Campana @ Special vaeirty & & &

Masataka IWAI

December 17, 2025, version 0.01

Abstract

Campana O Special variety #EB2#JL £

Contents

0.1 RFRICEALT . ...
1 1. Orbifold base of a fibration
1.1 Fibrations [CamO4a, 1.1] . . . . . . . ...
1.2 Neat fibrations. Prepared fibrations. [Cam04a, 1.1.3.] . . . ... ... ... ...
1.3 Multiplicity divisor of a fibration. [CamO4a, 1.1.4] . . ... ... ... ... ...
1.4 Orbifold base of a fibration. [Cam0O4a, 1.2.2] . . . . . ... ... ... .. ... ..
1.5 The Kodaira dimension of a fibration. [Cam04a, 1.3] . . . . ... ... ... ...
1.6 Generically finite maps. Statement of main result. [Cam04a, 1.3.2] . . . ... ..
1.7 The sheaf of differential forms determined by a fibration. [Cam04a, 1.4] . . . . .
2 Special fibrations and general type fibrations
2.1 Special or general type fibrations. [Cam0O4a, 2.1] . . . ... ... ... ... ...
2.2 Special fibrations dominate general type fibrations. Statements. [Cam04a, 2.2]
2.3 A uniqueness result. [Cam04a, 2.4] . . . . .. ... Lo
2.4 A result on almost holomorphic maps. [Cam0O4a, 2.5] . . . . .. ... ... ....
2.5 General type fibrations and Bogomolov sheaves. [Cam04a, 2.6] . . ... ... ..
2.6 21TOFEEBADRER . . . . . ..
3 3. The core.
3.1 Construction of the core + Appendix DA . . . . . . . . . oo
3.2 Construction of the core as the lowest special fibration. [Cam04a, 3.1] . . . . ..
3.3 Functoriality properties. [Cam04a, 3.2] . . . . . . . .. ... ...
3.4 Rationally connected manifolds [Cam04a, 3.3] . . . . . .. ... ... ... . ...
3.5 Surfaces. [Cam04a, 3.5] . . . . . . ...
4 Orbifold additivity
4.1 Titaka conjecture . . . . . . . .. L e

© 0o O O N



4.2 Orbifold conjecture Cgr}g ................................ 44

5 5. Geometric consequences of additivity 45
5.1 Varieties with kK =0 [Cam04a, 5.1] . . . . ... ... ... .. 45
5.2 The Albanese map [Cam04a, 5.2] . . . . . .. ... ... .. L. 46
5.3 The decomposition theorem [Cam04a, 5.4] . . . . . .. ... ... ... ... .. 47
5.4 Finite étale covers [Cam04a, 5.5] . . . . . ... ... Lo 49
5.5 Essential and Bogomolov dimensions [Cam0O4a, 5.6] . . . . . ... ... ... ... 50
5.6 Construction of the core as the highest general type fibration [Cam04a, 5.7] . . . 50

6 6 The decomposition of the core. 51

7 7. The fundamental group. 52
7.1 The abelianity conjecture. [CamO4a, 7.1] . . . . . . . . . ... ... 52
7.2 Linear and solvable quotients. [Cam04a, 7.2] . . . . ... ... ... ... ..., 52

8 8. An orbifold generalisation of Kobayashi-Ochiai’s extension theorem 57
8.1 Kobayashi-Ochiai IR . . . . . . . . . . . 57
8.2 Statements [CamO4a, 8.1] . . . . . . ... ..o 57
8.3 Sketch of proof of the Kobayashi - Ochiai’s extension theorem. [Cam04a, 8.1] . . 59

9 Relationships with arithmetics and hyperbolicity +& |7 59
9.1 h-special . . . . ... e 61

T C®HIC

[Cam04a] DEFHZETY. [CamOda] DOD > L CAREITEN - BERZMATET. £ Claire
Voisin M1 —~A [Voi]”Fibrations in algebraic geometry and applications” DR HEE D710
ATHEDET.

0.1 AEBICEAL T
HTL BBAZTEROMEICEEL T, XELRERE L TIUTOED.

e 5% 5< reduced * irreducible T WHE IS reduced 1L XREHIM D PENIL E DIHFEICIFE
TE3 (CBS). &K reduced * irreducible T4 LHEIZ meromorphic map, fibration & &
SEREINUIVLDSE & o EHHS5RR.

e normal |& meromorphic map ¢ : X --» Y ODFEERD codimension 2 A LICHRBZ &%
FE->TBOTHRE. TNIE 1 ED neat fibration REZZX B EZICHNERCES.

e O /N7 MMCZEAL Tld Kodaira-litaka Xtz & X 5 D TRE.

o Fujiki I core map DERLICHE. IEHIF Chow-Barlet Z2[E (1 7 )L DZER]) DB H
AYIND MZRZRELH D, A2/ b+Fujiki D ZDDEHEFIIHE (Fujiki DEIE).

e smooth ICEIL TIX O BEREREEZEZ DL IIWETHS. fthH CDFRX T smooth Z
RELTWBBDHH 3D, 27 NId KLT(Kawamata Log terminal) & TR TET S &



5 (RUT3BAPHNUEEVNTVL. )

UTFZDFeHICHTL 2EZEMIEreduced 1D irreducible 9% . F7=§F (morphism) f : X —
Y CIZ2TEAERDOC & 2157

Definition 0.1. [Uen75, Definition 2.1] X,Y ZfFZERE TS5, f: X — Y B proper
modification T & I&

o [ proper(AXNT FOBEMN A /NT b)) ho25
o dence THWRITHENDES M C X, NCYDHEELT, f: X\ M = Y \ N IFX
FAITHB.

X, Y AT bD & FIFEIZ modification &LV S.

Definition 0.2. [Uen75, Definition 2.2] XY ZfZEREE L, PY)Z Y OBEGLCT
%. p: X — P(Y) h meromorphic map & I&

e U537 Gy ={(z,y) e X xY |yep)}hXxY OBIGENNESTH 3.
o 5% p: G, — X H proper modification TdH 3.

LAF meromorphic map Z ¢ : X --» Y &Hh<.
FIFEER () Zp: Go\p () = X\ I(p) NERANICRZR/NDOBITES LT
%. (X,Y A normal 72 & codimension 2 A EDEFIC74 3. [Uen75, Theorem 2.5])

Remark 0.3. LOEZRIEHHDD DI5VWH, REEMETH S.

HDX xY OEIBEBITNES G Cc X x Y BFEL T, p: G — X D' proper modification T
H3.

Wine LTIERDeED.
e meromorphic map ¢ ICDWT, G := G, ZRIGTES.
o BINLBITMES G C X x Y IZDOWT (z) :=q(p~(z)) € P(Y) EXRIES. L
q:G =Y ZHRECTS.
ZD71-® Hironaka DHFEREH (FTREERRKRE) ZAVS ERDERS.

E£E D meromorphic map ¢ : X --» Y ICDWT, $HBEESHEAE X, proper modification 7 :
XX, 80: X =Y hBHoTRORK=EHT.
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Definition 0.4. [Uen75, Definition 2.6, 2.7] X,Y ZfBtFZMLL, ¢ : X --» Y %
meromorphic map, G C X xY ZFDIT 79 3.

e yeYIZDOWT, p(¢l(y) CXZyDIT7AN—EWVS. o (y) ® X, &H<.

e (.G YDNEHETHBZLTE, ¢: X --» Y %Z dominant(or generically surjective) T
HBEWND.

e ¢: G — Y ' proper modification THBEE, p: X --» Y % bimeromophic T 3
WS,

T7AN—DERIIXEICE >TOLERZHD LNAL ([Cambda] DEFREED I DICEREL
12).

Example 0.5.
@:CP? 5 CP! [z:y:2]—[y: 2]

£93. TREREERIEI(9) ={(1:0:0)} TH3. CNONERBHE (FTHEERRKRZE) & CP?
% (1:0:0) Thlowup m: Fy — CP? LTXRORR%ERS.

Fy

cp2”

Fi =2 P(Ocpr @ Ocp1(1)) &5 Hirzebruch surface TH D, ¢ : F; — CP! |& CP! ROEE=EF

D LOTHEED (y:2) e CPLIZDOWT ot ((y:2)I&(1:0:0) & (0:y: 2) Zi#S line(= CP)
AR

7~

Definition 0.6. X Z##tFZEE & 9 3.

o HBMEP H general 72 x € X THDILD (general point x € X THDILD) ki, &
BDEDBNES ZC XDH>T, FED 2z X\ Z THEPHEDIIDI L LT S.
o HBME P N very general %8 x € X THPD ILD (or very general point z € X THD

D) Xk, HBABEDEDBITES 7, C X HdH>T, FED 2 € X\ Uiez, 7 T
HEP AR ID LT 3.

Definition 0.7. [Uen75, Definition 3.3], [Cam04a, Subsection 1.1.2] X,Y % f#FZEf &

L, ¢:X --»Y %Z meromorphic map &9 3. ¢ fibration TH D LIFXRD_DDEHEF%=
Mty edB.

e ¢:G— Y hproper M DEHFTHD I p: X --» Y |& dominant THB.)




e general point y € Y ICDWT, X, PE-ETH B,

X, YDBAUNT RSB, q: G — Y D proper & WS EHISEEFNISHK-INS.
Lemma 0.8. X,Y %Zf#TZERIT normal THBCIRET S. DL F meromorpshic map
0 : X - Y B fibration %8 51E q : G — Y & proper, &5, 7 7 IN—&#E (with connected
fiber) THB.
B¥C8 o X — Y D fibration TH 3 Z &I, proper, 28, 77 A N—BfEEFHETH S.

Remark 0.9. E3& fibration £ §27c5 0.8 TOERDNEBETH S. 772 [Cam04a] Tld” general
point y € Y ICDWT, X, MBIHITH B LEERL TLWe. TNHAFTDEVLILHRBRLDT, Z
PEES>TWD (or —FHITHRLY) &BS.

Proof. m9&iF’q:G =Y ODEBD T 7AN—hEFETH B &. ¢ proper DT, Stein
DENEND.

G ¢ Y’
\ l’“
Y

u:G =Y T 7AN—EETHD, v: Y = Y (F finite THSD. 2Ty e Y IZDOVWT o (y)
DEEIZ, ¢ (y) DEFEL D DEHRE —HT 3.

qIF—ROBICEVWT T 7AN—DEETHI3DT, v: Y - Y IEF—DEy c Y ICEWLWTREE
IC%%. DD, v: Y’ — Y |& bimeromorphic Td 3. & o T Zariski main Theorem & D Y A
normal DT, v T 7 /\N—EFETH 3. v | finite BD T, v ITWERERICHED. o TqlE
T7AN—EEICHED. (REICIEY O normal $THHTHS. ) O

Lemma 0.10. (c¢f. [Deb01, Lemma 1.15]) X,Y,Z % normal FRMTZER, f: X -+ Y,g:
X --» Z % fibration £ 9 3.

o —fRD 2z € ZIZDWT f(g71(2)) B—R&EE%5IZ, fibration h: Z -+ Y Thog = f
EBDHONEFIETS.

o fLgHERIBHRTEED 2z € ZIZDWT f(g71(2) N"—m&EEHSIZE, fibration h :
Z—Y Thog=fYRR2BHDNEFETS.




Proof. SEFAIE [Deb01, Lemma 1.15] ICEIC. fFHERBEZ L > T, U TORRZES.

L <————= X----- =Y

g
oA
g fibration - f fibration
X

TLTLgOT37 GG f) = (@), [(2) |2 € X} C ZxY ZE>TROMRER B,
Z GG, ) — Y
<f@T
X

0.3M5, TDp:G(g, f) — Z h proper modification TH 3 Z & ZREIFRL.
FED 2 ZI2DVWT,
p(2) ={(zy) € ZxY |Iw € Xstz =§(@),y = f(@)} = {2} x (T '(2))

TH3. CN&D proper B¥HOH 3. REHS, EQRITNES W C Z T, D 2 € Z\WIZDWT,

FG1(2) B— SR L BB LDONEETS. &>T 0.8 DI p: GG, [)\p (W) = Z\W
X7 7AN—&ERET, 77 A N—IF—RBDT, WEAITHS. &>Tpld modification T#H 3.

REBOERIIZW =g ELENBZZEHh5DOHB. O

1 1. Orbifold base of a fibration

LUFET O Al nid

complex manifold(#F&RZHKk{EK) = smooth reduced and irreducible complex space
THD. FIHTL 2EMZERBIE
compact normal reduced and irreducible complex space

93, 2F0baY/NT bk s normal IZEICIRET 3.

1.1 Fibrations [CamO04a, 1.1]

Example 1.1. [Cam04a, Example 1.1] E % f8MeHE , C ZBHBAHREE L X := ExCP! &
92.t%Z E LOM2DEH (a c EZMB2DTE LT, t: E—FE%&Zx—x+a¥93)h
% C £ involution, D F D XEL 2 D finite H C — CP! H5FE TN B involution £ T 3.



X:=ExC¥L,X E®involution j :=t x h&HWVWT, X := X/j £&<.
T3L Xo B X b general fiber B E TH3 & 54 CP! ADBIAAR fibration ZHD.

X:=ExC Xo := E x CP*
\L \Lgen. fib. £
X = X/j gen. fib. £ CP!

&2T, Xp & X &, LEEDBEHRFEIIHDBIFXFT S EHTET, Kodaira Xyt, EAEE, Kobayashi
pseudo-metric REDUTDLSICERRS.

e k(Xo) = —o0, m(Xo) = Z2, Kkob.x, = 0. BRI special TdhS.

o k(X)) =1, m(X) IFIER 2 DERBEIC Z2 x m (C) ZEE (I almost Abelian (27 D 157
L), Kkobx # 0 1), 5% &IC nonspecial TH D, X — CP! H' core map 252 3.

f=12 fibrationf : X — CP' (CE8 L T multiple fiber ZZEICANNIK, X — CP' @ base IFAY
DEKRTOD CP! Tl <, general type @ orbifold C/h THD L HHBES.

Lemma 1.2. 1. f & general type B AND dominant 8 f : X — B Z#F1=70).

2. D C CP! % C — CP! @ branched divisor £3%. ZDEZT D DRI 6 THD,
f:X — CP' & D £T 2E®D multiple fiber 3§D

3. T . C X E%X%Pﬂﬁ51§ét3—§ :@tf_\f ’ﬂ'*f*K(CPl(%D) :pI'TKC T%%

Proof. (1) f : X — CP! O fiber |IFEFMIETHZ DT, HEAIDFENS (X)) =1 THS. &o
T general type BIEIN® dominant §HITFFEL AL,

5 ¢: X - Bz 2 U LSRR B AD dominant §4& 3. f D fiber (FFEFARHIRER
DT, EFEDz € CPLIZDWT o(fHz)) I& B EDRE RS, (FEBAMIEDL S B ADSIIEFELE
BW). £2T0.10Hh5, CP' - B EWSEIMENDH, ThidH DFHR0.

(2) Hurwitz D RRH 5

2.2-2=2.(-2)+ > (eq—1)

q¢:C — CP! OPIk=

Te, =240, DEEDERE6ETHS. &oTdegD =6 THB. 72 j = (¢t x h) BEES
EEI-RVDT, fIXBFANIC for:Cx E - CPLYREILTHSB. &> TpeDIZDWT fogq
|& multiples fiber 2E x p Z#FD.

(3) r:C — CP' ZBEHRE T3 L, Huwitz DRRHDS Ko = r*Kepi (3D) E%RDEZRD. O

1X = X Hetale BDT. X =Y etale B5IE Kiob,y (p, q) = inf Kxob x (5,§) £823. pREIEp DEKRTHS.



1.2 Neat fibrations. Prepared fibrations. [Cam04a, 1.1.3.]

Definition 1.3. [Cam04a, Definition 1.2] f: X — Y Z#RZRZHE LD fibration £ §5.

o X FODBIH Weil divisor D ICDWT, €D f(D) DY ICE1F S codimension A 2
UETHBEE, DI f-exceptional THDEED.

o X H'5 ERZHFKIE X' AD bimeromorphic IEAIER v : X — X' BFEL T,
X E® f-exceptional divisor D I&2 T u-exceptional T 3
EE, [ X =Y | neat THBDEED.

X

|

X/

o f 1 prepared T#H 3 L I&, normal crossing divisor D C Y &> T, fY(D)c X b
normal crossings divisor B2 f: X \ f~1(D) — Y \ D ' smooth &% 3 C &.

Divisor ¥ normal crossing EIFBRIBIIC 21 2, =0 EWVWSBRTMFIBZ L TH 5.

Remark 1.4. neat X° prepared (& Z DRICH T 25AZBEEICT 3 /-HICHREBELBBRTHD. X
BORDFEED S, W ICEERRICEEARITNIL, LOBERISERL TRL.

Lemma 1.5. [Cam0Oja, Lemma 1.3] EED A2 INT b normal BBEFTZEB LD fibration
fo:Xo - Yy I2DWT, HRIERZHIEK X, Y B5D bimeromorphic map v : X -+ X,
v:Y - Yo BKU fibration f: X — Y BEFEFELT, f1F neat DD prepared THH , R
D f-exceptional divisor \& u-exceptional TH B .

X Y
I ;
Xo- -2 -~%

B9 BIADEERT B & EiF, resolution & & T, neat H'D prepared Z{RE L TEL.

Proof. Hironaka O4FERABHEICE 2T, Xo, Yy & smooth & LTRUW. 7z fo: Xo — Yo ZHFIC
L TRU\. neat fibration B8 L TIERDFIETHER T 5.

1. fo @ flattening Z& 3. DFD, X1 — X0, Y1 — Yy D projective 52D bimeromorphic T
fl : Xl — Yl b‘ﬂat (\:7’3:%:60)%&5



2. Y5 — Y] %& resolution & 93
3. X1 xv, Yo OB T X & dominant § 373 Z D, €D resolution LTcH D% uy :

XQ — X1 r95.
X, f2 Y,
blrl’UQ l/blr
f1
Xl flat Yi
biri ibir
Xo Yo

X, Y |E smooth T$HD. Lo THEIF fo: Xo — VoD neat THBZEZERIERLV. D C X,
Tfh TEINDETS. Xy - X TEINBZZLZRY.

%LDb‘u'C/ELTLEL\Kﬁ'ét U( ) C X3 ‘Etfl X1 -0 /EL*L% Lb\b%n'r;f1
Mat BOTHDFERV. BERS f1:w(D) — fi(u(D)) ICEELT, [GPRGI4, Thm 2.1.18] ¥
[GPRGY4, Prop 2.2.11] &D

dim, u(D) < dlmf1 J1(u(D)) + dim, U(D)‘fflfl(x)

-
= dimy, () f1(u(D)) + dimg f{ ' fi(2)
u(D) 1 ) I (@)

= dimy, () f1(u(D)) +dim X — dim Y’

flat %513 equidimensional(open)

LI-

&2 Tdimy u(D) =dimX —1 & D dimY — 1 < dimy, ¢,y f1(u(D)) 2183

fa 1 Xo — Y5 M smooth IS5 W locus & Z9 C Yo £ 95, T D Zy H normal crossing (Z7%
B& ST resolution Y — Yo ZBE 2T, f: X —» YV E EERARRIC, Xo xy, Y OEHIRSD T Xo &
dominant 3P ZED, €D resolution LT=HD%Z X — Xy & THUL, f I& prepared IC755.
_ N neat THB. O

1.3 Multiplicity divisor of a fibration. [Cam04a, 1.1.4]

Definition 1.6. f: X — Y Z /U MERZSREDED fibration £ 3. Y OERD
BE# divisor D ZXRF L,

ff(D):== > m(f.Dj)D;+R

jeJ(£,D)




e j€J(f,D)IZDWVWT, D; C f*(D) ® BHIKS2 T, f(Dj)=D t%H3HD
e R & f-exceptional TdHD, DFD f(R) I cosimension 2 U EEBRZHD LT S.
£CT
m(f, D) :=inf{m.(f,D;) [ j € J(f, D)}

CEESD multiplicity EIER.
f D multiplicity divisor A(f) %Z Q-divisor £ L TRDESICED S :

-5 (- st )

DcCYy

CCTDIRY LDODIARTOEEN Weil divisor Z&1< .

D H* Q-divisor & &
D= Z CLZ'DZ'

T D,; htdivisor B D a; € Q& RBZDHDTH 3.
Example 1.7. 1.1 T® fibration
f:X:=X/j=ExC/txh— C/h=CP!

ICDWTA(f) 2518 T 3. 1205 H2RE 6 @ divisor D C CP* H'%>7T, f: X - CPLIE D
LD ERT 2 ED multiple fiber Z$FD.

D=SC [p] &L, F = f\(p) RERRNBBHRL T L

frlpil =2[F] m(f,[p]) =2

THBEDT
1 0 1 1
A(f) = - ——— | ] = 1= )l =) 5lpil
X ()R () r =3
¥#h%. T ;
deg(KCp1+D):—2+§:1

THd. £>T Kepr + D ld ample THS.
RIFZD f: X — CP! HED core map DFIZHR->TWS. DEDH WUTHDHHB.

o f O fiber |IFEFIREHR (FFIC special)
e f @ base |, divisor Z#ICE X B & (CP!, D). THUdk Kepr + D H¥ample ZRD T log general

10



type.

1.4 Orbifold base of a fibration. [CamO04a, 1.2.2]

Definition 1.8. [Cam04a, Definition 1.5, 1.6] f : X — Y Z > /\U FMERZHRADR
@ fibration & L, A(f) & f @ multiplicity divisor £9%. COEE (Y/A(f)) & f D
orbifold base LML,

(Y/A(f)) % orbifold base £ §3%. €D (O )1Z#ER % Y D Q-divisor

Ky acp) = Ky +A(f)
ELTEDHS. £7-FD Kodaira Rt ZRTEHB.

k(Y/A) = k(Y,Ky + A)

Remark 1.9. D & Y £® Q-divisor &9 3. divisor & D4l (Y, D) %Z” Orbifold” & LR D (F Cam-
pana < 5W\T, EiBIE log pair” EIERE B S ([KMIS] BHR)

Definition 1.10. [Laz04, Section 1][Fuj20, Remark 2.3.17] A>/\Y MERZHFKAEY &
@ divisor L IZDWT, Kodaira-litaka X7t x(L) %Z

0 ®m
k(L) = limsup log A°(Y, L*™)

€{-00,0,1,...,dimY
m—00 logm { }

EERTD. Flon(L) =dimY 743 divisor L ZEK (big) £ &5.

PHEICICWVWRIE M > 012DV T
hO(Y,L¥™) = O(m~"))

B (W) RO IID. k(L) & (Y, LO™) DEAEERLTWS. #(L) = —oco LIZKBIHH
2BV LEES.

Example 1.11. C 27T 1 DB SHEGHERKEIRE T5.

=

(Kx)=-0c0o<deg Ky <0 X =CP!
(Kx)=0& deg Kx = 0 & X |IF5FHhIR
(Kx)=1&degKx >0 X O g > 2

=

=

11



1.5 The Kodaira dimension of a fibration. [CamO04a, 1.3]

Definition 1.12. [Cam04a, Definition 1.7] J>/\N7 b normal BE#ZERE XY OO fi-
bration f: X -—» Y I LT

k(Y f) = inf{x(Y/A(f))},
YEDHD. STTinfld f EWEEA fibration f: X Y #5<. DD infld
o XY OVINU MEESIERK

e bimeromorphic map XX , Y Y
e fibration f: XY

TH> TRORAHERICB B HDE2TEL.

X ! Y
x--1 .y

XY OV INU MERSHIE, f: X - Y % fibration £ § 3.
,(Y, f) = 6(Y, Ky + A(f))

DEDIIDEE, f D admissible THBDEED.

Z®D k(Y, f) 1" bimeromorhic invariant” Td»5. DFD I /\NT MERZER X', Y’ DREO fibration
f'+ X --» Y’ £ bimeromorphic map X’ — X,Y’ =Y TRORADAIHICHRD T 3.

f/

X' Y/
x--J .y

CDEERY,f)=rY',f)THB.

Example 1.13. f = id TH w(X,id) # v(Kx) THDHHD 53, KEE [Keu0s] ICkD
normal BiE X (KLT singularity Z#fD) T#H > T

° Kxb\\big. 9350 H(Kx)ZQ
o H%resoluion 7: X — X B> T k(Kg)=1.

12



ERBHDHEETS. COHRE

K(X,Zd) de H(K)?) =1 7& 2= H(Kx)

THD. CcNHHRET D S5 3EBHIE, H B effective divisor E,G T
K)“(* NQ?T*K)(-FE—G

CECLTIZGA0LBRBEHHAHAFKLTWVS.

HICESETOVORERERI LI X MERSKREDIZEIFE I DERL (B o &< canonical
THLWVWEES. Campana B canonical < 5WVWASALKLE LRI TRAIEHLERLTWS.)

COBNIRDCEHE>TVS

Kx ' big T, X ' general type (23 resolution X — X H'd> T K5 hibig) LIRS LY.

1.6 Generically finite maps. Statement of main result. [CamO04a, 1.3.2]

Theorem 1.14. [Cam04a, Theorem 1.8, 1.14] A2 INZY & normal BRATZEREID fibration

f, f D573 e/
Xt X

.

Y/?Y
TEZD.

1. E5IZ u,v B bimeromorphic THBD L F

(a) (Y/A(fou)) = w(Y/A(S)) D2 w(Y'/A(f) < 6(Y/A(f)) DD ILD.

(b) TBICK(Y) > 07851, ERROFRFRRIRFIERCED, s(Y/A(S)) = (Y, f)

DD IID.

2. u,v D generically finite D 28 THDERET DL,

(a) k(Y', ) = k(Y. f).

(b) u B étale THOD, HD X, X' B smooth THBD L EIE, v(Y', f) =r(Y, f).
3. k(Y)>0 EIRETS.

.

SERRIFR7CD A LRBOSERITTH 3.

13



Corollary 1.15 (1.13). a>/\7 b normal fEMZER X, Y DD fibration f: X --» Y
I LT

o X.Y OAVNY MEZEZIEK
e bimeromorphic map X — X, Y »Y
e fibration f: X>YT f & neat, prepared, addmisible

TH> TRORAHDTHRICHEZHDNH > T,

ROEFERZ BT HONEFET S.

w(Y, ) = (Y, [) = k(Y /A(]))

Proof. k(Y, f) =inf{x(Y/A(f)} BRDT, inf &M T3 f/: X - YV HEFET3. §3¢

(Y. f) = k(YL ) < w(Y/A(S) = k(Y. f) (L.1)

bimero inv. def inf ’&_EEJZ
THd_ehbns
1.5 %585 LT, 3 neat hD prepared 7 f: X — YV TRETHRIZT 3HDHEET 3.

X ! Y
\L bimero l bimero
Xl f Y/
1.14 &D
Y, ) = RV, f) < RYJA) < w(Y/A(S) = w(Y, f)
imero inv. def 1.14(1) :
THBDTR(Y, f) =Y, [) =k /A(f)) THB. EFEH S addmisible TH 3. O
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1.7 The sheaf of differential forms determined by a fibration. [CamO04a, 1.4]

Definition 1.16. [Cam04a, Definition 1.19] X Z > /\Y MERZKEK, Y Z p Rxd >
/N7 b normal FEMTZEME 9. f: X --» Y % fibration £ 3.
Yo CY %Z Y @ regular locus & LT, QF O rank 1 subsheaf F; %,

Fy = (f*(Ky,))™ C Q%
ELTEFS. T Tsat &IF Of TO saturation TH3. €L Tk(f) Z
k(f) = r(X, Fy)

ELTEDHS. & f D”bimeromorphic invariant” Td» 3.

[*(Ky,) DEZEICDWTIE resolution ZXRICE S

X ~
7 bimero
x-- I >y

ZFLT f*(Ky,) = (m(f*Ky,))"W L LTEDB.

Definition 1.17. X Z##HTZE/, F % torsion free sheaf £ §%. G C F D G TO saturation
x
Gsu .— (Ker : F — (F/G)/Tor)

ELTERT .

BRY K(f) BEHTETRRC LLDBBIIRAS R 3.

Proposition 1.18. [Cam0ja, Proposition 1.25] X AV INT FMERZWRMA L, f: X --»
Y %Z fibration £ 33. CDEE

1 k(f) = K(Y, f),
2. Y B smooth T f D' neat THNUL, w(f) = (Y/A(S)).
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f:X --Y OY/N7 b normal BITZEEDOEHRE T3
e X Hsmooth 25, w(Y, f) = k(f),
e XY smooth DD f neat @ 5IE (f) = c(Y/A(f)).
e [ addmissible B2 5IF (Y, f) = k(Y/A(f)).
FEEDIOY/NT b normal FBITZERIOER f: X - Y ICDOWT, %3
o X.Y OVINY MEZRZHHE
e bimeromorphic map X X , Y Y

e fibration f: X>YT f I& neat, prepared, addmisible
TH> TRORRXDTIRICHEZH DD H > T,

RDFEXZ /LT HLDONEFET 3.

k(Y. f) = (Y, f) = (Y /A(f)) = &(f)
E 9 BI(C resolution ENUIEETODEIF—HT 3.

T 1.18 dEERA

Definition 1.19. [Cam04a, Definition 1.20, 1.21] X,Y Z Q> /NU MERZHIE, YV % p
RIT, f: X =Y % fibration &9 3.

F(f) = ["(Ey) @ Ox ([f*(A()])
EEDHD. T TQdivisor D =Y a;D; IZDWVWT

[D] := ) [ai] D;

CEDHB.
S C X EO effective divisor IC2WLT

o« [(S)£Y
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o T C f(S) &7 3B divisor IC2WT, 8 BB divisor 8"  f~HT) H'dp>T

S'"#£S and f(S)=T

EmlcT T, S IE f D fiber EIC partially supported TNTWBEED.

partially supported (350D D5 VWA, XDKRTTHES. f: X — Y % fibration £ §5. B
divisor D C Y ICDWT

/"D = my1D;1 4+ maDs + (f-exceptional)

> TWBEd93d. CCT m1p < mo ‘i%ﬁ, f(DZ) =D¥93d CDCZE Dy, Do lFeHic
partially supported T®%H 3.

Proposition 1.20. [Cam0/a, Proposition 1.22, 1.23, 1.24] X, Y & > I\NDU MERZ
&, f: X =Y %Z fibration £ 9 3.

1. S % f @ fiber £IC partially supported SNTW3 X £D divisor£$%. LZ Y
LD ERFRE T B L, sheaf DBEIAET

L C f*(f*(L) + S)
SRS THS.
2. »3 codimension DNMY7HREH 2 THBE 5% Zariski AEE ACY HFELT,
(X B) = (v A

ETRF(f)+ 5 & Fr DBRAICARTSHS. TS & f D fiber £IC partially
supported SNTWBH B X LD divisor £ T 3.

3. m>0Z+DRELARBERETS. COLE (2)TO F(f)+5 £ Fy ® (X-B)
tToaRALRE,

HY (X, FP™) — H(X,m(F(f) +5) = H°(Y,m(Ky + A(f)))

CEOHBHHICIREINDG. T5IC BHL f D neat B5IE, TOHEHIIEETHS.

Proof. (1). Y ETHRAANBFELZDT, YV IFERAFET L zBBRELRELTLL. RTINS I LI

f+(0x(9)) ~ Oy

Ths.
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& 3 effective divisor T CY TS C f*(Oy(T)) %3Nz 3. T=(t=0) &HHELTRL.
Oy (T) @ local section (& T THRZFOBIBEEFH LD T, f*(Oy(T)) D local section Y ED
ERIE# w ZFAWT f*(u/t) EhMTS.

&T, f*(OX(S)) D local section s ¥ 3. sl& S TOABEFOBEEBMTHS. S C
[*(Oy(T)) &b s = f*(u/t) EHMTB. 5 S & partially supported D TH B S’ C X divisor
T, S 4SS =T e B3N B3, £oT

slsr = f*(u/t)|s

THB. s|g 1F S TRZHFLBZVOT, w it ZEIDYTISBVEWVWTARV (E5TARVE s|g 1& S
THBRZIFO>TLED) &Ko Tsldk Oy D local section IZ78 3 (D FEDBZIFIAY)

(2).

A= (SuppA(f) DHERES) U (2TD f-exceptional divisor D f DIR)
ELTEDHS. TnlE A D codimension 2 ALEETHS.
S'ZUTDESICEDD. A CA(f) IZDWVWT,

f*Ai = miDy + R;

J

(\:j% f(DZJ) = Ai, Rl & f—exceptional tj% iTC m; = infj mij (\:jé

A(f) = <1 _ Ti) A; + (others)
Y753, —MBE ce Dy ty=f(z) € A OEBEEEUTO&LSICE 3:

(@)= (z1,-s2a), W)= Wstp),  f@) = (=2 ye = a0,y = )
CCTDy=(11=0),A = (y1 =0) THB. COLF

o [*(Ky) @ local section & f*(dyy A -+ Adyy) = 27" dwy A+ A dz, THB.
e A() = (1= L) A TBBDT, 7 (A(/)) D local section &

% 1 7mij+mm7i:
f 1_ L =T
Yy

1 Tig
frdyr A Adyp) - fF () =" dxi A--- Adx,
Yo ™

WUELD [f*(Ky + A(f))] &




TEHEINS. £CT
S = " (mij/mi) — 1Dy
J
93, S lFpartially supported &7 D, [f*(Ky +A(f))]+ 5" D local section |F dxi A-- - Adxy,
THD, Fr &—HT 3. (Fy lF saturation 2L > TWVWBDTdry A--- ANdxy TERINS. )

WU F*(Ky + A(f)]+ 8 & F; @ (divisor £ LTO)ER X\ B = fL(Y\A) ETOTHB &
9. B divisorD € X (ZDWT, DB f-exceptional B5IEX D Cc B & D, D I& f-exceptional
THEWELTEW. (D) ¢ A(f) 551E D O—MAT £ 1d smooth BOT, 2HEH [*Ky = F
TH3. f(D)CA(f) BBIES DRDALISERS. 2

(3) m B2 AREFLVE Q-divisor ZEEHBREBICTES. (1) &D

H°(X,m(F(f) + 5")) =~ H(Y, f.Oy (m(F(f) + 5"))) &5 H° (Y, m(Ky + A(f)))

THh3d. UELD

HOX\B.F{™) = HOON\Am(Ey+A() | = H'V.m(Ky+A(f) |~ HO(Xm(F(f)+5")

%%, CNEDFIREZRERAVT HO(X, FP) — H (X, m(F(f) + 5)) 2185.
f D' neat DIFH, HBEHRZHKIE X’ AD bimeromorphic map u : X — X' BH>T, u(B) H
codimension 2 BA_E® Zariski &S ICR3. £oT

HO(X', F§™) —= HO(X'\ u(B), Fi™)

lu* iu*monl

HO(X, F7™) HO(X \ B, Ff™)

EWSEADRD IS 8IS HO(X, FP™) — HO(X \ B, F{™) 1325 (AR) L85, Ko TLX
7-. O

1.18 DFEER. (2) 1& (1) DFWRZ. (1) IF f %Z neat 5D addmisible LIRE L Tk <,
AV, ) = RYAS) = w(f)

AR OYIT-R O

2Z C Campana QFFABHFERK LA E > TLELDT, BATEZIELWLWADLA SR, WWEWLWARBNISH X
TLFEEL.
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2 Special fibrations and general type fibrations

2.1 Special or general type fibrations. [Cam04a, 2.1]

Definition 2.1. J>/\7 MERZERD ”in Fujiki class C” T#H 3 &Ik, > /N7 bk Kihler
Z kK ¥ bimeromorphic T3 Z L.

Definition 2.2. f: X --» Y % fibration & L, X,Y (3> /\T FMEITZERE &9 5.

1. fibration f: X --» Y B general type THD EIF, (Y, f) =dim(Y) > 0 B’ DL

2Ck.

2. X 1 special T3 L&, general type meromorphic fibration f: X --» Y &%
wcoe.

3. fibration f: X --» Y B special THB &Ik, ED—HgT 71 /N—7" special TH B
_EZWD.

\.

EF&E DS special Id bimeromorphic ZRM4EBE TH 3.
CDEETRE special OO D5 L. A, H(Z7special THEVV DHEHHHADXRF L.

> /X7 b normal fEHTZERE X hispecial TIEFRLE I,

o X,Y OV/INU MERZHIE

e bimeromorphic map XX
e fibration f : X — Y T f & neat, prepared, addmisible B dimY > 0

BRHDTH-T, N B
dimY = k(Y /A(f))

EBBZHDDFETBL. (LOBIE (Y, /)R r(f) e—HT 3. )

Example 2.3. [Cam04a, Example 2.3] LRI special Z#kfE DLW DHDFZZEIFZ (IFLA
CORRICIIETREE T 2BENMKELDT, B#TEZX3) .

0. J>/NT MEMZER X B general type % 5 1& special TIEZRL. T T X $ general type
E13® B resolution X — X H'dp > T, Ky Hbig THB&. THdid: X — X H'general
type BHICR B D 5.

L X B =%V (RS D RSHAMEE) Tos L EUTIAE
e X Hlspecial
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6.

o BHH 0 FFlF 1
e Kodaira XJTt H'@#% 0
o EAZEE A abelian
e Kobayashi hyperbolic TIX7ZR LY.
NS RGO OB RBERIFEIBEHRICKRZ D 5.

. rationally connected (BIEE#E, RC) % 5(d special. T Z TEEMZER X A rationally con-

nected TH3ElE, T—fRD 2,y € X ICDOVWTHIEERIE f : CP! - X BFEELT
z,y € CPly X3 k. FEBAIE HO(X, Q%) = 0 5hh B (2.21) &> THIZ CP” ¥ Fano
ZIRIKIZ special.

k(Kx) =0 &% 2% ZIKIE special (5.1). $FIC 1 (X) = 0 @ 51S special (Z DIFEIFBIEE
BN H B 2.21) & 2T b—F X special.

special Z8k{KIE, 55 LVEBK T rationally connected T#H 3 HY, & B \L\E Kodaira X7t B 0
TH2 SREDSEBRINS?

EED A >0 k€ {—00,0,...,d -1} ICRLT, X5t d D Kodaira X7t k Z3FD

special FIEZEIE DFEETS. (2.8) & > TNERITTE special ZEAFIFERDIFIFIFIF
AN

C-dominable 72 5|3 special. T C TH##FZEME X H' C-dominamble & (FIERILA 8 C* — X
HEET S Z &* Thidk Kobayashi-Ochiai DEE (DILERR) H'5HH 3. (8.4)

Oka Z#k1A7 51X C-dominable 72D T, special TdhH 3.

—Kx D nef, B L <& Tx D psef & 518 special. 2 &5 T D generically nef 72 5 (&
special. FEFBIE Matsumura-Qing 25 SR

RERTH 0(TH8DBE a(X) =0) TH B ZHRIE X D special TH 3. CHIXIRDEEHLS.
5

Theorem 2.4. [Cam0ja, Theorem 2.4] X & A2 INT & normal BEAMTZERE in Fujiki’s
class €9 %. ax : X --» Alg(X) Z X D algebraic reduction £§5. CDEE ayx
D—AiE T 71 IN\—I|& special TH 3.

3[Cam04a, Section 6.5] ICEREAN'H B DY, K< HHBAN ST
YSERL L IIHD BRI LHRANFET I . REREZHFL LT, BHRAEATH S RICE VT submersive T

H3C

. ChEY—RFOEEN 524 (dominant) X [EMEIC%S. I dominant rational mapC” --» X NFHEY

g special TH 3.
SCOEFAD K< hh B EH o7z, fibration DIEDEBAZ £ 3 2IFVVERTHD.
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2.2 Special fibrations dominate general type fibrations. Statements. [CamO04a,
2.2]

Theorem 2.5. [Cam0ja, Theorem 2.6] X,Y,V,Z & A2\ & normal FRATZER £ 5.

o h:V -5 Z&—f%7T 71 I\—I& special £73% fibration
o f:X -—5Y %Z general type fibration

e g:V --» X & meromorphic dominant map
£93. CQCEHDk:Z-—>Y BDFELT fog=koh HHEDIID.

g dominant

A > X
| |
h special | I f gen.type
Y Y
J———=—- =Y
Jk

BVWFELTIRV =X OFEXES. IEEERIED B DIAAAS. (EF Chow-Barlet space Ht
HTESTHED IO shh ok, )

Proposition 2.6. [Cam0ja, Proposition 2.10] X,Y,Z,Y' & A>T b normal FRNTZERE
£93%.

o [:X -—>Y % general type fibration £ 3.

e j:Z --» X %& meromorphic map, foj:Z --+Y dominant.

e foj=goh%Z foj D Stein PFREL, h:Z --»Y' |& fibration g : Y' --» Y |&
(generically?) finite £ 3.

CDEZE h & general type fibration TdHD.

J
VA - - - - - - - =X
\ = ~foj dominant !
h ﬁbmtionv ~ _ I f gen.type
~_ Y
Ve = sy
g finite

CHUTA(foj) > A(f) THZZLEAVWTRT.
NE5%ERDHBZRMDONS.

CEERIIRIBEEBEIET 29 R EERLTHS, LD 2.6 #RT.
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Lemma 2.7. [Cam0ja, Lemma 2.9, 2.17] X, X', Y, Z & 2> X7 b normal FRITZERE &
ERCR

1. g: X' ——s X %& dominant meromorphic map £ 3 3. X' D special 5L, X b
special T3
2. X, X' D special B 51, X x X' H special.

3. f:X --»Y %& special fibration, j : Z --» X meromophic map T foj:Z --»Y H
dominant £23H DL T 3. HL Z D special 51E, X B special TH 3.

foj dominant

Proof. (1). X H¥special THEWEFTB L, f: X --» Y general type fibration TdimY >0 &3
BDONHB. 25V =X, Z =pt ICRLTERITNE, fITERERELS. &> TdimY =0
D FE.

(2). X x X' W special THRWVWETFTBL, f: X x X' --» Y general type fibaration T dimY > 0
EBBHDNHS. 25V =X'xX > Z=XICRHLTEGITNZL, k: X =Y 2FET 3.
EoTj: X 2 Xx X' Zace XDHZRZLDT ' = (a,7) ELERTNERDRRZFS.

J
X' - X x X'
~ |
IS I en. type
k=foj dominant~ _ vf & yp
Y

F2T26ZAVT X -»Y' WS dimY’ =dimY > 0 ?D general type fbration Z{Ef, X' H
special T#H3 _CICFET 3.

(3). X H¥special THRWVWETB L, h: X --» T general type fibaration T dim7T > 0 &R5HD
Hs. 2505 g:Y - THEFHETS.

h gen.type

X - e T
A >~ _ f special A
Jl S dg!
| ~_ 7

,,,,,,, SY

foj dominant

3% gofoj:Z - ThH dominant BDT, 2.6 ZFHWTAhA : Z -——» T' general type fibaration
TdimT' =dimT >0 &R3DDHHS. ik Z Hlspecial THDZCICFET 3. O

Example 2.8. [Cam04a, Example 2.19] 2D d >0 &V k € {—0,0,...,d — 1} ICRL T,
RTT d DD Kodaira X7t D' k T#H B special FIHZERIE Xy DFET B4FIC special ZERIKIG
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Kodaira X7t & IFIFIFIZEFRD LN
k=—00 DHFAIF CP ZENIELVDT, UTEk>0893. P:=CPlFrtl x CPF LOIFH %R

Xk €|0p(d—k+2,m)|

D—METTT pro : Xap — CPF IZBIL T section o : CPF — Xy NEETZHDEED. 7

Xap 0 F(z,w) Tz € CPAICBALTd - k+2R, w e CP* ICBAL T m ROFRRBEHER
ZfE-T
Xar ={(z,w) € P| F(z,w) =0}

ER3HDTHB. N adjunction formula Kp ~ (Kx + D)|p ZEZIE
KXd,k ~ (m—k—1)priHepr}
EBBDTr(Kx,,) =k &3

Xk D special BDIF,

o pro: Xgp — CP*F O fiber I CPC * 1D d — k + 2 XDBERERBDT, ¢; =0 THD
special. & 2T pro : X4 — CP* |3 special fibration

e pryoo : CPF ——5 CP* |F dominant
o CP* |& special (rationally connected)
DT 2.7 (3) & D special BE R B.

Remark 2.9 (2.18). Y H' special, f : X --» Y ' special fibration TH X A special TH 3 &l
FRoaW (BRI 1.1 808) 7272 f @7 74 /X—7 rationally connected Tdp 3 & FIIREDILD
(3.26) .

2.3 A uniqueness result. [Cam04a, 2.4]

2.5 hERMHHB. ©

Corollary 2.10. [Cam04a, Corollary 2.20] X % normal A2 I\N7 & f#ITZEME in Fujiki
class £ 935. X LICEEINT: fibration f: X ——» Y T&H > T special DD general type
THBBDIF (bimeromorphic ZFRWT) BRX—2 LHFEL AL

ZD&K D% fibration f: X --» Y &

TINDOBEEIE ¢ : CF - C 1 T F(p(w),w) =0 B2 HDHEETNUIRVERES. 9 section LEWLWTWL
3N, rational section CPF --» X DT ERRERS.
8[Cam04a, Corollary 2.20] Tl X H* Fujiki class TH 3 Z L #IRE L TW ', CTHRBRIBHA DL 5L,
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o X FD&®/ND special fibration HD
o X FD®RAD general type fibration

TH3. %4 (3E) ThHBH X H smooth DIHFEIFFFEEL core map EWS5. DFD
Core map = special DD general type Td 3 fibration

VWS Zehhhs.

2.4 A result on almost holomorphic maps. [Cam04a, 2.5]

Definition 2.11. [Cam04a, Definition 2.21] f: X --» Y % normal J>/\7 b fEMTZERE
@ dominant fibration £ §3. f ODREEEEZ I(f) £ T 5.
FU(f)#Y THBEE, f % almost holomorphic THBEED.

ERICWSE, G CXxY Z fDIST78L,p:Gr— X, q: Gy Y ZRELLILLEIC
FU(F)) =l (I(f)))

£95.

Example 2.12. MRC fibration, Core map, Shafarevich map 7% &, Chow-Barlet space(cycle
space) Z > TYED map IEKM#E almost holomorphic T 3. (7RD T Campana HE> 7z map I&
|ZI¥ almost holomorphic Td%%. )

0.5 IC$H1F B fibration
@:CP? - CP' [z:y:2]—[y:2]

|& almost holomorpshic TIE7R LY.

Theorem 2.13. [Cam0ja, Theorem 2.22] f : X --»Y % general type fibration £9 3.
X € C B smooth (6> 58< KLT) TH B 5L, f 1& almost holomorphic THB. ¥
I Y DR THNIL, f IFERBRTHS.

Remark 2.14. [Cam04a, Remark 2.23] X H'smooth THRWEHIFHRD =12V, Y Z Ky D big
BELZHAEE TS (FIZIEEE 2 U LD - VE) B E.

X%1HvDY ED projective cone £ 3. 7: X - X &0 TDblowup £ T3LF: X > Y

& CPL-RICH S
~ (@CPL&E

X Y
|
X/

7
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T3 ¢: X --» Y |& general type fibration T$HS. LHLLED 0.5 £FE CERT almost holo-
morphic TIXZRLY.

COPIERDIEBHATIERICI S HTL 3.

e X (& rationally chain connected (BIEIHRDOM TEIFS) Y, rationally connected (BIERH
RTERIFB) TIldiHw. ?

e X FLCPENLDBVMEERZRD (LDBEIFKLT TIEAEWL)

e X O core map I FEBMEIRIEH, X & special TIEZALY. (3 EBR)

Proof m:X — X % f @®resolution £ L, f:=fou: X - Y ZFEINBZEAEHRLTS.

f PV almost holomorphic THRWEIRET 3. 5% & 7 ODFINRFDH BB V C Ex(wr) B
FELT,

e f(V)=Y HD
o m:V = Z=mn(V)CI(f)

ERBHDHEET S.

% X H smooth(k D3 KLT) THhNIE, [HMO7] &D z € ZIZDWVWT 771(2) I rationally
connected T#H 3. $FIC 7 |& special fibration TH 3.

&oT25826%BWTh: Z-->Y Thor = f &L meromorphic map H'FET 3. Chid
Z=n(V)CI(f)ICFET S (Z D general point T f BERINTLFD!) O

2.5 General type fibrations and Bogomolov sheaves. [Cam04a, 2.6]

Definition 2.15. [Cam04a, Definition 2.24] X Z#ZHEZH(E in Fujiki class £ 93%. p > 0
&L, rank 1 subsheaf F C Q. THoT w(X,F)=p ZmlkdTHD%Z, X LD (p-XiT
M) Bogomolov sheaf LM,

Remark 2.16. Bogomolov-Sommese JHREIED 5, F£E D rank 1 subsheaf FF C QF ([CDWT
k(X, F) < p gD ILD. Bogomolov sheaf I ZDESHEDIIDHDIE L HHB.

F7of: X --» Y B general type THAUL, Fy = (f*Ky,)** C QimY X X £ Bogomolov
sheaf THh 3. ik

k(X, Fy) k(f) = (Y, f) = dimY

defT. 16 1.18 ’ general type

9smooth(H 2 £ 38 < KLT) A 51F rationally chain connected ¥ rationally connected |FEMETH 3. HB % <
5»IEEREIERTHS. (Kollar-Miyaoka-Mori, Hacon-Mckernan [HMO07] 7% &)
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Theorem 2.17. [Cam0ja, Theorem 2.25] X Z#8ERZHKIK in Fujiki class, F C Q% %=
Bogomolov sheaf £§ 3.

CDLEm >0 ZTAREIEDYNBEBHE LT, LR [LO| ICK>TEFS fibration
Zfr:X--»Yprb<. CDEZE

F = fp(Kyy)

N Yr O—ESICEWVWTEDIID.

. J

projective DIFE I Bogomolov 79 DIERTH S. p = 1 D & & Castelnuovo-de Franchis DEIE
12eBS5. HETIDEIRZ [Voi] DT —RAICEDWVW Rz AN3. UTIE [Cam04a] DEEEAR
ZEMYXEDERERHEL. (BTN THHMATITHR??)

Proof. Bogomolov 79 @ covering trick ZFAWAZ T, m =1 DFFICRBETETSDT, N

]S,

F ORISR (T80h5, ENSHED BRI Stein DEZRITIE fr THD, L1
W o>TED pRITTHS) (p+1) BOEZS 3> 5 (=0,....p) EBMBEHTES.F O
BH 1 THBZHS, %3 meromorphicy; (i=1,...,p) HDEFEELT

S = YiSo

CEIT3. Hodge BRICED, X EDIER]pform s; (i =0,...,p) IFVWTNHEAFEXTHS. L
fehioT
dsg =0, dyiNsp =0, i=1,...,p

193 REBROFNIIBELAKESRD S, $H3 meromorphic g B X EICFFEELT
so = g (dyr A~ A dyp)

CETZ 7Y ROIDFEKIE, &3 meromorphic h Y EFELT g= f*(h) &%3C
EZRT. FoTERMMES. B8, ALERIE >0 ICHLTHEATES. O

> TLOEEDNSRODZDOW DI S.

7~

Theorem 2.18. [Cam0/a, Theorem 2.26] X ZEBZRZRKIEK in Fujiki class £ 3. X k£
@D Bogomolov sheaf F C QX &, general type fibration f: X --» Y DHWIZICIFRD &K S
BXIGH BB .

1. f+ X --» Y D general type THNUE, Fr = (f*Ky,)*™ C Q¥™Y 13 X ko
Bogomolov sheaf T#H3.
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2. F Cc Q% B X E® Bogomolov sheaf THIUL, fr:--»Y & general type fibration
TH5.

Theorem 2.19. [Cam04a, Theorem 2.27] X %ERZIK in Fujiki class £ 3. X D
special THBD &, X EIZ Bogomolov sheaf MEELBWC EISEETH 3.

special Td % Z & |&I& bimeromorphic invariant Z2MD T, special ZXD L SICEZELTHREWL
Definition 2.20 (Special DFDOELWER). X ZEERZHKAE in Fujiki class £ T 3.
X M special & Id Bogomolov sheaf BMFEL AW &, FMENICEED p > 0, rank 1
subsheaf FF C Q5 ICDWT, k(X F) <p THB L LTEERT 3.
X P normal IV /N7 b+ BRITZERIT Fujiki class T# 3 & X3, 3 3 resolution X — X A
$H>T, X D special THB L LTEETS. ThUd resolution DEXD A& 57N,

Corollary 2.21. [Cam04a, Corollary 2.28] X Z8ZRZRKIE in Fujiki class £ 3.

1. X B rationally connected 72 513X special
2. X BNEBIZ Kahler THD ¢1(X) =0 2513 special.

\. J

(2) IZDWTIE, K DFFVEMY k(Kx) =0 7217 TH X B special THBIDICTHFTHS.

Proof. (1) rationally connected %51 HO(X, Q%) =0 TH D78 (flZIS [Deb01] BER).
(2). « % Kihler class £9%. ¢1(X) = 04513 Q% & o I-semistable T$HD. DFEDHERD
torsion free sheaf & C Q% ICDWT
c1(&)a™ 1 < c1(X)ant
k& - n

MEZX 3. rank 1 subsheaf F C Q% £ 3. HLA(F) > 08511 (F)=0EBB3DT, x(F) =0
BB, O

Remark 2.22. [Cam] Tl&
k(X)) == sup{r(X,F) | F C Q%}

ZERLTWVWS. EEDDS kT (X) <0751  special THD. > TRCR ¢ =0AH5IFRT(X) <0
BDT221HEZXS. Dt (X) ZE>TWVBDIE Campana 1 Peternell K 5WEDTHED R
LB THRWY

PEIFD Campana DY —RATlE kTt EWVWSHDEHH 3.
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(2) DFEERZ FIFE T B &

o EED torsion free sheaf & C Q5 ICDWVWT ¢1(E)a™ 1 <0
EWSIRED D 7T X [d special THD Z ehhhd. CDIREI MTx H' generically nefl &[5
BTH S ([IM22], [IMZ23] 7R EBHR) BRI — Kx nef 722720 Tx H' psef 51 Tx H' generically
nef [C72%. ([Ou23], [IMZ23] B &) DEFOUTHEDILD.

—Kx nef or Ty psef = T'x generically nef = X special

2.6 2.17 OFFAD#ERE

LU [Voi] D —RA 1 BEOWNBZ5 A L. L COMAIDLNDR TV WS DIFTIFARL.
F-UTIEO> /87 b Kihler ZRIEICDOWVWTDERTH B.

Theorem 2.23. [Voi, Theorem 1.7 (litaka)] X Z >INV & Kihler ZF{K, L ZBEHRR

£9%.

&3 fibration
b X > Y

TRZ/EITHLDONEFET S

1. dimY = k(X, L).
2.0 X =Y, 7:X > X % ¢ DREERMHELE L, ¢ D general fiber® F &3
3. 7" Llp D Iitaka RTTIE 0 &2 5B.

X .y
7
Ti 7
- oL
X

I BIC D fibration | Y D bimeromorphic ZBRWT—EBTHD. CD ¢ : X -+ Y &
Iitaka fibration &L\ .

Lemma 2.24. [Voi, Lemma 1.10] X Z 3> INT b Kdihler ZiE €953, «a,8 €
HO(X, Q%) ZZD® 1 RMIL% 1-form T

aAB=0in H (X, Q%)

TH3HDET 3.
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COCE, B2 U EOSHERBKEHRC, §¢o: X — C, C EDERA 1-form ag, fo BH T,
a=¢*ag and B = ¢ b

¥HB. EO—MIC gBD X Lo 1 )M A (1,0)-form o; T,
a; Aaj =0 in H(X,0%)

EHI-TRSIE, B g U LS ABRC, 8¢ X - CHRH-T, a; 13 C LDIERY
I-form DE|ETRLICKRS.

Proof. X |&3 /N7 k Kéhler DT, IER 1 X2 7% 514, O-closed T harmonic 78D, d-closed
THB. 220D 1-form o, B IFBERTETTH S, DF D &H 3 rational/meromorphic f HdH>7T,

a=fp
EMTB. CNUAEGAEZ E > TRSI—LAOFREOY—ZRNUERV. 1EA 1-form I d-closed
BROT, da=df N\B=0Y%%. £oTdf bFfo,fLERTHITHS.
FITf:X-»CP AERS. §5L, fDfiber £ETa X BIEEIXTVS. ZTTREEZ 3.

e f:X — CP' % f @ resolution
e F: X 5 C,r:C— CP!' % f @ Stein 9H&

e 4,0% o, DEIZTRLLTS. THIFEAER 1 XERTHD, FlpU :— C DY ILTHID
BED ERA LB locus U ETIE F*Qc C Q4 D section &3,

x—-L ¢
\Lﬂ_\ \Lr
x---L Zcp

4 X o Kihler form w T F @ fiber TN 1 B 23HDEE ST
ap = F*wdfl N &

£FB. THE apld O LOER 1 XHRTHD 6 = Fray E5BB. &o7T, g(C)>2T
CIREEHRESEHVOT, For ! : X & C BENBHEARS. (KMIS, 1.1 BEH ]) D

Theorem 2.25. [Voi, Theorem 1.13. Bogomolov and Campana] X & A~ INT & Kdhler
ZRRIK, L C Q% % (saturated CIIPRSHWV) BIERE T S.
k(L) > k725X, 83 meromorohic map ¢ : X --+ B, B'®» > T, B & k RITDHZZEAE
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THO, L 13HB X D Zariski open £ T ¢*Kp C QO £ —HT 3.

Remark 2.26. [Voi, Remark 1.14] B |& general type T® 2 LIIBE SRV, 7272 ¢ DY general type
in the sense of Campana” T$H3. BHY L TId ¢*Kp C Q% B saturated CIZBRSHWVWHS. L
D saturation L DD litaka RITH ¢* K KD KEFLL KRB,

Remark 2.27. [Voi, Remark 1.15] 2.25 h*5, L & generically’ |ICZ > 7 k DERE F C Qx =B
WTAFIZZELWTERDDB. (F=¢"QpCQx £T3.)

Proof. Stepl. L @ litaka fibration H' 0 # so,...,sy € H)(X,L) TEANZBEEZEZXD. £
@ dominant meromorohic map ¢ : X --» B ¢ PV T dimB = k BHDHH 3. H(X,L) C
HYX, 5 IC&>T, HBER LR o; BB T,

$; = oy in HO(X, Q])C()
9 % ¥ 33 meromorohic map ¢; T a; = a9 EX8D. (¢ = a TH3)
2.24 XERRIC, X 1FT3> /N7 b Kahler &0 da; =dog=0. &2 Tdp; Aag=0. AEELD
F = (dé1,...,doN) C Qx

I3, CNE X O—fERT Qx D rank k DEDERTH . I F = ¢*Qp B general point
THDILD. STROBERBOEFRZBUVWEHT.

7~

Lemma 2.28. [Voi, Lemma 1.16] W 2RI LR, 0 £ uc NNW £ TB2DCE
Vi={veW,oAhu=0}CW

IERTEUTTHS.
THICdimV =k THBZEIE, u DAV D generator THBZE (DFD u DI FRFTHEE)
CEMETHS.

& 2T X O general point T, L & A¥(¢*Qp) = ¢*Qk, B'—BT 3.

Step2. —fRDIFE. s € HO(X, L®N) IZDWT, generically finite dominant map r : X’ — X &
s'e HO(X',r*L) TH>T,
re(divs’) = div s.

CBBHDHEFETS. CHUE X OE N T divs. (28> TR T B cyclic cover Z & 2T, €
N% resolution L7cH D& L THEKT 3.

CNE@OBRTERZZSB

e generically finite cover r : X’ — X
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o 7L C O, ¥ r*L O litaka fibraiton " H*(X',r*L) T5EX 5N 3.

o (Step 1 DFEFRD'S) ¢ : X' -—» V' TY' 13 k RFTTOFEZHKIAT, "L = ¢ 0%, BN X' @
general point TH D IID.
e ¢ : X --» Y %Z L O litaka fibration £ 9 3.

s € Y % general point & L2 &, r1(X,) DEHIR S EICHEWT, r*L | Titaka X7t 0 THS.
Lo TROEHBEAZZD.

/.
P %
r gen. fin. \LT,

X-->Y
oL

ZLTL=¢;08 H X D general point THLD IID. O

3 3. The core.

3 EOHWZAIF Chow-Barlet space *° Fujiki DEEBZES DT, > /\NY M4 - Fujiki HIZHET
HB.

3.1 Construction of the core + Appendix DAR

Definition 3.1. [Cam04a, Definition 3.1] X %Z 1>/X% b normal ###ZEf in Fujiki class
£9%. A:=A(X)C Chow(X) & X @ special subvariety 2FN5B2HKL T 3.
U Z-regular TH3B. T(A) ZEDEADRE ([Cam04b, Prop 2.4]) &L, cx: X --»
C(X)%Z X O T(A)-quotient &9 5. D almost holomorphic fibration Z X M core &
A

Chow-Barlet space Chow(X) IC2WTIE [GPRGY4, 8F| B (fcfeCnb#L W) STICERIE
ROEEDTHS.

Chow(X) I& X @ cycle (subvariety + o) D79 ZE/ (Chow-Barlet space) C CIC /N
7 b Fujikih’\W3 ERBS5. (Fujiki DEEH S Chow(X) DEHIRAH A INT IR ZH5)
A:=A(X) C Chow(X) & X D special subvariety 2N 540 3H%EE T 3.

T(A) I quotient B3 FL WK KD ICHTRY. CDEPHT X A singular 728 5 £ VWA
W 3.6 2R

cx : X --» O(X) IFIFFIFIF EEBRRICKZEER”. DFD very general Bm 2,y € X
Tao~yZ layh2y,...,Z, € T(A) &7%83 X D subvariety TiEIENS1 E L TEZEL
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e EOBERICEH W
e cx & special fibration D TER/N (dim C(X) BVNEWV) HDTH 3.
ECOERZRIEDRSIED <O sah ok,
D 3.1 DERICEWVT, [Cam04b] THWHSNTWSABICEAL TEXRDEED. 12

Theorem 3.2. [Cam04b, 1.1] X 7%Z A2 IN7D FERE normal BFRZERC L, S C
Chow(X)(X) & X @ Chow Scheme DEPREETH > T, X D covering family €T 3.
R(S) Z S IC&>T X LICHEESNBENERREEL. D2&FED z,ye X HEAMETH B
&, SICEDNSA=2FIFoNnTc X OFERY A T ILOBROBRED X > /\N—D&EE%:
MOPIZ 2,y FFENTVE LT 3.

CDEE, Tgeneral fiber’H R(S) DEMEFE L %D & D% fibration

gs : X --» Xg

WEETS. I5IC g 1& almost holomorphic TH D, bimeromorphic ZFRVWT—ETH
3. g5 & X D S-quotient &ML,

.

”general fiber” |ZB8 L TI&very general fiber” 72 & 85 .13

Definition 3.3. [Cam04b, Definition 2.1] S % f#ZEME, A C S ZHREE LTS, BN
7 Zariski BASRDES T C SICHLT, ANT BT O—fE=m%2 8T, HB3WVIE T @ Zariski
HESMPESDOABMICEENTWVEREE, AF (S ICEWVWT) Z-regular THDEES.
BEBOHZAICIE, A X T IZHEWVWT first Zariski category” THDEHES.

Proposition 3.4. [Cam04b, Propsition 2.4] A C S & Z-reqular £ 3. CDLE, S D
Zariski BB DES S; h'5R308 (HBZWIER) HHIAFEELT, REeHT:

1. BilCDWVWT, 4, :=A4ANS; 1 S; D—Ra%xET
2. Al A 2FOMTHB.
C D& (S;) B irredundant, D&ED i # j BH5IE S, C S TH S;C S THHEWL, LW

BEFETEWMIEZEBERESHLAVESIE, COKIE—ETHS.
CDEE, S Tcb%Z A D component LIS,

HShafarevich map &h MRC fibration % ¥ E S ICE 1. Ri& Campana DHERLH IS L.

2Horing DB L3 X https://math.univ-cotedazur.fr/~hoering/hoering-dea.pdf H B M. 2EMFIF
[Cam04b] DARTE o 7=

13[Cam04a] IZ& W TId general % very general DEKRTHE> TLWVe. CHIERAICETVEES.
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Theorem 3.5. [Cam04b, Theorem 2.5] X %& >INV & normal BEAZEM in Fugiki class,
ACC(X)%Z Z-reqular £3%. EDKSIC A D components D%z T :=T(A) £T 3.
(HL T D covering THITNUL, THIC X DEHNLRIEEZMRS) .

ga i=qr : X - X7 := X4 % X D T-quotient £ 3. tc AT, V, DN gr DH3
—f& fiber F ERXDZDHDETE. COEFTV, IEFICEENTVWS. B qgr & X D
A-reduction EFESN.

3.2 Construction of the core as the lowest special fibration. [Cam04a, 3.1]

3.1ICHF B core mapex : X --» O(X) & X B singular DIFFIFL < HHSALN.

Example 3.6. [Cam04a, Example 3.2] 2.14 D@D X %Z Ky H' big BHEZSHKE Y (HI 2 IFTEEK
2 ED)—< VHE) D projective cone £ 3. 7: X - X Zv TDblowup £TBLp: X - Y

I CPL-RICH S
~ @CPL-®

X

7
W\L v
X/

TBRERDDODB.

e X @ core map cx : X --» C(X) IEHEBRTH 3. Chid X OEEDORHFIEROFMT
BN, BIEfhIRIE special THBDT.

e X O core map cg: X -»CX)Id3: X 5 Y THB. Y H general type TG DT 74
IN—HYCP! (%5IC special) THBDT.

o X | special TIELY. X Hspecial TIEH LD T.

BHICCOBINE>TLB DI
cx D7 74 N—IE special TIEHL.  and 0=dimC(X) # dimC(X) =1
TH5.

7272 LC D& SHBZ 2iE X A smooth S DAL

Theorem 3.7. [Cam0ja, Theorem 3.3] X Z#EHRZKIAE in Fujiki class £ L, cx : X --»
C(X)%Z X D core map £93. COLEIRMHDILD.

1. cx D—HRT 71 IN—I& special THB. $FIC cx |& special fibration

2. F %& cx D wvery general 77 AN— L, Z C X &7 F £X03 X D special
subvariety £9%. COLE Z IF FICEENS.
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3. BfR cx |& almost holomorphic TH 3.

E|& core map & special REFDZ A ZE L 7= map T dim C(X) BA—FENTWVWHD L WS REL
T®H 3. #EFAIE [Cam04a] X [Cam04b] ZBHR. "stability” B EHHTL 3.

Remark 3.8. [Cam04a, Remark 3.4] ?75H'5, core map & general type fibration T#%H 2 Z & HbH
3. 29 ELOFERIZ X A smooth THL TH KLT THREDIIDIZT??

relative ZBIRFICH WL TH core map HBEFEET 3.

Theorem 3.9. [Cam04ja, Theorem 3.8] X,Y Z A2 INT & normal ##MZEM in Fugiki
class, f : X --»Y fibration £ 3 3.

CDEZE 22D fibration cp: X --» C(f) & g5 : C(f) --—» Y IC&2T
f=grocy

C—BICHRENG. CCTyeY 5—REALTHEE, R ¢ X, - C(f), 12 X,
D core THBD. CDREf=grocy & f D core EMER.

xX- o)
N
N |
N 19f
f S

3.3 Functoriality properties. [Cam04a, 3.2]

—%IC X DY normal 72 ¥ core map I& bimeromorphic invariant TIXZRLY. 3.6 N EDHITH 3. L
H L X H¥smooth 7% 5 bimeromorphic invariant T3 3.

Definition 3.10. X ZEZHEZHE in Fujiki class £ T3 L EF, core map cx : X --» C(X)
LT

ess(X) :=dim C(X)

EHEZE, X D essential dimension & M.

X H'smooth DL EF, dimess(X) = 01F X |E special THD L LEETH D, dimess(X) = dim X
I& X 1 general type THB L LEMETH S. (5.10 BE).
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Theorem 3.11. [Cam0ja, Theorem 3.9] X ZBHRZRKIE in Fujiki class £ 3. cx :
X -->C(X) ZED core L, ax: X --» A(X) ZFD algebraic reduction £F 3.
CDLE cx =byxoayxy Zmlcd cx DDfRbx : A(X) --» C(X) HFEETS. HI, C(X)
|1&®IC Moishezon TH 3.

SRRl a(X) = 0 2 51 special TH 3 Z eh 5.4 Thk D bimeromorphic model TERDE X T
C(X) I& projective L{RE L TR\,

Proposition 3.12. [Cam04a, Proposition 3.10] X, 7 Z8FRZRKEK in Fujiki class &9
3. h:Z --+ X meromorphic map T h(Z) B 3 cx-general fiber EX0O B ERET 3.
_DrE, BRER meromorphic map

cp: C(Z) - O(X)

ThHh->T
ChOCZ:CXOh
ZHIETHDOLEETS.
‘ZW%C(Z)
I'h :Ch

Y ¢ Y
X-"%002)

Proof. —f&m 2z € Z \IZHLT, V, :=h(c,lez(2) C X BEZXD. §3L, VzId2.7 &0 special
T, IREN S, cx-general fiber FF €13, & 57T core map DEE (2) KDV, C F HMES. 0.10
M5 ¢, ODEEHESND. O

Corollary 3.13. [Cam04a, Corollary 3.11] h: Z --+ X Z E® 3.12 DREZ HT-TER
£93. COLE oy IBRDIFEICHEETS.
1. BfRcxoh:Z s C(X) hEHTHZHE.
2. Zi CXPLeTTNIARTAIEINTVT, ex(Z4) 1eBH C(X) 2 WBT LS
BEDBIRETR (Z1)ter D general member THDHE.
3. ZC X, B3 fibration 1 : C(X) --» Y IZXFL ocx D general fiber T34
B. TOEFE cy IFBIZ cx D Z AD restriction |[CTRB.

Yvery general fiber IZB8 L T ridigity lemma 0.10 ZfF5 (X EB3) A& 3.11 Tk X normal £ > TV, 25
smooth DEEWVEEES.
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Proposition 3.14. [Cam0ja, Proposition 3.12] X ZEHRZEIK in Fujiki class & L,
f:X --»Y % general type DD special fibration £§35. CDEE f=cx THD (IEHE
ICWND & core map & bimeromorphic T®H3.)

ERICIFH o &8 <, X EICIE special H*D general type T# 3 fibration & ICEEL, #N1UE
coremap CT#HD ZEHHHD. (BESDEEFET coremap M general type TdhHD Z EHIEEHATH
3).

Proof. f ' special THBDT, g:Y --»C(X) THoT gof=cx ZHIITDENEETTS.
U f @ general fiber F & special THD, cx DdHB general fiber C ERHBDT, core
map DMEE 2) S5 FCC tib.

—7% f |& general type THD, 25I1C&D h:C(X) --»Y TH>T f=hocx ZHITREN
FETD. LID>T f=cx DMES. O

Corollary 3.15. [Cam04a, Corollary 3.14] X ZfBERZRKE in Fujiki class T general type
£93. COETE cx 1T X DIEFEEHRTHD, ess(X)=dim(X) TH5.

idx ICEZBIRT SRV, BH 5.10 KDKDILD.

Corollary 3.16. [Cam04a, Corollary 3.16] X ZRZRZHKIE in Fujiki class &L, n :=
dim(X) £9%. RDZDODHEICIF ess(X)=n—1TH5.

(a) K(X)=n—1THD, X D litaka fibration Jx B general type fibration T®H 3%
B. 2DZT cx=Jx TH3.

(b) X @D rational quotient (MRC fibration) rx : X --+ R(X) ICDWT, R(X) hVKR7T
n—1 M general type THDHE.

¥H 511 KOREDIID.

Proof. (a) DI/FE, Jx D fiber B k = 0 T special THB. & 27T, core map I& Jy ZiBBH, KT
BEINIL cy = Jx THB. (b) BELTHS. O

Corollary 3.17. [Cam0/a, Corollary 3.18] X ZfRERZRKIK in Fujiki class, C & &5 DR
SIRCACEENAR, f: X - C % special fibration £ 3 3. COEIRXDELSDHDIID.
(a) f D general type B2 f=cx THS.
(b) f B general type TlIF7R <, X H special THB.
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Proof. f h'general type 2518, 3.14 £ D (a) BRILT S. &> T f A general type THRWE T B.
X Hspecial ZREFIFEL.

BIEE h: X -—» T &L\ general type fibration B"®» 3 & 93. 25 &0, hik f ZFHAL,
C-+ZEWSEGHINHS ClEcurve TdimC >dimZ >0&D, C — ZIFEBRICKS. £oT
f hY general type ICBRDFET 3. O

3.4 Rationally connected manifolds [CamO04a, 3.3]

[Cam04a, Subsection 3.3] IFZRD & S ICEHNTULE

aAVNT b BBRZER X 1, X OFEEDZ DD generic point H¥ X @ rational chain (Z
fUE X D connected projective curve TH D, ZDETOEHIKRDH GEFEHLH LNAERWV)
BIEMIETHB) ICEENZ LT, rationally connected THB ELED.

FMATVWTU <KD L.
C & rationally ”chain” connected DEFE

THs. ELVERZDNRBZLRDEED.

Definition 3.18. (cf. [Deb01, Chapter 4 Section 4.1, 4.5]) X Z Q> /N7 b fRTZERE
5.

e X P rationally connected(BIEEE, RC) CIFERD general point  z,y € X B
EEhR CP! — X THEIFh3 C k.

e X Hlrationally chain connected (RCC) L IFERD general point  x,y € X HMEAIA
HOEEHE CP — X OMTHEIENZ Z&.

DD EIFATD@ED

o JHELDIID:
Fano (—Kx ample) = rationally connected =rationally chain connected
THB. WD ILT7R L.

e X H'smooth(H - &§§< KLT) % 51 Rationally chain connected = rationally connected
T 3. smooth D & F | Kollar-Miyaoka-Mori, KLT D& & Hacon-Mckernan [HMO7].

e rationally connected & bimeromorhic invariant 72A%, Rationally chain connected |&% 3 T

I3V (TOFIBER)
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Example 3.19. 2.14 D@D X ZFEH2U LD —<TVEY D projective cone £ 3. 7: X — X
oy TDblowup £T3L ¢: X = YV IECPL-FRIZHS.

TRL X FvZBB3EEMIRZDZFE > T, FR2D 2 REFHENS DT Rationally chain connected
T#%. —7 X |Z Rationally chain connected TIEHBW (HLES A Y AEEMHEEZE>TL
F5). BEZOHID X IFKLT KO BVEFESZHEFD.

Theorem 3.20 ([Cam04a, Theorem 3.19], [GHS03)). f: X — C % SHEAKHEHR C £
D fibration &L, X IIFEZRKIET, generic fiber B rationally connected THD LT
5. CDEZE f & holomorphic section ZHD.

R Kollar-Miyaoka-Mori-Campana IC & % MRCC (Maximally Rationally Chain Connected)
fibration ¥ L < |& Rational quotient Td%. [Deb01] 2.

Theorem 3.21. [Cam0ja, Theorem 3.23] X & A IXT & normal BBWTZER in Fujiki
class £ 3. X O MRCC fibration (Rational quotient) EMFIEN 2B —RZR meromorphic
fibration

rx : X --» R(X)

NEEL, ReHhfcd.

1. rx @ general fiber & rationally chain connected TdHB .

2. rx D very general fiber I FENERXDHLD X LOFEEOREMEZST.
3. rx I& almost holomorphic TH 5.

.

X H¥smooth @ & F & rationally ”chain” connected MERF % rationally connected I L THERLL.

[ Corollary 3.22. R(X) I& non-uniruled T&H%. $5IC Kp(x) & psef THB.

Proof. R(X) %Z smooth & L TR\, R(X) %Z uniruled ERETS. DL —ME 2z € R(X) IC
DWVWT z 2 @3 HEHIECNEETS.Y ETTrx 7y (C) = CEEZXZ L (BEr ' (O) D
resolution % ¥ 2 T smooth £ LTRW), 3.20 &b C — 7 (C) WS section "EET S. Th
iErx D2BBDORMICFET 3.

EEBDERIL Projective DIFFIL [BDPP13], A>/\Y b Kihler DIFEIE [Ou25] DFERICLS. O

B—femion L CEEMENEET 3 CCHEE. R R(X) ICHEHMENFEET S 8iE®H D 5 3. (Calabi-Yau
RE)
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Proposition 3.23. [Cam0ja, Proposition 3.25] X Z&FZZKIE in Fujiki class, Y Q>
INT & normal BBATZER, f: X --» Y & dominant meromorphic £ §5. CDEE f &
functorial TR ER

fs: R(X) --» R(Y), f« : C(X) --» C(Y)

EFHET5.

\.

LDHET f:=rx &ELL, BRRBRER
(rx)«: C(X) --» C(R(X))

%# 183 . rational quotient MIFF L, —H&D special fibration LB > TRDZEHNERS.

Theorem 3.24. [Cam0ja, Theorem 3.26] X ZBEZZHIEK in Fujiki class, rx : X --»
R(X) % X @ rational quotient £ L, cp(x): R(X) --» C(R(X)) & R(X) D core &
9%.
X DY Moishezon 78 514,

(rx)« : C(X) --» C(R(X))

\& bimeromorphic T&HD, cpxyorx : X --» C(R(X)) & X D core THB. FiIc
C(R(X))=C(X) TH3.

X--2L-0(X)
! !
Irx | (rx )« bimero

CR(X)
>

Y Y
R(X) - == C(R(X))

\.

Remark 3.25. [Cam04a, Remark 3.27] X A" ”Moishezon” T# 3 £ WS IREZ%, "in Fujiki class”
TH3 L WVWSREICTFDND D IEREF?6

LR ®D prop (¥EZXZDTEVNTHL.

Proposition 3.26. [Cam0ja, Proposition 3.28] f : F --» G % fibration £ L, F € C |&
smooth, G |& Moishezon DD special THD , f D generic fiber |& rationally connected
THBDETD. CDLE F |E special THB.

1 Z@7®dITliE, FTD [Cam04da, Lem 3.29] IZHF 3 G IR TRREXZRL LS ICFTFHNUETDTHS. "D
FRBICBEVWTH > H, £HEDH [Cambda, Lem 3.29] B> TWVWBI DD bh 5 HH o7 (BICSEEBVWERH o) &
D THERR® F0E LA L.
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3.5 Surfaces. [CamO04a, 3.5]

BAF Titaka map & Jx : X --» J(X) &R7.

Theorem 3.27. [Cam0ja, Theorem 3.31] X %& Q>IN b+ Kihler HEIE. 3. €D core
cx WWROESICEREINS.

1. K(X) =275  cx =idx THD, ess(X)=2 TH>.

2. k(X)) =dimJ(X) =1 BB cx = Jy THH, ess(X) =1 TH3.

3. k(X)=1>dimJ(X) =0 &5IF X (& special THB.

4. K(X) =025 X I special THB.

5. k(X)=—c0 DD q(X) >2 %5 cx =rx THD, ess(X)=1TH5.

6. K(X)=—0c0 B2 q(X) <17%A5IE X |F special THB.

Proof. k(X)=2 DETEIF, 3.15I1C&%.
R(X)=1DEE, Jx: X --» C = J(X) I& special fibration THBDT, 3.17 Hh5HH'S.
K(X)=0DEEIF, 5.1 KDEIC special TH 3.

K(X)=—0co DEE, HEDHEHNS, X IFCP xC EWEETH3.'" ZITCIFg(C) =q(X)
BT TR TH S, ¢(X) > 274851 rx 1& C ANDHFHETHD b core map 128D, ¢(X) <1
B5IE, CP'H C B special BDT, X | special TH . O

B G ' almost 33 L& almost (virtually) abelian Td 2 &Ik, BIRIEHD abelian B30 ZH
D2ILZEWS.

7

Corollary 3.28. [Cam0ja, Corollary 3.52, 3.33] X & A2 /\N7 b Kdihler IEIE 3 5. X
DWVWTNHHEEDIID.

o X (& special THD, cx SEMBERTHS.
e k(X)>1T cx =Jx (litaka fibration) THS.
e K(X)=—00 Tex =rx, 305 X D rational quotient TH 3.

THIC ess(X) IIXDLSICEHETES.

~

ess(X) =2 THBDIF w(X) =2 DEEFIIPRD. (general type L [FME)

ess(X) =1 THBDIE w(X) € {1,—00} MDD m(X) D virtually abelian TIRWE
TICPRB.

3. ess(X) =0 THBDIE v(X) <1 DD 7 (X) D virtually abelian TH D E EIZFR

o

X |3ghiE C LD CP R tWEIBTHB.
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3. ZDHEIE Special THB L EFHETHS.

2OV ND b Kdahler BAIE X B special THBDZE L, finite étale BZHH, TDHM
BHROVWITNDOHEENBETHI L EIIFEETHS.

(a) P*(C).

(b) CPY(C) x E (E |X taFIHhiR) .
() K3 #mE, F7cld Abelian HAE.
(d)

d) Bf§ C LD elliptic fibration T multiple fiber DEED m ETHZHD. ZZT C
ISEEBHIETH O TEDEET m <2, HBWE FBHMBERTH - - TEDEET m=0T
HB.

& 2T X HHEDHEICITRADLA S
71(X) ¥ almost (virtually) Abel < Special < weakly special'®

F7c X --» J(X) Z Kx @ litaka map & L TRA DD B

Special Nonspecial
K(Kx) =2 X & IC nonspecial
K(Kx)=1 | (d) dimJ(X) =0, m(X) ' almost Abel | dim J(X) = 1, m1(X) H’ not almost Abel
H(Kx) =0 (c) ".%" I nonspemal X
k(Kx) = (a, b) ¢(X) <1, m(X) H¥ almost Abel q(X) > 2, m(X) H¥ not almost Abel

Proof. BABICBY 2 FRUNEIE 3.27 hEBEBICHRES.

K(X)=—-00DLE, XIFCP'xC EWNEBEERERDT, m1(X) ~m(C) THDDTHIRDDEE
hrobhhd

K(X)=0DrE, DEHRHS 71(X) I& almost abelian THB Z&HEHS5NATWS. ¥
K(X)=1DEEIDERIE, Jx IC3.29 ZBEITT S. O

Lemma 3.29. [Cam0ja, Lemma 3.84] f : X — C Z AV /NJ & Kihler il X £D
relatively minimal elliptic fibration £ 9 3.

18 X H¥ weakly special TH 3 I, FED finite etale cover(BFRHAEZERI) X’ H¥ general type AD dominant rational
map ZB IHWI &. —f&ICIE Special % 51E Weakly special 72h°, i (&R D I 7=72 0.

9Minimal model X — Xpmin ICEWVWT 71 EAETH D, Xpnin ¥ ¢1(Xmin) = 0 TH S DT, Beauville-Bogomolov
RS 71 (Xmin) 1& almost Abelian TH 3.
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1. EE® scheme-theoretic fiber X, %
f(e)=>_m;D;
JjeJ

EEL. CDEE multiplicity

m(c, f) == inf{m;}

&
m* (e, f) = ged{m;}
ICHFLL.

2. finite étale B u: X' — X DEFEEL T, voff=fouh fou D Stein PETH
BLOICTED.CCT X - O I&EHE, v: 0 - C IIBRETHS. COLE
g(C") > 1 %251F [ 1& multiple fiber ZH 19, C' NEEHRELSIE, L 2 KD
multiple fiber ZH5, TNHED multiplicity IFBEWIERTHS.

3. EBIZ, EOWKHRT g(C") = w(C, f') = w(C, f) DD ILD.

4. X h special THB L, m(X) D almost abelian TH 3 ZE CILEETHS.

Proof. (1), (2) |SHHEID 7 71 N—DHEICLD. 2
ZFITHE 3) 1F, E20FRICOVTIE L.1ADSE, £ g(C)>185IEM=0THB L
SEENSRS.
RRIC (4) ZRT.X D special THBRERETD. COLE K(C,f) <0 THH, ->TC IFE
IBghiED FEFRHIETHS. £ L TT D exact sequence B FEET B.

m (F') = m(X') = m(C") = 1

SCTF A O— T A N—TBD, F I BEERT, (F) ~ 72 TBH 3.

£2THL X' h special 251E 71 (X') 1& almost abelian T&H D, f/ & special THD x(C’, f') =
k(C, f) THBD'5, X H special THHUE X' B special Th 3. > T m(X) I& almost abelian
THB.

WIZ, m1(X) DY almost abelian THBDERETS. COLE 71(C’') B almost abelian TH D,
ISBEIBHED FBREIETHS. > T <(C, f) <0 THD, 3.31 5 X & special THD. O

[Cam04a, Subsection 3.7] TIZ 3 RITOHVWSEHH 3.

VZp@bidE< bh 5D o7, HERICHESZ??
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4 Orbifold additivity

4.1 Titaka conjecture

[Itaka’s Cy, m-conjecture LIFRDEED

-

Conjecture 4.1. [Cam0ja, Conjecture 4.1] Y, Z ZBZRZWKIE in Fujiki class, g: Y — Z
% fibration £ 3%. COEE

KJ(Ky) > Ii(KF) =+ Ii(Kz)

DD ILD. T T F X general fiber THB.

KUTHR B AFBEFEE DK [Fuj20) B SOPRROBEICHKDIID.

dim Z = 1 Kawamata, dim Z = 2 Junyan Cao

k(Kz) = dim Z Viehweg, Kollar?

Fiber H' good Minimal model ZH 3§ $3%5. Kawamata? Kollar? / (Fujino?)
¢(Z) = dim Z Cao-Paun, Hacon-Popa-Schnell, Juanyong Wang...

[Cam04a] DFEIS k(Kz) = dim Z DBHICHBL TWVWS. felek<bhbhh 7. ZNvER
7o [Wan2l] DADFART L, BEBADDIFFEHTNTVBREES.

4.2 Orbifold conjecture C,‘f}’n

—REXEDFFRICEEEL T 2R TEL.

Theorem 4.2. [Cam04a, Theorem 4.2/ C’g{b conjecture Y, Z T BERZRRIK in Fujiki class,
g: (Y/H) — Z fibration, Z |\& projective £ 3.
g |& prepared D high D D general type, TBHHE

w(2/A(g, 1)) = dim(2)
THBIERETD. COCE

k(Y/H) =r((Y/H),) + dim(Z)

HEHFREDR—LR—JIREFEICETIETERD/ — bHHS. https://wwvw.math.kyoto-u.ac.jp/
~fujino/sonota.html

ZRED high” > TRABATEE RS T:
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MEDIID. TCTzeZ F—MRTHD, (Y/H),:=(Y./H,) TH3.

"high "IZB L Tl [Cam04a, Section 1] ZBR. —RHNBRAZETIIAL. SBUELTEIERL Tz
HI3.

Corollary 4.3. [Cam0ja, Corollary 4.6] X,Y, 7 &R ZHKIK in Fujiki class, f: X — Y
g:Y — Z %Z fibration £ 3. HL go f D general type THNUK,

H(K f) = K(Ym fz) + dim(Z)

MEEDIID.

Corollary 4.4. [Cam04a, Corollary 4.7] Y, Z Zf8FRZRKIK in Fujiki class, g: Y — Z %&
fibration £ 9§ 3. H L g D general type THIUL,

k(Y) = k(Y,) + dim(Z)

MEELDIID.

5 5. Geometric consequences of additivity

5.1 Varieties with x =0 [CamO04a, 5.1]

Theorem 5.1. [Cam0ja, Theorem 5.1] X Z#8FRZFKIK in Fujiki class £ T 3. k(X) =0
BHIlE X & special THS.

Proof. X h'special THRWE L TFE%ZRT. general type fibration f: X - Y TdimY > 0D
bOWBHBLTD. 444D
k(X) = k(Xy) + dim(Y)

EH35. CEk(X) =0 dimY >0ICFET . O

Remark 5.2. [Cam04a, Remark 5.2] 5(X) =0 D& F X (& Bogomolov sheaf Z#Ficm W\ &
HHB. [Cam] T, kT(X) :==sup{s(X,F) | FCc Q5 } & LT,

KT(X)=0=r(X)=077

45



ERBDEEFINTVE.BEE ¢ (X) =0 D X H Kihler 5 Yau DFERMNSIEL L.

5.2 The Albanese map [Cam04a, 5.2]

Definition 5.3. [Cam04a, Definition 9.26] X Z#EZHKA in Fujiki class £ 3. X H
weakly-special (w-special) TdHh D &ld, EED finite étale & v: X' — X IZD2WVWT, X'
HVWHER B IEDIRITD general type Y/ AD dominant meromorphic map f' : X' --» Y’
ZREBWIECZEDS.

Proposition 5.4. [Cam0ja, Proposition 5.3] X ZRZRZRKIE in Fujiki class £ 3. X
Y special %8513, Albanese Bt ax : X — Alb(X) EEFHI DT 7 A N—&EFETHD. £
e CDEFRIE X DY weakly-special THIEL L.

.

Remark 5.5. [Cam04a, Propsition 5.3] Tld RXIT 1 @ multiple fiber ZFL. T80 5
Alayx) =0 TH31 VWS ZEHRINTWVED, BICgap BB Zehbhofc. 2 X B
projective MIZFEIFIE L LY, Kihler @D & F[EAHA.

Proof. AN X % weakly special LIRE L TEEFAT 3. a := ax NEFRTHVWERETS. Z C
Alb(X) &L T 3.

[Uen75, Theorem 10.9]( FOEEEMR) ICL D, general type W AD fibration g : Z — W H'TF
93 goa: X — WD Stein DX - W — W ZEB &, W — W & finite DT, W’
$H general type THSD. &2>T X — W & general type W AD fibration &7 D | X |& weakly
special RO TdimW =0 &% 5.

& 2T Z |3 subtorus IC7% D, Albanese map DEBMEL D Alb(X) — Z £ WS ERHME—ICTFTE
93. LHL AIb(X) = Z < Alb(X) H¥identity map ICR > TFETS. P& >Ta F2HFTH
D Z=Ab(X) TH3.

RICa=Pod Z Stein DRLTS.CCTo : X - A BT 7AN—&ERFT, 5: A — Alb(X) I
BBRT# 3. KawamataViehweg D5&am ([Wan21, Proposition 4.1] T&R) IC& D, X H' weakly
special D T, A’ |F complex torus IC% D, A’ — Al etale £78 3. & T Albanese map DB
MED A - ARWERMICED, a ZT77AN—ERETHS. O

Theorem 5.6. [Uen75, Theorem 10.9] B % complex torus A D subvariety £ 9 %.
CDEE K(B) > 0TdB subtorus Ay C A ¥ projective variety W T Abelian variety @D
subvariety £ 1R 3HDHEEL T

BHEZ 5 < ZOFIE Campana 21T BSH . IcEFEBEZ S ADTIO pdf ICHMRE LTELTHWE
Mnttps://arxiv.org/pdf/2109.07147 B,
BEPEEHEDT Z = Alb(X) ERBILEESANBL o 1hd LR
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1. B— WIXIERIT 71 /N—3RT fiber B* A £7%23.
2. k(W) =dimW = k(B).

ERBLDHEETS. ET5IC B D algebraic variety 251, finite etale B — B, W — W
7’3‘\%9_(-, B gAl X W AN

Proposition 5.7. [Wan21, Proposition 4.1] p : V — T %Z finite § TV Z A2 INT b+
normal FRTZERE, T % complex torus £ 3.

CDEER(V)>0THD, B3 subtorus S C T, (projective) normal variety general type
W TT/S LT finite 8HDH B> TRZE®BLT.

1. fibration ¢, : V — W T&H> T general fiberi& S T$H 3. T TS I& complex torus
TS — S WS finite étale cover #BT 3.

2. k(W) =kr(V)=dimW.

5.3 The decomposition theorem [CamO04a, 5.4]

"ARNDAED B TDIT B ERIIRDED THB” 2

Theorem 5.8. [Cam0ja, Theorem 5.8] X Z8FRZHKIK in Fujiki class £ 3. X B
non-special 785, cx & general type fibration THS.

K> THEEDZBHKIEIZ X & core map IC&K 2T

e core map M7 7 /\— (special ZFKIF)
e core map M base ®D log general type (C(X)/A(cx))

ICDBEEIND. (CNDDRTEIBTHS) AR X € C ICX L TH special HD general type &7
% fibration ZH5, CNUISHE—TH D, core map THB.

Proof. d:=ess(X) ICEAT BIFME. d =0 I& X |E special DT 3.7 KDEESH.

d>0&9%. X P non-special DT, general type fibration f : X -—» Y B&H 525 &0, cx
Y special fibration & D

[ =1vocx

EVWSHEDDB. o : C(X) --» Y THB. 3.13(3) £, general fiber y € Y ICDWVT, exlx, :
Xy - CO(X)|x, & Xy @ core map THB. RINAEICKD ZD—AHZT 71 /N—I& general type

[Cam0Oda) DXEZZDEFHE -
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fibration TH>d. &>7T, 43 LD

K(X,zx) = k(Xy, cx|x,) +dim(Y) = dim(Xy) + dim(Y) = dim X

cx|x, gen. type

X BDT, cx I& general type fibration T 3. O

W< 2HD Corollary ZR Y.
Theorem 5.9. [Cam0ja, Theorem 5.10] X ZfZRZRRIK in Fujiki class, ax : X —
Alg(X) % algebraic reduction £935. $3L cx &

cx = ¢oax

ERBRTBEDM ¢: Alg(X) --» C(X) ZHD.HFIC C(X) I& Moishezon TH 3.

[Cam04a, Theorem 2.39] IC& D, ax O—HKT 71 /N\—|I special THBcHTHB. REDER
I& [GPRGY4, Chapter 7 Proposition 6.12] & D .(Moishezon M £ 4Fid Moishezon)

Theorem 5.10. [Cam0ja, Theorem 5.5] X ZIRZRZWKIK in Fujiki class £ 3. ess(X) =
dim(X) THBI L& X H general type TH3 Z L IIEETH S,

Proof. ess(X) =dim(X) THDETBDL, Alcx) =0RDT, C(X) h general type 7235, HiE
3.15&D. O

Theorem 5.11. [Cam0ja, Theorem 5.7] X Z8FRZEKIE in Fujiki class €T 3. n =
dmX >0 &F2LF, ess(X)=n—1THBZLIE UATFD 2 DOVWTNHHKILT D
CEEEMETHB.

(a) K(X)=n—1H"D Jx I& general type fibration TS .

(b) X D rational quotient R(X) & n — 1 JRITT general type THB.

.

Proof. ess(X) =n—189%. cx : X -»CX) D n—-1RxDFeHbO2TD —KI7A
IN— F & special HI#E T, )E> THIEME X/ I3IBAMETH 3.

F A EEIR%G 5, MRC fibration rx hcx Z@BDT C(X) = R(X) THB. £>T5HIDH
R(X) I& n — 1 RJTD Moishezon TdhHD. &2T3.24 &0, R(X)=C(X)=C(R(X)) BDT,
R(X) | general type TH 3.

F H'F8MRARAR 5, Tlitaka mapJx D cx ZIBBDT, cx = Jx TH . FFIC general type fibration
TdHhD. £7- X I& general type TIEBWLDT, k(X)) =n—1HHEETS. O
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5.4 Finite étale covers [Cam04a, 5.5]

Theorem 5.12. [Cam04a, Theorem 5.12] X ZBEZRZKIE in Fujiki class& L, u: X' —
X % finite étale /B LT BD. ¢, : O(X') --» C(X) ZFEINZIBEHRETS. COLZ ¢
I&

C(X') --» C(X)

DLEICHDIWEBETHD.(DFED generically finite TH B )
131 finite etale IHBDH L T ess(X) IFRETHD, special ZERIK D finite étale B
special £33 .

Proof. u: X' — X ' Galois T, #® Galoins 8% G LIRET S. €D core map D—EMEH S,
cxr V& G-equivariant IC7%%. b : C(X') --» Y & G-quotient £93. X' --» C(X') ZEHWT,
G-invariance DS BABER L : X - Y & 1§%. h: X -——» Y D fiber | X’ @ special ZHR{E
DRIEDT, 2.7(1) & D special THB. &>T0.10H5

v:Y --» C(X)
Tex =voh ERBDHBDHEET 3.
X - Yo
B ,u%h’l -—"7 :cu fin. etale /G
yesIl—__X----° XL oX)

5.8 & D, cxs & general type @ fibration T$H 3. €L T 1.14(2) B 5 uHletale BDT, h: X --»
H general type THB. cx : X --» C(X) I& special fibration 2D T, 2.5 & D

w:C(X)—=Y

PEELTC h=wocy ZMWld. UELDY =C(X) THD, h = c, I (generically I2) finite
aRANEN O
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5.5 Essential and Bogomolov dimensions [Cam04a, 5.6]

Definition 5.13. [Cam04a, Definition 5.13] X Z#ZRZH in Fujiki class £ 3.
B(X) := max{p > 0| Q% D&B5E & L T Bogomolov sheaf F C Qf. H'EFET 3 }

EEH . Bogomolov sheaf BEFELBVEEIF B(X):=0 & T 3.

Corollary 5.14. [Cam04a, Corollary 5.14, 5.15] X Z&ZFZHKIE in Fujiki class £ T3
EE, ess(X)=B(X) TH3. THITENIK core map IZ& 2T mazr DERINS.

Proof. F & X E®DR5T p > 0 M Bogomolov sheaf £ §%. CNIC{IRES B fibration I& general
type THD, 2505 cx ZilBS. &2 Tess(X)>p THB.

W, cx P general type O fibration T#H 3 7=, €®D Bogomolov sheaf DXITIE p = ess(X) &
B35 UELDFERANRES. O

5.6 Construction of the core as the highest general type fibration [CamO04a,
5.7]

Core map DEHISUTDL D ICEE TR CHTES. ([Voi] IFTDHETHBNINTULE. )

Theorem 5.15. [Cam0ja, Theorem 5.16] X ZfBZRZRKIE in Fujiki class 5. DL
Z X & general type DD special 78 fibration Z¥3FD. D fibration |IEMEZRVT—E
THOH, X D core THD.

C DIBREIE” general type @ fibration f: X — Y TdimY BRABHD” & LT core map Z AL
g3.

Proof. general type DD special 7 fibration BFELTHS, ENIE 210 H5HE—THS. &oT
FEOHFZETREIFRL.

dim(X) = n ICEAT3ENE HL X D special THNIE, EMEBRD core map THB. €5 T
BT NUL, general type fibration f: X — Y DBEFEEL, €OFT dim(Y) RADHDZELS.
BH L f D general fiber A special THBD L ZRY. €D THRWFHLIRET D L. relative core

=R TE 3.7
h:X—>272 g:Z—Y st f=goh

T Voi] IZHZESIBEVWTH 2712, TNAEXGBDOID DL S A. BINE T relative core DIFEE" BIREL TWB7??
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ER BT, general fiber X, ICDWT hy : Xy — Z, I X, D core map ICBBZEHDHEFET
3 CNUSIBIEDIRED S, general type fibration Tdh 3.

4.3 &0, h BIED general type @ fibration £7%%. LHL dim(Z) > dim(Y) &3 78, dim(Y)
HEAMICFIE. &> T f D general fiber ' special Tdh 3. O

6 6 The decomposition of the core.

SolEDbABEAST. [CWI5] £3IETEEROESD.

7

Conjecture 6.1. [CW15, Conjecture 2.4] X ZBERZKE in Fujiki class £ 5. CDL
Fex=Jor)imX ¥#i3% ZZT

e J Orbifold version of Moishezon map (Iitaka map D—7F&)
e 1 (orbifold??) Rational quotient

9 3. I special ZRkKIE k=0 k. =0 THEEENS. T

k4 (X) := sup{r(X,det F) | F C QX coherent subsheaf}

£9%.

Theorem 6.2. Orbifold version of litaka Conjecture BN IL DR SIXK, 6.1 HEDILD.

Campana OFEHEZ BRI FITIEIUTOLSICE>TLWE

e X --» R(X) @ rational quotient (MRC fibration) Z £ %. Kp(x) psef TH 3.
o Kpx) Deffective THB LT 3. §5L R(X) --» J(R(X)) % litaka map £ 9 3.

CNZRRDIRT E core map BMESNBLWVWSEBCTHD. HoTLBIHHHOHS5AR0L.

572 &IZ (orbifold??) Rational quotient |ZEWLVEH D & LT Slope rationally connected?? & W5 %
DHLHBZINNHH->TLEIH D OO SALN.

BRI S>THZIEEIIDODI>TVWELSTHS. UTZ2ERO L.

e Qile Chen, Brian Lehmann, Sho Tanimoto Campana rational connectedness and weak
approximation https://arxiv.org/abs/2406.04991

e Enhao Feng, Sara Mehidi Campana separable rational connectedness of toric orbifold
https://arxiv.org/abs/2511.22545

B1-f2 LKF M TH 3 nonvanishing conjecture HEIT TV LIRET S
Pnttps://arxiv.org/abs/1607.07829
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7 7. The fundamental group.

7.1

The abelianity conjecture. [Cam04a, 7.1]

Conjecture 7.1 (Abelianity conjecture [Cam04a, Conjecture 7.1]). X % special £ 3 3.
CDEZE m(X) & almost (virtually) abelian THS.

B# almost (virtually) abelian Td % & 13, BIRIEHD abelian FiDEZIF O Z LS.

abelianity conjecture [CBEL TIXIATDED . COFEIIZAHEDHL VWD THREITIESKERE
B>,

Example 7.2. [Cam04a, Example 7.2]

1 dimX <2 BHEICEDIELWL

2. Rationally connected Z#k{K. €6 ZHELRBENEHLENS.

3.

4. a(X)=0or k(X)=0. IN5H m(X) IF almost (virtually) abelian TH 2D & FRERINT

c1(X) = 0 DEZBFKEDIFE Beauville-Bogomolov 7RI & DIE L L.

W3. &> TIN5IE abelianity conjecture D—EET#H 5.

Orbifold rationally connected DIFH. [Cam0Oda] DL FIXZDHEFIFEXRENBEL
FRINTVWz. ChiZRILERNH o7-. Brian-Lehmann TATEHERL Tz 21TV,
Eric Jovinelly, Brian Lehmann, Eric Riedl Free curves and fundamental groups https:
//arxiv.org/abs/2510.27031 BROD L.

6. —Kx nef £7cld Ty psef. TRHIELL. BEEEHISHNSB.30

7.2

(BD)Titaka conjecture ?C™ — X ¥ L\ etale covering W FET D & EF, X & (finite etale
cover Z PRV T)complex torus THB"ICEAENHSD. COFEIL, "C" — X LD etale
covering BMEET 32513 71 (X) A virtually abelian TH3” L WD FRELFEETHSD. &
T abelianity conjecture D—&RICHR 3.

Linear and solvable quotients. [Cam04a, 7.2]

Theorem 7.3. X ZERZKIE in Fujiki class £ 9 3. X DY weakly special T3 EARE
3. m(X) D torsion-free DD wvirtually nilpotent T#H D EE, 71 (X) \& virtually abelian
THD

HBERBRBDIE5.41CK 37 Albanese map BEFHN DT 7 A N—EFE THBETHD.

30 _Kx nef %2 5IEZEAEED almost (virtually) abelian & Paun DFER L Campana DIEREEHETHHOHS.
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Proof. [Cam95] M&&&mIC & B. [Voi, Theorem 3.23]| Z5E(C L 1.

finite etale #W&B%Z £ 2T, m1(X) Z nilpotent 7ZE{RE L TRL. a: X — A% Albanese map &
ER-R

o a, :m(X) = m(A) IREHFICKD. CWSDH ¢: X - ADNT7AN—EHELDT (7.4(1)
B

= NN\

o o, : Hi(X,Z) — H(A,Z) \$E5H D, finite kernel TH 3. ZMNiE Albanese map DHEE

s
o o' H*(A,Q) —» H*(X,Q) BETH S. (7.4(2) BE)
H:=m(A) =7%"* &<,
n: H*(H,Q) = H*(Z*,Q) — H*(A,Q)
WS (2) BRI EETBRE%ERY. Ey —» By = Ey/H % H DDEE/RE$3.3! Ey 1387
WTHD. THCHEWE C' > ADEHRBOT, A = (CFx By)/H THB. T

u:AdA — ((Ck X EH)/H — EH/H:BH
tomEz LA

EEL. FELTnZUTTEDS .32
n:=u*: H*(By,Q) — H*(A,Q)(= H*((C* x Ey)/H,Q))

SDHE Ey = R* - By = (SH* THBDT, A —» By & CF/7% — (SH2* D& S ICHEXR
torus DIERBEE TN T, (SH)?* L AHBLIEER (BEFEER) ICFLL. Lo T2EHC%3.

&2 Tay: H(X,Q) = Hi(A Q) IFEEEDTLELEHLET
HQ(Xa Q) oa—*) HQ(Aa Q) n:u* HQ(Hv Q)

FLFOERTEHFICHS. G =m(X) £ T2 UTOTREANED ILD:

Hy(X,Q) — Hx4,Q)

A \:
H2(G7 Q) a—*> HZ(HvQ)

® (O : Hl(G,Q) — Hl(H,Q) [EE.

3mttp://pantodon. jp/index.rb?body=BG BR. FEDMMZEM X EOE HRE — X IZ2WT, H3EHRER
h:X — By DMFELT, W' Ey & EISEMBICRS. AIRIEH =285 R — S* AAENICHTS.
32 Z ZI& [Voi, Theorem 3.23] IC&1E =, [Voi, Theorem 3.23] TldH 2 L —MRDRAEEZ TV 3.
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o a,: Hy(G,Q) — Ho(H,Q) £5.
THBDT,m(X), m1(A) EHIC nilpotent THBH5, 7.5 & D
G=m((X)—->m(A)=H
IFBRD kernel ZH:5D.(2FTHB Z LIFFINSERXTHB)

EolcEBZFEHTHL.

Lemma 7.4. [Voi, Lemma 1.2] f: X =Y |& proper TRZHT.
1. fo i m(X) = (V) IZ2WT, fu(m(X)) C 7 (Y) I& finite index Z3FD. THIC
T 7AN—EEZSIZE, fo(m (X)) =m(Y)
2. f*: H(Y,Q) - HY(X,Q) |& Hodge #&EICH T2 HHTHS.
3. —MRT 7 A N— X, BEREHD, FBD i > 0T HY (X, Q%) = 0 B5F, f*:
HOY(Y, Q) — HY(X, Q%) 13 i >0 CTHRETHS.

Lemma 7.5. [Voi, Lemma 3.24][Wan22, Proposition 6.2] o : G — H ZBREMEFDZEE
AR Y $5. Hi(G,Q) ~ Hi(H,Q) REMD, HyG,Q) - Hy(H,Q) 2HAESIL, FED
n € Z4 ICDWT, G/G,, — H/H, 1& finite kernel and cokernel Z¥FD.

BET ICDWT, n-th lower central series Z I',, = [[,[,,_1] £ § 3.
UELEDINEZRS.

Theorem 7.6. [Cam0ja, Corollary 7.7, 7.8, 7.10] X ZBERZRKIE in Fujiki class h*D
weakly special £ 9 3.

1 p:m(X) = G DEBEOLFERET, G B solvable DD torsionfree THBD LT S.
CDEE G | virtually abelian THB. TB0O5, m1(X) D torsionfree 7& solvable
ElE almost abelian THB.

2. p:m(X) = GIUN,C) ZHRIRL T5. §5 L G :=Image(p) |& virtually abelian
TH3. T8h5, m(X) ORFEIE almost abelian TH 3.

3. m(X) BHEH (TAaHBREAFHERIRZID) B5IE, m(X) & almost Abelian

Y51 special 785 1E weakly special DT, EHREDIID.

o4



Proof. (1) m(X) =G DL F%ZFBAT 333 71(X) Hsolvable 72 & Arapura-Nori 97 DIERIZEK -
T virtually nilpotent Td# 3. & 2T 7.3 & D almost Abelian Tdh 3.

(2) G' & G D Zariski closure £ 9 3. BHR étale HEBE T X ZEIHZZLICLD, @ H
connected TH D LREL TELW. T3 LEHDTES

l1—-R—G — S —1

B, CCZ T S & semi-simple, R |& solvable Td 3.
S =1, 2FD G Hsolvable THB_&%Zmd. SHEBETHRVWETSR YL, [CCELS ICL>T
p=0co0p:m(X)— S IZ& B Shafarevich map3*

Shap/ X - W

ICB§ L T W B’ general type IC78 3. I X B weakly special ICF/ET B.

G ¥ solvable TH D, BHZ: finite étale B ZELS C & T torsionfree 3D T (1) KDV T
(3) 1& (2) DFFRIBIZETH S. O

Theorem 7.7. [Cam04ja, Theorem 7.11, 7.12] X Z8EFRZKIK in Fujiki class £ 3.
C" = X WS 25t etale map NMEECIRET 3.

BHL m(X) B solvable DERRETH 372 51F, X 13 finite etale B THRHL LITR L, R
=S RUZHSB.

. J

Proof. 8.4 &0, X & special THDZhHh 3. (HL<IE[KOT5] H5 weakly special Tdh
BN B) £oT7.6 KD 7(X) almost abelian Td 3. finite etale #7& CTF5 LIF T,
71 (X) Abelian EIRELTRLW. a: X - A %Z X @ Albanese BIRC T3 &, £5HD T 741
N—EETHS.

FTaD—MmMI7AN—DORTTHD&ERY. BEE dim(F) >0 CIREL,i: F — X
9% CLIZIEDRTHEHDAVNY FERDZHEZSERLDT,

image (i, : m1 (F) — m(X)): R
£33, m(X) H abelian THBDT

image (i, : H1(F,Z) — H1(X,7Z)): &R

BMOBEIFEEEL T3 RBIETEDBIALLES. DEDREDERNS 7 (X) @ nilpotent completion
T (X))o B =2 228 CEBUCHES. 2T (X)an — G IZED G & Abel &5 3.
34Shafarevich map (ZB8 L Tl [Voi] BHE.
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THZZrbHbhHh 3. &oTdual ZE> T Hodge 7 L T (Z CIC Fujiki 21F5), FIFRE &
it HY(X, Q%) — H°(F, Q)

MNETHVL. LHALINE F D a DT7AN—THBZILEWVWSIERCLFETS. EE o
HY(A, Q%) — HYX, QL) & a D"EHBOTRITN—RERICHSEEFICHRD, amF_o
ERBDIHTHS.

MELD dim(F) =0 HDT, o |& birational £%4%. a RABETHITNE a1 4--» X ZEX
U, X IFEEHR fCP - X 280 LICHRD. TO fIFC — CHIHB ENBZH, Thik
EBICBOFET 3. 0

Remark 7.8. X &> /\7 b Kahler Z#kA . 95. CDID DFEIFLATD Shafarevich map &
‘RLTW3

[ Conjecture 7.9 (Shafarevich Conjecture). X DEB#HE (FIERILH ?

CNICEL TEBWREDY =1 ZBRP
71 (X) P linear 7R SEER L TW 3. projective 22 51F [EKPR12], O>/\Y b Kihler %5 [CCE15]
TH3.

Z DB Y DFEI quasi-projective DIHZEICEI L T Ya Deng A LWL/ HEEDRIAWS AL
ZHLTWS.

e Hyperbolicity and fundamental groups of complex quasi-projective varieties https://
arxiv.org/abs/2212.12225

e Reductive Shafarevich Conjecture https://arxiv.org/abs/2306.03070

e Linear Shafarevich Conjecture in positive characteristic, Hyperbolicity and Applications
https://arxiv.org/abs/2403.16199

quasi-projective M¥FE D Shafarevich conjecture |ZBF LTI, m1(X) A linear 725 X OEEHE
HIERMD Zariski open set ICHB 2 ehbHhho>TWS. 36

357 A SURVEY ON VARIETIES WITH LARGE FUNDAMENTAL GROUPS” https://repository.kulib.
kyoto-u.ac.jp/items/6e8ed648-5783-4277-9975-513010993e49

36Benjamin Bakker, Yohan Brunebarbe, Jacob Tsimerman ”The linear Shafarevich conjecture for quasiprojec-
tive varieties and algebraicity of Shafarevich morphisms” https://arxiv.org/abs/2408.16441 BEROZ L.
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8 8. An orbifold generalisation of Kobayashi-Ochiai’s extension
theorem

8.1 Kobayashi-Ochiai D EIE

HEAY7R Kobayashi-Ochiai OEIEIEXRD & HD. [KOT5] £7zld [Kob98, Theorem 7.5.1] ZHBE&.

Theorem 8.1. [KO75] X, Y %& > IN7 b BB E TS, Y D general type TH B
51 X B Y AD 25 meromorphic map EEDESIIBRTHS.

Y P general type T# 3 ¥ I resolution Y — YV ICDWT Ky h'big THBEWVWSIZETHS.
Theorem 8.2. X %Z %M, A C X ZHARMZEMETS. Y Z general type D n-
Ryt AVNT b BBREEE 5. COLE, AR n ZHDERD meromorphic map

f: X\A--»>Y

|&, meromorphic map f: X --—» Y NCERINS.

\. 4

meromorphic map DERABEH n ZHD2Ld. f B X\ ADHZRICEWVWTERERICAD, ihD
ZOMW (YIAETTY)) AR n THZZZES. TUd f D dominant THB Z E EFEETH
%. f H'nondegenerate(FERIL) EHLS.

7~

Corollary 8.3. X, Y Z# AV /\7 b+ #RRZER, A C X Z8DEMZERC 5. COLE,
RAPEEL n ZTHD meromorphic map

f: X—A--»Y

LHRDOERIIBERTH 3.

8.2 Statements [CamO04a, 8.1]

LD EEIF Orbifold version of Kobayashi-Ochiai & HE X %

Theorem 8.4. [Cam04a, Theorem 8.2/

o V ZERBHREERZWRIK, D C V %Z reduced divisor, U:=V \ D T 3.

o X Z AV /\NY NRRNZERIT Fujiki class THBEL. ¢: U --» X & meromorphic
map £F 3.

o7



o f: X =Y % fibration ¥ L, ¢ :=fogp:U =Y HIERILTHZLT3. (DFEDLH
BZRICEWVWTIEAIERICED, D ZDMS (Y AETTS) DK dimY & 43)

BHL f: X --» D general type fibration TH DR SIERHEDILD.

1. Y= fo¢:U =Y |& meromorphic IC ¢ :V =Y AERINS.
2. FRDTARELENDYNZEH m >0 £ 95. FED s € HO(Y, m(Ky + A(f)))
I LT, o*(s) & () (s) € HY(V, ()™ ((m — 1)D)) NERTENB. K

T HOY,m(Ky + A(f))) = HO (V)" ((m = 1)D)) s = 9" (s)

REZ BN, TNiE FERILDRED 5 ) BEHTH 5.

INHSHHBILIFRDESD.

Definition 8.5. [Cam04a, Definition 8.10] f##7ZEfE X ' Cl-dominable T#H 3 I, FE
BB ER (dominant map) ¢ : C¢ - X NEETZI L.

Cdominable & L5 FEEIF Buzzard-Lu DX [BLO0] H'5.

Corollary 8.6. [Cam0ja, Corollary 8.11] X Z A2 INT & normal FEATZER in Fujiki
class £ 3. X b Cl-dominable 72512 special TH 3. $FIC Oka ZHRIKIZ special TH .

%1% dominant meromorphic map ¢ : C* --» X HEET B3 THRL.

Proof. BIEE. X Hspecial TRWLE F B &, general type fibration f: X -—-» Y Tp:=dimY >0
ERBDHDHWEETS. 22 B LV EDOTOMEICELD, Y LD Q-divisor A(f) h'd > T w(Ky +
A(f)=p>0TH3ZRELTRL.

V=CPL,D=CPlrd3,U=Cleh3d £o2T84H5
W*: HOY,m(Ky + A(f))) = H° (P, (25,)®™((m — 1)D))

CESBRERS. Lo TRETEIEFEEZRS.
Claim 8.7. D CCP" %Z (1K) DEBFEETBHEE, FED p,m > 0ICDWVT

HO(P", (Q2,)%™ ((m — 1)D)) = 0°7

¥7Campana DX TE HO(V, (Q5)®™((m — 1)D)) = 0 BEICBED D pair(V, D) % log RC ATV, &
&7 (P, P 1) Hlog RC ARDIFEHEICHNZ” LEVWTH o 1. (BEBRDH?)
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[claim DFERA] D ~ Ocpr (1) TBD, D1 1B % slope pp MU TFO L SISHETE 3.

pp (2p)*™ ((m —1)D) o ((Qgp)*™) + pp((m — 1)D))

slope aﬂﬂff'ﬁ

= OPp) +m— 1
Doy mpp(Qepn) +m
1
= — pln+1) +m—-1<0
cf. [Iwa2l, Prop. 4.2] n

S CP" IZIKEFEZFDODT (Qp.) ™ ((m — 1)D) I& D-semistable TH 3.

—H&IC ample BEREER A ICDWT, E B A-semistable vector bundle DD u4(E) < 072 5(E
HY(X,E)=0T®% (flZ1E [Kobl4, Chapter 5| BIR) K> TS X f.

BEBDEEIT Oka ZHELR 51F Cl-dominable THIRIEEHNSFKTLS. O

8.3 Sketch of proof of the Kobayashi- Ochiai’s extension theorem. [CamO04a,
8.1]

FERRI [KOT75] EBL &SI 35 LY. /2 BBEKR T [KO75| DFERH L <Hh > TWLWAEWTT.
BRTEILoEVTVWEERT ..

BZH6 X =D BUABOER, A=D"! x {0} LIREITZIETTHS. (RXT2ULEES
BFICHERT ) D"\ D" ! x {0} = YV ICBAL TROBEEZFESIETTHS. (FFL <IF [Kob9s,
Theorem 7.5.1] BER)

e A

Lemma 8.8. [Kob98, Lemma 7.5.8] f(z) = Y oo aqz? D punctured disk D* = {0 <

g=—o00

2| < 1} ETERIAD, HBEOBE m HH>T,

/ |f(z)|2/mdxdy < 00

MHDIDETS. CDEE, ¢<—mIZDP2VWTa=0TH3.

84TD ()*™((m—1)D) D m — 1 IFLDOFHEHISEKTWVWS. (ML m — 1 AIDOELHE 7L
YES5CY)

il

9 Relationships with arithmetics and hyperbolicity +& X7

CCRFRESNDBOT, BEICHATUWWERS. [Voi| DY =R DHRS £ FLHNST
WD TE-5%3IBT 3.
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Conjecture 9.1 ([Cam04a, 9.2, 9.8, 9.5 and 9.20]). X Z A2 /XT b BERZERIK in fujiki
class & LT &, RIZEED ?

1. special.

2. Kobayashi pseudo-metric dgop x 1EEIC 0

3. entire curve h: C — X T Zariski-dense %6 DHFTE. (Zariski dence entire curve
DIFTE)

entire curve h : C — X T metrically dense 726 DHFEIE.
FEEDZDD—HZ=D entire curve THENR S
FEROUEEENH B entire curve DIRICAL FNDB

X H¥ C-connected. DEDERD a,b € Y ICHL, BRED f; € OC,Y), j =
1,....,m T

NS G

QEfl(C), befm(c)7 f](C)me+1((C)7é®7 Jj=1...,m—-1

ERBHDHEFET 3.

\. J

LIEFHBDEELVDOTRIFT-ORADBNITABRILEEERS ® BE X HRCELHIEEDLL S
TW3. [CW23] B

Conjecture 9.2 (Arithmetic analog). X projective variety /number field K. RIZ[E1E

1. Xc \& special (X¢ 1& SpecC — SpecK I &K 27T base change LTcHD)
2. X potentially dense, DX D HBEMRILK k/K B& > T, X (k) & Zariski dense

9.2 ICAL TIRREERL H o 7. ZDFAIF Weakly special (5.3) IFEIELK BRI Z5THS.

Finn Bartsch, Frédéric Campana, Ariyan Javanpeykar, Olivier Wittenberg ” The Weakly Special
Conjecture contradicts orbifold Mordell, and thus abc” https://arxiv.org/abs/2410.06643

CEDMXICLB L

number field E®D ABC FREZRET B &, weakly special 725%, X 1 potentially dense T7R UL\l
NEETS

EES T THB. 1=12 Weakly special 72H' special Tl LMD Bogomolov-Tschinkel®? 124 %
DT, T 9.2 BRICREID H B0 TIEA L

3877 ariski dence entire curve = special or weakly special”’ H'f#F7c 5, Green-Griffith-Lang FREHEEITZ. B D
TLIESONZFEIBLFRIEZCES.
3nttps://arxiv.org/abs/math/0303044
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BELEOFRUISNMBMERED FREMIELTWNS.

7~

Conjecture 9.3. X ZHEZ/kAC T 3.

o (Green-Griffith) X general type WHIFERD f : C — X IZDOVWTHREBERIE
(FO" #X)TH3?

(Lang) X general type 78 513F, HIEDERABNEE Z C X FEFBED f:C— X I
DVWTHREURIL (F(C) £X)THB?

X general type B HIXTH 3 Z &ld, FEDEHAEDLEZARAD general type TH 3
CErEfE?

(Lang) X projective variety /number field K £ 3 %. Xc hVIMEIHEARIA S1E, Xk
D K-BERISERETHS?

(Kobayashi?) hyperbolic %8 51& Kx amlple (big)??

9.1 h-special

[CDY22] ZRTWVWB ERDEERDHoT-.

Definition 9.4. [CDY22, Definition 1.11 (h-special)] X %Z smooth quasi-projective va-
riety £ 9. ZIEER s ~yZ 2,y € XHDEMER f1,....fi : C - X TH-T,

o~ car

Z; = (O e Ll &,
xEZl,ZlﬂZQ;é(Z),...,Zl_lﬂZl;é(Z),yEZl.

PEDIIDCEdd. R={(r,y) e X x X;xz ~y} &T53.
X Y hyperbolically special (h-special) &l& R C X x X H' Zariski dense THD & & LT
EERITD.

TdHD. &>T[CW23] &P rationally connected 7 513, Zariski dense entire curves H'd 23 DT

Zariski dense entire curve H'd % = h-special

hspecial T$H 3.

& ZATID h-special I& special LEARB B DIEB SHN(EBLSHE LD L C-connected & BEFR
HDES.) BIZRRL special LUK SAWMENH B &h' [CDY22, Section 10] ZR 3 & HHB.

40 —

COEDIFW/ HEEDH — R EREDOEIER IR & Nevanlinna BiE"Z8E(IC LT, https://www.

jstage.jst.go.jp/article/sugaku/59/4/59_4_353/_article/-char/ja/
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