp
20ITHD. FRBTHERLBHIS LY. F7: X (& special TIE%A UL L F7z Kobayashi psedo-metric
HHEHITHEW

1.75 Z{E ZE normal THRBIDH B &5 BRTH T 3.(Z53 KLT & D singularity BNBEVWCEBL L
RehHZ 5> 85H T3, )
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2 OkaZHiAE & & LA

Oka ZHRAEDEREBE LR EZ T L HB. CNSIFHTEHIADOY -+ (HEHFES 2021 [kus2l])
*° Forstnevic D —~A [Fcl3]| R ZZDEFHB L.

FAEICAL TUIRRICE > TZE Lo TULWBAEEM D $H 5. #E Forstneric D ICM2026 Dt —
RAPHFEIADEAS VRIS T L2024 DY —RABERBEDHDEBELTIELL.

2.1 OkaZHMAEDER

Definition 2.1. X ZE&EZHKE, f: X - YV ZIERIERC T 5.

1. f: X =Y EDspray&|d, IERIRI MILRE - X &, s: E—Y TEEDx € X I
D2WTs(0,) = flz) &B3HD.

2. f: X =Y EDspray E — X,s: E — Y hldominate& |, s|g, : E, — Y 10, € E,
TIKDIAHICRB T L.

3. f: X — Y ICdominate & sprayD’ FZFET B &, IEBIRNI MILER E — YV CIERIBR
s E=-YDEELT, EED 2z e X Ts(0,) = f(z) DD slpy : B, - Y D0, € E,
TIRDRAHAICRB L.

Definition 2.2. X ##E&ZZKA T 3.

o X HY(Gromov)-EllipticT# % & I&, idx IC dominate 7% spray BEET S L. D
EFDEAIRNIMILRE —» X CIEAIBKR s : F —» X BEELT, 5(0,) = 2 DD
slg, : Ex — X D0, € E, TEDIAHICHRD L.

o X HlsubellipticTH B &1F, X FOBREDEMNT MLR 71;: E; » Y ECEYIHIC
HIBRT 5 L EEERICHDIENER s;: E; » Y, j=1,....m T. FED ye Y IC
LT

Z(dsj)OI(Ej)y =T,Y
j=1

ERBHDOHEFETBH L.

o X WEIl (HBXHEMM) TH 2 LI, EED Stein ZHKE Z CERDERIBR f: Z — X
IC dominate %% spray BEET S L. DFEDIERRI MILR E — Z CIERIER
s: E—= XDEELT, s(0,) = f(z) DD s|p, : B, = X D0, € E, TIEODIAHICTR
L.

o X NOkat |k, FED n € Z;y LEBOIVNIMLEE K C C"IZD2WT
O(C", X)|lk C O(K,Y) h dense THBZ . ZDMEZ CAP(Convex Approx-
mation Property) &L\D.
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X H’C-dominable¥ |&, $2 z € X LIERIE s : CImX - X HH>T, s(0) = 2 H
D0 TRDAAICIED L. (DFD sHIBRILTHB L))

X HC-strongly-dominable ¥ I, FENDH z € X ICDWVWTHBEREK s : CIimX
XHBH>Ts(0) =ahD0 TLDAAICHES.

X H'C-connected TH 2 &I, EFED a,b € Y (XL, BRRE®D f; € OCY), j =
1,...,m T

a€ fi(C), be fm(C), f;(CO)Nfin(C)#0, j=1,....m—1

ERBHDIWEFEEITBL.

X Histrongly C-connected THD EIE, ETCm=1 & LT=HDHAENIID L.

X P Zariski dense entire curve Z#H2 I, f € O(C,Y) T f(C) =Y &%A3HD
NFETBL.

MICTBECABRLTHS.

elliptic Ell Elly Elly
subelliptic / Oka C-strongly dominable
dense entire curve strongly C-connected =————=> C-connected C-dominable

FICHICEAL T2 "B I B EUTDED THB.

Theorem 2.3. [kus21/[Fc13] BRZRAE X ICDVWTRIZEE

1. Oka

2. Ell, #0IZH Elly, Ello, £5%35 L)

3. convez elliptic. DEDEEDIAVNT FEEES K Cc C"H'5 X ADIEAERICKE
WAL —HEFEETS.

4. ERD Stein ZRKAE (ZER?) Z, AN MEAINES K C Z, BEDE&EZ C Z
ICDOWT, EHiBER fo: Z - X TK Qiiffr X' LETEAIGSIE, HZFERE—
fi: Z - XDEELTRZ®EY.

o fi: 7 — X I3 KDAFETERT, K EIC—HRISEMT 3.

o filz = folz
o f1:7Z — X IZIER
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5. FEDOAVNY MAUEES K C C" DEEHLISD X AQERERICOWVWT, EAIEHS
C"— X TK EIC—FELTE3.

Theorem 2.4. Gromov elliptic 78513 Oka TH B . FIEHT LHED LA

Proof. EDENMEMN (CNHEELEH) A5 Gromov elliptic B 5 IX Ell; ZREIFRBLY. Stein %
KZEBEQOERE®RSf: Z - XIZDWT, f*E - Z X f*E - F - X ZZZ2hEThh
dominate spray Z 5z 3. O

Oka ZFIEDMOEMEMICEAL TIERDEED . LLTORMEMD S h-principle & DEMRHDE X 3.

Theorem 2.5. [FcL11] BERZHE X [CDOVWTRIZEE

1. Oka. 2FD CAP(Convexr Approzmation Propety) Zil=9. T CAP &I, 1£
BOnecZy LEEDIVNI N EE K CCIZDOWVWT OCY, X)|g C O(K,Y)
h dense THB & .(—HELITE3).

2. Convex Interpolation Property (CIP) Zi#icd. DEDERDHAEDZHRA T c C"
T, 3 CF @ conver domain EXREHZHD L, FEDOEAER f: T — X ICDW
T, fIIERERC" —» X ADILERZHD.

3. Basic Oka Property Approxmation and Interpolation (BOPAI) Zi#1=9. DX DE
B D Stein inclusion T — S, FRDEAGIOV N bES K C S, £ L TERBEH
f:8 = XTKUT ETERABDICDOWVT, fISERIE®HS - X ICEETES
(homotopic TH B ). T DERIFT =1&RD.

4. Parametric Oka Property Approxmation and Interpolation (POPAI) Zi&f=9. D
D, TS KCS%BOPAIODHDLL,QCPCR™"ZIAVINY FEDERL
95.

FEOEHEM f:SxP > X TH>oT,

o FED 2z QICDWVT, f(-,2): S — X IXIERY
o FED zc PICDOWVWT, f(,z) i &d KUT ETIER
CDEEERBER fi:SxP—X (t€[0,1])TH>T, f=fo hOR=EHT.
o {fitiep F (S xQ)U(T x P) Z{RD.
o FEDte[0,1], x € PICDWVWT fi(-,z) & K ETIER]. T5IC fiId K x P £
I fI—BISES < (B4 limso supgnp || fi — fllx = 072 L ES)
e FED 2z € PIZDOWT, fi(-,7): S — X IFIERY
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fti2H BOBI & W\ oWV 3 H BOP & POP U2 TRIBE D Z &3°

RED POPAIDDOADTEV. K= ICTRLDORDLSICHD. CZTOS,X)IES - X
HBEAMBBROES, C(S,X)1F S - X BE3EHREROESF LT 3.

qu(',q)

Q
{ p—f1 (7p) R

(S, X)

O(S, X

"T

T, X)C T,X

DFD,

o BEEAMT f:Sx P X%®5X3. Chidpe PCEIC f(p) €C(S,X) £5X3 (P H
S5HEALEDXKE)

e qcQTLICf(q) €08, X) 25X 3% (LDKFDXKE)

« pe PTUIC f(-p) € O(T, X) £#52 3 (FDKEDEEN)

ERBDBDEEZZE, f:SxP =X EWSERT

o (POP D3 DEHDEMGLEHE) pc PIZDWVWT, fi(-,p) € O(S, X)(P h5HLDKH)
o (POP D1 DHDRMLFEE) Q —+ P —C(S,X) & P—C(5X) = C(T,X) DERSIH AT

EBBDPDONEETS. (K =9 &D 2EBDEHFIE null condition)
K=2,T=%IC328boBHEICKRD. EREHRf: P - C(S,X)Tf(Q) CcOS,X) &%
HODIE f1 : P — O(S, X) IZ homotopy TEFERTES. 2L, O(S, X),C(S, X) IClga > /X
7 MRMMEZEANDS. RRICTRERDEED

Q 70(S,X)
T
P~ (8. X)

el CORDOEHREICE L TIFEENRET,

e Q— P — OS,X) DER LRI
e P— O(S, X) = C(S, X) DER " ERHER = D F I BT,

35[FcL11] @ POP (5 TWS POPAT D LB S.
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Corollary 2.6. Stein Z{E S & Oka ZRIE X IZDWT, O(S,X) — C(S,X) &W\W>a
BE®IE, 2N 7 FBEMMBICEALTHARENE—RE (COMEEZBERMEWVS)
DEDEEDL € Z ICDVWTRDEE (k=0 DL TdLBS) NEZ 3.

m(O(S, X)) = m(C(S, X))

$5IC Oka ZRRIEI h-principle(ER D Stein manifold Z H5 DEHER Z — X HNIERAIE
RE homotopic TH D) ZHIZT .

REME—BOERIT 1.7EBR. S"%Z nXtEkA, P = (1,0,...,0),z0 € X ZE>Tx € O(S, X)
ES = {rg} EVWOSEREKRE LI &

m(O(S, X)) == A{f : 5" = O(S, X) | f(P) = w0}/ ~

£93. CCTfrgZ fEGRRENEY D, DED IHBZEHREBRH : S" x[0,1] — O(S, X)
T H(x,0) = f(z),H(z,1) = g(x) BHDHFET D1 & L TRMEBERZEANS.

Proof.
(1) : me(O(S, X)) = me(C(S, X))
93 2HEHFZREIERL.

(BAEHE) v : SF = O(S, X), f(P) = 2o DD mp(i)(7) = 0& T 3. 2 EHERHT : SFx[0,1] —
C(S,X) T H(x,0) = 1(x), H(z,1) = 29 € C(S, X) BHOHEET B

BIDERT, Q=5"x{0,1},P=5"x[0,1,K =0, T=+x93L

Sk x {0,1} — 2~ O(8, X)

Sk % [0,1]

(S, X)

EBBDT, $3G: S8 x[0,1] = O(S, X) TG(z,0) = y(z),G(x,1) = 29 € O(S, X) BHDH
BFEITS. Lo TEEDS v=0em(0(S, X))

(25M) 6: S* = C(S,X), f(P) =20 & T 3. HIDEMRC, Q=0,P=S* K =0, T=x&9
=y

%) O(S,X)
=
sk C(S, X)

0

¥BRBDT,0: 5" = O(S,X) T & homotopic £ BRBHDHNEETS. Lo Tm(i)(6) =0 T
H3.
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REOERICEAL T (251%) OIEBICEWVWT k=0, S =pt L THNIEEXS. O

2.2 D>k
Oka ZIRAEDODUBRZ FEHBILRDEED.

Stein Oka (& Gromov elliptic.

[kus21] Oka T# % Zariski BIEE& THRE SN2 ZHIEIL Oka

[Fcl3, Prop2.8] IEBIZ%: covering map X — X ICDWT Oka THBRMHEIES> DD $H 5.5

[Fc13, Cor 2.9] Oka % 513 strongly Liouville(fEE® negative psh (FTEED H.)

[Fc18] Oka % 5(E C-strongly dominable. D& D f : CImX 5 X ¥\ 5 2HIEREHN

HB.

6. [Fc13, Theorem 2.11) ERI7 7 A N—KR f: E > X TI7AN—H0Oka &T3. COLEF
E B Oka & X ' Oka |Z[EME. 7=72 submersion TIEHOH > THWLWS LWL, 37

7. Oka @ 1 = blow up & Oka. 772 blow up locus DRITTH L XTTUALTZE DD > THWS
L.

8. [Fc13, Theorem 2.13] C", CP", Grassmann ZAKAIC DUV T, codim 24 ED C" AD algebraic
subvariety DS 3 Oka.

9. Rational 725 Gromov elliptic H' 2024 & 11 BIZRE =5 L W8

G W

Example 2.7. (1). FEZHIEK X |& Gromov elliptic. $IZ Oka.
Proof. B G D X ICIERIDDHERRIIC X ICEBT5 LT
s: X xT,G =X
% s(z,v) = exp(v)r L FTHUETNH idy D dominate % spray 17 3. O

(2). Tx DFERERRT MLV, ..., Vy TERTEIN 33972518 X IE Gromov Elliptic T%H 3. #F
ICOka TH 3.

Proof. ¢i € Aut(X) &V, 70— LTs: X xCV - X %

s(z,ty, ... tN) :gogl o---ogpg\,(aj)

X ND idxy D dominate 7R spray (78 5. O

36 Z C & h-principle £3&5 m. B 2 D) —< VEIL h-principle &z S BV, ZBEEISAHEARD T h-princiole
ZHlcd. COFIFEB 5% Oka TIHAL.

3TZ ZH special LiEES. X &7 741 /\N—H special 12 E B special TIZ7% L) submersion DHIHH 3. 7 71 /)N—
RDBEIIDHLSA.

38https://arxiv.org/abs/2411.17892

39 [FAIZ#ER (holomorphic soft?) W35 LW
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2¥I2 X OV INT DD Tx Higlobally generated 725 Oka T#H 3.

(3) toric 2 51 Oka([Fc13, Theorem 2.17], Larusson IC & 258 ) #F(Z CP™ X° minimal Hirzebruch
surface  Oka

Proof. C* h' Oka T#H B Z & ZFEL X D torus factor ZFLABAVWELTEL. CDrE X =
(C™\ Z)/G T Z h algebraic subvariety T codim2 W EZRDT, C™\ ZI& Oka THO, G H'H#E
BEICERL TLWBDTHRES. O

(4) b—Z X3 Oka. C" H' Oka THBDT. FI& [Fcl3, Cor 2.25] TC*/T hSHEREDSZED
BRLWTH Oka lcRB e O > TWB. CThUd TC*\ A T A Al discrete 7 tame EFE VS H
D1 H5D covering map ZIFHFDIOHN S5 TH 3.

(5) AV R =< VEN Oka THB kg <1 LB Chldg>2R51EC > X £WS
2EZB VDS,

(6) 2 RTT surfaceX ICDWVWT, RC 251 Oka. "HUd MMPX — X, ZZ XD E Xopin &
Hirzebruch surface, CP? £ 823 H'5TH 3.

ZBEFHED B & Xuniruled T X5, DR 2 LA ED ruled surface TRWVWERS, X | Oka TH B

(7) Hopf surface ¥ Oka.

LEWENC"\ {0} THBDT.

(8) [Cam04, Section 8] Oka 7 5 (& special. Z#Lid Orbifold Kobayashi-Ochiai Z{# 5.
Example 2.8. [Fc13, Subsection 2.8] minimal Surface ICB8 L Tld, Kodaira JRITTTHIT S LR
Hhohsd

Kk = —oo. LD CP? H ruled surface THBDT, lruled surface over curve with g > 21 X
M F Oka TH D

k = 0. torus, bielliptic 78 5 Oka. K3, Enriques |&ABA.

k = 1 Buzzard-Lu [BL00] & b, C-dominable ¥ dense entire curve B’# % C L ISFEMETH D. €
Dt < FEF.

k = 2 Special TZRULD T Oka THARLN.

—DEBWVERDH 7D T, EVLWTEL

Proposition 2.9. [Fc13, Cor 2.39] Kummer 78513 C-strongly dominable

Proof. statified Oka 72 5 |& C-strongly dominable Td 2 Z & hHH>TW3B. Z T statified
Oka ClF X = Xg D X1 D - D Xpn = ¢ EVWSEHEDREZERIRD stratification H'@H > T,
Xi \ Xi+1 75\\ Oka L:tﬁ%:ﬁ@—tﬁ)%
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Kummer HiE X (& b —F X% (z.w) = (—2,—w) DIEETHD, €T TTHK 16 ROKFESRT blow
up LTeHDTHS. 2FD 16 ROKFER T blow up L7z rational curve D&ESR% C = US| R, &
FTHUEX\CIET\16 R Z Zy CEI-TcHDERABTHD, T\ 16 | I Oka TH 3.

C & rational curve DEFEFD KD Oka TH3. &> 7T X |3 statified Oka T&H D, C-strongly
dominable Td % O

2.3 Oka ZHIAICEI Y B REOREEICS

Question 2.10. special 7% 5|& Oka 5H\?

TN DI DOHMH TH S, 72E Campana Winkelman [FXXDZ & &R LT

Theorem 2.11. [CW15] X %Z projective manifold £ 3. X DY h-principle, DF D TE
B Stein manifold Z h5 DEFEIR Z — X DERIBMRYE homotopic THB1 Ziwl=s
£95%.
ZDEF X X special T Brody hyperbolic Kdhler manifold Y NDIERIBEMHR X — YV ISEHK
TH5.

h-principle Td > TH Oka TIEA V. FIZITEHE R 5IELEABESRD EMEEMR L homotopic 2D
T, BAIARDS RIS S.

Question 2.12. special % 513 h-principle Z# 7= 9 H\?

Question 2.13. Tx nef 7 Fano |& Oka Z#k{AH\?

Campana-Peternell FRHIE L LA S T I globally generated %MD T, Oka 7% 3. (Rational
homogenus H*5 Oka THLIWY)

EEZEDHBZIEISVWSLICHB.

Question 2.14. e T'x psef 7% rationally connected |& Oka 1 ?
e Fano X RC (& Oka H* ?
e k=075 Okah?

% $ Campana-Winkelman 23 [CW23] T, "RC & dence entire curve Z#D Z &”HHH > TL)
3. special %513 dence entire curve ZIFDIEFKERIZA, semiabelian variety & birational 74 5
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3 Voison DH—~Ro

IFC®HIC
Claire Voisin @ Fibrations in algebraic geometry and applications D% —~X-A [Voi]| Z X & O 7.

B, SO —RADEDEHL <, FHOBRVERHED o7, BDOTHATLWBREZIChHhSHED S
BN EHZTCHRFETHRTCICLE U

3.1 Introduction

Definition 3.1. f: X --» Y % projective manifold N>V /\NT MERZDIKIADE & § 3.
f:X -—> Y B fibration &1&, 7 71 N—E#E7R dominant map &85 K.

fibrationf : X — Y OLWWE Z 31 X OMEDY X fiber FITEET 2 (HEDHAD) L 2B THS.

1. Y £2TD7T 74 /N— F } Brody (resp. algebraically) hyperbolic & 51X, X HF 5. 42

2. Y &—M&7 74 /\— F H general type 2 51F, X HE 5. (litaka conjecture M D & FiF
B DIIDHh5)

3. Y E—MRI7AN—FHRCESIE, X HED. (¥9 Graber-Harris-Star [GHS03]7?)

DO —ARATIE 3 DD fibration /S

1. Titaka Fibration
2. MRC fibration & Shafarevich map (I'-reduction)
3. Core fibration

3DBEICDOVWTIERDFENSETWNS

Conjecture 3.2. general type 72 51X, Kobayashi pseudometric B—i& = TIER(L ?
Kx = 07751, Kobayashi pseudometric BN&@EI 07

[KL22] % ¥ Hyper-Kahler DIFSICHTRAEATWVS 5 L L.

[ Conjecture 3.3. Special 72 51X, Kobayashi pseudometric BN&@EIC 07 ]

N RERENICOD VDD E S HDH S HEVDT, RIFVDOTHIUIEIRLET.
LZNIE—MRICEZTE??
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projective/ >/X% b Kihler OIRFE |, T2 /\0 MEARE (BRAT) £E D /N Z X —52 —ZEff (CHow-
Barlet space) DA /N MI7% 2 & WS BB TRIC =D (Fujiki DEIE) Kihler DIREZHN L TH
local deformation DERFFEARILKTED, AV /INT MEIFEDHIERRED L7,

3.2 Fibrations and holomorphic forms

3.2.1 General facts on fibrations and holomorphic forms

X, Y projective manifold/ 2>/\N% k Kéhler manifold & L, f: X - Y Z25 & 73.

Remark 3.4. f: X — Y D Stein D& for : X — Yy ZEXB. fy : X — Y, I& with connected
fiber ¥8%. K2 TUFLALDHZEICEFWT f & fibration TH B EIREL TRLL.

112 Yo [F normal BRIZIFBDT, Y OBSHEIHBELIZRIEC DFEMIGELTI AL

Lemma 3.5. [Voi, Lemma 1.2] f : X - Y % proper f$& 92 IREHLT.
1 fo :m(X) = m((Y) IZDOWT, fi(m (X)) C m(Y) IFBRMUKZRFD. T5IC with
connected fiber B 5 IX, fo(m (X)) = m(Y)
2. f*: H(Y,Q) - H(X,Q) |& Hodge iBEICH T2 HETH 3.
3. —MRT7 7 AN—D X, BNEREDND, FED i > 0T HOX,, Q%) =0 &5, f*:
HO(Y, Q%) — HY(X, Q%) 13 i >0 TRETHS.

Proof. [1] U C Y % dense Zariski open T fy : Xy — U H¥smooth ICRD2HDE LS. fu IdAitE
BYIZ locally trivial 2D T

1— 7T1(F) — 7'&'1(XU) — 7T1(U) —1

TH3. Y B smooth 728 7 (U) = m (V) Be§IcHRD. Ch&bEx3. 4
2, 3] COWRTTIF, REFRED cohomology D left inverse

f* H(X,R) = H(Y,R) aw~— f.(w'Ua)

WEETS. CCTd:=dimX —dimY DD, w Z X @ Kahler form T7 7 /\—_ET volume
1eRBZ2BbDET3. (H(Y,R) = HImY—i{(Y,R)" ¥ poincare duality TRI—fLTW3®DT, k
D & 5 7% pushforward BEIND.) &> T f*: H(Y,Q) - HI(X,Q) IXHEEHIH 3.

Fle—MRseYICDWT,

0— f"Qy = Qxx, = Qx, =0, (3.1)

437T1 (XU) — 1 (X) @Eﬁﬁti ?

99



05, Oy x, @ filtration EFHFT 2. RENS H(X,, Q) =0BDT
HO(XS, Qg{le) - HO(XS, f*ng)

TH3. X LOIER] i-form o lF, EEMEY? C Y £D Q% OER i-formpB EA—HINB. C
DLIEY kI
B = f*(wd A a)

LT HRENS. a=fFHX0=f 1Y) ETHDIDDT, X LTHMOIID. O
Remark 3.6. [Voi, Remark 1.4] 3.1 DRE£RYIZ,

0— Ny, x = Qxx, = Qx, =0, (2)
DRFRBIHEETHS. s €Y hlgeneral B5IE Ny, /x = [Ty, £ B.

X @ d-RITZHKAE X, C X ICK D covering family ICKDUTDLISBHKXEEXS. CCTf%x
fibration, ¢ % generically finite dominant map &3 3.

X x

f
Y

Lemma 3.7. [Voi, Lemma 1.5] fibration f : X = Y ICDWT, Kx|, = Kx, £%%%. &
12 covering family (Xs)scy ICDWT, general member Xs ICDWT,

Kx, = Kx|,, + D

E7%2%. CCZT D & X, Lk effective divisor TdH 3.

\.

Proof. — &= s c Y ICDWT,
0— f*Qy = Qxx, = Qx, =0, (3.2)
THD, f*Qy 1E X, ISHA>TEBETHBIDT, det & &UF

KX|X = detQX|XS = detf*Qy|Xs ® det Qx, = det Qx, = Kx,
S def (3.2) *Qy|x, "EHA def

¢ |& generically finite D T, (X H¥smooth TH B Z & HF>T), %3 ramification divisor R H
HoT, Ky = ¢*Kx +REBD. &2, X, ¢ RE%A3 X, IC2WT D = Rly, L THIER
LY. O
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Lemma 3.8. [Voi, Lemma 1.6] holomorphic pluridifferential forms(ZEIERIFI?), D
ED ke Z IZ2WT HYX, Q) & compact Kihler S ED LONFEREETHS.

Proof. X,Y % compact Kihler Z8k{EC L, ¢: X - Y ZXWHEIEBG & 9 5. Zariski open U C X
T, codim X \U > 2 DD ¢ly : U = Y D well-defined THBIHDZED. 5L

¢*  HO(Y,Q8%) — HO(U, QFF).
EWSERIE, ¢: U — YV DIERIETHDHOHIEIBRVDTHEHE THS. Hartogs DEED S,
HO(U, Q%) = HOY(X, Q%) TH3. AN % X £ Y 2 AhBzhE, AENSER 3. O

3.2.2 Iitaka fibration
X projective manifold, L line bundle & 9 3.
M(L):={k € N| H(X, kL) # 0}
EWSERESEEETD. CHIEN OB monoid 434 &>T, 3 ko € Zy B> T, +

DREB M(L) DITId ko DIEHE BB,

UT ko #0893 BEHNS M > 0DD ky DEHAESIE, HY(X, kL) # 0 THD. XOBFIHS
ko> 1 EEh>5%

Example 3.9. F f8FA##E, Y projective manifold £ 3. Lo & U ko > 1 D E LD torsion
line bundle, Ly %Z Ly @ ample line bundle £ 3. X = E XY, L=LoX Ly &EHELE ky > 1
AN

litaka R7C k(L) & k € M(L) ICEWT |[kL| DIFFERTERINZEIR
b X ——» PN

DBEDERARRTE TS, 2L M(L) = {0} DEEIE w(L) = —0 £ T 3. L = Ky D litaka X
7T% X @D Kodaira R WS

BIZIE k(L) =0 THBDZ &Ik, M(L) # {0} B OEED k€ M(L) T h%(X,kL) =1 H'BDIID
CCLFETHS.

Theorem 3.10. [Voi, Theorem 1.7 (Iitaka)] &% fibration

L X - Y

YN D monoid & (a-b)-c=a- (b-c) LEMTOEEEBITHD. M C N 1845 monoid L id z,y € M %85
Xz ye MB3HD
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TRZ/EITHLDONEFET S

1. dimY = s(L).

2. ¢ X =Y, 7: X > X % ¢ DFEESHEEEL, ¢ D—RIFAN—%FErd
3. 7Ll D litaka RTTIE 0 £ 785

X oL
7
|

Y

-~

_
- ¢L
_

X

T BIS D fibration ¢, 1& Y D birational ZBRVWT—RTHSD. D fibration ¢r, : X --» Y
%z litaka fibration £\ D.

L = Kx OBE, 38h6EEDr € Z, IZDWVWT HO()“(',K?;”) ~ 09X, KY") TH3. D%b
by : X = Y B Ky O litaka Fibration LEA—RTES. I5IC3.7H05, — I 7AN—FIC
DVWT Kilrp=Kr £%%. $oTUELDT%ES.

Corollary 3.11. [Voi, Corollary 1.8] 0 WA E®D Kodaira X7t xk ZFHDOZKEICEWVT,
canonical fibration ¢, : X --»Y TY ORITIE k T, =T 71 /N\—I& Kodaira JRIT 0
ZRFDOODHEET S.

Proof of 3.10. FED k € M(L) IC2WT, $% 0 # 0 € H(X,kol) ZE > THEE R o :
HOY(X,kL) < HY(X, (k+ ko)L) B'% 3. &> TROABERK%153:

Pktkg) L

X - -2 ~ PN’
X% pN

D 7 : PV — PN X linear projection T$H3. &> Tk Z+HAZT < T,
dim Im qbkL = Ii(L) (33)
£ 72D 7 D generically finite rational map

Im (P (gyroyr) ——* Im P,

ZE|TEIT. CNBIE X TXEREINBZDT, kL B+ KEIFNISL birational &7 3.

T Tk TEIDYINZ+DAITHR L ZED, Y % Im ¢y, D smooth model €T3, I5I2¢: X »Y
= Opp X --» Y DAEERHE T 5.
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RTINS ZLIRUTDZDOTHS.

(a) ¢ D—MRT 7 A N—HEEIE BB L.
(b) X £ line bundle L = 7*L Z—#& 7 7 A N—ICHIB L e & &, Z O Titaka KT 0.4

Ve =Imer, L, Oy, (1) Z Y, CPN LTz ZTD Opn(1) DEITRLETD. TRILEERDD
HO(X, L% @ ¢, Oy, (—1)) 120 THW section H'$H 3.(c ZES.) &>T 0 THL section

a e HY(X, L% @ ¢*Oy(-1))

BB 5. 7721, Oy (1) 13 Oy, (1) DY ADBIFRLETS. Oy (1) & big BOT, EED r > 012
D2WTC, $%s>0hH>T,
¢(LF") ® Oy (s)

&Y ET generically globally generated T#%%. (Kodaira 738 Oy (1) ~g A+ E ZfEZIF E XL
ST ample BOT) £oT ¢ D—RT 71 N— F I2OWT,

HO()Z',f,@JT ® ¢*(9y(8)) % HO(F, i@r ® ¢*Oy(s)|p) _ HO(F, E®T|F)

BIEHTHS.

I T (a), (b) ZRY. (b) PROILAVETBE, LRMIIA section a1,09 € HO(F, L& |p) H
HB. INED, X ADHEE 1,79 € HO(X,LO @ ¢pxOy (s)) BB B. o % twist LT 1LRIRII A
sectiont], 7 € HO(X, L& +F) pMEND. THUE (3.3) HED K SICk Z+DAEL Lol kIl
FETS. £2THF, L®|p) IZTeh EH—D D section Z3FD. (section ZHFD DI o ZHIIR
THIERW) &> T (b) BVWR 7. (a) BEAKT, D LEITHLVDOTHNIE LD K S I 1 KIRIT %
section MENTL XSO THS. O

3.2.3 Castelnuovo-de Franchis and Bogomolov theorems

Lemma 3.12. [Voi, Lemma 1.10] X % projective manifold/ 1> INT & Kdihler manifold
£9%. a,f€ H(X, QL) ZZDO0 1 RIHILA 1-form T

anpB=0in H(X,0%)

THZDHNDETS. COCE, BE2, LLED smooth projective curve C NDF ¢ : X — C
&, C EDIER 1-formsag, Bo D'&H T,

a=¢'ay and [ =¢"Bo

“bgemiample D& EF EEW, L 1ZY O line bundle D3| ERLICHB LIFES AL

63



3. KO—MRIC gD X £ED 1 XIMII7% (1,0)-form a; T,
a; AN =0 in HY(X,0%)

Zml=-9 72561, BE g LAED smooth projective curve C, morphism ¢ : X — C H&H >
T, a; 1FC EDIER] 1-forms DI ETRLICRS.

Proof. X B> /X7 b Kihler DT, IEEA] 1 XERER 51F closed THB. 1L O-closed %85
|& Kahler & D harmonic &7 D, d-closed &2 3D 5.

2 D0 l-form «, B IFERTFITTHS. &> Trational map f: X --» PL H*H > T,

a=fp
EMNNTD. (AIERAEEZE > TR —LOKREOD—%ZR3) [EA] 1-form (& d-closed DT,
da=df N\B=0¥,%3. 2Tdf bFL o, LERTHFITTHS.
ZFITf: X --»P%EZX3S. §2L, fDfiber ETa & BIFHATWS. 6 ZITREEZS.

e /: X = P! % f O resolution
e F: X C,r:C— P % f® Stein factorization

¢ a,3% a8 DEIFRLETS. CHIBEER 1 XFEXTHD, ChdIE, Fly: U — C OV
JETHOBBIRAE S U £TIE F*Qc C Qg D section £ 3.

x—E ¢
> )
x-- L 3p

4 X o Kihler form w T F @ fiber THREN 1 £H3HDEE ST
aqg = F*wd_l A&

£93. §3L ald C LOERIIXERTHD, a = Frag &H3. 7&>T, g(C) >2TH 3.
CIZBEEBHEZEEFHVDT, For 1 : X — C |Fmorphism &% 3. ([KM98, 1.1 Hi8E])) O

Theorem 3.13. [Voi, Theorem 1.11, Catanese] X & 1>/XT & Kdihler manifold £ 3 3.
20 1 RM3L% 8,8 € HY(X,C) T

BAB =0in H*(X,C)

BZnEmEhbrsAD ST
TZh o LEAN?

64



EHBZIZLOLHDIETE, HEIBHM2ULOHIRC ANDF f: X - CTB,8 I FH(C,C)D
TSI ZTRLICEZHDOHEET 3.
K D—HRIC O 13T g U EDBRIEA DS f : X — C DETEIF, g RITARY MILER V C
H'(X,C) TH-o<T

AV =0 in H*(X,C)

EBRBHODEELABETHS. (EICBLTIE AZHY(X,C) —» HX(X,C) tBTW3)

Proof. BEDT=® g=2¥& 9 3. 5,3 ® Hodge D&%
B _ 51,0 +ﬁ0’1 c HI,O @W 5/ — BII,O +B/O’1 c Hl,O @ﬁ

¥93. ZIT AL B0 a0 510 ¢ L0 DFEDFRI IR THB. 88 A6 =0 DIREHS

BLYOA B0 =0 BOLABOL=0in HO(X,0%).

51,0 /\ /8/0,1 + Bo,l /\ /8/1,0 _ 0 in Hl’l(X). (34)
TH3. 3.12&DUTDBBICRETES. (E3THRWESIE3.1205 X — CHEET3).

[ BILO = \BLO, B0 — ;301 ¥ 153\ u e CHIEET S.

B Y B IE—RIMIBEDT N4 1 TH3. 34 ICKATBL,
MBLO A 50’1 + )\51,0 /\/50’1 —0in Hl’l(X)

%18%. u# X\, BOT,
BOA LY =0in HYH(X). (3.5)

THhd. £CT -
n:=BH0 A Bl in H?O(X).

EHEL REn=0TH3. BERS3S5NS, nAT=0in H>*(X) TH3. 5L w % Kihler
form & L C, Hodge-Riemann bilinear relation H'5

H22(X,R) %" H™™ (X R)

NEEMBTHBIDT, n=08%%. £2T3.12&D, X - CHEETS. O

8(p,0) AR £ IR p-form I compact Kihler TIERE L
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Corollary 3.14. [Voi, Corollary 1.12, Beauville, Siu] X & 1>/\N7 & Kdhler manifold
95, BHR2ULOHIREC ADERTHEVWER F: X - CHEHET S LI, BHERDR
a:m(X) = m(C) TERIERIERTHZHDNEET S L L [FME.

Proof. C 13 K(m,1) ZZETH 3" £>Tald@ERER [ X - C=ZFETS. (EDAIE X £
@IW;EXUHN X Cuniv/ﬂ'l(X) ;&1/]5“‘3:, ﬁ%ﬁ%Fﬁﬁ@ﬁﬂi%b\B X —-C b\ﬂshé)

REDS Ima C m (C) I3BRIEH LD T,
fo: HI(X,Z) = m(X)® = H\(C,Z) = 7 (C)%

I3BBRD cokernel Z#FD. (@,C LIc525C%HS) CN& D pull-back f*: HY(C,C) — H(X,C)
FESICHED, ORI ZES.(A IF cup-product ZEIKT B)

HY(C,C) ® HY(C,C)—— H?(C,C)

f*®f*J/ lf*

HY(X,C)® HY(X,Cf— H2(X,C)

TV = fHYCO) c HOX)ZEZRD L, f* IFBHFEBDT, ThiF g(C) Xt THB. IH5IC
a,o € HY(C) IZ22WT
aAa’ =0in H*(C,C)

THBDTLOEANS
frfa A ff/ =0in H*(X,C)

L2T 313 KDEBH2ULDOHIRC ANDEHRTHWVWER F: X - CHFETS. EICEAL T,
3.5&D. O

Theorem 3.15. [Voi, Theorem 1.13. Bogomolov and Campana] X & 1> /\NT & Kaihler
manifold, L C Q% % line bundle £ 9 3. (1212 L saturated TH D LIFRSHW).

k(L) > k72 5IE, 3 rational map ¢ : X --» B, B&H>T, B & k RFTD projective
manifold TH D, L 1383 X O Zariski open £T ¢*Kp C QF £ —HT 3.

Proof. Stepl. L @ litaka fibration %0 # sg,...,sy € H(X,L) TEXB5N3HEEEZS. TD
dominant rational map ¢ : X --» BC PN TdimB=kBbDHH3. HO(X,L) C H'(X,0%)
IC&>T, HBEA LR a; BB T,

si = a; in HO(X, Q%)

VEABEN 1 TENLUADKRE FE—BENLTHBEAZR.  http://pantodon. jp/index.rb?body=Kpil BEEUEE
DHBERL HHNT, X LOE 7 REEHER X — K (r. 1) H—H— ST,
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-3_6 K%éﬁf@ﬁaﬁ qbz _C oy = qbiao ttﬂ:% (qbz = % 1355)
3.12 E[ARRIC X D' compact Kihler DT, do; = dag =0 THD. &2 Tdp; Aag=0RDT

Fo= (d¢177d¢N) C Qx

TR, CNUEXD—RETOAx DIV kDERRTHS. 2FED F =o¢*Op B—RETH
Diro.

Lemma 3.16. [Voi, Lemma 1.16] W 2RI LB, 0 £ u e NNW £ TB2DLE
Vi={veW,vAu=0}CW

IERTEUTTHSD. I5ICdimV =k THBILIE, u AV OERTTHZI L (2
D u HDEEIRE) LEMETH S .

Lo T X O—RAET, L & A¥(¢*Qp) = ¢*0k, B—8T 3.
Step2. —f#RDIBE. s ¢ HO(X, LON) IZDWT, generically finite dominant map r : X' — X &
s'e HY (X' r*L) TH> T,

re(div s’) = div s.
ERBHDHEFETS. THUE X OE N T divs. (28> THIET B cyclic cover & 2T, %
N%Z resolution L7z D& L THEMKT 3.

CNZRDRTERZZD

e generically finite cover r : X' — X
o r*L C O, I5ITr*L @ litaka fibraiton M HO(X',r*L) THEX 5M3.

e (Step 1 MEEERDS) ¢ : X' --» Y/ TY' IE k RITD projective manifold T, r*L = ¢*QF,
NX O—RERTHDILD.

e ¢ : X --» Y %Z L O litaka fibration £ 9 3.
seY Z—MRRe Ll r1(X,) OBHIRSD EICEWT, r*L 13 Titaka XJT 0 TH3. &> T
ROEJEEAZ XS,
XS
r gen. fin. lr/
X—-—->Y
oL

ZFLTL=¢308 . B X O—MERTHDIID. O
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Definition 3.17. [Voi, Definition 1.17] k > 0 ZE# § 3. rank 1 subsheaf £ C Q% T
k(L) =k &12BH D%, Bogomolov subsheaf LR

Remark 3.18. [Voi, Remark 1.18] 3.8 ' 5, Bogomolov sheaf M#F{E|F bimeromorphically /bira-
tionally invariant T# 3. 5L < E5 &, rank 1 @ saturated subsheaf £ C Q% . fFEE® birational
map ¢ : X' --» X, ICDWT, ¢*L C QF, D saturation B, £ L[E L litaka RITEIFD.

3.3 Fibrations from families of cycles

3.3.1 Generalities about Hilbert schemes and Chow varieties

Theorem 3.19. [Voi, Theorem 2.1] X %& complex projective variety £ 3 5. TDEE
=R EIBIED, projective schemes Z ¥ projective scheme Y D flat§ f : Z — Y &
¢p:Z—->XHhH->T,

z- 2. x

1|

Y
fDITF7AN—LT¢: 2, = X (FIBDHIAHTHD, EEDET scheme Z C X IZDWVWT,
HB3RyYycYDHoT, Z=[f(2) £%B3%.

5£otbhDT VDT, [GPRGYL] EBRT 3 LU TOED.

Corollary 3.20. /[GPRGY/, Ch.8 Corollary 1.2] X ZfRIZEME T3, DL T H DM
ZEf D := D(0O]x) & subspace Y C D x X BMFEEL TRZHBIT.

1. Y& D ET flat B D proly : Y — X & proper.

2. (universal property) S HDERRXTTHTZER, Z C S x X % subspace £ 3. THIC
ZIES ET flathDpri|z: Z — X & proper £$%. COCE, ERIER f: S — D
WE—DEFELT, 22 SxpY BB

.

E(L3.19 D Y A Hilb X Chow ICHEEH L T, Z Hd universal familiy {(y,z) e Y x X |z €y} (Y D
Toi& X @ subvariety ICHEH T 3) THB.

COFERIZ X NV /XY b Kahler THREDILD. £DIFE"subschemes” DEFSIZ 7 closed analytic
subsets” ICH X ZMENH 2. £T-EDHFF Y & Kihler LIRS T, Fujiki class IC78 3.
3.19ICHEWVT, "X A a2 /XD b7 X, "projective/Kéhler” IFMETH B5F L < LV D & closed sub-
variety /analytic space M”local ZRIFE"IIFBEZ W (Barlet ) LA L >/ MMEIZIE Fujiki
Class B4 E (Bishop DEBZFESHH)
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Theorem 3.21. [Voi, Theorem 2.4] X %& projective manifold/compact Kihler manifold
EL, € X %& very general point £ 33. Z C X Dax %83 closed subvariety 72 51X,
#3 covering family

X x

f

Y
TRZmIcTHDNEFET S

o f: X =Y fibration
e XY projective manifold /A2 INT & Kabhler,
o ¢: X — X 25

e BBscY DB, P, X > XIFZ > X EFA—H{TESR. CITZIRZCX
DHESRBETHS.

KBS HERUTOBED (12720 X @R TC ETEEINTVB LT 3. QL LABAOTE
2B

e [CH24]. X --» ZZMRCYT3. —MRzec XIDWT, X, Z2771N\—L3T3L
Chow(X) IFATEEDH D L HIMFLABWVD T, Y € Chow(X) T very general & z € X IZD
WT X, ZNFALFAXTE3DDHHS. &> T universal family Z Z & NI LDEH
MEND (L<KESDIFE>HSEREZEBZDHD)

e [AD13], [Wan22]. F C Tx & \\D algebraically integrable foliation BFET DL E. D5
BESENS, FED (HLLIF—MD)r € X ICDWVWT L, WS leaf TL, C L, Hopen
BDT, z € X IZDWsubvariety L, ZXISTES. Ko TELLBLAETY C Chow(X)
Tvery general Bz € X ICDWT L, #NSAMSAXTE3HDONH 3.

Proof. 3.19 & D &L AE(ED projective scheme ¢ : Z — X T, X @ subvariety/subscheme % /\

FALSAZXTBREDNEETS. 2, % Z OBHINSD T 3. ¢ : Z; — X & projective 7R DT,
513 Zariski closed THS. €T

i[Y(2:) X

£93%. X\ BDRIE X D very general point &7%3.
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re€X\B,ZCX%ux%B3 subvariety £ 5. 3L

z- Y. x

f
Y

T Z 3% % fiber 2, — X L[A—HRTE 3.
FLCHRESBEZ ST, YVidsmooth ICLTRWV. Fvy: 2 - X IE2HTHD. £oTZ
DRHERMFEEZ X cdndsmLVWborFEons. O
Remark 3.22. L Z C X H'smooth 51, Z I& Z, 128> T smooth THBDT, Z, X8> T
X2ZTHO, DEOD X, =2Z,2ZTHbB.

Remark 3.23. Z — X |& generically finite IC7323.(WEBALIFY ZFHIRL, HESBESESC
ZIicE&n)

2 EZ %

o Y& y= f(z) T smooth
e Z, T2z%Z1B3HDH smooth
e ¢: Z— X |& 2z T submersion

CDEE Y|z, : Z,— X |Fimmersion TH D k := codim Z, RITNT MILERRZERE V C Ty, IS
2T

Vot V) = Tx )
HEEICHES.
DEDERD k RIT subvariety Y/ C Y T tangent space By T V ICHEBZHDICDOWVT, 9|z, :
Zyr — X |& generically finite £ 7% %.

3.4 MRC and I'-fibrations

3.4.1 Rationally connected varieties

Definition 3.24. [Voi, Definition 3.1] projective variety X h® RCC(rationally chain con-
nected) THB LI, FRED 2 R,y € X ICDWVWT, HBZEEMIED chain, DFD

fi:Pl = Xi=1,...,N f1(0) ==z, fx(00) =y, fi(cc) = fix1(0)i=1,...,N —1

ERBDLONEFEETD L.
X HRC(rationally connected) L IIERD 2 DD—RRA—DDEIEITTHERSZ Z L.
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Example 3.25. [Voi, Example 3.2] projective variety X @ projective cone Cx I RCC. (vertex
FERXILZDOTHENRS) Cx D resolutionCx & X ED P RICHEBZB DT, Cx I& RCC LILR 5%
W.(BIZIF X HER 2 D) —T VEDRA L) & 2T RCC & birationally invariant TI&7 L.

X Cx IFRC CIFRS AWV, FIZIF X ZDHDOHEEBHBREZRI-BZVEE, RC RS54 L.
(Bl 213 Cx @ resolution ZE > T X B HIF X ICHEBHMENEFEELTLED) BB RC IF
birationally invariant T# 3.

Theorem 3.26 (KMM92, Campana, [Voi, Theorem 3.3]). X %& C _E® projective manifold
£93. RiLENE

e X RCC.
e X RC
o HZEEMIE f: P - X T f*Tx B'P' ED positive RT RILRTHS.

B (CEJZUJ projective variety B RCTHBZ EIF, $3 (TED ) BERSEHE X — X ICD
WT X # ROC(RC) TH3 - L L EMETH 5.

C TP EDARY MILEK E D positive & 1&, Grothendieck DEENS E = P Opi (a;) EDfRL
fce&Ela; >08BRBILrd 3.

re XL, BEMEP - X TF0) =2 LRZ23BDNEETDIETS. LUTIE Debarre DA
[Deb01, Section 2.3] Z&H.
Mor(P',X) = {g: P' - X}  Mor(P", X, flo) = {g : P' = X | g(0) = /(0)}

&9 3. ZMHld scheme/analytic space £7%:%. Mor(P, X, flo) IEFBIDRAHTES. evaluation
map
p: Mor(P', X) — Mor{0},X)= X g~ g(0)

DfO) = TDITF7AN—CbHINB. IT[g] € Mor(P!, X) TDIFZERZE [Deb01, Proposition
2.4] &b

Trtor(Pl X = HO(PY, Hom(g*Q%,Op)) =  HOPY,¢*Tx)  (3.6)
or(PLX) 1 [Deb01, Proposition2.4] X X smooth

£ 1%, ERICLT, MorP!, X, flo) &

T = KerH® (P!, ¢*Tx) — HY({0}, g*T = HY(P', " Tx T,
Mor(P1,X,flo),l9] tangent map er ( » g X) ({ }79 X) 0 T0—Oy1 0,41 /To—50 ( g 1Xx® 0)
(3.7)
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£%:3.59 T [Deb01, Theorem 2.6] & D

dimp Mor(P',X) >  dimH°(P',¢*Tx) — dim H'(P', g*Tx)

X smooth

£ 7350 EFkICL T, ([Deb01, Section 2.3] BHR)

dimgy Mor(P', X, flo) > dim H*(P', ¢*Tx ® Ip) — dim H'(P', ¢*Tx ® L) (3.8)

Voi] KRB Y, f(0) =2 € X RBEEEIET [T D positive BEDHEETZ LT3, T3¢

dims) Mor(P*, X, fo) 2 dim H°(P!, f*Ty ® Zy) — dim HY (P!, f*Tx ® To)

= dim H°(P!, f*Tx ® Op1(—1)) — dim H (P!, f*Tx ® Op1(—1))
=  dim H(P!, f*Tx ® Op1(—1))

f*Tx positive
ER%. DED Mor(PL, X, flo) b [f] DEL T RO(PL, f*Tx @ Tp) RIT (ML) ZFoTW3. 2%
C T evaluation map
poo : Mor(P', X, flo) — Mor({oo}, X) 2 X g+ g(o0) (3.9)
%% 2 % &, TO differential map (tangent map) & 3.7 LREHRICZL T
T,: H(P', f*Tx ® Ty) = (f*Tx @Zo)|so s+ s(00)

B, f*Tx positive &K D LDERIFLH TH 3.

&> T Sard DEIENS po DEAME (FAETHDS Vo full S0 THS X DEIB) I$—HK
BERBBINEDRAER poo : Mor(PL, X, flo) = X & X O—R2UICEVWTEEHICARS. (IE
AfEZ: 513 local ICHEICHDDT) TNUFDED

—fRy € X IZDWT, 3 g € Mor(PL, X, flo) Tg(oo) =y ERDHDHEFEET S

EVWSZETHD. g:PL = XHDg0)=f0)=2&D XIFRC &%3.

WICRCTZo7c5, f*Tx positive BHIEBHREDEFEDHR L TRY. ([Deb01, Proposition 4.9] A
FNICHT=D RABR poo : Mor(PL, X, flo) = X B X O—fRBICEVT25HEEVEXT,
differential 7, K5tz L 5.)

SOHO(PY, g*Tx) — HO({0},¢*Tx) IZETBIC0 e P! ZRATBEH/,. HO({0},¢"Tx) = C* 9 Tx THSB.

Sl Z 5 < Mor(P X, flo), [g] & [g] DA D T singular 12780 53 DT tangent space DXRIT L IE—E L %L
[Deb01, Theorem 2.6] DEFRTIE, Mor(P', X) IE [g] ®DAD T dim H°(P', g*Tx) XITD nonsingular variety
dim H' (P!, g*Tx) EDHERD 0 mEGr 43,

®2[Deb01, Theorem 2.6] DEFRN S, ik Mor(P*, X, flo) & [f] Tsmooth THZZ &hbh 3. dim H° (P!, g"Tx)
JRITD nonsingular variety M 0 = dim H*(P', ¢*Tx) BOARRD 0 HEELHRZDT

S3—f% M Sard DEIRT L EEFRME (X HSEAMEZERWVWHD) HMILR—FRE 0 L WS ZeiH, —RE B3 DIE
BBy /BRI HN S ?
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3.26 DFES> TLBDIEFRCCASIFRC DEHDTHS. 9 RD LemmaZR B

Lemma 3.27. [Voi, Lemma 3.4] X %& C _E®D smooth projective variety T RCC, x € X
very general point £ 3§%. CDEF f P - X % ¢ ZBHIEEMFCIBDEE, Ty

semi-positive.

Proof. X RCCRODT, FED 2z € X IZDOWT 2 ZBZ32EEMGENEETS. £oT
ev: P x Mor(PL, X) = X (s, f) — f(s)

IFLEIIHRSD. Mor(PH, X) = UB; LBIDRT 5. 5 Mor(P!, X) IE& < AIEAE®D scheme D
T, 321 ALK

C= lJ e xBi)u U {zeX|ev:P'xB - XIZHEWT z I3EEHE }
ilev(P1x B;)CX ilev(P1xB;)=X

93¢, X\ CIlEX D very general point £7%3.

TTzeX\CO, f: P XDDf0)=2&T3. CODEEHLS, BHIKS B C Mor(P', X) T
[f] € BHD
ev:P'xB— X

IE253D D (0, [f]) CEERIREABZHDHEFEETS. cv D (0, [f]) TOHTIE
Tp— HOPY, f+Tx) — (f * Tx)|oo
TINDRENTBRBDT, f*Tx I generically globally generated &7 D semipositive £ %354 [

Remark 3.28. f*Tx semi-positive &7 2 HIERHHR%Z free rational curve £ 783 . free rational curve
DEFE uniruled(FREO—RRIT L TENZBZEEMGEHNEET ) CEMELRDT, COFEE
& RCC 7 51X uniruled Z/xR L TW3.

3.26 DEEL LWER D ISBIERIRD chain NS BIEMIRZEIED THS. v & y ZRABIEHIED
chain C1,Co BB B LT3 (BEDIH 2DICTFB). 3.27 £ D fFTx semipositive Z{RE L TRL).
fTx semipositive 7Z1F72&, RC D & 5 REEHHR, DFD (3.9) OWMABERILFICHBZ L 5%
HIAR I ENZR L.

75D THIBHIFED normal bundle @ positivity ZIE° 9 &K 5 %4 free rational curve Z{E2 Z & T,
C1,Cy Z ¥ < rational curve("leg”) ZEoTWL L.

SLCIDODBAD DT Toty morer, x), 0,5 = C x HO(P', f x Tx) I 2D TIZ?(3.6 BH)
BZIhbhhshh o 9 [CW23] THdH S & 5% Comb smoothing DFE??
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3.4.2 The MRC fibration

MTEBEIIC TS,

Theorem 3.29 (KMM92, Campana, [Voi, Theorem 3.6]). projective manifold X IZ DU
T, % rational map ¢ : X ——» B TRZHB-THDHDEFET 3.

1. very general point x € X, general point y € Xy, BLMERDBEMIRC C X T
Yy %E%B@‘:OL\T, Cc X¢($)
2. ¢ DT 7AN—I& RC

3. ¢ almost holomorphic. D& D, general fiber T well-defined TH 2D (FHEERN BE
FzBORL)

3DHELD, ¢ D—HRT 71 /N—|E smooth THB. D 3DEENFENTHD, 1 DHRHELD
HoBULWIENERD

(1) very general point x € X CHEHIR C C X TCN Xy, # FR5IE, C C Xy

Sketch proof of 3.29 X non-uniruled M & Fld ¢ = idx € FTNIEVWVDT, X uniruled ZIRE T
3. 3.27 & D, very general point z € X ICDWT, 3 free rational curve f : P! = X Ta %8
3HbD0H0H 3.

x' € Cp = f(P') &% 3 very general point I X IZHWVWTH very general DT, 3.27 % 2/ IZH
G L T, free rational curveC’, :=Imf’, f/: P! = X T2/ ZB3HDTC LEBRBZHDHH 3.
F2TC, S =Upep C EWVWD 2 ZBBHENTES. CHIFRCC LHB. RIFKREICIERC T
H3. (CITIFFERD VDD free TH B EHRL)

Lemma 3.30. [Voi, Lemma 3.9] f : P! — X, f' : P! — X ZZD® free rational curves
T f0)=f(0) %@BdHbDLId. COEC"=Cul (0=0TL>2D173%)DdH3
(f, ") : C" — X D smoothification B’& 3 .

DFD, BB g:C— X T ¢:C— B IIEhIE B LDBSHBEE T, smooth fiber & P!
D, HBbyc BTCy=C"HD g|cb0 =(f,f) £%B3bDHFET 3.

TH5ICg P = X IE—ME be BIZDWT free THB.

c—2-X
¢
B
C DfEREIF weak gluing lemma & EHON S (Miyaoka-Peternell[?] B8) Ch&D CUC ZFT

B S, THEED—&R=IX 2 & free rational curve THEIXNZ HDHEFEET S.
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CNZE#EDIRL T (C, & S, ICBRDE X T) very general point z € X IZDWT, %3 variety X,
TrxZ@BD, (1) ZRmETEOBDLDONEETS. £ (2) DD IID. EMRIC very general point
'€ X, ICDWT, X = X! T general point y € X, I& 2/ CBEHBETHEIEIND. £-T X, &
RC %%, (EWDIDNIIEBRDSEDIBRDIDTIE? )

H X |F fibration ZENIFRL. CNiZ 331 DISETHZ. LOEEHLS ¢ : X - BEWS
fibration MENB, CCT7: X —» X % X @ blowup DFIE T 3. 56 7D 1KTULD fiber I
RC DT, E := Ex(7) & B IC dominate LBWH, ¢ : E — BH 7 Z#BHATIHNTHD. _hh
5 B D—RRET ¢ 1 well-defined &7 5%. O

(3) ICBIL TIF Campana DFIFEEAH $ 5 .(Z 93 Z 5 1d Douady space 5 137".)

Theorem 3.31 (Graber-Harris-Starr [GHS03], [Voi, Theorem 3.10]). X projective man-
ifold ¢ : X --» B MRC fibration £ 5 E E, B |& non-uniruled.

Theorem 3.32. [Voi, Theorem 3.12] f: Y — C projective § T—#g 7 71 N\—h RC, C
%z smooth curve £ §%5. CDEE f D section C =Y h'dd. HoEiRL f D section T
fO—RT7AN—D—RRZBRHDHFET D.

Proof of 3.32 = 3.51 ¢ : X --» B MRC fibration, b € B Z—#m &9 3. resolution Z & 2T,
¢: X - BHRTHDLRELTRL.

B H'uniruled £ §3 &, —f&mbec BIZDWT, HEIEHRTHWa: P! = B Thec B%Z@ED
DHEETS. a(0) =bE LTELW. X, := X xgP'¥¥§3. bc BH general DT, BHIKS
de c X, T

bo : Xaaq— P!

P dominant ICHZHDHHS. TSI Xpg = PLIFODT 74 /8—T smooth £ LTRL, 0D
T7AN—IE X, = ¢ 1(b) EA—ENB. & > T resolution &
(goz : on,d — Pl

DT, 332 %BET B L, Xoq IIFEEHIE C TC ¢ 651(0) 1D 6,(0) D—fRE%EEDD
DHFET 3.
Xoa— Xo B X

EWSERBRICE>T, X IZH BEMRC T, C ¢ X, M2 X, D—RIZBZ3HDHEET S.
CHUEMRC D (1) IZFET 3. O

BZZhbkotbhhBA. BldlED B??
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3.4.3 Mumford’s conjecture

Lemma 3.33. [Voi, Lemma 3.13] X RC%5IE, HO(X,Q%) =0 for k > 0.

Proof. 3.26 & D, very free rational curve, Db f:P! - X T
[*Tx = ®;Opi(a;) and a; >0
BROEDHEFEET 3. D evaluation map
p: P x Mor(P', X, flo) — Mor({pt},X) = X (t,g) > g(t)
D (t,g) — g(t) TOD differential map (tangent map) I& 3.7 LE#RICL T
(Tp)(t.g) : Terg x HO(P',g"Tx ® To) = (f"Tx @ To)lgry (v, 8) = v-s(g(t)) (3.10)

£7%%. T Ts(gt) € C&ldsection s g(t) € X ZRALEDBDOT, REWICVLWZIE
OX,g(t)/mX,g(t) > CADITEIHDETHS.
gTx @Ty = ©;O0pi(a; —1) Ta; —1 > 078DT, 3.10 D (T))1,9) 3284 THS. & >T Sard
DEENS, T, IE X O—ATEHICHS. DEDEMERZ L, — R 2 € X IZDWVWT, %3
h € Mor(PY, X, flo) T h*Tx 1 positive b DHIFET 3.
TTscH(X, QM T3, — MRz c X I2DVWT, EDh:P - X RLBL, h's=0TH3.
2 Ts,=0THD. 2 1F—MBEBDTs=0CR3.

]

Conjecture 3.34 (Munford conjecture [Voi, Conjecture 3.14]). H(X, Q?}k) =0 for
k>07%51E, X RO?

C DFREIETDFAE (nonvanishing conjecture) ICIFE IND.

[ Conjecture 3.35. [Voi, Conjecture 3.15] k(X) = —oco %8 BIE, X uniruled?

BDPP & D CDFHIE TKx psef BHIE (X)) > 01 LEMBETHD. BOTHLIXFETHS.

Proof of 3.35 implies 3.34. H°(X, Q?}k) =0fork>0&L,X --»BZMRC&9%. dimB >0
ELTFEZRYT. §8L1>0ICD0WT,

HO(B, Kp) < HO(X, Q™)
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ERBNDT, H(B,Kg) =0for k> 0NEZ3. 3.35 BPELVETB L, Bl uniruled IC7 3.
—7%3.31 &£ B non-uniruled ICFET 3. O

[ Theorem 3.36 ( [BDPP13], [Voi, Theorem 3.16]). Kx not psef %85I X uniruled.

3.4.4 An application to Calabi-Yau manifolds

LUF, Kx D'BHA7 projective manifold ICDWTRICK S ICEET B.

e X ' Calabi-Yau(CY) & IFXKIT k T holonomy SU (k) £7%23HD.
e X P hyper-Kéhler(HK) & 3Rt 2k T holonomy Sp(k) &2 HD.

Theorem 3.37. [Voi, Theorem 5.17] X BEEERE CY £ 93. CDEIERD dominant
rational map ¢ : X ——» Y ICDWT, Y D projective manifold 2 0 < dimY < dim X 7&

5Y I RC

Proof. Step 1. Y D' uniruled THB &R Y.

3.36 M BDPP & D, Ky hpsef THRWZ & ZznEBIERV. BEE. Ky psef EIRET 3. rank 1
subsheaf *QF (k= dimY) Z&X 3 Z X T, #3 line bundle D C Q% T

D= (@*ng/)sat C Ql}(
CRBHDHEET . 5 ample line bundle H IZDWT, X CY RO T,

e O is H-stable
° Q’)“( is H-polystable

EB3%. CNEH - EEBEICERR

e SU(n) holonomy DIZE (CY DIFE), Q% stable
e Sp(n) holonomy DIFH (HK DIHFE), ox L WS IERI 2R ZE>T

k _ r k—2r
Q = @ Ox A QX7O y
2r<k

CHRENS. TIT2n =dim X hD Q7 = Ker(A(ox)"FH2r+1 . Q2 — Q3 F2+2)
THd. D QI)“(TOZT I& stable T#% 3.

S D CQk psef RDT ppn-1(D) >0 THD. £oT
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e CY DBAE, Ok stable &K DFEZ DEAL
e HK DIFH, H3rHH>TD = O'S(/\QI;(_’OQT ER5E3%FRVN. Ko TDhrank1&D
k
r=5rR3 (kIMBEBLREIND) D=0} A% FRIDELEL, V50

99(70 = Ker(A(ox)" ™ : Q% — Q¥F2) = Ox

k
2

TH3. £oTD=o2-Ox COk TH3.
MELD CY DIBEIFEIDERL.

Step 2. Y ARCEBBZL. ¢: X -—» Y IZEWTY uniruled BOTIDEE

MRC
tp/:fOQO:X—&Yf——-) B

TEZRD. TB5Lp: X = BIZDWT Step 1 ZF X3 B H uniruled &783. £oT331&D
dmB=0&¢%%. DXD Y IERC. O

3.4.5 Shafarevich maps (or I'-reductions) and Shafarevich conjecture

BRZHE M HERIM (holomorphically convex) & I&, Stein ZEEIAND proper IERIER M — U
ZHETB_CTHS.

Conjecture 3.38 (Shafarevich conjecture, [Voi, Conjecture 3.18]). X projective mani-

fold/A> 182 & Kihler manifold £ §%. ZDEBHRE X FERNTH 3.

EBWME T3 <, intermediate covers 72 5 kBN S (Napier 90, due to Narasimhan) general
lattice Z* ~ A C C2, X := C?/A general complex torus £ 9 %. general rank 3 submodule
NCAT C/N - X WS cover 2EZX DL, CHUE EERIATIERL, WS Db, C?/A 133
Y INT b TIRBVWHIEERIERIBRZ 1570 L.

STHERE X HERNTHZETS. $5L X OEBIBERICE > T, proper 8 F: X - U T
FOD77A4/N—hm32/N7 b closed analytic subsets L3 HDHEETS. 7: X - X T 5.
93 EEED closed analytic subsets Z € X T

71(Z") — m1(X) has finite image

ERBHD (Z — Zldresolution £ 3) 1, X ICBITRTEFDT 71 N—ICAB. ELTZD
WHADTHB. 7

STRREBRICWS & m1(Z2') — m1(X) has finite image TH>TH, Z C X £WS X ADB|ERLIE closed IV /82
k subset DR IMEED union WS & LAMEREWVWS L. ERE Bogomolov-Katzarkov 98 Tl Shafarevich
conjecture AMD negative WER (1) HH 3.
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SO—MRICBEHERD p:m(X) > TICL - T,
m1(Z") = m1(X) 2 T has finite image

&S closed analytic subsets Z C X Z&Y map % 3. NN Campana-Kollar @ I'-
reduction(Shafarevich map) T# 3.

e

Theorem 3.39. [Voi, Theorem 3.19] X projective manifold/2>/NT & Kdhler manifold
L, BERE p.m(X) > T T 3.

CDEE fibration p,: X --» Y TRZFELTHOH, Y ONEEEEZFRVWT—RICHEFR
ERCR

1. very general point x € X ICDWT, z Z@83 ¢, DT 71 N\N— X, IE

(X)) = m(X,) = m(X) B T has finite image

£7%. TOTX, - X, IIERSBETHB.
2. very general point x € X , x € Z C X %% subvariety ICDWT,

1(Z) = 7(Z) = 7 (X) B T has finite image

B5IE, ZC X, CCTZ = ZISBESMETHS.
3. ¢, & almost holomorphic T#H 3.

Remark 3.40. [Voi, Remark 3.20] (3) D5 ¢, D—#& 7 7 /N\—IF smooth TH 3. &>7T (1) IC
BLWT, X, =X, LLTRL.

Sketch of proof of 3.39. (3) I (2) HM5T3. 7: X 5 X % v, DAEERRELTS.

X—2 .y
7

l Po

T -~

X~

¢, 7 almost holomorphic TEWVWLIRET 3. HBFNRFEC X TH,(E) =Y £R3HD
BH3. 7lp: E - X DT 7AN—IF ¢, TRINBLW. TDOT 71 N—dRC &b, FEHRIR
Pl~R— X T, RC(1|g) l(z) &% D,

PleR— X35y (3.11)
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MY @ very general point Z B HDHEFEETS. €T

p1

XR Solution R Xy X R
X r Y

£9%. ZCT g, O—RIT 7 A N—BBHKIBDT, R xy X 131> c—DDEHIR S T R IC
dominant §3HDHH 3. LV DD resolution & Xp £ 3.

RO CR%pl:)zR%RxY)Z%RU)regular locus £ 9%. 35L&
m(X;) = m(Xpo) = 1 (p7H(Ro)) == mi(R%) = 1, te R (3.12)

TH3. —5FRCXBDT, HBHMIER C Xgp TRICEEZHDHH 3.
RC (7]p) Yz) BDT, R° 5 R" - {2} £ B3, D0 R 137 THINBDT,

7T1(R/0) —>7T1(R/0) —>7T1(X)
EWS map IFBATHS. —AT

o 7 (R°) = 71 (R") OIS finite index, 4$IC 71 (R?) — T IFERDGEFHD
o T (X;) = I IZBROKGERED

THBDT, (3.12) 5
71 (Xgo) — I has finite image

T#3. Xp smooth BDT 71(Xp) = T (Xpo) REFITHRB. £oT
71(Xg) — T has finite image

Ths.

()75 Xpldp,: X - Y QBB T 7AN—IZAB. Thig ROWMDFE, 3.1 DIBEICFET 3
(RIFY O—RmZED) Jhid (2) ORAMICFET 3. ZOBIC m(Xp) = m(Xp) HRETE
Xpr P smooth ZfES.

fibration ZE3 ICI&, XDEEH WS,

Lemma 3.41. [Voi, Lemma 3.21] Z C X subvariety, oy : W — X, 7: W — B & X
D closed subvariety W, C X DK T, quasi-projective’® B TINTX R ZAXTNTWVWB L
ERC

THICRERET .
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1. —f&D b e BICDWT,
po(iy)s : m(Wy) = w1 (W) = m(X) BT has finite image
CCTip: Wy, > Wy = X % resolution L BESEBROEREKRE T3;
2. FED be BIZDOWT, W,NZ #@.
poju:m(Z) = m(Z) = m(X) 5T has finite image
CZTj:Z— X %& resolution L AEBROEMEBRE T3,

CDEEW = UpepgWy ' C X £ T3 Y, smooth projective model W — W IZDWT,
m (W) = T has finite image THB.

|3 Z Hhas finite image 1D W, Hlhas finite image B SIEENS5% union LT W 1= Upe Wy C
X B F 7 has finite image WD Z &.

Proof. pw : W — X % W @ smooth projective model £ 3. blowup ZE D £< T, oy -
W Xy : W —WERBHETZLTBL.

w W—" B
wwi W J/SDW
W W = UpepWp S ¢

355 popw, : m(W) — Fl(W) has finite image 2D T,
PO VWt T (W) — T has finite image (3.13)

EREIEEL.

w l&, Zariski open set WO T W O resolution |27 D, WO — B H¥smooth proper fibration & 73
B2HD%EEFD. open ICEIRT B L, m 32 m (W) — m(W) ICBRBDT, MHHS, WO =W
ZRELTRL.

(ii) DIREH S, subvariety ¥ C W TBA dominant ICBE2HDh 3.3 % blowup LEL 2T,
Y& smooth D, oy : X = Z I Yy : X — Z ZEBATD I LTRL.

)Y ’T B
¢¢2 \LLPZ
7 A
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s : T (X) — m1(B) has finite index image. (3) &K D,

poows:m(X) = poju(mi(Z)) CT has finite image (3.14)

&>T, W — Bl smooth ¥{RE L7 (LDER) DT,

Wl(Wb) - m(W) = m(B) =1

AR DIID. 3.14(¥ 2D L) & D 71(B) — Thas finite image, 7= (1) & D 7,(W,) — T has finite
image THBD. 2T N
m1(W) — I has finite image

L2 T3I3LKDERTL. O

3.39 DIEEBAFEE . = € X IZDWT, BH# closed subvariety Z, ¢ X T x € Z, DD, m(Z;) - T
has finite image LR BTRADH D (—FERTHARETVWDD) LT3 B L very general point z € X
ICDOWTCk=dimZ, £%d ke Z, DEFETS.

CDZ, DE—T, u X -+>BDITF7AN—-ER->TWVWBRIEZRT. 3.21 H'H5

z L X

s

Y

T f:Z— Y proper, ¢ : Z — X dominant 78226 DH&H 3. very general point x € X DL
T, BBycYbH>T, Z, & 2, NA—8INB. Z D resolution ZEWD, 2 > 2 L v o
regular locus Z Yy £ 9 3.

z € X Mvery general &0, 2, 2 Z, BB ye Y BRY DL THB EREL TLL,

~ ¢*
m1(2y) = m(2y) = m1(Z;) — T has finite image for any y € Y°

bR ANZSY

¢ : Z — X P birational THB & ZRS. HEA [ D birational THEWVWETB L Z, C
[UI(Z,) C ZEERNIE, BIBIRD T C [1(f(2,) T6: T — 2,52, B = [(T) B 1
MU LEICHBZHDNEFEETS. Zp:=fH(B)LT2L, 341 ZDBIGTET, ¢(2p) =1 2" C X
M Z, ZBICZH, m1(Z') — T has finite image £823HDLRD. v € Z, T Z, \($mADRTA
DTFETS. O

Remark 3.42. [Voi, Remark 3.22] S % K3 surface , 15 Z BHIC{EAY % involution £ 93 (S5/ts
I Enriques surface £72%.) C %ZiBFEFRRER T £ D involution Z 1o £ 3.

X :=8S%xC/{(ts,te))
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£93. §B3ERD0ONB.

o m(X) IFHER. EIFE S x C — X hldegree 2 D etale cover IZ7R D, (S x C) = 71(C) THE
[RTH5DT.

« f1X = Clic =P T—R7 7 A N—1'S LRI K3 M S SEERADT, id : m(X) -
m(X) I Y % Shafarevich map (I-reduction map) & f TH 3.

DED ZDFEIH S Shafarevich map X — Y D base Y ICDWT

e Y (& general type ICED XY, NFRIT —0 ICHBEDS53. 7z, f & smooth 57D T,
Orbifold Base Z# X T®H general type IZ7R D1F740L).

o Y DEARELERICADEARV. TLAEEZLICADS 3.

Theorem 3.43 (Campana 95, Katzarkov 97, [Voi, Theorem 3.23]). m1(X) H nilpotent 7&
51, Shafarevich fibration |& Albanese map X — Y C Alb X D Stein factorizationX —
Yo THEZB5NSB.

Fleo: X' Y & X >V, ORFESBRE (DFED X' &Y' & smooth T ¢ DY morphism
ERBBD)ICDOVT, m(X) = m (X)) DD ¢y : m(X') = w1 (V') DEFD D kernel BE
[Re723.

X’ X
l/f) \LSha Alb
Y’ Y — Y C Alb X
resol finite

X = Yy ORESMBEIEDOED, Y — Yy Hlresolution T, X' & X' xy,, Y ODEHIESD T X I
dominant 3 H DD resolution TdH 3.

G D nilpotent TdH 3 &I, [EFREFDEED SR ZHRDS
1=Gy<Gi1<---<1G, =G

TGit1/Gi < Z(G)Gy) = {2 € G/G; | zg = g2Vg € G/G;} LB B HDHEFEET D L. *° FfE
BERT G =[G, G) D ERORT THBRAERICEZTH L.

G H¥ solvable &I Gy =[Gy, Gi] BNERDERE THARICKRS” THSD. £ > T nilpotent 725
IX Solvable T# % . #3B D L7 V (E=A175Y)

Proof. A& Campana DFERE. BEAELRCICEAL TANE R 3.

58[G,Gi+1] < Gy THH. [G,Gi_‘.ﬂ = <{[1:,g] | T € G,g S Gi+1}> TH3D. BTHEZDn @%'J\{E%Egg
(nilpotency class) & LV5.
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o b m(X') = m(Y)IFEFICHD. LVWSIDH ¢ X' - Y DT 74 N—FEHELRDT 3.5
&D.

e ¢, : Hi(X'|Z) — H1(Y',Z) \F&EHH D, finite kernel TH 3. EFE X smooth HD T,
AIbX' =AlbX =Y THD,

alb, : Hy(X',Z) — Hy(Alb X', 7)

P finite kernel ZFF DO EHBE R B.
o " H*(Y',Q) — H*(X',Q) 5 TdH 3. 3.5(2) h'5.

H:=m(Y)IZ2WT
ny: : H*(H,Q) = H*(m (Y"),Q) — H*(Y',Q)

HBHTHZICETT. (BANS—MICEXS. ) Ey — By = Ey/H % H ODNBEELET
3. By 3AETH?. 2L BEREBEY Y REHRBEDT,Y ~ (Y xEy)/HT

. homotopic
$%. ECTuy Y ~ (V' x Eg)/H — By £ 3. T3E nys 1
uy, : H (B, Q) — HX(Y',Q) = HX(Y' x Ey)/H, Q).

IZZF L Wy D fiber |& ?1(“%5@%'@25%. & 2T, uy’ @ Leray spectral sequence & 5t8H 9 NI
ul, : H*(Bp,Q) — H*((Y' x Eg)/H,Q) |38 43.

&oT o Hi(X,Q) — Hi (Y, Q) IFEEFHDTLLEHLET
¢* : HQ(leQ) — HQ(Y/7Q) — HQ(H7 Q)

ELHFHDERTEHFICHED. G=m(X) TR L, ¢ : Hy(G,Q) — Ho(H,Q) HbEE THS.
NUFA T ORI A D LD 8:

Hy(X',Q) — Ha(Y',Q)
i 1
H3(G,Q) — Hz(H,Q)
MELD

e ¢.: Hi(G,Q) — Hi(H,Q) RIZEL.
o ¢ : Hy(G,Q) — Ho(H,Q) 5.

THBDT, 3.44 LD
T (X') = m (Y
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I3BBRD kernel ZFFD.(2HHTH B LIFFINSEXTS) O

e

Lemma 3.44. [Voi, Lemma 3.24] o : G — H ZBREMBFOERE L 5. Hi(G,Q) ~
Hi(H,Q) BRAD, Hy(G,Q) — Hy(H,Q) 25 5IE, EED n € Z, I22WT, G/Gn —
H/H, \& finite kernel and cokernel ZH§D.

C CTEETICDWT, n-th lower central series 'y, = [[,T,,-1] £ 9 3.

Corollary 3.45. [Voi, Corollary 3.25] m1(X) D' virtually nilpotent 7% 513, Shafarevich
conjecture |F1E L LY.

Proof. finite étale cover ZEX% Z & T, m(X) D nilpotent THD & LTRLY. 343 LFALES%Z
f£5

X' X
e lSN
Y’ resol Yt ﬁnite}/ CADbX =AY’

A ADbX =AY ZEBBHRBEL, Y, =Y xapx A £T3. A=CinY THB. §5L

a.

Yllb =Y’ X Alb(X) AV — Av = CdimY

I proper TH 3. &>TY), IFERIN

343 &0 ¢y (X)) = m(Y) IE2FD D, kernel I3BRTHS. €T X/, Yo Z XY D
HERREBCL,
¢univ : Xl,lniv - Y,

univ

Z induced map £ 9 3. "kernel IFER"E VS T D5 X, — X' Xy Y], &LV finite etale
cover WFET D. $FIC duniv IE proper THB. Lo TY,, MNEAOZREIERL. Thik
Y! ., — Y/,  proper BOTWR 7.9 O

univ

Ho LB ERD. TN Eyssidieux 512K 3.

%973 % T T CTHEBEAM& 1 o TUV o Shafarevich map (%% C & 1& Katzarkov ME§X https://arxiv.org/pdf/
alg-geom/9510009 BHR. Albanese morpshimX — Y @ Stein factorization I f : X' — Y IZDWT, f(Z) =pt T
$H3 ¥ Hi(Z,Z) — Hi(X,Z) has finite image TH D Z CHFAME. (RILFEED Y —RABEBR) &> T mi(X)
' Abel DIFE, & Albanese map H'5 Shafarevich map BMES NS

80Z Z o proper D OISR oFe. Vi — Y finite 7217 TE X 3? AH [Voi] TIF'Y’ X Alb(X) A H Stein D
TV TWED, CNUEEZCES. RAICIEAGCSWVLLAVRAL. HEIEY C Alb(X) DIFEIC Shafarevich
conjecture MDD EMEZNIFRBVE S HLRHTS.
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Theorem 3.46. [Voi, Theorem 3.26] w1 (X) B faithful linear representation Z3FD7R 5
I&, X (IERD

3.5 Special varieties and the core

3.5.1 Morphisms of general type

Campana [Cam04] DFIDICH BFHN SR TN

Lemma 3.47. [Voi, Lemma 4.1] C ZT&# 2 A L DBEMBIET involutionZ 1 £ T 3.
IH5ICE ZEMR £ T ne E % non-zero %& 2-torsion point £ 9 3.

9B & involution o := (1,n) IE C x EICEBBICIERAT20T, #IE X := C x E/oc THH
BAIR B/ ADETE, f: 5 Pl = O/ TT 74 N—HiEMEHR £ THELONEETS.

CxE b C
iﬂ Tidegree 2 finite
Y:=CxE/(,n) Pl =C/t

i

E/n

1. ¥ |& general type B NDEH ¢ : ¥ — B ZHFl=7@ L.

2.DCcP #C - P ODIERFETS. CDEED D degree t& 29 +2 THD,
f:32 = PE D ET2ED multiple fibre 23 FD

5. m:CxE—SEBERETSD. COLE 1" f*Kpm(3D) = priKe TH3.

Proof. (1) f: S - P OT7 7 A N—IIEMIRTH S DT, HEADDEL S (X) =1 THS.
& o T general type surface NDEHHIFEEL R L.

S ¢:Y - B 2ULDOMIR BADLFETS. f DT 714 N\—IIEAREDT, £2D
z € PHIZDWT o(fH2)) & B EOREHD. (FBHERENS BAOFIFEELR/EL). &£oT
RIEEED S, P! - B EWSHEHIMENSH, TNnidd DFHRLY.

(2) Hurwitz DREHNDS 29 —2 =2 (=2) + > 0, p1 poygs(eq — 1) Teg =1 & D, DIRRDE
L 29+ 2B THS. &2 TdegD =29 +2TH3B. £lco = (1,n) IFEREREFLBVDT, f
& locally IZ for:CxE —-PLYRLTHS. £2Tpec DIZDWT foqld multiples fibers
2F x p ZHFD.

(3)r:C - P ZBEE/RE B L, Huwitz DRARD'S Ko =r*Kp(3D) L BDEX 3. O
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hyperbolicity DERSNS5 TR L ¥ ¥ C x E IFEKDOIRDFEVZTS. EFEdisk® CH5 I A
DEAERRIZ C x EIllift 3. &oT X OIVERIEERHIRIL T BTN EBDIEFRIC 0 ICIFRD

/L.

Definition 3.48. [Voi, Definition 4.2] X,Y % projective manifold /3 >/XZ k Kahler,
¢: X — Y %Z dominant proper $#H'D, k:=dimY &9 3.
¢ h¥ general type T#H B &I, ZRD saturated rank 1 subsheaf

£¢ = ((Z)*Ky)sat C Q];(
ICDWT k(L) =k ERBZL.

rational map ¢ : X --» Y ICDWT, ¢ D general type THD &I, 3 ¢ DREAFEH
¢: X — Y Hgeneral type £ FTB LT B.

H3 ¢ DRESBHOIDIIER"ICL THRIBIFREEL L.
Remark 3.49. [Voi, Remark 4.3] Bogomolov DFE 3.15 15 k((¢* Ky )sat) < k [FHH > TWLS.
d: X >Y X¢: X --»Y D general type THO>TH Y ICBELTIEHBED K< OO 5%, B,

Campana D71 T 7, ¢ ICH B EHEZEDIFNIL, orbifold #BEEZE X 35 Z E T, Y H'log general
type I8 3.

p: X Y ZBHHETS. ¢ICEO>TEES Y D orbifold structure Z, Y D Q-divisor Ay =L
TICEDHD CETEET S. EED prime divisor D C Y [IZDWT effective divisor %

¢*(D) =Y mpE+ D'
E

CPtRTD. T2 TDIE D % dominant LBEWEHDE TS, FZT

mp := inf mp and Ay := Z mD_lD.
ECX mp
DCY
ELTEERT .
EEAHIE XY PHBOEE. ¢0: X =Y Dlocally ICv:U — V,z = 2L ENMFTWVWB EE,
local multiplicity (& [ T#&%D,
v (Kv) = Kp(—(— D[0]) and () = 1[0

THBDT, v*(Ky(52]0) = Ky £ 53,

¢: X — Y Hfinite DEF, BRDS Kx —(¢* Ky (Ay)) I effective THD. —H dim X —dimY >
0 D& &, birational map TEHL S, AKRD C EIFEDIID. —MRICIE (Y, Ay) D Kodaira X
ToiE (X, ¢) D birational invariant TIE7RL).
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Definition 3.50. [Voi, Definition 4.4] 5 ¢ : X = Y ' neat TH 3B &I, $ 3 birational
morphism u : X — Z B> T, Z H'smooth THHDEED divisor DC X DY, ¢: X =Y
TEIND (DFD codimy ¢p(D) >2%43)B5IE, u: X - Z THEINS.

|

Z

° .y

Lemma 3.51. [Voi, Lemma 4.5] fER® fibration ¢ : X — Y & neat birational model Z ¥
D. DED, LUT®D smooth variety IC &K DRRDEDILE, u,v' B birational, ¢' : X' — Y’
M neat BB EDBHDHEET 3.

X' Y
I -
X Y
2

Proof. RDFIETHERT 3.

1. ¢ D flattening = & 5. DX D, X7 — X,Y; — Y D projective birational T ¢1 : X1 — V]
Hflat BB HDZEEB.

2. Yo, = Y] % resolution ¥ 9 3
3. X1 xy; Yo OB T Xy Z dominant § 37D ZEXD, €D resolution LTcHD%Z 7 :

X2 — Xl 935,
X, $2 Y,
biriT l/bir
$1
Xl flat YI
biri ibir
X Y

XQ,YQ (& smooth _C%% cko'(?ﬁtti qbg : X2 — Y2 7(.7\‘ neat 'CEF)%C t%%i‘;ﬁb\ D C X2
Too TEINDETD. Xy > X TESNBZZLZRT.

HBLDOW T TEINRZWVWETBRE, 7(D) C X1 ld ¢ : X1 - Vi TEIND. LHALENIE ¢
M fat BOTHDEBERV. BELS ¢ : 7(D) — ¢1(7(D)) ICBEAL T, [GPRG94, Thm 2.1.18] ¥
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[GPRGY4, Prop 2.2.11] & D

dim,, T(D) < dim¢1($) b1 (T(D)) + dim,, T(D)’¢;1¢1(x)

dimy, () ¢1(7(D)) + dim, ¢1 ' 61 (x)
T(D)l¢;1¢l(z)C¢1—1¢1(z)

fat 725 1 eomidimensi dimgy, () #1(7(D)) + dim X — dimY’
at %513 equidimensional(open)

&2 Tdim, 7(D) =dimX —1&D dimY —1 < dimg, (,) ¢1(7(D)) 218 3. O

Proposition 3.52. [Voi, Proposition 4.6] ¢ : X — Y H neat 51,

k(Y Ag) = k(L)

CCTLy = (¢"Ky)sat C U,p:=dimY &F 3.

Proof. TRREBEIDYINDG mIZDWT, HO(X, LT™) & HO(Y,m(Ky +Ay)) D ¢: X - Y IC
& % pullback BE—HTET B3z EIFRLV. T T D C Ydivisor ICDWT,

¢* (D) = ZmEE—i-D' and mp := in
E

. mp — 1
EC&mE and Ay := Z D.

pcy P
EERLTID, mldmp TEIDYIN, m(Ky + Ay) D divisor ICHBB CCZEFT 3.

(3.15)

L /(o*K
Ly:=Ker: Qf — OF /(¢*Ky) — X/S;Y)

THBDT, Ly & ¢*Ky D codimension 1 TEDLSHEVWNEZHZRB.

(1). ¢: X - Y TEEINS divisor EICDWT. ¢: X — Y D neat DT 3.50 D & S 7% birational
morphism v : X — Z Z ¥ %

Xx— % .y

u

Z

E=%nET¢: X - Y TEINZDHDZEWS. 350&D E; T u: X - Z TESINS.
Zsmooth DT, 3.8 &D

H°(X \ Supp(E), %) = HY(Z \ u(E), i 1 H°(Z,0f) = HO(X, Q%)

@
®

3. EoTI D divisor E TIREWHHARL.
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(2). ¢: X - Y TESINAL divisor ICDWT. D C Supp(Ay) CY &% % divisor D2 & %. D
B L TRUL). generic point TES RN E3.

mp — 1 mp — 1 mp — 1
O'(D) =~ ——¢'D = > mp B+ D
(3.15) ™MD (3.15) ECX,codimy ¢(E)=1 mD mD

(D3 ¢ TEINZHD) £7%%. €T E; C X Tcodimy ¢(E) = 1 DD mg = mp &R
BLID. IB5L, m(Ky + Ay) D section D pullback & E?m D section I&, ¢*D — mp, E1 M
¢~ (D) — D @ fiber 258> T effective ICH B DT, —HT 3. ! O

[ Lemma 3.53. [Voi, Lemma 4.7] ¢ : X --+ Y H general type 725X, almost holomorphic. ]

Proof. ¢ 0)/_[\4’:&/%,.-5\[5%:3:—% p:X—>vel,n: X — X |& smooth center Z C X @ blowup T
Bondr93 FCXZRNRFELTS. "I EIEHE)£Y THH.

HIEE L g(E) =Y & 5IF, saturated sheaf
. * dimY
£¢) = (¢ Ky)sat C QX«
% EICHIRY 22 2T, QMY [F Titaka RITH dim Y O rank 1 subsheaf £ 23D, T2 3RY
0 —>7T|E*QZ — QE — QE/Z — 0.

®#EZX3. nlp: E— Zl&projective bundle BDT, £ — QimY (3 7 MW5K3. (ZTICIFE — Z
O fiber B P! TH D, P! 1F pluridifferential forms Z#FF=BWI E & FES)

TR GpE =Y IZZ - Y #BHAT 3. &>T Z D general point ToHEBINTLEL,
NUEZHD ¢ DFAEERTH D EIZFET 3. 62 O

3.51 £ 3.52 KD XxhHohB.

7~

Definition 3.54 ([Cam04, Section 2], [Voi, Definition 4.8]). projective manifold X 7%
special TH D CIFRDOEMER 3 &H=EBI-IT L.

1. X OEBED birational model X ' general type 28F X — Y Z#FfBL. (DED X
' general type rational map ZFLBWVWE WS T X)

5L Z DERS I [Cam04, Section 1] DADHMD R T, ¢y : Xo — Yo % smooth fibration £ 723 locusYy C Y &
9B E,H (X0, LE™) & HO(Yo,m(Ky +Ay)) D ¢: X — Y IC& S pullback B’E—RTES. Ko THEIF X\ X
TES%ZD%ERS. EC X\ Xo @ divisor ICBIL T ¢ TIEIN S divisorE 1 (1) DFE#BDSEETET, ¢ TET
N7RW divisorE & (2) TSEWVWI B> TWVWBRATRLERES. neat DEMEIF ¢ TEINS divisorE ZHIHIT 3781
WES L.

52Z MEEEA® [Cam04, Section 2] DAHHH DX F LY, [Cam04] DIEBRIIRREESR Z H'5 Y ADERNFEINT
LESCehbhHhs.
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2. X OEED birational model X ¥ dimY > 0 &34 ¢ : X - Y IZDWT,
K(Y,Ay) < dimY.
3. X H'??7TD Bogomolov subsheaf & 7= 7 L)

EDEFED S special |& birational invariant Tdh 3.
347 TOswface L1 f: X - P! TDyp:= 1D & gtuUS deg(Kp +iD)=g—-1>04&D

1
k(P Af) = k(Kp + gD =1= dim P*

THBDT, 3.54 D (2) ICR LT special TIE7L).

[ Lemma 3.55. [Voi, Lemma 4.9] RC*® Kx = 072 5X special.

Proof. X %2 RC &9 %. L C Qf rank 1 saturated sheaf ICDWT, k(L) = —oco THB. BER
SIFEED s € HY(X, L) IZDWT, s € H'(X,Q,) 72h%, X RCHDT, 3.33 LR LCIRICED
s=0T&®3. &> T Bogomolov sheaf |FTF1E L 78 L\D T special.

Kx =0 L, H ample line bundle £ §%. 93 KEWFIET BDT, O & H-polystable T
3. &oT L O rank 1 saturated sheaf ICDUVT,

L-H"1 < M

< =0
polystable rk QI;(

2%, oTHEICV(L) S0THBDT, k(L) <0 &% D Bogomolov sheaf IFTFFE L 7L O

HoF8< k(X) =07 5L special TH 3. ZDFERRIL litaka FEBDEIE 3.57 % core fibration
ICfES.

3.5.2 The core fibration

Theorem 3.56. [Voi, Theorem 4.10] projective manifold X ICDWT, &3 fibration ¢ :
X --»Y BERELTRZ®/LT.

1. ¢ \& general type. $HZ ¢ 1& 3.53 & D almost holomorphic.

2. ¢ D—HRT 71 IN\—I& special.

3. EE D very general point x € X ¥ subvariety x € X' C X ICDWVWT, X' O FEZ
FREDY special RBIE, X' 1T o D x Z8D fiber ICEENS.

4. (universality) fERE®D rational map X --+Y' T general type B2HDIE, Y Z8S. .
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Sketch of the proof. p % Bogomolov subsheafl C Of DEETEL5BHDTRADEHRLE T S.
BELAVESZEp=0LT3.9

p=07%5F X special T D, core map IFEHEHRTHS. p > 0D L E 3.15 £ D, rational map
X --» Y T general type B2 dimY = p DHDHEFET 3.

(2) DHEEZERT. general fiber A special THWEARE L TFEZRT. RiTic & D IFHNEZT AL
C, relative core
x5y Ny

W&H3 & LTRL\. relative core fibration & I&, very general point t € Y ICDWT, ¢y : Xy --» Y/
h Xy D core fibration £22HD LT S. X; H¥special THWLWDTdimY, >0 %D, dimY’ >
dimY TH 3.

¢ @ birational model ZE{3 C & TRZRE L TRLL.

e Y’ |3 orbifold structure Ay ZH 5, general fiber T (Y, Ay,) I of general type
e x:Y' =Y I& neat.

£2TX — Y D of general type BDTY' - Y HESI%HSB. 3.57H5, (Y, Ay) D of general
type ICR 3D, FNIE dimY ORKMEICFET 3. O

Theorem 3.57. [Voi, Theorem 4.11] (Y', D) orbifold, Y' — Y general type neat mor-
phism £ 3§ 3. CDEIRHWDIID.

k(Y',D) > k(Y/, D¢) + dimY.

3.5.3 Conjectures

Conjecture 3.58 (Green-Griffiths, [Voi, Conjecture 4.12]). projective manifold X H'
general type 851X, Zariski dense entire curve C — X IFTFEE LR,

Kx ample TH open T#H 3 (rational curve BMFET 306 LNAELDT)

Abelian variety @ subvarieties 7% 5, Kawamata, Ochiai K DD IID. T DIHFEIE Abelian
variety A @ Brody curve 1%, ZB#E D affine line DHFFIZHESD. K> TEFD A TD Zariski
closure |& abelian subvariety O translate £ 78 3.

BERHYZR Green - QGriffiths conjecture QFEMUIXNTH S

93 Z DML [Cam04, Section 5] TOMREAZE. RAD of general type fibration A' core map ICH3 L WS HD.
1o C DS > TR DD 57U (relative core B EZIFHEATIER L TWL3)
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Conjecture 3.59 (Lang-Bombieri, [Voi, Conjecture 4.13]). X general type / number field
K. CDEE K-points \& Zariski dense TIE7RLY.

Abelian variety @ subvariety D¥& 3 Faltings DEIE.
k < 072 51X, Kobayashi #EEEEN 0 72 FRINTVS. HEHLBELUIRODEED.

Conjecture 3.60 (Campana, [Voi, Conjecture 4.14]). X projective variety/number field

K CDrZE, X DBERIE potentially dense TH2d. DEDEREILK L/K hH->T, L-
=D Zariski dense.

”potential density” |& proper étale cover TRZE T#H S (Chevalley - Weil DFEIE). Lang- Bombieri
FRIIRZEXRT 3.

Conjecture 3.61. [Voi, Conjecture 4.15] X projective manifold Td % étale cover
X' = X T X' general type ND dominant rational map ZF 28§35, ZOrEF X
|& potentially dense TIEZRL).

LEORRTIE, X' WIS X (& special TIEZRLY (special B proper étale cover THRE)

Conjecture 3.62 (Campana, [Voi, Conjecture 4.16]). projective manifold / number field
ICEWT, potentially dense & special |Z[EME

Conjecture 3.63 (Campana, [Voi, Conjecture 4.17]). projective manifold / number field
ICEWVWT, IMIREEBENER B Z & & special IX[EME

.

Weakly special &€ WS #ERZH D> T, ENIEERD finite étale cover B’ of general type A\D
dominant rational map ZIFFLBMULV E WS ERTHSD. special 72 513 weakly special TH B.
(special B proper étale cover TAZE) T/ BIFH D L7, LI D Bogomolov-Tschinkel D
HdH 3. &>7T Conjecture 4.15 DIRFEIF nonspecial & DFRLY.

Example 3.64. [Voi, Example 4.18] Weakly special 7213 & special Tl&7 LMFI% elliptic threefolde :
X — B T B P elliptic surface THDRZEHBLTHDOHH 3.

1. m(X) ={1}.
2. (B,Ay) of general type.

ED 7]
54Bogomolov-Tschinkel DFIZRDFEHRBBAEHNEL TEFTLLL DN B RN o7c. A TIETL.
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BEAE elliptic surface E - P! Too e P TEEE 2D 7 7 A N—%F DD L 3.

elliptic surface S & rational map f : S --» P! given by an ample enough Lefschetz pencil
of curves on S and smooth fiber S, over co.

e B % S®blowup T f': B— P! ' well defined ICHRZHD LT S.
e X=BxpmE,¢:X =B

ITA, 1 By ZEH]E § TEL. F & 7: B — S @ exceptional divisor £ §3 &,
By =71"Soo — (F') and Kp =1"Kg(F)
THhd. £oT
Kp(3Bo) =17 (K3(35)) + 3 F
&£ 2T So &% poritive ICT B &, (B, Ay) D/NFERTZE 2ICT B ENTE, THIC X ZEER
ICTE3.
[Weakly special 7217 & special TId7E W C ] Special TIFZWLWDT (2) £D.

Weakly special (CB8 L Tld X (BB finite etale cover LHMMFERLY. & o T X H'of general
type AN®D dominant map Z¥Fr=B W & Z S ZIFRBL). 5 dominant rational map X --» T CT
Y of general type IC7RBDHD LT B. eliitptic curve 5 T AD morpshim (FBBEEL>T, B - T
& W5 dominant morpshim Z X 31, ¥ 2lED TNHEBICHE>TLEW, dmT =0 &%H 3.
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4 Campana-Winkelman 23 £ ¥ &

4.1 1. Introduction

Theorem 4.1. [CW23, Theorem A] X rationally connected complex projective manifold,
M ZSRuEZDENSRBESR, D % reduced hypersurface D, ©# : Y — X FJEFBBAR
ramified cover £ 9 3.

CDEETHBERERc: C— X (entire curve) B’dd > TRZHI=T .

¢(C) I X L£T dense.

M c ¢(C),

c(C) & D £ & T TH transversally ICRH S .

c l3Y £ entire curve \ZI& lift L7LY

order p. (Nevanlinna BsRDERIKRT) (3 0 TH .

AR NI S

"non-liftability” ICB8 L Tl&, Corvaja-Zannier D FEDER (5 L LY)

Lang FRD#AR E LT, X Z number fieldk £ projective manifold ¥ 9% & &F, ” Zariski-dense
entire curve DTEE" D HDBERILK k' /k DY > T, X (k') I& Zariski dense” EEMEE WS HDAH
H3. XHRCTHRETH3.

4.1 1I2EWT, RIS entire curve Z growth order py = 0 &L TEBZENTES. EE, £ED
RCX | dense entire curves h : C — X T pp, = 08B DZEHTS. #HIC [CWI16] TRLTIED.
n JRITD complex projective manifold X A% non-degenerate ZRIEBIBMR F : C* — X T order
pr <2 DHLDZETZLE, X IFRCTHS.

X HYKLT surface(normal projective surfaces with only quotient singularities) D & EZXHNE X 3:

% 3 effective non-zero Q-divisor A T K + A ~g 0 B2 (X, A) log terminal & 51X, %%
dense entire curve h: C — X Th(C) C Xy EHDDLDHDHB.

SERRIX 2 Rt MMP %Z1E 5.

4.2 2. Review of rationally connected manifolds

Definition 4.2. X % projective manifold £ 9 3.

1. X rational &Il&, X A P" ¥ birational €83 &,

2. X unirational &I, @ % non-degenerate (dominant) 7% meromorphic® : P* --» X
NEETDL.
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3. X Prationally connected & I&, EEDZDD X O—figm X HEEMIFETHEIINS
k.
4. X B Fano &ld, —Kx ample 8235 C L.

1 3 |& birational invariant T3 3.
rational = unirational = rationally connected.

Fano = rationally connected.

TH?. HRES52TREE. 2X7TH5 lrational = unirational = rationally connected.] |&
FEMET®HS.

3 RTT7 5 unirational % rational THWHDIFTFEET . 7272 RC 727%, unirational 72 IEFBA.

4.3 3. Brief review of special manifolds

X %& n-RITEAE > /N2 bk complex Kihler manifold £ §°%. Kodaira JRJT & k(X) £ 9 3.

Definition 4.3 ([Cam04, Definition 2.24 and Theorem 2.27]). >/ b Kéhler manifold
X D special THB N, EED p > 0, EED rank 1 coherent sheaf L € Qf ICDWT,
k(L) <p &3 L.

HH>TVWBZLIFRDESD

e RC £7lF x(X) =0 & special. LHL k= —00,1,...,n—1ICDWVT, k = k £7%B special
variety, non-special variety B HICTFEET 3.
e Core map DFTE.

e [Cam04, Corollary 8.11], C"-dominable (8% meromorphic C* — X T# % & T submer-
sive) 7R 53 special. WIIED LBV EBDOND (DBBEVWKESBSHB.)

Conjecture 4.4 ([Cam04, 9.2, 9.8, 9.5 and 9.20]). J>/XZ & Kaihler manifold X 1D
WTRIZEIETH 3755

1. special.

2. Kobayashi pseudo-metric diop x \EEIC 0

3. entire curve h : C — X T Zariski-dense 7% DHIEIE

4. entire curve h : C — X T metrically dense 7826 DHTETE
5. ERDZDOD—HE= entire curve THENR S
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6. FEDRIEEELH S entire curve DRI FNB

Conjecture 4.5 (arithmetic analog). X projective variety /number field K. RIEEME

1. X IIERZBRA R T special
7. X potentially dense, DE D HBIERILK k/K h'dH > T, X (k) I& Zariski dense

B7RHIC 2024 FFIZ Campana 5 DFEX T Z DF AU weakly special IZBJ L TIKIE L < % LY (weakly
special ICBIL TIELITNIE abec FRREFET D) Cehbh ol DT, TNHEDELVL
3.

Conjecture 4.6 ([Cam04, Conjecture 7.1]). special 78 5 71(X) almost abelian

HDH>TVWBZLIFRDESD

o (5) WEBKL TWLWBDIX special variety |& RC ATcWARMEZFD WS Z . BIEMIRD
transcendental BRDYEE D 3L D?

BBICHDBDIFRDEED

e X P unirational B5IE, ED 3 D2 TOFEIFIELL.

HBILHFEREKp: C" —» X HHBH51F, 4.4 IFIELLN.

e RCZ5IX(2), (5) IFBBRICEKDIID. CDFRXTIFFRD D (3), (4), (6) BEDIIDILZER
9. 778 Ko TRCICDVWT44FIELLY.

e "Nevanlinna analog of the Hilbert irreducibility property” ([?] @ Corvaja-Zannier TEZER S
NHD) ICDOVWTHFANS. complex torus THRLD ILD first Chern class H' 0 DIHFED
ANB.

e [BLOO0](Buzzard-Lu 00) projective surface $' special Td2 Z & & C2-dominable X [EE.
(7272 L non-elliptic and non-Kummer K3 surfaces (&fI9}). 3 RFTTTIFIELWVWEBZHRWLS
L6

Remark 4.7 (Vojta conjecture). X projective variety /number field K £ %. Tk/-rational points

65" This might however be a low-dimensional phenomenon, and it is not expected to remain true in dimension

32eHofc. WS T LiF, Oka= Special IFHLHALIEBIELLBWN?
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DHZERILAK k' /k THERE TH23Z id, X B entire curve ZFE 1 € LVS Vojta DFEHH

3. Vojta’

s analogy & L T’entire curves” & "arithmetic geometry” H'BIE L TW3 5L L. £

M Nevanlinna version of the Hilbert property” (Section 9) & ZHUIIEWI &5 L LY.
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