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Chapter 1

EEMDOER

Introduction

QCR" ZREBELLTRZERT 5.

e C®():={p: Q=C|pldC®#H}
e D(Q) ={p € C>®(Q) | Supp ¢ H' compact}

Distribution & & A : D(Q) — C TCHRENOEHRE LI HDTHSD. T, Eield"D(Q) £
T — eBBIEAp) > Alp) "ERBIEEEKRT 3.

ZFD®ICIE, D(Q) ICRZ B THEZ ANZIHENDHS:

DQ) Ty = ¢ THIILIF, HZAVNI FEEK C QDB >T, Supp ¢; € K TH
D, EBD a=(ar,...,an) IWT, —HRIC D¥(ps — ) = 0 £ B

(BOZEOANO| T, CHABE L LTEANTW . 772N B AN e e — DI £
5HW.) COBETE, D(Q) IR L% BT 3 & 5 BfiEWN 3.
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1.1 Topological vector spaces

K=RorC, | | Z#xELT3.

defn-M-1.1

Definition 1.1.1. X Z K EOARY MLZER, 7 % X OUMEE 3.

(X, 7) hitopological vector space(iIMHNY MILZEM) CIdRZHBILT L.

1. (Ty &%) FRD 2z € X IZDWT, {z} € X D closed.

2. MEX xX =X, (z,y)~ax+y ANT—EBKx X = X, (a,7) —~ az H* (FBAIHE
ICEAL T) Efe.

Remark 1.1.2. fitBXR 2 +)LZERE I Hausdorft.

Proof. f: X xX = X, f(z,y) =2z —y &BEL (2) KDEH. (1) &b {0} IFBAEE. £oT
A= f"1({0}) C X x X HB. & > T Hausdorff. O

defn-M-1.2

Definition 1.1.3. X: K EORZ MILZER]. U TOREZEET 3.

1. BPEE E C X Hleonvex |, FBD t € (0,1) ICDVWT, tE+(1-t)EC E X%
CZ. (b EEMICECY, FRD 2,y c Bt € (0,D)IC2WT te+ (1 —t)y € E
LBk

2. BBDES E C X Hbalanced & &, FED a € K, |a| < 1ICDWT, aF C E X7%4% C




. CDEE0€0-ECETHB.

3. X Z K EOMAEANT MILERE 3. HPEES E C X Hbounded & &, FRD0ZF
CHESV CXIDOWT, H30<tg cRDBBHT, FEDt > tpICDWVWT, ECtV
CiRB L.

4.d: X x X = Ry X DOHERECTS. dHinvariant metricTH D £ 1&, EED
2,9,2 € X ICDWT, d(z+ 2,y + 2) =d(z,y) ZHcT L.

EEZNPR Z LU, convex X balanced %R IE R™ @D open ball D D DEEIZR/-L TLIL.

Remark 1.1.4. Convex, bounded |& translation invariant Tdé%. 2% D, E B convex ¥ bounded
BoIE, FEDac X IZDWTCa+EHESHD.

Proof. M\FECX,ae X &9 3.
[Convex DIFHE] E convex £ T 3. fef .nB_%‘l‘:')zE%fd) te(0,)ICDOVWC tE+(1-t)EC ET®
3. o THEEDL€ (0,1)ICDWVT

tla+E)+(1-t)(a+FE)=a+tE+(1—-t)ECa+FE

EEDWRT.

defn-M-1,2 X = -
[Bounded DI HA] E bounded &9 3. 1.1.3 %‘5 0eV CXopenhH>T, EED¢t>0ICDW
TLECtV Th3.

EOTRILIFFEREDt > 0ICDOWVWTa+ E C tV THD. CHIFEEDt > 0IcD2WVWT
ta+1E CV ZREIRRV. T TROEHEREE R 3:

T

FiExXx(KxX)—1-XxxX X

(a> z, b? y) L ((I.ZU, by) — ((I.ﬁU + by)
FBRERDHHB.

1. 0 € VIZHERRBDT, (0,0) cUxU C X ERBMAERU C XHH>T, UxU CT V)
E7%3% . (BAMEDOERL T DEFM)
2. E bounded &£D,t > 0ICDWT %E CU. £2TH3ec>0hH>T,cECUi?.

UEERBHEDEDZ L ( IFBBISHLCTNELT), (0,6) x {a} x (0,e) x EC F~Y(V) &% 3.
Ut > 0IcD2WVWT ) .
Ea%—;ECV

ZRRY B. O

PEBD > 0DV T R, "HB30<to e RBB>T, EED ¢t > 4o ICDWVWT” #EKT 3.



defn-M-1.3

Definition 1.1.5. X # K _EDHIENY MLERBE $3. X Dlocal basis& 1d, Bm0e X

TO local basis(FE) D&, 2FD 0 DFEEN B ZEER BT, ERD0eU C X
open ICDWT, HBV e BHH-T,0cV Cc Ul CRBDEBRDL.

defn-M-1.4

Definition 1.1.6. X % K FO{EXRY MNLEBE T 3.

1. X Hlocally convex & &, X B0 D convex ZBHLED 578 S local basis ZIFDZ L.
2. X Hlocally bounded & I, 0 h' bounded ZRFIAEEFDO L.

3. X Hlocally compact&id, $3 0 DBFIEE 0 € V C X T, V D' compact BHDHH
3k, (BED locally compact £[E L)

4. X Hmetrizable& |&, HDHEREJ: X x X — Ryo BH > T, d DAMED X OLIEE
ALCLTHhdC L.

5. X N F-space& |3, 32 5Efm% invariant BB d : X x X — R H'H> T, d DA
N X OUBECFEILTHB L.

6. X ' Fréchet space& &, X ' locally convex DD F-space 782 Z L.

7. X H' Heine-Borel Property Z#D & &, EE D closed bounded H' compact %% C
. ("R" DBREAKSIEI /NI b7 WD Heine-Borel DEEMNSEKTWVS. )

-M-3.1
chiFgaE-TWL. B3 MC“ Flocally compact = BFRRTT] * MNocally bounded + Heine-Borel
Property = BEX7tl Z/R9. BRDT, locally compact R EIFHZBICEESBVWEWVWS T ET
H3.

1.2 Separation properties

prop-M-2.1

Proposition 1.2.1. X Z K EORMEART MLERETS. K C X & compact, C C X %&

closed&3%. KNC =2 36, D openset VC X T (K+V)N(C+V)=0 R
B3HDONFETS.

\.

Proof. a: X x X xX - X% az,y,z) =x+y—2H. KNC =2 &, K x{0} x{0} C
a X \O)THB. aBEHT, X\ Copen BDT, o 1(X\C)Hopen. &>T, K H compact %
DT, HBopenV C X T

KxVxVcal(X\O)

ERBHDNEETS. Lo TK+V-VCX\CTHY, ( K+V)N(C+V)=0%d. O



prop-M-2.2

Proposition 1.2.2. X 7 K EOQAIENYT ~LERET 3.

1. C C X convex 2 5IE, C,C° B convex.
2. B C X balanced 251X, BH balanced. S5, 0 € B° THBDH5IE, B° H balanced
3. E C X bounded 72513, E, E° % bounded.

Proof. (0). EEAAICEWVWTESERZFLHTHLS

1.ae XIZDWT fo: X = X, fo(z) := a+z (SEEERR. EFIFBASH T f_, PEERICKE
BD5. FARRIC s e K\ {0} ICDWT, f5: X = X, fs(x) := s -z HEEER.
2. T: X xX =X, t(r,y) =x+y B EE, TIXHER. BERS5 U,V C Xopen IZDL)
TTUXV)=Upep(x+ V) THD, 2+ VIFELDHEEETHEZIDT.
(1). mg i, FEDt € (0,1) ICDWVWT, tC° + (1 - t)C° C C° THS (CHBREL). t € (0,1)
ZEET 3.
[C°IZDWT]. C & convex DT,

T(tC° x (1 — £)C°) = tC° + (1 — 1)C° € C

TH3. TIIABBRED, tC° + (1 —t)C° IF open BD T, C° ICFEND.
[CIEDWT]. XROBEREEZ 3.

F:XxX—1 oxxXx T X

(x,y) — (tz, (1 = t)y) —=tx + (1 — t)y

CDFIIEHRETHS. Lo CEROBAEEZAVWERER?LD F(OxC) c F(OCxC) th3.
CxC=CxC7DT, BT

tC+(1—-t)C=F(CxC)CF(CxC)=tC+(1-t)CcC.

2). a €K, |a|<1ETB. folr) =ar &HEL L, EROBARZTAVFEEELD

aB = fo(B) C fa(B)=aB C B

& 2T balanced T%H 3. ( RED aB C B IC B h¥ balanced Z FUL\T2)

0B ZEBIRETDE,0-B°=0€B°THH, FED a €K, |af <1ICDWVWTH, afgdht
FMEBERTHDDT, aB° = (aB)° C B° &7 %. &> T balanced.

MAEEEOBOER f: X - Y NERTHI L, FBD AC X IZDWT f(A) C f(A) THE I LIZRAET
H3.




(3). E° ' bounded I& E° C E &KDBESH. E H bounded Z/R"9. 0 € V C X open ZEET 3.
TITLIRERDL>0ICDVWTECtV THB.

Dl LT, {0}n(X\V)=92 TH3. {0} compact, X \ V closed & D, P ]—%—‘25.1,
Hdopen 0 e WCX T
{0} +WNn(X\V)+W)=9g

ERB. K 0eW WV ZBKTS. (BLWN(X\V)#0R5, DD W aEH
W eRHDEHE, TN LEICFETS). E IE bounded BDT, FEDt > 0ICDWVWT E CtW
MELD tfZIZEEZRDT,

ECtW=tW CtV

& 2T F |& bounded. H

prop-M-2.3

Proposition 1.2.3. X 7 K EOQAIENYT MLZERET 3.

1. 0€ U C X open7a 51X, &3 balanced open W T, 0eW Cc U & R2HbDHH 3.

2. 0€ U C X convez open 78 513¥, &3 convexr balanced open W T,0e W Cc U 7%
23HbDHH 3.

Proof. AR 6 > 0L T, Bs(0) :={a eK|la| < §} &&K.

(1). f:Kx X = X %Z fla,r) = az £TD. THITERLD, f1(U)IF(0,0) z2BLHEST
H3. £>C, HB0>00€V CX tidopenh®BoT, Bs(0)xV C f~HU) &Hh3.
W= f(Bs(0) x V) £&EL. W C U BBHBH. oW =50V THH, X OREKETH 3.

BOBeK, B <1IEDWVWT, BW C U5 BaV CW BB, (JaB] < DBEDT). &2T
W & balanced T 3.

(2). A= oo, acx U EFT 3. (K=C %5 5" D& S ICEEGS L TEBHELB)

[ Claim 1.2.4. A |& convex balanced TH 3.

Claim DFEEA. Convex ICBIL T (JtZ2 & > TEZR ML) BAS D balanced 2R Y. S €K, |f] <1
Z8B. PACAZTEIERWVW. 0eU LD, 0 ATHSB. £oT0-ACATHD. Th&b
BAOLLTRW. $3L || =145 =1 THBODT,

BA= () BalU = () ﬂﬁmyUc N Barrca
al=1 lal=t 8] 18]

|laf=1

£, (IplU CcIBlU+ (A —|B))U CcUICER. 0 € UIKZZICHEDS) &> T balanced TH
3. O



C D A° B L W convex balanced open THD & %ZRY (FBEDERD W). TDT=HICIE, prghy2-2

&£D,0c A THBZremtEIFRL.

0€U&D, (1) h5%H3 balanced open 0 € V C U B’&H 3. V Id balanced DT, a € K, |a| = 1
IC2WTC,a VeV THD (ol =18BDT). £2T,VCcaV cal THZDT, L@ %E
o7,
Ve [)aU=4
lal=1

Z183. Vopen&D, 0V CcA @D WVWRT. O

cor-M-2.4

Corollary 1.2.5. X Z K EOMENT MLZERBE TS, CDEF X X balanced 7 0 DF

IED S4B local basis %ﬁgﬁ-r/{—
T 5IC X D locally convex (h_ﬁ%%ﬂ%) w5, conver balanced 78 0 DFHEFED 5783 local
basis ZHFD.

cor-M-2.5

Corollary 1.2.6. X # K LORIEARY MILZEBE 5. FEOIVNI FEEK C X I

bounded TH 3.

-M-2.3
Proof. 0 € VC XopenZ&d. FEDt > 0ICDVWTE CtV ZRY. T3 %‘5, d % balanced
open TOEW CV ERBDHDHH 3.

T X = Upep, "W THBZLETT. X C Uy, nW DBEFEIERL. [ Kx X - X
Z fla,z) == az EHL. FREDy € X IZDOWT f(0,y) =0 € W THD. £o7T fIdE:
BDT, (0,y) € W) &HB. TNED, 36 >0 0DBIAEU C X BdH>T (0,y) €
Bs(0)x (y+U)C fT(W) A3 FCi<shnzehld lye WehHd. LoTVWRTE

GKCX=Uez, "W TKIAYNIbBDT, HBnHH>TK C nW £78%. W Id balanced
BOTEEDt > nlZ2WTnW CtW THD. Ko TEEDt>nIZDOWVWT

KcnW CtW CtV

74D K |d bounded THB. O

1.3 Types of topological vector space

prop-M-3.1

. defn-M-1.4
Proposition 1.3.1. X 7 K LORHMERY MLZEBETS. X D locally compact (1.1.65

B) &5, BEXIT. P
512 X D locally bounded hD Heine-Borel property 3§D (1. 7.6% i) wsld, BREXIT.




Proof. (1). X % locally compact £ §5. EENSHIHES0cV C X TV H compact BHD
PIFHET 3. (3055, V I& bounded TH3. & >T Vb bounded THB. &2T, {27V sy
10 D local basis IC% 3. (fEE®D open 0 € W IZDWT, V bounded ZRD TV C 20W 73 ng
PEN3H5)

TT0eV &b, VC UIEV(SE—F%V)'C“ZB%. V& compact £D, 3 x1,...,2m € X D'H DT,

eqg-prop-M-3.1

VC(z1+3V)U- Uy +35V) (1.3.1)

123, TTTROLSICHL.

o Y = E?llKl'iCX
° d::dimKY
o v,..., v €Y K LOERE.

Claim 1.3.2.

f K — (K x X)4 x4 X
(ai)f_y = (@i, vi){oy > (a; - vi)fy —> E?:l O

EHELCE K o X ITEHRER. FLT, f: K- VIIEMEEBRT, Y C X 1 X OFF
&5

Claim DEBR. A DS —EBPELENERLRDT fI3Es. /- f: K= Y II2BHTHS. C
NHAEEICHRZDZRBZ7HIC, f L ZRDLSICHERT S

Si={zeK!|||zl| =1}, B={z e K¢| ||z]| < 1} £HB< (R OHRELBPFRTHS) 0 ST f
ERTEST LD . 5 4 ¢ f(S) € X »D f(S)compact TBH3. (X & hausdorff K DEALETHHSB).
J:O_CE_Z%%“:T & % balanced open W C X TO0e W HDW C X\ f(S) BHLDHEET 3.

fIW CBT®HBILERT. Blze f['W\BHEELELTS. EEDS 2| > 1 TH3.
Whalanced 2D T, f~'W % balanced, & 2T,

L —1
W) W
THB. NS F e fUW) ERBD, VLB LI BDT, W C X\ f(9) ICFET .

FICEED r > 0ICDWT, f71 W) CrBTH3. K> TEED r > 0IC2WT, f~1rWNY) C
rBTH2. CHUF f1:Y 5 KIN0eY TERTHD L ZEKT 3. FROAy e Y IZDW

SRARZRIDER f: X Y Dz c X TEELI, fo) DEEOFRE V ISHLT, 53 « OFE U BEELT,
fU)CVEeRBZE.

10



T, UToR%E£2 3.

y I kd

+y B l+f’1(y)

y Ik
COMDKRENIFEETHS. £oT, f1:Y 2 KHEEy THERTHS. Chkb f: K- Y
I EIHE.
Y C X DEIEAETT. yeVELS. X = Uy, W (T30 ORBBBE) THZOT, t > 01
HoTyctW i3, tWopen BDT, y c Y NtIW THS. f1tW)CtBTfL:Y - KIH
BHEBRDT, Y NtW C f(tB) TH3. REICIBCKIAYNI LD, f(tB)BE5, F>THE
BRDT f(tB) = f(tB) TH 3. ULEODLEFADLESR L

yeYNtW C f(tB) = f(tB) CY

THD. o TyeY THH,Y =Y THEETH3. O

HAICRS. ((5EDY OFEN SV CY + LV THB. Th&D

1 1 1 1
- - - _ -
VCY+2VCY+<2Y+4V> Y+4V

Ei%. ChEBRDEBELT, V C U, (Y + 5 V) 2183 5 {27V} 21 D10 D local basis IC7%&
32k, Y hWEEEBODT,

1 _
ve() (Y+2nv> cY=Y
n>1
8% X =Upen kV BOT, X CY EH3. oTY 2K BDT, X 3BRRT
(2). X locally bounded 2 Heine-Borel Property Zi#fc 9 &9 3. locally bounded %MD T,

rop-M-

%0 €V C X T bounded open BMFEET 3. [97 &1 V % bounded. Heine-Borel Property &
D, VIEOYNT ;. £2T, X & locally compact %D THRXRIT. O

Remark 1.3.3. EDFIFADERNS K EOAMHERY FLER Y BERXITHRSIE, YV IFKY £
HTHD1 ZehTD@EBHSHNSB.

HorB X 2 K EDOMAANY MIVZER], Y € X Zd R KEDEBMETHLE, H5 K=Y
THRBENMD KIFFEAHDONFET D1 WS I bbh 3.

prop-M-3.2

Proposition 1.3.4. X # K EDOERT FILEBETS. X D local base hELKAR L

T2 (FICE—TETHD ) COLIRD="%ZmcTHEEd: X x X - RHIEFETS.
1. did X ONEZzFET 3.

11



2. d |\ translation invariant, DED d(x + z,y + z) = d(z,y).
3. FEEDr > 0IC2WT, {z € X |d(z,0) < r} & balanced.

TSI X D locally conver THBDERET . COETEREJIE, EREDye X, r>0IC
DWT{zr e X |d(z,y) <71} D conver” ELHRBELIICELDENTES.

Proof. AR X @ local base B"EARBIRE T 3. BEZE>TRLTWLL.

o . -M-2.3 -
(1). translation invariant ZREERE d: X x X - RHAFET I L. PF%T’T, balanced open H*5
7% local base {V,,}5°, TEE®D n € Z; ICDWT

Virr + Vo + Vo +Vn C VW

ERBDEDICBNS. £CT
D = {Z 27" e, = 0,1 THREZRWT 0}
n=1

EEL. D0, ) DDEEDr e DIZDVWTr =37 ¢c,(r)27" ERBRTIS—EMNTHS. £
CT,reDU[1,00) ICEALT,

A(r) i {X (r>1),
a(r)\Vi+ea(r)Vo+--- (reD)

EEERTS. (TORTRIFERMICERZ 2D, D DERHDSERMTHS). COLT0e€ A(r) D
FEED r > 01C2WVWT A(r) I balanced open TdH 3.

ECTROBEBZEERT 5.

o f: X >R z—inf{re DUll,c0) |z € A(r)}
e d: X xX =R, (z,y)— flx—y)

d | translation invariant 7’2 symmetric T# 3. (symmetric BDI&, A(r) H¥ balanced D T,
r—ycAlr)idy—zec Alr) ZRIEKT 3D 5)

[ Claim 1.3.5. fEED r,s € DU[1,00) ICDWT, A(r) + A(s) C A(r + s) DX D ILD.

Claim DFERR. r + s> 1 DBAIEEMA. £>T,r+s€ D ELTRLWV. rs,r+sEZRDELSICK

12



ANERR

r= a12_1 + - _|_ aN—IQ_(N_l) +OZN2_N _|_ P
s=/2 4+ 5N712_(N_1) + B2V 4.
rts=m2 ey 2V N 4

Case 1: B NHHB>T, a; +Bi=7v(i=1,...,N=1) DD, ay + By # v L8 BHE. D
EE an=By=0D"D, v = 1ICRSITZZ/HV. (CNUIETIICUTDELSIC

ap : 1 0 0 0 1
By: O 1 1 0 1
v o1 1 - 1 1 0
~— —~~ ~— O~ ~~
1 2 N-1 N N+1

E,N -1 FTIEDENDDEI >TEST, N DEFICED EADHRZNEZ—>THB. ) 5
M>2ICDWT
ar—1 V-1 +anVu CVy—1+ V-1 C V2

THd. UTM E"I’ﬁj\‘:j(gb\%ﬁtjét, an+o2VNyo+ -+ apuVy C Vi TH3. £oT
ay=0ICFETBL

Alr)=aaVi+ -+ an1Vyo1 +anVy +ant1 Vv +anvpeVvgo + -+ anVu

-~

0 CVN+1
CaVi+---+an-1Vv_1+VNy1 + Vs

E.M‘i‘:, A(s) cpiVi+--+Bn_1VN_1 + VN+1 + VN+1 —CZ@Z)U)_C,

A(r)+A(s) C (a1 + L1)Vi+ -+ (an—1+ Bv=1)VN-1 + VN+1 + VNt1 + Ve + Vv

CyVi+--+wwaVnoa+ v W
1
C A(r+s)

Case 2: TD&LS7% N HRVWEE, DEDEED I T o; + B = v DD ILDEIE, BHEIC
A(r)+ A(s) = A(r+s) Th 5. O

D Claim K OROD=D>Hhh 3.

(a) r,t € DUL,00) ICDWT, r <t 5IE A(r) C A(¢).
(b) f(z)=0< 2z =0.
(c) fla+y) < f@)+ f(y).

13



[ 8512 d 13 X £ transrate invariant metric £ 3.

D 3OO DI, (a).t > 1 DBEIFASH. t <1 DFEIL, t —rc D THZDT (BE%
EZ2%), LD Claim B5
A(r) C A(r) + A(t —r) C A(t)

(b). z =07 5IX
fO)=inf{r e Rso|0€ A(r)} =0

THD. BIZ f(2) =0R51E, FEDre DICDOWVWT, 2 € A(r) TH2, FICEEDn € Z, IZD
WT,z € A(5) = Vo, THB. X |13 Hausdorff T {V, },>1 1&0 D local base BDT, 2 =0 TdH 5.

(c). € A(r), y € A(s) ICDOWT,z+y € A(r)+ A(s) CA(r+s) THBDT, f(z+y) <r+s.
FoTrsICALTinfzENIETERB.

7 (b) X d DIEFEEM, (c) I&d D=AFRFERZRL TULT, dId symmetric transrate invariant
THBLIEFON>TWVWABDT, dIFIFLVEEBEE %4 5. O

(2). d h* X @ topology ZFFEETBD_LERT. 6 > 0ICDWVWT, Bs(0) :={z € X | d(z,0) < §}
EEERT . d(z,0) = f(z) THBDT, f DEEHD

B0)= |J AW

r<é,re DU[1,00)
THD. CDORTIHDS Bs(0) I& X D balanced open set TdHD. &7z Byn(0) C A7) =V, T
H3. TNED {Bs(0)}ss0 I& X D local base IC%D | d i X DLEZFHET 3.

X7 AEEDr > 01220V, {z € X | d(2,0) < r} l& balanced” & TICRLTe. &> TdHAR
LULEEREE &3,

X 7 locally convex 753, balanced convex &3 V, 23N TES. £>TAr)d
balanced convex IC7% D, Bs(0) HZ 5% %. convexity I translation invariant DT, 2D
y € Y IZDWT Bs(y) B convex £ 3.

O]

1.4 Bounded linear maps

defn-M-4.1

Definition 1.4.1. X|Y % K LOAERYT LZERE T 3. K-linear map A : X — Y A

bounded T&H 3 & I, FEE D bounded set F C X ICDWT, A(E) H bounded TH3B C &.
(DEDEED open 0 € V C Y IZDWT, 3ty > 0D BT, EEBEDt > to ICDWVWT,
AE)CtV &35 k.)
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prop-M-4.2

Proposition 1.4.2. K EOEAXRT MLZEREOREER A: X -V ICDWVWT, ROEH
ZEZ3.

(a) A &S
(b) A& bounded
(c) ERD X DEF {2 }n>1 ICDOWT, 2, > 0 (n— 00) BBIE, {Az, [n=1,2,...} C
Y (& bounded
(d) EED X ORF {z,}n>1 ICDOWVWT, 2, = 0 (n = o0) BHIE, Y ET A(z,) = 0
(n — 00).
DB (a) = (b) = (c) EBICHKDILD.

IBIC, X b‘MmsetrzzableEbLI (c) = (d) = (a) B’EDIID. DFD LDEGIIEETH
3. ﬁh_% TIN5, X D local base BRRRIRLESIE, LOFRHFIIEETHS.

. v

Proof. [(a) = (b)] E C X bounded £ 3%. 0 € V C Y open Z¥& 3. AIFEHHLZDT, 0 €
A=Y (V) C X open T#H3. &> T E bounded DT, t > 0ICDVWTECtA (V) THD. &>
Tt>0ICDWTAE) CtV &D, A(E) IE bounded &7 3.

[(b) = (¢)] X DRF {zp}n>1 Tap — 0 (n — 00) Kﬁ%%@’i’m% {:Bnn |n = X
H bounded THD & ZREIFRL. 0€ V C Xopen Z 3. %%OEUCV@%
balanced open H'# 3. x, - 0&DHB ng Hhd>T K?J‘EED_L’)JZDL_T*%.

en>nydblz,clU. CHUEz, - 0DERFDHD.
) . - - r-M-2 _
« BBl > 0DB>T, EBD L > o loDWT, 21,..., 20 € tU. ST DRI, (U
M balanced (FZ CICfES.)

U |F balanced 2D T, (BEEDIF L) > 1 LBRDEDICtg ZBDERT), t >ty BHIF U C tU
£%%. $oTt >t B5E {2, | n=1,2,...} CtU &b, bounded TH3.

[(c) = (d)] X I& metrizable £ 3. §5& X I countable local base Z#F DD T, E%VDPZ;MT_SUQ’
translate invariant metric d: X x X - R TX OMUMBEERT 2D DHEFET 3.

X O {2n}nz1 Tan =0 (n— 00) LHZHOEMS. ST %

1

d(25,0) < 15

ERBZDRARDEAREHL. (7c72L 2, =085k, :=n) k, — 0 TdH3. dH translate invariant
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RDT,
d(knzp,0) < d(knxn, (ky — 1)) + d((kn — 1)y, 0)
= d(zp,0) + d((kn — 1)z, 0)

£2TX EThyz, > 0THB. (¢) DIREZEEST, {A(knzy) | n=1,2,...} CY [F bounded
THB.

-M-2.3
TTEDB A(zn) 2 0ZRT. FEDOV CYopen ZES. ['955 &1 balanced Z1RE L TE
W {A(kpzn) |n=1,2,...} CY |Ebounded BDT, 5t >0HhH>T,

(A(knzn) | n=1,2,...} CtV

EHBB. ky,—o00&D, HBngh'Ho>T, EEDn > ng ICDWVWT ﬁ >1&7%%. 5V I&balanced
BOT, LV CVEBDB FLDBLn > B5IE, Az, €V THB. Ko TRROEERNS
A(zp) > 0THB.

[(d) = (a)] X metrizable £9%. A B0 TEFEIZTEIERL. EIEE A D0 TERTHEVWET
B, BHBIMEFEOcV CYDHB>T, EREDFEFE0cU C XICDVWTAWU) gV THD. &oT
X |SEEBEZERIB DT, FRED n > 1ICDWT, HB 2, € X BH 2T, d(z,,0) < %73"3 Ax, €V
ERB3HDDHB. Thidz, —» 075H, Az, IF0ICPERLABVDT, (d) ICFET 3. O

1.5 Seminorms and local convexity

defn-M-5.1

Definition 1.5.1. X % K EDMERYT MILZEREE$3. Bfp: X — R Hlseminorm &
FUATD 2 ZHZ/mTL.

o FED 2,y € X ICDWT, plz +y) < plx) + p(y).
e FBMD acK, ze XIZDWT, plaz) = |alp(z).

\. J

Berkovich D XA T, D seminorm (X" faithful seminorm” & E(XNBHD S L L.

prop-M-5.2

N

defn-M-5_1. e . .
Proposition 1.5.2. .51 U)Eéﬂi‘:?ﬁb\f, RO ILD. 7272 L p l& seminorm £ 3.

1. p(0) = 0.
2. |p(x) — p(y)| < plx —y).
3. p(x) > 0.

4. {r € X | p(z) =0} C X & KARAERD 2=/
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5 A={r e X |p(x) <1} C X & convez balanced.
6. p(x) =inf{t >0 |tz e A} THD. UTAED inf%Z pa(z) LKRT.

Proof. (1). p(0) =p(0-0) =10|p(0) =0&D.

(2). p(z) =plz —y+y) <plx—y)+pW), p(y) =ply —z+z) <ply —z) +px), ply —z) =
| —1p(x —y) THB. CNZHAEDEZLERD.

(3). (2) £D p(z) = p(x — 0) > |p(x) — p(0)| > 0 HDT.
4). (3) £iSTED
(

5). convex ICDWT. FED z,y € A, t € (0,1) IZDVWT, EEHLS
p(tr + (1 —t)y) <tp(z) + (1 —t)p(y) <1
THBDT. balanced ICDVWTIE, FED z € A, a €K, |of <1IZDWVWT
plazx) = |a|p(z) <1

BDTaxrc ALRB.
6). z€ X, t>0IZXFL

tlzcA o pitlz) <1 & tpx) <1 & pla) <t

THBDT, inf{t >0t 1x € A} = p(z) ERB. O

defn-M-5.3

Definition 1.5.3. X # K FOAMEARY MILZERE T 3. P & X @ seminorms DFRE T

3. P hiseparating& &, FBD x € X \ {0} ICDWVWT, 2 pePHH>T, p(z) >0 L#&
3C¢k.

thm-M-5.4

Theorem 1.5.4. X Z K EDORY MLZERE T35, P & X D separating 78 seminorms @D

BE93. peP, n€Zy IDVWT, Vipn):={z e X |plx) <L} BT,
B:={V(pi,mi)N---0NV(pp,n.) | r>0,p; €P, n; € Z,}

£9%. COLE X DU 7 TREFBLTHLONIE—DFET 5.

o (X,7) &K ED locally convex FIAENRZ JLZER.
o BIE (X, 1) D local base.

I 5ICZOAHENY FILER (X, 1) ERE R

17



(a) EEDpe P, p: X — RITES.

(b) EFRDERER E C X IZDWT, "E D bounded THB "' &lF, "EED e PIZD
WT, p(E) C R bounded TH B " & E[FHE.

& o T separating 7& seminorm H'5, 7=72—2® locally convex {UHENT ~ILZEFDEEDE £
D #1ld seminorm HMES open ball H' local base ¥ 7 3. boundedness & p h'5HHB

F-HLPHAABRARSIE B IFFE. & OTEISO )ZIMIS'JQ X, 7) |& metrizable T$H 3. $FIC Frechet 4

space, 2 F D locally convex 7D complete invariant metric Z 3§D (F-space) ZEff & % % ( =
5.

Proof. 772" B Onz 1T EB LIt DDEHESLE TS, DFED

Tl:{ U (Bi+ai)|Bi€B,ai€X}

i€EAEA

£¥%. 1L A =0 DBEE Uicnea(Bi +a;) =0 LEDB. TDr HMIABICHES T L &R
F(ChPRShhE—MHHE23)

(1. oer FEBE. X er5 X = U, (V(p. 1) +2) £D.
(2. Uyer = U Uy eTldr DERDDS.
(3). U, UpeT = U NUyer. CHUIDED PRI LVLWHDTTEICNRS.

Uy = U($Q+Ba) Uy = U (y5+Blﬁ)
acl BeN

ET3.70,ys € X DD By, By € BTHB. DL

Uinla= | J [(@a+Ba)N(ys+ Bp)]
acN,BeEN

KO TRIREZLIE 2,y e XDDB,B €eBIZCOWT (z+B)N(y+B')erTHB. 7 I&FIT
REED, y=0 L TLV. SHICUATDESICB,B %EDH
B:=V(p,m)N---0NV(py,n.) B :=V(p,n)Nn---NV(p.,n.)

€(x+B)NB' £$%. §5&m;,m), €L, %&

11 11
— < ——pilw—z) — < —pr(w)
m; n; m., n;,

EEDBDE, w+ ey Vpi,mi) NUi_, V(pi,m}) C (x+ B)NB £%23ZZrRd. (BHEInH
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FENNE 0+ B)N(y+ B) e ridw icBLTAMESE Y EER 5. )
Eew+ ﬂzzl V(pi,m;) N U?:l V(p,m)) £9%. "9 i,
1 1
pi(€—x) < — pi(§) < —+

n; ni’

TH3. 1 2BICOVWTK, we (z+B) & Ecw+ i, V(pi,mi) &D, seminorm OHIEMSZ
fE-T

PilE — ) = pil€ —w - w - ) < i€~ w) 4 pilw — ) <

TH3. ZOBRBweB ree U, VL m) BEoTLEEEABICLOES. Lo TWRT.
Ch&DRA DD,

o FEBEIZ (X, ) TEMEEE CRRUcr=U=,B +o OFIEIFZDT.
« FEDpePIZOVT, p: X - RiZESR CFSTED pz +y) - p()] < p(v)

o,
p(z +V(p,n)) C (p(x) — 3, plx) + ) CR
THH5DT.
o FEDV € BIZCDWT V & balanced convex 7 0 DBFLE. & seminorm DEE
hrobhbh3.

UT%RDDEMRBRLTWVL,

[B1& (X,7) TDlocal base %3]0 €U C X open, DED U e 7 T3. EENOHDr e X
Epi€P,n; €2y D> T

Ocxz+V(pr,ni)N---NV(pr,n,) CU
THB. FIZ pi(x) < n% NONECH m% < n% —pi(—z) e B, UMEOEDEMmEEIL LT
0eV(pr,mi)N---NV(py,my) Cx+V(p,ni)N---NV(pp,n,) CU

&3, Vipy,m)N---NV(p.,m;) € BHDT, BIE0DEXRIEFERLEED, DED local base T
H3.

(X, 7)1 Ty ZEfE7% 3 C &) FIREIEIEEBRERD T {0} A closed ZREIFRL). P (& separating
&D, EFEDz e X\ {IOO} _L%_’SDB\'CZF)% P EPDBOTUpy(2) #0THB. £27T, ;- <p(x) &
%% B e g, 5. '

X\{0}= |J @+V(psna)

zeX\{0}
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THBehbnd. £oT X\ {0} & open T, {0} & closed.
BLEITEFRLRZZC] X xX = X, (2,y) —2+y T3 (z,y) € X x X TERMTHZ_L
ZREIXEL. Bldlocal base DT, FED U := V(p1,n1)N---NV(pr,n.) € BIZDOWT, %5
WeBhH-T,

(z+W)+(y+W)Ca+y+U

ERBIEZETREBIFRWV. €543 W LTV (p,2n)N---NV(py,2n,) ZEHUTRL.
[(RAZT—BITERRBZ L] KX X = X, (a,7) —~ az (a,2) e Kx X TEHETHD czntid

BUL\. Bl local base DT, FED U :=V(p1,n1)N---NV(py,n,.) € BICOWT, H2 W € B
E,ac KDFRIDEEK D HBH->T

D -(x+W)Cax+U

ERBZBIEERBIEBL. THUIW =V(p,m)N---NV(py,m,) EBEZF, a+ae D, WIC
2ULT.
a+az+&) =(a+a)(z+§) —axreV(p,n)N---NV(pr,n.)

E7%% & 5106, m BBANERV. TN [l < L EBB&ESI0m; BHHKRE Loktiic
S(le] + L) < o BB &SI EHHNE < LHER L.

i

U EDfERE LTRNEZRS.

(X, 7) I3 K LORMMERD ~ILZER.

. Bl (X, 7) @ balanced convex set H5 7% local base.
. D12 ZTEIAAE T IEHE—.
CFEEDpePIZDOWVT, p: X — RITES

e N

=& IZ boundedness DFHETIFICBILT. TE C X H'bounded THD1 Zid, MEEDV cB
ICDWT, ¢t > 185 ECtV THD1 CCLRfE 2hid MEEDpe PICDO2VWT, n>> 17
SIdECtV(p,n) THD] CeEME. ik MERED p e PICDWT, p(E) C R ¥ bounded
EFEMETH 3. (ECtV(p,n)ldp(E) <L EELEBKTH B ITER) O

1.6 Cauchy Sequence and Completeness

defn-M-6.1

Definition 1.6.1. X Z K EOAHERY MLERE T 3. {2,}°°, C X HCauchy 7 ¥ I3,

FEDopen 0 €V C X IZDOWT, BB ng € Z, BH>T, FEDn >m > ng ICDWVWT,
Ty — T EV ETRBE.
X Hlecomplete & I&, FERED Cauchy FIHNUEKT 3 Z L.
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-M-2.3
WREPN Cauchy FIDEZEICHIT S V & balanced Z{RE L TEL.
Remark 1.6.2. X H* metrizable T invariant metricd: X x X - R%Z# D¢ 9 3.

C DB {2,122, M Cauchy SITH B C &I, BEOI—>—FDERER MEED: > 0ICDWT, $3
ng € Zy BH>T, EED n > m > ng liCDWTC, d(zp, zm) < el E[EMETHS. EBHIF invariant
75 d(xy, — xm,0) = d(xn, xm) THBDT.

Remark 1.6.3. Cauchy 5l (D% FES) IE bounded.

-M-2.3
Proof. FE®@Dopen0cV C X% & 3. i?20.33I;),0€ W C V &73%% balanced openW Z & %. &
Bng €L BB>T,EEDn>m >nglCDOWVWTC, o — 2, €W E78DB. Flcxy,..., 20, € LW
ERBEDHB g > 1ZEND. t > 20T BE, n>ng BHIE, W I balanced & D
Ty = Tng + (Tn — Tpy) € oW + W C (2to)W C tV.

Fren<ngBSIEx, ctoW CtV. £2T. £2Tt> 20 WBIEz; €tV THB. O

1.7 The space C*(2) and Dy

defn-M-7.1

Definition 1.7.1. Q ZZTHAUVR" OFES, K CR*"ZAVN\NJ MERL T 3.

e C®°():={f:Q—>C|flFC®H}
e D ={f€C>®)|Suppf C K}

EHEL. INslE C-vector space THB.

.

Distributions DEHIC Di HYPETHZ. - OHOBRIINTHS: (ABCEL TIRITESHE)

Goal. % C>*(Q) OWUMET, Re@mlsiBzANS.

o C°(Q) IXMENY MLZERICHES.

e Fréchet space. D& D locally convex H'"D complete invariant metric Z3#§2 (F-space)
e Heine-Borel property Z#FD.

e FEDIAVNI FEE K CQICDWVWT, D C C®(Q) I closed.

UFQEZETHRULVR DEESET 3.

lem-M-7.2

Lemma 1.7.2. $2 VNIV MEEDII K, C Ky C - CQDBHo>TREFLTHDON

FETS.
1. K; C Kf+1
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[ 2. Q=UZ, K7

Proof. a € R", r > 0IC2WVWT, B(a,r) :={z e R" | ||z —a|]| < r} EEDSB. Bla,r) = {x €
R" |||z —a||<r} THB.

B:={B(a,r)|a€Q"NQ, r € Qso, Bla,r) C Q}

YE%. CNEAEEDT, B={B1,B,,...} LHRTEINS.

K1 = B1 &93. LX—F Kl,. . .,Km b‘{’EhT:H%tC, d>IND l‘%% Km+1 c N —CKm (- KZ-H 4
AT HDZIFHRIICHER T SD. v € K ICODWT B(z,r,) CQERBDr, >0%ZE3. K, AN
IRBDT, Ky € Uiy B(zj,10,) £TES. 5 C =, Blwj,ra) £H<E, CAVNT T

K,cCc°cCcqQ

%%, £>T Kyt :=CUBpy ESIFIFRLL.
FED K\, ... . Ky,... DBEEDDS, Q=2 K £12%. O

UFa=(al,...,on) € ZT ICDWVWT
D® := 03} - Opr

EEDD.

prop-M-7.3

lem-M-7.
Proposition 1.7.3. 1.7.2 U)i SIC{K R, 283 FEDN € Z ICDWT

py:C¥(Q) =R f o py(f) = max {|D°f(2)| | 2 € K, | < N}
EH<. COERMEDIID.

1. P:={pn | N > 1} IZ C®(Q) D seminorm D578 3 separating family. ﬁt:%}%%%é
5 C(Q) & locally convexr hD invariant metric 32 C LOARIENT ~LZER &
VANZSY

2. FBED € QICDOWT,

evy : CF(Q) = C  fev(f) = flx).

EEHTHD. FICERDOIAYNTF K C QIEDWVWT, Dk = (e x Kerevy C
C®(Q) THBDT, Di C C(Q) I3 (1) DEAET closed TH 3.

5. Vv ={feC® ) |pn(f) < %} EBL, {VN | N > 1} 3 C®(Q) D local base &
AN
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4. (1) D C>=(Q) DAIABIE, {K;}32, DEDHICL 574,

5 {fi}2, 2 C®(Q)DRFILL, feC®Q) T3, (1) DAHET {fi}2, A fICUER
T3, MERD a € ZD IZDWT DS B DO f ICRFI—RINER $ 3 "C L L[E
BTH5.

Def; DD f ICREFA—RIGR T 3 &I, ARDOIVNT FEE K C QIZDWT sup,e{|D*fi —
DYf} »0&hB L.

Proof. (1). py D' seminorm ¥ 723 C X ISEHICHNB. P := {pn | N > 1}separating I3
LERT. feC>()\{0} LT EEND 1€ QT f(z) £0 LBRBLONBS. &oTITT —
D, HBEN>1Tarec Ky ERBPBDDEFEETS. py DEENHS, 0< 1f(@)] < pn(f) Y.
FoTWR T

2). 2€Q, fEC®Q) LTH. RILIE MEED: > 012D0W\T, $3 (1) TOLABICHIT3
HAES0cV CO®Q)DEFEELT, FED g VIZDWT |evs(f +g) —evs(f)| <e &7%831 T
B3, (f+ VI feO=0) DREEEICES.)

> 0YTB. Ve {ge Q) | prlg) < e} £H<. TBAED py : C=(Q) = R I (1) DAHE
TEEICBBOT, Vi (1) COMAICH I ZBERLBS. HED g VIEOWT,

levs(f +9) —evs(f)| = [g(@)] <pn(g) <e

CREObWR L.
3). BBARB, i € Zy s € Zy IKDWT, Vips, ) == {f € C¥(Q) | pilf) < L} LED,

uz

B :={V(pi,ni) 0N V(pi,,ni,)}
&9 5. %%Blilocal base T$Hhd. Lo TRIZLIE, MEREDV = V(py,niy) NN
V(pi,,ni,) ICOWT, B NeZ  BH>T,0eVyCV ERD] CETHS.
V=V(pi,,ni,) N NV(pi,,n;,) €3, i3 <--- < i, ELLTRW. m:=max{n;,...,n; } &
L n:=max{i,,m} EHEL. py <pa <--- THBILITEFRT DL
VN =V(pn,N) CV(pi,,m)CV

£78%. 2T {Vn}n>1 ldlocal base &8 3.
lem-M-7. R .

(4). {K!} TR THO TVt MEATEYE L,pi & KIICRIES2HDETS. MEED
N>1IE2WT, BB N > NHFEELT, V,, =V, N)CV(pny,N)=Vy THB1 C&%
Y. CNETHIENTELDELROISE, ZOOMEARL I ENERS (3) &0 {Valns:
|& local base &85 D T).

N>1&9%. Ky CQ=Ups K THBIDT, Ky DAVNT bELD, H#Z3 N > N T
Ky C K\, EB3bDHhH 3. £oTpn <ply THBDT, V(p)y,,N') C V(pn,N). £2TL
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z1c.
(5). TC>®(Q) DAIAET f; — f1 1F TEERDON > 1IZDOWT, H3 00 > 1 HBH>T, FED i > g
ICDWT, fie f+Vy THD1 CCEEMETHS. ({VN}ln>1 & local base £%835DT) T T

1 - -
fie f+Vy & pylfi—f) < & EBD |o| < NIZDWT Ky ET D - D < &

THZDLIZERT 3.

COQ)DMETf —» f&92 FEDOK CQIAVNI MIDWT, 51> 1H0H>T, K C K],
EBRBEED a e Z ICDWVWT N > max(lal,l) BBEIICNZLD. §2LHBDig > 1DH>
THEEDIi>ipglc2WT, fie f+Vy %D, £oTi>ip BHIE

sup{|D"f, = D*f[} < sup {[D*fi = DI} < pw(fi — ) <
zeK zeKn

TH3. F>oTKLETEED a e Z? IZDWT Df; B DO fIC—HRINR T 3.

HIC MERD a e Z ICDOWT Df; XD f ICIRFR—HRINGR) I3 ERET S . 8IC Ky £ET—
BINRT 3. |o| <N &hHD aldBRBDT, C°(Q) OMHMET fi — fHEXS. ((5). DAY
OHICE > FMEMISEET S.) O

prop-M-7.4

Proposition 1.7.4. E%P%%TBCOO(Q) DAMBICE T, C°(Q) IFAENT MILZERICHED,

Fréchet(locally convex H D complete invariant metric 2§D ) DD Heine-Borel property
ZHFD.

Proof. TF5 0% 512 (K2, 2 0. B 0ES 1o
pN :CF(Q) >R fpn(f) i =max {|Df(z)| | z € Ky, |a| < N}

BB Vv o= {f € C®Q) | prlf) < £} EBLE, BB (Viy b s K& local base & 725,
5ADHB C®(0Q) IF locally convex H'D invariant metric 35D C EDOMARY MILEBC R S.
& 2 THD IF5Z & & Heine-Borel property Td 3.

[l {fi1* € C®(Q) Z Cauchy Sl F5. EENSEEDN > 1I1I2D2WT, B ip > 1 H
HoT,ERBDi,j>iglCDWT fi—f, VN E%BDB. CTTfi—fieVy&ld MERED|a| <N
E%83 allDWT, supg,, [DYfi — DOf;| < & &% 31 CCLRETH 3.

KOTEED a e Z IZDWVWT, |of < N B SIE, {D*f;} & Ky ET—#k Cauchy %553, (DO F
DEZEDe > 0ICDWVWT, HBig > 1 DB T, EBDi,j > ig ICDWVWT, supg,, |[D*fi—Df;| < e
TH3.) F>2TEERD a € Z0 IZDWT, {Dof; 1, IIEEQAVNY FEE K C Q £ET—H
Cauchy F| & 7% %.

a=0cgrE, {fi}32, FIEEDIV/NY FEELET—Hk Cauchy F1& D, 3 O _EDOEHEIH f
DRH>T, FEOAVNY FEELET {fi}2, & fIT—HRINEKRT 3. XD Claim &0, f € C°(Q)
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t@b,E%@aéZiEOMT[WﬁbHWfE%W—ﬁW%?%.&of%%%%fﬂﬁﬁﬁif
ICUR Y 5.

claim-prop-M- [

7.4

Claim 1.7.5. (a,b) C RZHXBEL, f;: (a,h) - R%Z C' A 5. f, g &= EHRE
BeLT, (a,b) ET—HRINER f; = f, [l > g TBRERETS. CO [ IZWARIEED D

g=[f&%3.

Proof. h>0&93L

’f(w VRS (G
< ‘f(x + h})L —flz)  falz+ h})L — Julz) | fulz h})L — @)

< ‘f(:c + hZL — @) falz+ h})b — fn(®) ’ T |f (e + 6k — g(o)

< 17+ R) = fale D) 1)~ fule)] + | fal + 0B) = (o + 01)] +1g(z +68) — o)
< 296?(15,2) (@) = ful2)| + P l9(2) = fr(@)| + lg( + 6h) — g()]

(1.7.1)

7%, TITOe(0,1] g M@ — g1y gh) B ESICE B (TIEDEER L D7
T3, 0ldn, b iKETS)
FOTEED e > 012DWVT, h > 0% supge(_1,1) lg(z +0h) — g(z)] < § LRBKSICED, L
Tn%k 5
g
5 sup [f(2) = fa(2)] + sup |g(z) — fu(@)| < 3
z€(a,b) z€(a,b)

eiBESIcAE< ehuE, (FFED 2> 0122WT, $5 h > 08B oT, [Le=SE) o)
cEBB. Ko TWRTL. O

[Heine-Borel Property ICDWT] 7R$ C EIFERD closed bounded set AV NI b3 L.
E c C*(Q) closed bounded &9 3. C°(Q) IF metrizable & D, EHESITHD. £>TIAVN
JhTHBCIFRHIVNI FTHB L EMETHS. (EDRFIIVNT MEZRLTWVL)

hm-M-5.4 .
e} DHERD N > 11220V T, py(E) C Rid bounded THS. &> THhd My >0hH>7T,
EED |a| < N,f € EICDWT, Ky ETsupg, |[Df| < My &%%.

Claim 1.7.6. a € Z £ 93. FED |o| < N ERZ BB N ICDWVWT

F:={Df| feE}
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& Ky ETRZHB/-T.

o —RER. DEDHB M >0DHBo>T, FRED Df € FICDWT, |[Df| < M.

o —FREIREEER:. DEDMEED > 0ICD2VWTHB 0> 00H>T, FBED Df € F
ICDWT, |z — 2| < 6 BB | f(z) — f(a)| <e.

Proof. —#xBRIIBH IR LT, —KEEEERZRY. fE B, F:=D*f&9%. = (21,...,2,),y =
(Y1,--,yn) € KN E53. FHHEDERLD. $% M, D'%H>T, Ky £ETIFEF(2)| < Myp
£7%8%. £oT

|F(z) — F(y)| < [F(21,- . m0) — Fly,ze, . xn)| + -+ [F (W1, Yn—1,70) — F(y1, -, yn)|
< Mn41 [|.%'1 _y1| +---+ ’$n_yn|]'
(1.7.2)

MWR 3. Chig—KEREEERZE<. O

NeZ, £35. {gn}nzl C {f|KN |feEET B CDEE {gn}n21 DERRFY {gnk}k21 T, £
BD o] < N £B3 a € 27 IeoWT, Doy, H—HINET BEHFI RO L 2RT. (S
Ascoli DEIEDZHZ £123)

{ZL‘1,£E2, e ,} C KN #d-f KN @ﬂ%f*ﬁ%@gﬁﬁﬁétjé {gn}nzl ‘3: _*iﬁ??“ck D, &55 M >0
W& > T |gi(z;)| < M £ B,

MUF T 295 {gn, }i>1 BB>T, BED i > 1IZDWT {gn, (zi) }i>1 IFNERT D1 &
LY. CHINAERE i = 10K ALY 7—/ DAL a S AOEERLS
{g11(z1), g12(x1), g13(x1), ...} C CHUNRT B K SIC g1 DEND. RIC {911} DEBDFI%Z S F
< EY% C (\f_—t, {921(1‘2),922(%2),923(1'2), .. } cC 73‘142?&3"53: SIC g2k b‘HW’L% Ch’i’:‘fé'@@i@?‘
ERD KD BHAFHENS.

gi(z1) gi2(z1) gus(z1)
921(z2)  g22(w2)  go3(w2)

ZTT g 1= G EEFE, THOBRL VAT B,

ITCTLo {gm}m21 T Ky ETH3 g IC—HRINR T B &Y. g: Ky —C ZUTOLSICHE
K3 2 Q\Kny%B5ldgx)=089%. v€ Ky £F53. {gn(z)} C Cld Cauchy 5| TH 3
CCZRT.e>08TB. THRELRDELIICTES.

L] {gm}21 tzt—ﬁlﬁﬁfﬁi@ﬁﬁ@@’c, HZERZDEES Uj COMHB-T Ky C Ué‘:l Uj ya)
D, FEEDmM>1DDz,y € Uj ICDVWT |gm(z) — gm(y)| <ec EBB.

exclU ELTRLW T3¢LE0D g T“xj cU, ERBDHDOIEINS. §DrHD My Had -
T, EED m,m > My ICDWT |gm(z5) — g (z)] < e E7R2B.
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LELDERD m,m > My IZ2WT

|9m () = gn (2)] < |gm () = gm ()| + [gm (25) = g (25)] + | (25) — g (2)] < 3e.
%%, 2T {gm(z)} CCIX Cauchy FITHSD. TN&D g(x) :=limy—00 gm(z) ELTERT
T5.

BT OBHRERDET. ((Dlgm}moe OBHFNE L 3.) FTEEPI TN {g(2)} &
QD CN JEBE g & > T, Dy, — D IE—HRUNEK T B. *

W EDSBITY Y R THBZEETT. {flme1 C E LT3, EBD N € Z, IKOWT, &
BEDH {frn, } DY Ky £TON HBEABIC—HRINK T 2D DHH 2 & > THARREZAVD L
T, HBWHG {frn,} BB T, EED o € Zy ICDWT {D° [, } BFI—HEINET 35 DHEN
3. SO fo, 130 LD O™ BEM [ IIBF—BINERT 3. SoTHEHIVAY RTHB. O

1.8 Space of test functions and distributions

FIEHT QEZETHVR" OREGET 3.

defn-M-8.1

Definition 1.8.1.

DQ)={¢:Q—C|pC™, supp(p) AT~}

£9%. D(Q) Dt test functionZ LS.

COETIIUATZTRY.

Goal.

e D(Q) H'locally convex complete with Heine-Borel property Zi@fc I i@ T ~JLZE
BICBBESBAHME r HFET S L. (S ORISR AIREC IR 540, Ko T
Frechet & IXE R 7F\LY)

o () I DEHEE AND. COBDQ) = C2(Q) IHEETH .

e KCQIOYNUbhEL. Dk ={f € C®Q)|Suppf C K} £93. §5Inl
C>(Q),D(Q) DEDEETHS. COEF Dk ICFEEINS 2 DDIAMARIZRE L TH

4DYg,, — D% DUXRIK, BEF5K K2 EICLEEADRL. #9%ZLTVWADTERZEZZ3DIIEATHS.
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3. S TUTOREH KD IID.

closed subspace

Dkt
¢
closed subspag \L\con '

FITHEEDN >0IC2WT
|-l : D) = Rso, @+ |lolly =max {|D%(x)| | a € Z%, |a| <N, 2 € Q}

9B, || |nIECARZFILERDQ) D/IVLTHD, || |v < || lve BB,

lem-M-8.2

oo

Lemma 1.8.2. K C Q&IY/XT RT3, {||-|n}vs0 THEENS D Oz, TF7 |

TO {py}ns1 KL BMABEALTH S.

rem-M-8.3

CZTH{| - In}nso CHEEIND D DRABLIE, f € Dk ELT, N € Zy,e > 012DV,
{oeDk||lp—flly <e} BERTBMUETHS.

-M-7,3_ .
Proof. P DES 120180 MEBDFI Ky € Ky C -+ C QT O =, Ki, Ki € K2y, T,
pn(p) = max{ |D%p(x)| ! aeZl, la| <N, ze Ky } .

CRBEDICED. KCQIEAYNIREDT, 2 Ngh'd>TN > NgBSIEK C Ky &
"3,
FEOmMcZ, ICDWT, %3 NWH->T,

{9 €Dk | ellv <e} C{p € Dk | pm(p) <&}

THBDL%ZRY. meZ, ZBETS. $5L N > max{m, Ny} B2 NICDWT, p € D &
513, Supp(p) C Ky THD. K2 TEEDDS ||ollv =pn(p) £HD. AEELD N > max{m, Ny}
wHiE,

{eeDk|lleln <e} ={p € Dk |pn(p) < e} C {v € Dk | pm(p) < €}

EDIEERT py & || - |v DIREIZANBRXTEHEMI B EHTES. Ko T2 D2DMUMEIIELCTH
3. O

Remark 1.8.3. {|| - [[n}n>0 IC& 2T, D(Q) locally convex metrizable % C EDRMENT ~JLZE
FOBEZIEFD. NENIFTHETIEAHEW (£ LTINIXIZLWIAETIEEW).

28



Q=R &9% BABicZ IZDVWT, fZSupp(f) C (3,2), f3)=1,0<f<1EBHBELES

373

BBOHGEBE LS. (1 DRENHTL % Bump BEA-WLWAEDHD) ELT,

n

Wn::Z?%f(x_i)

=1

ET3. o, I FEABE LTRZHIET

o o I& C™ T Supp(en) C (0,n). FIZD(Q )@77?'5‘55-
e £1<i<nIZ2WT, (i—1,i) £ETIZ0 < ¢, < 5.

e HBDM >0WHB>T, FED n,a € Z, ICDWVWT [ D%, < M.(p,, DWHZIE FICLDE S
BULWEH TR 5NS.)
{ont 1& Al - [N} >0 DAIABICBIL T Cauchy 71 THS. Cnzmrnd. £, {| In}nvso D0 TD
local base I&
VN, ={f€DR) || flln <7}
CWSHEZLTWS. £ZT, 358 m' >m>17%56I13,

ml

1 .
Z 9i—1 (z —1)

i=m+1

1
2m

M

<
N

6 — ©mlln =

£783. £oT Cauchy 5 TH 3.

Lh UREBRISTFTE LR\, 18R o BFIELTED, ¢(i + §) = 5y ICARSBWVEWTTY, Support (&
JYNT BICRB5730.

defn-M-8.4

Definition 1.8.4. 1. KCc QYNNI LT3, Dx DA 75 & {|| - | v} =0 TEDH S
naftEr 3. chidiBoietn P Corar BT 0, 85 Di i3 locally

convex, complete, metrizable, with the Heine-Borel property T& 4.
2. D(Q) DEEH& B %Z, "ZE T\ convex, balanced set W C D(Q) T, fEREDO OV /NY
FEEK CQIZDWTWNDK €7 ERBDBD"DEFD T S.

D(Q) DEEE T %, "Uc (i + Wi) EMNFRHD"DEFD LTS, fefslielll
D2WT, ¢, €eDQ), W, € T S.

Remark 1.8.5. (D(Q),7) IFAMEXRY MILEBEAS. (BTRY). (DR),7) IcEWVWTIE, rem-N-8.3
D=5 {pn} 1 Cauchy FUICIEAR S AL,

Proof. x,, := m—i—% £33, ¢ >0ICD0WT

Vi={p € DR) | [p(zm)| < cmV¥m > 1}
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93 £V ecpTHBDIERT. convex, balanced RDIZBASH. FEO K c QA /NNT b+
ICDWT K N{z, IEBRESED, VNDr € 7 BB, FICZV € 7 T(DR), 1) ICHBIFZ0D
FAETHS.

Cm = 2%% E93. THREEEDM >m>1I1CDUVWT,

1 1
[oms (Tmr) = Pm(Tm)| = om/—1 > om/ — Cm’

EBB. &o o —om &V EBB. CHED (D(R), 7) ICBWTIE, [R5 COE] {0} & Cauchy
B ISR 5N, :

thm-M-8.6

Theorem 1.8.6. 3,7 %d?fl.l—Mls 4“’5 D(Q) DEEHELT 3.

1. 7 1ED(Q) DAIBTHD, Bl D0 TD local base THB.
2. (D(Q),7) 1& C LD locally convexr HAIFENY ILZER].

Proof. (1). £ r 13 D(Q) OHAETH B LT T. 0 c r BRI HVT, [ = 0 L BIFHER
W. D(Q) e B&D, D) e rHBASH. £, 7 & union ") CWVWSBETHLTWS. &2 T
myCklF, T, herBoldVinther) ODAHERD.

ViVacr 895 e VinlhBED. $3L,i=1,21000WT, $3 ¢ € DQ) £ Wi € 8H
H->T,
pep+W; CV;

L5350 ¢ (0,1)T
W1 NdWy e fp D p+nWiNéWy CVinVsy

ERDIDHWEFEETZIczntEIFRV. OVYNIMEEK CQ Ty, 01,92 € Dx ER2HD
Dk & C LDOARIENRY MILEBTHBZDT, 56, € (0,1)BHB>T, o —p; € (1 —6)W; N Dg
ETES. UELD, W, i& convex THBDT,

o+ 06W; C i+ oW+ 6W; C i +W; CV;

(‘.’_73:%, £oT @+ ((51W1 N 52W2) cvinV, O WR I ((51W1 NoWy € B ‘Et%%‘:bb‘%)
K7 H0Dlocal base THBZLIE, LDEMICEWVWT =0,V =V L LTERI NSO S.

2). BBTRS, (D(Q), 7) IcBWTFIBBIIEIEERICE 3.
[(D(Q),T) & Ty ThdC t] Y1, P2 € D(Q) T 7'5 ©2 LD HDzES.

W={peDQ) | [lelo < ller —v2llo}-
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W & convex, balanced, 0 € W TEEOIAVNI MK C QIZDWT, WN Dk I Dk THES
I3, DEDWepBTHS. TLT, p1 ¢ o2+ WHDpa € oo+ W THD, oo+ W C D(Q)
T open DT,

D)\ {p1} = U w2+ W

©2€D()\ {1}
D, {p1} € D) K& closed THB.

[MEDSERRZ L. T : D(Q) x D(Q) = D(Q) Z (p1,02) — @1 + 02 £TB. @1 + o DFFIT
BELeWZFEST, o1+ + W EDMNTD. &2,

1 1
T<<P1+2W,902+2W) Co1+p2+ W

T?ﬁv%d)’t, T (@1,@2) TEREED.

[(RAZ—EBHEHLED L] S:CxD(Q) = D) %Z (g, o) — ap £TB. TN (apg, o) T
B THDZRT.

KCQZ @)Dk EBRBDAVINI FEBE TS WepETB. §BERNEDIID.

o WNDg C Dk IZHERBDT, 5> 0D0H>T, FED |a] <elZDWVWT, apy € %W
TH>.

e ap=0FTclFpe ﬁ}w DB, W Id balanced BD T, agp € W 785,

e pELWD Do <1HBIE, ap e W THB.

& 27T, |a| < min{e, 1} DD ¢ € min{3, ﬁ}W ASY
1 1 1
myum%+@emm+§w+§w+?Vcww+W

E7%%. (W & convex balanced ZfE>) & > TR H T —1FH&EHE.
MELD (D(Q),7) 1&C LDOLRAERY MILZER. £ LT, B DIt convex TH BT, (D(Q), 1) I

locally convex. O
thm-M-8.7 defn—M—S 4
Theorem 1t§m7 U;W"“ , BT 172 D) DEREKRETS. (D) ICIEAIHE
TZEAND. 1.56 % D, (D), ) 032 (C J:G) locally convex TRAIMENR YT MILZERT, B0 D

local base TH 3.
C DR DILD.

1. V. C D(Q) & convez balanced set £F 5. V HEEETHD CLlE, FRED K C Q
ICDWT, VNDg IE Dy THEBICHRZ L (DFD VNDk € 7x) LFEE.
QAKCQ%]/AﬁFEAK?% C DB, Dk — D(N) IZ & > TEHEE I N BB

n__

i, D CALTHS.
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3. EC D(Q) D bounded %2 51E, HZAVNI FEE K CQTE C D EHRZ3HON
BFEL, RO N € Z4 I2DWT, || ||nv : E — R I& bounded.
4. D(Q) |& Heine-Borel property 2.
5. {pn}y C D(Q) B Cauchy 1% 51F, HZIVNIMEE K C QDRH-T,
{on}sey C D D2, FED N € Z; IZDWT,
lim |[¢m — @ullv = 0.

n,Mm—00

L 5B, (BBEOEKE |- |y LT CouchyTICARBE NS L)

6. on — o in D(Q) BHEIE, BIAVNIFEEK C QDB T, {¢n}>, C Dx H
DEED a € Z1 ICDWVWT, —#RIC DYy, — o EIXNRT B.

7. D(Q) 1A AR BEWTERETH 3.

Proof. R® claim Z7R9 .

Claim 1.88. VCD(Q) ZMES, K cQZAYNI MERLTD. COBFVNDk IE Dy
L THEETHS. (DED VNDx e EVWS T L. ) BIC Di — D(Q) I&5EH:

Proof. FE®D ¢ € VNDg IZDWT, 30D local base W € B To+W CV EBR2HD
NEFEETSD. 9L p+WnNnDg CVNDg —CZ%D, W N Dk & Dy THESTH 3. J:?_C,
VNDk C Dk ISHEETHS. O

(1). = caim D5, <« IEDWT, V = o OEHZBESH. €5 THWEHZ, V e 8 &0 OK.

(2). Claim & D, D — D(Q) IFEFTHD. S>> THEIFE € 75 ICDVWT, BBV C D(Q)open
THH>T, E=VNDx ERZBDPHONEFEETEIcznttidRL.

Ecrg, g EL¥3. i OMABRTRZICE 5T, {|| - v} oo NEET ZAHEL L THZ D
T, HBNEcEZ,,6>0hH>T,

Wy :={¢ € D) | [[¢¥]lx <6}

EHELL, 9+ WyNDg CE XS, ELT, Wy e THBDT, ¢+ Wy C D(2) Topen TH
5. ¥

(¢+W¢)QDK:¢+(W¢QDK)CE
THB. 5V i=Uyep(o+Wy) EELEV CD(Q)open THH, VNDi =E %3, £oTL
AT
(3). ECD(Q) bounded £ §3. £ E C Dx ERZAVINY hNEGDEFERETY. BIEE TE
BEOKCQIOAYNIFERICDWT, E¢ D 93, $HRLEEREDmM € Z, IZDWT, H3
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om€EE 2, c QDHOT,

o om(Tm) #0 DD
o {z,} 13 Q LTERBAZIFLEV

LOEBRTES. CHIRRDES ISR 2: [T 2045502 /% MESDFH Q =
Us1 Ki ZE3. 01, s @m.T1, ..., oy DEBREINTETS. 21,...,2m € K; BB 1 2E3.
E g_/j Dk, &D, %3 pomi1 € E Tsupp(pm) ¢ K; EBD2HDNHSD. € THB 21 € Q\ K;
T ot (Emit) £ 0 L BRBHOHENSD. CHERDEEIFHERTES.

ITWcCD) %=

Wi {u € D) )] < L > 1)
EHE<. Wik convex balanced ™20 W TH3. €L T, FEOIAVNI MEE K Cc QICEL
<, Kﬁ{l’m}mzl ‘;ﬁﬁﬂﬁé(\:@%@z—, WNDg € 7, E785. J—XJ::J:D, WepeiRsd. —5
T om ODBDEDS 0, ¢ W THB. DEDERED M € Z4 ICDOVWT, EZ mW THD. hidk
E D' bounded ICFET 3.

BFOERICELTIE, AVNIEEG K CQTEC Dk C D(Q) LBBLDEMB. E I Dk
T®H bounded TH 3. &> T,/1.54 1 | -llv: E — RI&bounded &7 3.

(4). E C D(R2) Z bounded closed £§%. (3) &D, 37)5]‘//5;7_1\!4*_%?}( COQNB>T,ECDg
£78%. (2) &D, Eld D ®_LT bounded closed TH 3. LTADS E Dy ETAVI LT
H3. £>TDOQ) THAVYNI FTHB.

(5). {¢i}2, C D(Q2) Cauchy BT B L, {¢i}°, I&bounded set THB. £>T (3)h5HBAV
NIMEEK CQDH>T, {pi} C Dk &53. (2) D5 Di C D(Q) WEEDHRHENA>TLWBDT,
{pi} l& D £TH Cauchy 5 TH 3. DEDEED N € Z4 ICDWVWT limy m—oo |[om — @nlln =0
AN

(6). D(Q) LTy —»0EF3. (COBBISREEBL.) (o} C D(Q) I Cauchy FIHB DT,
G)DEHBBZAVNINEEK COQDBHB>T, {pi} CDx B3 . &>TDx ETHp; - 0ER
ZDT, N €ZiiZDWT |lpilly - 0THB. CHIIERD o € Z7 IZDWT, —#RIC D% — 0
CUNRT 3.

(7). {pi} %12&%):& Cauchy Sl §3%. 5) Do HDAVNIMEFK CQDH>T, {p;} C Dk

3 . IL7T4ICE>T, Dy I3RRmTHD. (RlEHREBHZTHEDOAESHRDT.) > THD ¢ € Dk
NH>T, Dy £ Ty — p &8B. THNIEDQ) ETH o — p &%8D. £o T TEMIFLWV
INRETHD. 0

LR D(2) LCLEJZT%"LCdI ?SfleI_M[fa‘S' 407%11‘[*5 rEANS. I l.1m8._7M_£"7) D() I locally convex complete T
Heine-Borel Property Z3FDffHR Y ~ILZEETH S.

Remark 1.8.9. z € QICDWTev, : D(Q) > CZ eve(p) :=p(z) ELTEDHD &, THNUITERT
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H3. BELBSIEpeDQ) Le>0ICDVWT

W= {feD@)|fllo<e}

L HEL Y, CHUSBEATHBD, ova(p+ W) C Blp(x),c) £33, DED ev, it o € D(Q) Tl
THD, p IFEERBRDT, ev, ITEHRTHS.

&7 Dk = Nyeayk V2 (0) ENNVFBDT, $IZ Di € D(Q) I closed TH 3.

defn-M-8.8

Definition 1.8.10. Q C R" ZZETHVHEG L T5. Q LOEBEAE (distribution) & I3,

EEL CIRABRA D) > COILTHS. TOEEDE D(Q) L&Y,

prop-M-8.9

Proposition 1.8.11. Y & C E£® locally conver it T RILZERE L, A : D(Q) - Y
= CHEBERCTS. UTIXEETHS.

(a) A |EERE.

(b) AIBER

(c) DY) ETp; > 0EBRBRFNML, Y ETAp; - 0EHSB.
(d) FROAVNV FEE K C QIZDWT, Alp, : Dk — Y I&5&EH:.

. J

KO THICCREBHA : DQ) —» CICHLT, ADBERTHEZLIZ, ADERTHEZILL
EMETHD, ZLTEREDIVNI FEE K CQIZDWT, Alp, : Dk —» Y IFEFHETHI L L
EMETdH 3.

Proof. [(a) = (b)) X &1

() = (¢)] {pilis1 CDQ)EDQ) LT i — 0 e BBHBIETS. (BT ED BB IAV/NY ME
BKCODH-T, {pi} CDr EHB. 5

A|DK DK bounded D(Q) £> %
EWSEBRH £/ bounded ICHRD. D Li%metrizable THBDT, %AbK (=gt

() = ()] {gi} ¢ D & i > 0 EBBRIIET B, (c) DIRED'S, Alp, (i) = Api = 0 TH
3. _ncgkﬁrﬁ%mf{ IPERTHBZCEEKT B.

[(d) = (a)] RERZF Z &I, R D convex balanced open set0 € U C Y ICDWT, A~ (U) € D(Q)
Mopen EHRBZZETHS. £9 A HU) I convex balanced T0 € A~ (U) &4 3. % L"CEE
DOAVNIZ FEE K C QIZDWT, (d) DIREDS AN U)ND € T £ B. ol

“L(U) & D(Q) ETopen &% 3%. O
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cor-M-8.10

Corollary 1.8.12. a € Z7 ICDWT, D* : D(Q) — D(Q) & D*(p) :=D &3 L, C

NISERTH 3.

Proof. KC Q&N hERL TR, U TORHERAA KD IID.

D(Q) 25 D(Q)

| )

D —— Dg
&2 T DY: D — D hEHRTHD L ZzntEIFBL . FED ¢ € Dk, N € Z, ICDWT,

lelln < lelnia

TH3. Dx OEABETET ED {|| - [ntvso CEE>TWEDTWR L. 0

prop-M-8.11

Proposition 1.8.13. A: D(Q) —» C% CIREFEHRLT5. UTIIRETHS.

(a) A€ D'(Q), DED A IBEKTHS.

(b) FEOOAVNIFEEK CQIIDVWT, HB3N>0HBC > 0hH-T, FED
¢ € D ICDWT,
[Ap| < Cllelln

DD IID.

Proof. [(b) = (2)) K € Q&#AYIY FEBL TS, DA HBRT S LIE, Alp, : Dx
D(Q) L CHERE BB THS. TTBHL T Alp, 10 TEETH S L EREIFBL. ]
EDMICHBDESIBRN>0,C>0%2EETD. FED: > 012DV,

S
V={peDxllelr <5}

£9%. 0V CDgopen THD, FED ¢ € VICDOWT |Alp,(p)| <e THB. £o>TA|p, &
ETHD.

(a) = (B)] K C Q%A MERY TS, T3L Alp, : Dk — CHEERTHS. £oT
BBEIN>0EHBBc>0DBoT,

A({peDr | lellv <e}) c{zeCllzf <1}

LB%. TNRERD 0 TBW g € Dk IZDWT, Ay 9)| < 1885, o THEBD ¢ € Di
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IZDWT, ,
M@ < Zlely

£BB. C=2 BV O

defn-M-8.12

Definition 1.8.14. A € D'(Q) £ 9 %. A H¥finite orderZzHFDO &I, "HB N > 0Hh'H >

T,EEDAVNIMEE K CQIZDWT, $H3C > 0hHB>T, FED ¢ € D ICDWVWT,

Al < Cllelly

BEDIID" . TNDEDIDR/NDBERE N % A D order £LVS5.

Example 1.8.15 (Dirac DBR#). 2 € QICDWT, 5, =D(Q) - C%& 5.(p) := p(x) £T3. 5
I distribution TH 3. BEBRSIFERD ¢ € D(Q) ICDWVT,

102()| = l(2)| < llllo

M DIIDDT, %%bf)‘é. T 51C 6, & finite order Z3FD, order &0 TH 3.
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Chapter 2

BRI » convolution

Notation

e () C R™ : non-empty open subset

e K C Q) : compact subset

e D :={p:Q—=C|peC>®Q), Supp p C K}
D(Q) := Ugcq: ept Prc test function DZER]
peD(), N €Z>pZlDWT,

n
lolly == max{|D%(x)| |z € Q, a € Z%, st. |a| ==Y oy < N}
i=1

Ve C®(), N €Z>y, a €Z, st. la|=a1+ -+ a, < NICDWT,
Py(f) == max{|D*f(z)| | |a]| < N}

Viv == {f € C=(Q) | Pn(f) < &}

Tk : D LOMAAT, (VNI EEDFTRETEDSNZHD.

e (3 : convex balanced 0 € W C D(Q) TH>T, FEDOIAVNIFEEFT K C QIZD2WVWT
Dk NW € 1 £ W h 5783 EETk.

7: BOFTREICL > TEDHSNS D(Q) LDfIHE

D'(Q) :={¢:D(Q) — C | EHRLIFEIR } Doz BRI (distribution) £ W 3.
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IR=TJAEDEEREDER

Borel measure (7KL JLAIE)

Definition 2.0.1. Borel o-f\#%
BR") = o({ BIEA in B"))

EESHD. CCTo({HES in R"}) CIFAIREIOM - B85 - HESDIRETERIN
2EEHEZESY.

p H¥ Borel measure &1, B(R") EICERINICAE, DD u(9) = 0 M OEEMEEZ
FOE®R p: BR") — [0,00] £ T 3.

Lebesgue measure (JLAR—ZAIE)
Borel £87217Tld, RAEZEDHTEVEGHESHWV. X, A b—IILEEP I SITHENA

E£E5OEIDHWIRFAD @ Lebesgue measure (&, Borel o-X#% RIEEIZBI L T5Ef@(L (completion)
LTEONBDELDARERESKICERIND.
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L NAE m* 2EHTS !

m*(E) := inf{z |I| | E C U I, I LilZF'Eﬁ}
k=1 k=1

(|I] FXEDERE)
2. WR—JOJHESR | £8 E D' Lebesgue measurable TH 3 &I,

m*(A) =m* (AN E) +m"(AN E°) for all A C R"

MEDIIDZ &,
3. COMRIESERR £ EIZ, m(E) :=m*™(E) ZE&Y %,

Definition 2.0.2. Lebesgue measure m |,
m: L — [0, 0]

T, L IFE2T®D Lebesgue measurable £E8% &,

L BRY) 28H, WEIELTRRE (EEE0BHEALLTED) THE.
Borel measure ¥ Lebesgue measure MiEWMILTDED .

I5H Borel measure Lebesgue measure
Borel o-f£2% Lebesgue measurable
EHRI B(R") £8% L
FESHSEMIND NAEDL S
BTk =ND o- R EDRE Carathéodory DF7E THER
—RRICIEZTERT AL 5efm
et | (BEESOWAEESZEFTHVBEENHB) | (BEESOBAIESH A
Lebesgue measure @ Borel E853HBEH Lebesgue measure (&
E3[EA Borel Lebesgue measure Borel measure DFefE{t

TSt ERAE

(X, A) BEZRE T 5.

Definition 2.0.3. v : A — [—o00,+00] DNRDEMZEI-T L E, ST RIE (signed
measure) £ L\D.

1. v(@) =0.

39



2. v ISATEMERZIFD | FROEWVCRAAESRTY (B2, ICRHLT

v (U Ek) = v(E)
k=1 k=1
MEDILD, fef2l, MOBELTIFY o2 v(Ep) T+ Y e v(E)” P edb—7A
IEBRE$3. (ZZTat =max(r,0), 2~ = max(—z,0)) THD_ZREL,
+00 — 00 DREFINHBEWCRET D)

(2) ICEALTIE, AEDENTFTERICHEZDZEITEENDHS. DED 400 & —c0 ZRAKFICE
5BVWEIICTB.

EERFEERELTIUATHHS.

e Hahn $f#FEIE | FED signed measure v IZXF L, X (IHES P (EES) ¢ N (&8
£8) ICDETE,
W(E)>0(ECP), v(E)<0(ECN)
e Jordan DREIE | v IFEWCERLIEEAE v+ (EED) € v~ (BE5) ZRAWVWT
+

v=v"'—v

E—RICRINB (v BREWIRBZRBZHD) .

FESMTAEICS T2 RBEIEHRDER
FEEFTRIBIE f > 0 IS LTI, FFERIED & T LFEFRIC

/del/Z:/deVJr—/deV

ELET, IR LBED 0o —c0 EVWSRETICBSBWVEIICTS. 2EDDBCED—HDIA
AHBRTRIINIEES L.

— AR DEAAREE f IcDOWTIE

f:f+_f_’ f+:max(f,0), f_:max(—f,())
EofRL, fA v ICEALTHBESTHB I

/Xf+d1/++/xf+d1/_+/Xf‘du++/xf_du‘<oo

FTHOS5 |f| B v ICEL TR THZI L LT 3.
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CORHEDTT

. + -
/del/_/deV /)(de
HEROEE LTERZINS.

BETABHDOBEE f=u+iv ERE u CER v ZENTNFSHSTAEICEALTRAERCT
BLELTHRDEEET S.

REERTH TS 2 EE

Theorem 2.0.4 (Banach-Steinhaus theorem, —#xBRMEIE). X %Z Banach ZEf (Rl
JIVLZER, T 5ICRRGAMIMERY MLEBETHRY) Y £/ I)LLAZTEHE (ZfETHELTH
W) 93, FCCX,Y) 2 EFSAERRDKEL T %

FERD 2 € X IZDWTsupper [|T(2)|ly < 00 51,

sup ||T|lop = sup sup [|T(z)] :< oo
TeF TEF ||z||<1

TH3. DEVERR/ LD —RRICERTSHS.

DFED, RTLODBERMED S, FRAR2EO—HAEREN VI S.

Definition 2.0.5 (Baire space, 35—%8, 5°4H). X Z{UMEZERIC 7 3.

e X H' Baire space & &, THESDAIEK U, T, & U, hldence B 5IF, N U, B dencel
ERBZEBMOE. AEASVRIELT, TF° =0 tAhZa8EOHESICDOL
T, (UF)°=0t%3. 1

o X WE—HHLIZ, AREDKRES FASZDOATHZEES) DM THTIEED L.

o XNMETHLIK, BE—ETIFBEVI L.

EEN S X H Baire ZRE 1T MEEOETHWVWHESN X ICEWTEZETH D) LFEHE
TH5.

Theorem 2.0.6 (Baire O#IEFEIE, Baire category theorem). X % StfmEEREZEME X 7 ld
BEFRAYNI ENTRARILVTZERETS. OB, X & Baire space THB.
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2.1 Calculus with Distributions

ULTQCcR* EOBRICEALTIIAR=THE dx ZEAND. f:Q - CHEARDEIE, EOEBK
THBERCTS. £ f Hlocally integrable(BFIRITES) ik, FROIAVNIMEEK CQT
AN ERB L, 2FD [ ||f|lde < +o0 T B.

~

N

defn-H-1

Definition 2.1.1. %d, 6.11] f: Q — C : locally integrable £9%. Ay : D(Q) - C &
WS ER%Z, 8D ¢ € D(Q)) ICDWVT,

EJ Definition 2.1.3. [fud, 6.12] a € (Z4)" € A € D'(Q) IZDWT, DA D(Q) — C &4E

As(p) = /Q f(@)pl) de
CEETS.

TBL, AEOIAVAY MEB K C QIEoWT, Ok = [, |f(2)]de £ L, FEO
0 € D ICDWVWT,

[Ar(@) < [ [f(@)]-[e()]de < |f (@) dx | - max|p(z)] = Cllello
K K zeK

8%, &Of%ﬁ%d, Theorem 6.8] F7-130 s, I_IMZ_%"‘:)l, Ap e D(Q) THB. (o<
finite order Z ¥ 5 order 0 DFBEKRTH 3. )

.

T, Ap & fE—HT 3.
Remark 2.1.2. u % Borel measure & 7| positive measure TERD IV /NI MEE K C QICD
WTuK) <o &B3HDET3. COKA,:D(Q) - C%

Au(p) = /90 dp.

ELTERTDEIND A, €D(Q) THB. (B> 5L finite order ZH 5 order 0 DEBEI T
H3. ) LEERIC A, & pZRA—HRT 3.

BDeeDQ)ICD2WVWT,
(D*A) (@) = (~1)*IA(D%)

CIBETEETS. OB DAcD(Q) THB. .
RECHEETHD, FEOI VNI MES K C QIZDWT, [Rud, Theorem 6.8] 5 %
CERWENEZ, BH2T, FED ¢ € D IZDOWVWT [A(p)| < C|lp|ly BEDILD. &
THEED o € D ICDWVWT

[(D*A)(p)| = [A(D%)| < ClID¢lIn < Cllpllnv4af-
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ERBDTEERELS.

rem-H-4

Remark 2.1.4. fFE®D o,B € Z IZDWT DYDPA = D*PAN = DPDYA &% 3.

lem-H-5

d
Lemma 2.1.5. uud, 6.13] f: Q — C %& CN ®D locally integrable BAERE T 3. ZDHF,

FEDac Zi L:OL\T, DaAf = ADuf MR DILD.

ex-H-6

Proof. NICKBRNE o= (a1,...,0n) €Z7 Tla| < NZEEJIS. §6£1<i<nT
0417&0 t@%%@f]\%é B:: (al,...,ai—l,...,an) EZ:L_ t—9’-5

eeD(N) T3, Supp I FAVNT FRDT, feoe CNQ) %3, £oT

| (@) 0 do =0,

PVR3. UELD,

0
Oz/ﬂ(Do‘f)gpdx+/Q(D5f) 8;2 dx
= ADaf((p) —+ (—1) (aaxlADBf> ((p) (d.ef_n_’H ¢fn-H-3
0 5 : . :
= Apas(p) +(—1) (OxiD Af) (p) (induction hypothesis)
— Ape(9) = (D"A7)(9) BT
EED, Apas(p) = (D¥Af) (@) ERBDTE R, O

Example 2.1.6. [Rud, 6.11] Lem P15 13—#80 f TIRBO A, f & CO(Q) T DA; # Ap;
L BBIERETS.

Q=(-1,1) L, f:Q=>C%

0 (z<0
3. f IREEMSNT O &b,
d . < /d . Ld B
A (o) -—/def'“’dw—gh% B (mf>@d“5£rﬂo ; <dxf>(pdx_
(REMANAT Lf(z)=0HBBDT)—AT

(;iA > () = — /Q f (;;w) do = — 01 %90 dz = —(p(1) = ¢(0)) = ¢(0)
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DT Au,# LA TBS.

defn-H-7

Definition 2.1.7. [ud, 6.15] A € D/(Q), f € C=(Q) IEDWT, fA : D(Q) — C %

(fA)(p) == A(fp) LEERT B.

lem-H-8

Lemma 2.1.8. [ud,6.15] A € D/(Q), f € C=(Q) IZDWT, fA € D/(Q) THS.

.

CCT(fM(p) :=A(fp) THS.

Proof. A € D'(Q) R®DT, %d, Thm 6.8] &O, FEDIVNIFES K C Q IZ2VWTHB
C>0YNeZ, BH->T,
IA(@)] < Cllelln

MEED p € Dk THDIID. J:O_C, FED p €Dk ‘:OL\_C, ng € Dk 7’&:0)—(,
[A(fo)l < Cllfelly = Cmax{|D*(fe)(z)| | z € K, |a] < N}.
£72%. CCT Leibniz rule Ic&k 2T,

D(fe)= > Curar-D¥f-D*¢ (3Cuar € Lz0).

o' +al'=a

EMTB.(Co o BFTIEFEATWVBDHD) ¢ :=max{Cy o | |/ + | < N} ETBE. FED
reQ,acZl Tla] < NBHDIZDOWT

’Da(f(pxx)‘ - Z Ca’,a”Da/f(x) Da,/()p(x)

a'+a''=a

<C'- Y DY @) llelly

o' +a'=a

<C' - (N+1)"-max{|D” f(z)| |z € K, [o/| < N} - [lollv
Ko THBZM>0DH>T, FED ¢ € Dk ICDWVWT
A(fo)l < Cllfelln <CMlplln

¥ 73, [fd, Thm 6.8] D5 fA € D/(Q) TH3. O

lem-H-9

Rud
Lemma 2.1.9. [Fud, 6.15] A € D'(Q), f € C®(Q) £F 3. 1,90 € C®(Q), a € Z1 |22
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WwT,
D (9192 Z Cal OlQD ! 1Da292

a1tas=a

THDLTD. CCTChay a1 & ICDBHKETIERBTHS. OB

DUfA) = D Cayay (D f)- (D*?A)

a1tas=«a

HEEDIID.

Proof. 4 eR"ICDWT, W -7 = wz1+ - +upan, £553. T3,
DY (67?) — 70167-?

Y3 ZZTUY = ultudr THBD. S 8%16“19”14'“*“"“ = uleﬁ'7 HEODRLEIGT
nEhns. £-T
DT 7Y = 3 gD T L T
BLa
CiRB.

HE] MIZIE, n =1 DEFIC, g—i (€% . V%) = D2eU® . VT 4 2De . DeV® + U . D2eVT X733 T

EDS. COPICEVTIE, Copp iECog=1, Cri1=2 Coa=1th3.)UELDIDH
ICBWTIE,

(@+y)* =) Cappz® Py’
B<a

WS ZHRFICH LT, Capp = (3) €43, O
MELD
i@ = (U4 (-7+ )"

—ZC’a 3,8 V" —B. v+u)

B<a

_ZCa 537" szcﬂ DBl g =g
B v<B

_ Z D 5@y % Z Nele,_ 5,608~
y<a v<B<La
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UELD,
—1 |O‘|7 =
Z (_1)|B|Ca—6,ﬁcﬂ—%v = {( ) !

r<p<a 0, otherwise

£7%%. &>TDP (oD Pf) IC Leibnitz rule 2> T,

D (D)PC 5D (e D*Pf) =3 (=1)P1Ca s D Cpyry(DI@)(D*S)

Bl Ba y<BLa
= Z Z (_1)\5|Ca_67/305_%7(D790)(Da—Wf)
y<ay<p<La

= (-1)l|(D*y) f
3. £oT
DY(fA)(p) = (—1)l*I(fA) (DY) = (=1)*IA(f - D¥p) = A((—1)l*lf - D)

= Z(_l)lﬁlca_ﬁﬂj\(pﬁ((p ) Da—ﬁf))

B<a

=Y Capp(D°A) (- D)

BLa

=Y Capp [(D*PF)- (DPN)] ()

BLla

DO WR T O

2.2 Weak *-topology

L)("Ftatﬁiﬁ%d, 3.8-3.14] DAZA.

lem-H-10

Lemma 2.2.1. X 2§88, 7 2UBEE Y, NOER [ X - Y, DBT (BTHW)&ES
i 3 Y

Ti= {U () £ Vi)
icl feF

ETBE, 7IIMERD f € F NEREBBZIRBD X LOMBETHS.

Vi.p C Yy open, BIRMED f ZFRWVWT Vi =Y; }

fIETHZL. o=f12)N ﬂgifg_l(Yg) €T X =jesr f71(Yy) € 7. £7= 7 IF unionu T
FALTW3.
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BELD,i=1,21220WTW; :=Uj.c;,Njer [ (Vip) €7 ELISRE, WinWs € 7 ZREIE
Ru.

Wi NWs = ( U N f1<vj1,f>> N ( U N fl(ij,f))
J

nenh fesz jo€ly fEF

- U (ﬂ (fl(vjl,f)mfl(vjmf))) eT

Jgi€l,jo€ls \ feF

o TTIE X DRHETHS.

f EFARZL] FED f € F LEBDBEESRV C Yy IC20WT, fHV) = £~1Y(V)n
Nyrr 971 (Yy) € 7 £ D f IR

BBARBZL] 7 % X OMET, 2TD f € FHERLRZDHDETSE. COB fL(V)er &

KB i Tfec ZHOBERV CY; L LEED f~1(V) itbl TERINTWBDT, 7 O
rhB. £oTrH—BNE L. O

defn-H-11

lem-H-10
Definition 2.2.2. b.eZm.I IcBT 3 7 Z weak topology on X induced by F X2, .F -topology of

X &3,

AXSER C S B R ERS. UTF, X £ CAY MLER, 7 #HAER X - COLTE
BHEYTE. (bB3ARTHEL)

thm-H-12

Theorem 2.2.3. Ru(fiud, Thm3.10] X & C-RZ MILZEFEL, X' ZfREER X - COR
TEREHEETS. (DFD'RT MILEROWNZER {f : X — C|f 1372 } DFHES.)

X' B separating, DEDFEED 2 Ay € X ICDOWT, HB f e X' BH>T f(x) # f(y) T
HB3EREIS.

7/ %Wﬁ%”% X'-topology &9 %. CDEF (X, 1) & locally conver SIAENRZY ~JLZERE
T, X (&R MLZEROMRZER {f : X — C|f IFHREHIDER } £ 825 DHFE
£93.

Proof. (1).(X,7') I&1locally convex fifHRZ ~ILZEER D & &R Y. Cld Hausdorff & D, (X, 77)
BHES. £oTT. (T CIC separating ZfES.) IHIC 7 IEFFITARE, DEDFEEDOW € 7/,
2 € XITDWT, Whaer ThE. SNBW = Uyer (Npex: /7 (Vo)) ETBE, W 40 =

Urer (Nyex: £/ (Vs g + f(2))) B30T
TV, ... fie X,Vr;eRg& L

Vi={ze X ||filzx)| <ry, 1 <i<k} (2.2.1)
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EHELE, CDESBV IeB2ED 7/ D local base &% 3. V & convex balanced DT, (X, ')
(& locally convex.

RICBLEDNERADCEERS. LOLSBVICDVWT, 3V+IV CVTHSE. T: X xX > X
ZT(x,y):—z+y I3, TAV x3V)CV THSB. V 2IF 0D local base L HZDT, T
NIETH (0,0) e X TEHRTH DL ZBERTS. 7/ OFITAEMLD TITERELES.
ANT—EBHIERBRDZI_ZHBS. S:Cx X - X%Z S(a,2) =ax &$3. ar € U %3

Ucr%t3 338 BXTee5HOV T, V' 4+ az C UHD

Vi={ze X ||filz)| <rl, 1 <i<K}
EBBODNEETS. 2L, AEEV er LI eRy BB TRZHELTLIICENS.

o EED1<i<k EVyec V' IZDWT, |al|fily) < 4.
o c-max{|f;(z)| |z € V", 1<i <K} <%

SV i=(a—ca+e)x (V' +2) LHL, Cx X OBEATHS. T5IC(0,2) e VTHO, fE
B (B,y) eVE1IZi<KIZDWT,

/ /
r, ’

[£i(By = a)] < 18— allfiw)| + ol lfily — )| < F + 5 =7}

£oT, S(V)cVCcUlL%3. CnUESH (a,z) TERTHDCEZRIKTSD. LoTSILE
e, U ELD (X, 7) I& locally convex fUMENRZT ~JLZER.

(2). X' SSUHERIG S S CERT. X' (X 7) DI, DD (f : (X,7) - C|f MDD )
YEB ORI X = X THB. DITED ABD fe X 1coWT, fIEEETHS. &o
TX* DX TH3B.

BWDEUEETRT. ge X* LT3, glI&ERBDT,g: X >CDOe X TOEHMNS,
V"'={z¢€ X |l|gj(z)| <tjfor1<j<{(}

EMFBRV'TH>TEED 2 VIZDOWT, g(2)| < 1 EBRBZDDDHEFEET ..

CDBF N, Ker(g;) C Ker(g) THB. THERT 2 € (), Ker(g;) £ T BERD a € Rog 2D
WTC,az e V' THBDT, V' DERDADS alg(z)] = |g(az)| <1 &%BB. alFEREST=DT,
g(z)=0%3.

T, 7n: X = C Z )= (q1(n),...,0(2)) £TB. FED 7(2) = 7(2)) &1RB Vz, 2/ € X IC
2UWT, ﬂ§:1 Ker(g;) C Ker(g) BDT, g(z) = g(z') €% 3. X/Ker(r) 2 Im(r) ZEEIT DL, g
I& Im(m) £ED CADREER g #5FETS. Im(r) CC'BDT, u; : Ct - C%2F i BEHOHE
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9B, Hday,..., 0 cCHHHT,

l
= aju
=1

EhNIB. &2 T, g=For=3"_1a;g € X EHD X* C X' tBB. UELD X*=X'Th

3.

O]

defn-H-13

Definition 2.2.4. [ud, 3.14] X ZMAERY MLERE Y L, X* %2 OWHZEM, 2%
X*i={f: X > C|f IIRENDOEF } £T5. € X IZDWVWT,

evy : X* > C  frevg(f) = f(x)

Y93 CHICED X s {ev, e X |z e X} C{F: X* = C|F I3§E } L E5BEHHE
5N%. MECDERICE>TX C{F: X* > CIFIMGE ) tA—8%95. ZORF X
‘is%Paratmg TH3.(fAge X & HD 2 XHHoT f(x) # glx) LAMEICER).
Zro x+ LLEM_M‘Erf <2X* ) =X LRZ2HOVFEEIND. COfiMEE X* D
Weak x-topology & & l—-ck D, (X* 7) i locally convex fIfERY MLZERTH 3.

,
defn-H-14

.

[EB] X - {evy € X |z € X} BEHTIIBW. BIRIZ0<p <1 LD X = LP((0,1) I
LT, X*={0} &A% BOTX w{ev, € X |z € X} C{F: X* = C|FI3FE } HEHT

IFR0V. (X C{F: X* - C|F 338 } tA—HRLTWVW3H, CNIEBEREICIFEETIFEW)

X H¥locally convex iIiER T ML TH 3% 51, Hahn-Banach OFEEHD S EHHMEHNE X 3. L

DOHNE convex TIEZR LY.

J Definition 2.2.5. }'Ffﬁld 6.16] SR RAOP I, BRI DO ZER D'(Q) ICIE weak x-topology
ZANS. CNUCE 2T, D(Q) IE locally convex BN Y ~ILZERE L 78D DR ZERH

rem-H-15

D(Q) £ 5B,

.

L& D'(Q2) 121 weak *-topology Z AN TE X 3.

Remark 2.2.6. u(%ld, 6.16] {A;}°, ZHBEAMDTIE 3. T D, weak *-topology T hm A=A

’G%%Ctti,&%@gpe@(ﬂ))k WT, limg o As(e) = Alp) L83 L L FHETH 3.

thm-H-16

Theorem 2.2.7. Ru(bd Thm6.17] {A;}2, BEEHDFE L, FRD ¢ € D(Q) ICDWVWT, #&
IZE hmlﬁOo N(p) D CDBELTEETS KT&E?'%

A:DQ) = C, A(p) == lim Ay(p)

1—>00

CEDBE, CNREETHS (DED, AcD(Q) THB). SHICEBDa € Z7 12DV
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T, D'(Q) £ETlim; oo D*A; = DA HRED IID.

FEAAIE Banach-Steinhaus OEIE (—BRMEDEIE) ZELS.

Proof. A CHEUZBESA. £oT, A vEEERYT. Crucisfiid, Thm 6.6) & & ORET H
5, FEDIVNI FEE K C QICDWT, Alp, : Dk — CHEFEZREIEEV. CHIFEED
£>0ICDWVWT, %3 opend € V C Di T Alp, (V) C B(0,e) £ B3 HDHFET 3 L 2Rtd
Ru\.

€>0&93. open ball B(0,e) C CICDWT,
E:=()A;71(B(0,5)).
=1

ZEZB. EED p € D ICDWT, limyo0 Ai() BEFETBDT, {Ai(p)}2, I& bounded. &>
THZ2mel BH>T, EBD i Z ICDWVWT, Ai(p) € mB(0,5) = B(0,%2)) £78%. A; 1F
IREADT, EBD i€ Zy ICDWT, g € m(A;1(B(0,5)) THB. UELD,

DK = [j mE
m=1

Ths.

_ C T Di |35E(mEEBEZERI % D T, Baire DEETFEIED S Baire ZEE THD. DD EIFHRZH
D.AHNR2CcE EEFDMABEV CEZ LS. 2LV —29 I 0DRAETHS. K> TEED
vEV —2g CERBDi € Z, IZDWT, v+ 20,20 € ERDT,

|A; ()] = [Ai(v 4+ 20 — x0)| < |Ai(v+ x0)| + |Ai(x0)] < %e <e

EoT, |AW)] = limy o0 [A(v)] < e THB. TNED, V=V —20 8L, 0V C DT
Alp (V) C B(0,e) £72%. &2 T 0e D TEFTHB.

/= . defn-H-3_ .
Dy DFATREMEE ST, Alp, DEETHD. A € D'(Q) THB. TIPS lim; o0 DA, =
DA TH3. O

thm-H-17

d
Theorem 2.2.8. [Rud, Thm6.18] D'(Q) ET limj,eod; = A DD, C°(Q) £T
lim; 400 g; = g in C°(Q) CIRETS. COLEITD(Q) £ETlim;y00 giA; = gA THB.

.

Proof. "3 2 &ld, MEED ¢ € D(Q) IZDWVWT, lim; 00(g:A:) (@) = (gA)(9)1 TdH .

peD) ZBIEL, K :==Suppp &£353. KIFOAYNIETHB. e c Rog&TBE, RHOED
3.

20



o Thin B3 7T ERLCE®RD5, %5 open 0 € V € D BT, A(V) € B(0,5) TH5.

e FEDicZ, IZDWVWT, gip € Dk THD. &2 Tlim; 00 gip = gp THD. CNED i >0
ICDWT, gip—gp eV THB.

o lim; oo Ay = A KD, lim; 500 Ai(gp) = Agp), £2Ti > 0ICDWVWT|Ai(g99) — Algp)| < 5.
TH>.

MELDINSZEDET,

[(giAi)(p) — (gA) ()] = [Ai(gip) — Agp)| < [Ai(gip) — Ai(gp)| + [Ai(gp) — Algp)| < 5§+ § =&

LK THEED ¢ € D(O) IZDWVT, lim; 00 (giAi) () = (gA)(p) EED WX Tz, O

2.3 Localization

~

defn-H-18

d
Definition 2.3.1. H}]%lﬁld, Def 6.19] Aj,As € D'(Q) &, W C Q open ICDWT,
”Al = A2 in W”%{f%ﬁ@ p e D(W) ‘:’DL\T, Al(tp) = AQ((,O) Thdrr LTE@%

ex-H-19

Example 2.3.2. W C R" % open, f:%& Q _E£E®D FBFAAFES (locally integrable) B8E & 3 3.

() A;=0in W THBZLIF, HEED g e DW)IZDWT, Ap(p) = [, fode =01 LFHET
H3. TNUE flw =0 almost everywhere L [EETH 3.
(2) 1 (Borel) measure £9%. A, = 0in W THBILIF, MEED ¢ € D(W)IZDWVWT,

Au(p) = [y podp =01 CEMETHS. CHUIFERD Borel setE C W ICDWT u(E) =0 L [EHE
THB.

thm-H-20

d
Theorem 2.3.3. uud, Thm6.20) I Z R" DRKEET Uy U = Q EBBHDET B.

CDEE test function DI {1);}3°, THOTREFB-THDOHDHS.

(a) 3 U; e T H'&H > T, Suppv; C U;.
(b) EED 2 € QICDWT, z € Suppy; BB i€ Zy IFBRMET Y 2, ¢i(z) =1T
H5.

(c) FRDOAVNIVFEFK CQICDWVWT, HBm e Zy E openW D K BH>T, R
Di>mICDWVWT |y =0.

Proof. P, Py,....P;,... ZQ LOBEHRCTS. FED P IZ2WT, r; € Qs TB(P,r)CU
EBBU e ITHFEETEE DU Z—DOEETS. FRDic Z ICDWVWT OB ; : Q — [0,1]
T, B(P,%) ETo;=1hDB(P,r) DA T ;=0 L BRZ2DDHEFEET 3.

’ 2

T 1= @1, Yiv1 = @ir1 - [ (1= op) EFT 3. {4)2, B (a), (b), (c) BT L%
Y.

o1



()| FEBD i € Z, I2DWVWT, 3 U €' TH>T, Suppy; C B(P,r;) CU &7253.
[(c)] BBD z € B(P,, ) ICDWT, ¢i(z) =1 THBDT, (> i B5IE

/-1

Ye(x) = po(x) [[(1 = pr(@)) = 0.

k=1
FOTEBDIVNIMERK CQICDWT, B meZy BH>T, W=, B(P, %) D K.
EH3. E-oTLEICED, FBD i > mIZDWT, ¢|lw = 0.
(b)] £E&D, 32 ¢i(z) IFBRMTH . EFED (ICDWT,

L

¢
Zﬂh‘:l—H(l—%’)

i=1 i=1
THBLZERT. (=1 DrEIRELL, —OESE

/-1 £—1 /-1

L
sz H 1_901 +‘P€H 1_901)_1_(1_9001_[(1_902')':l_H(l_SOi)'

i=1 i=1 i=1 =1

&DEXB. UELDABD 2 € QICDWT, 2 € B(P, %) EB3 ( #EETHE, j > (B51E
Yi(x) =0 TBBLY, j=1551E ¢j(z) =0 THBC v &b,

L

o0 l
S @) = S (@) + w0 = 1- [[(1 - i) = 1.
i=1 =1

> i=1

EB%. LoTLWR . O

thm-H-21

Theorem 2.3.4. Ru%ad, Thm6.21) T Z R" ORKEHET Uy, U =Q EBBZHDET B.
HED W e TIZDWT, $3 Aw C D'(W) BT, BOBOEERE TWAW' £ o 7%

51F Aw = Ay in WN W' T 93,
CDOEZTAeD(QQDR—DFELT EROW e TIZDWT A=Ay in W EB3.

Proof. Theorem WJ:D 1 D3E {¢ )2, BEINS. ﬁ%cﬁb FEDicZ  IZDWVWT,
H3dW; eI’ T, Suppyy; C W; Kﬁ%%@%lﬁlm?’%. A:DQ)—-C%

= Awi(pp).
i=1

YEETS. B33 LD, CHUIERMTSHS. &>T A KE well-defined 50 C 8B TH 3.
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Claim 2.3.5. A IEHTH . FHICA CD'(Q).

Proof. [4d, Thm 6.6], P%ﬁr_M_%hé i oo 0i = 035 {}32) IKDWT, limjoo Api) = 0
EREEEL. B, Thn 6.5, TEIEH 00 /t0 MEA IK ¢ 0T, (o), C Dy 5o A8
DN € Zy \DWTlimy joo [l@i — ¢jllnv = 0 ZIRE L TRUL.

hm-H-20
EB?&(%YJ:D, »% meZs T,

A(pi) = ZAW]-(%‘%)

j=1
£53. EoT, EED jI2DWT ity — 0 THBDT, [Rud, Thin 6.6, PR DBAEED j I
DWT, Aw, (pithj) = 0 B, THUZ, limjoo A(p;) = 0 ZEBEKY B & o TEHL

[fRE] T IZDWT ph; — 01 ICDWT. K := Supp v (&> /NT bARDT, Supp pith; € KNK;
t@% J:’)_CEHT%: DK X 'DK]. — DKij tii@fﬁ@@’c, DKQK]- J:T (Piwj — 0 2:73:5 CTLH:
D(W]) LT (pl‘lbj —0&R%. O

STEEDOW e TIZDOWTC, A=Ay inWZRY. o € DW) %3 $H3meZy T
Suppp C U, W, EBBDDZEETS. T2L Alp) = >t Aw,(eys) THB. £oT
AW:AW¢ inWnw,; T&Bé:(\:t’\B,

= ZAWZ(@¢Z) = ZAW(SMZJ@) = Aw ().
=1 =1

EB%. LoTLWR L.

ADE—LRIEZRT. BLAN eD(Q) T,HEEOW eI TA =Ay n W THBLT3. §%
EEED p e D(Q) IZDWT,

Alp) = Zm ZA (i) = > Aw, (o) = Ap).
=1

=1

£7%%%. CCTLIRBERMICEETS. UELD AN =A.TH3. O

2.4 Supports of Distributions

defn-H-22

d
Definition 2.4.1. H%lﬁld, Def 6.22] A € D'(Q2), W C Q open £ §%. “A vanishes in W~

ZA=0mWELTEERTS. (DFD, EFED e DW)ICDVWTA(p) =0&WVWSZ )
ETBICV :=Ux vanishes in w W- €L T, support of A Z Q\V ELTEET . .
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ex-H-23

H-19
Example 2.4.2. f:Q — CEfre 33L&, EXEXSZ(I)JD,T?E%@WCQOpenﬂC’DL\T
Ay =0in W <= flw = 0 almost everywhere <= f|lw =0.

TdHBDT. support Ay = Supp f E&5B.

ST O ERERYEETHS. IZIEfR—C % f(x) = {(1) Eng iEA;=0inR &D

x

SuppAr =@ ZH Supp f =R TH 3.

thm-H-24

d
Theorem 2.4.3. uud, Thm6.23) A € D'(2) D2, W := Un vanishes inw&W- &9 2. <D

EZ A vanishes on W. DED W I A DNEZZEAKDODHEESTHS.

Bﬁﬁllggmfg(_gﬁeaf condition) M5 TH L7=H S
Proof. T': AR w C Q Tw LT AWEBRZHDDEELTS. . 5L T ICHRELIZ1DS

Bl {4,130, BEINS. cko'chrm(%ctb FED ¢ € D(V) IZDWVWT, ¢ = 3.2, oy IFERAT
H3. AE%Z)%EF#Z’?’)O'C o € D(w;) THBDT,

= ZA(WM) =0

C783. £oT, A vanishes in W TH 3. O

thm-H-25

Rud . .
Theorem 2.4.4. uud, Thm6.24] A € D'(Q). Sp := SuppA. CDEZIXHMEDIID.

(a) FBD ¢ € D(Q) ICDWVWT, Suppp NSy =T B5IE, pA=0TH3B.

(b) SA =2 BHIEA=0

(€) eC®O) TS, CVCQUBBMESY LTy =1 LBEZHDICOVNT, YA = A,

(d) Sy € QWA VNT bR BIE, A IE finite order 3D, D&EDHS C € Ry &
N € Zoo BB >T, FEBD ¢ € D(Q) IZ2WT, [A(9)| < Cllglly £53. ZLT, A
& C=(Q) LOEFHREEBIC—RICHEERT 5.

Proof. [(a)] W :=Q\ Sy £ 5. bﬂ.]mzl._SH—ﬁﬁ?B, @A vanishes in W T#%H3%. § W' :=Q\ Suppyp &
BLINIIAESTHD, ¢l =0 THB. &2T, A vanishes in Wd#&dH 3.

-H-24
SNED Uon vanishes in o @ 2 WNW' =QTHZDT. btl.lmZI.SH%‘B, @A vanishes in Q THS. D
ED, pA=0.

) B A,

o4



[(c)lg Z Q DFMERETS. ¢ — 1o 1dF Sy €D 5%\ support Z3HFD. Lo T (a) H'5,
VA = 1gA = A E55.
(A)]Sy AT RT3, B33 NS5, 83 ¢ € D) THT, Im() C [0,1] HD s, = 1
ERBHDHHB. K :=Suppy £HL. K DS\ TH3.
hd, Thin 6.8] 27 ETEHE, $3 N € Zoo £ IC € Rug BB >T, AED ¢ € Dy 152
nwt

IA(@)] < Cllelln

Em?f)Hé T C € Rog THED ¢ € D) IZDWT, ||[Yp|lv < Clelly &%5. UEELD
7‘J\b
IA(@)| = [(WA) ()| = [A(p)| < CllYelln < CCll¢lln
& o T, A |& finite order TdH 3.
ITA:C®Q)=C % )
A(f) ==AWf) (f € C®(Q)).

thm-H-25

YLTESETS. feDQ) B5IE, JH5

A(f) = A f) = (0M)(f) = A(S)

Lo TAIFADIEETHS. ELTAFCIEETHS.
rop-M-7.4

Hrid A BESETEIEEL. %miﬂmugzinm () FEHLTEER DT,
[fi =0 A&5IE, A(f;) = 01 ZREIEZRBL. 7. TEEE'O) a€ZPICDOWVWT, QOIYNT k
EE5E—RICDYf; -0 TH3L>2TH3 C, b‘%o'C

ID(Wf) (@) =] Y DY) D fi(x)| < Call¥]lja) - max{| D fi(2)| | ' < a,x € K}

o' +a'=a

7%, CCTK :=Supp(v)) TH3. o T, FED N€Z, ICDOV\WTHD Cy BH>T
[ fill N < Cn max{|D*fi(x)] : |a| < N,z € K}.

THS. KLETDY; - 0 THBIDT, FRD N € Z, IZDVWT, limins [0filv = 0 THS
£5T, bf; — 0. THB. [Rud, Thin 6.6) £ 0, A ILEREBDT, A(bf;) — 0 L BB, &oT
Af) = A@f) — 0. THO ANIEEETH .

HLIIH—MEDHTHS. N % ADIEL T3, FEDOIVNY MEE K' C QL_’.)L\'C
EDHBY € D) TY | =18%B2BDHHB. L>TERD f € C°(Q)ICDVWTyYf € D( )
WD f=yfon KTHB. D(Q) C C°(Q) Id dence TH D,

hm-H- O

A-AN:C®Q) > C e A(f)—N(f)

IEHRDT, (A—A)~1(0) IIEAEART DQ) 28T, £2T, (A - A)"1(0) = C®(Q), THO
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A=A O

lem-H-2.1

Lemma 2.4.5. [Bud, Lem3.9] X % C FOARZ FILZER, A, Ay, ..., A, EFERL T3
DL EUTFIEAE

1. % T1,...,Tn GC—C%’D—CAzzyzlnAZ
2. BB r eR 0 BH>T, FED 2 € X ICDWVT, |A(x)| < rmax;<, {|Ai(2)]}-
3. Ker(A) C (N, Ker(A).

LFICALTIEHEZARETHRL.

Proof. (1) = (2) &7 :=n-max;<, |r;] ETHUTLL. (2) = (3) IZEA.

B) = (1)ZmRT. 7:=(A,...,A,) : X - C", DFD 7(x) := (A1(2),...,Ap(x) &F
3. 3) &b, n(x) = n(y) BB, A(z) = Ay) THB. &2 T 7id Im(r) C C" LDIFHEEEK
A:Im(ﬂ) S ChRBFETS. Lo THBr1,...,1 BH>T, A=riz1+ - +rpzn EDNTB. (C
CT21,.. 2y I C" DEEZEHTHS.) UELD, A = Aom=riAy+ - +r,A, ERDWVZ
1c. O

thm-H-2.2

Theorem 2.4.6. uc%td, Thm6.25] A e D'(Q) &L, pe QICDWVWTH, € D'(Q) Z dp(e) :
op) ELTEERTS. SuppA = {p} ™D A |F orderN ZHFDOERETSD. DL

(it

A=37<n CaD¥p EMNTBE 5% C, e CHEET S.
BICEED p € QIZDOVT, 3, <y CaDp OFED distribution DY HR—kid p it & T
H3. (BEIEC,=0DRDOHAICEK D).

Proof. HIC... DEBZIFEAS D, RYIDEDZTRT .

p=0cQrLTRBW. TEEDa,la| < NIZDWTD%(0) =0,%3 ¢ c DQ)ICDVT,
Alp) =0TdH31 CrzREIERL. BEBRSIE, D(0) = (D)(p) BDT, b LZnheEb
AITUE, Ker(A) C <y Ker(DY) THBDT, 2.4 XD IID.

MERD a,|a] <K NIZDWT DY%(0) =01 £%% e DQ) ZEETS. FED neRopllD
WT, HBecRgDdHoT,

max{|D%(z)| : |a| = N,z € K} <.

L7%%. CCC K:=B(0,e) THD
O, FED r € K IZCDWT,

|D%p()| < N1l |z Nled, (2.4.1)

o6

eq-thm-H-2




RROIOC L ERT. alckd (EFHMAAD) BIE o] = N OBEIE OEBLD. —HRIC

x=(r1,...,2y) € KICDOWT,

D%p(z) = D%p(x1,...,xy) — D%p(z1,...,2p-1,0)
+ D% (x1,...,2p-1,0) — D%p(x1,...,Tn—2,0,0)
4 D%(21,0,...,0) — D(0, ..., 0)

Ti
_Z/ 7Da xl,...,xi_l,ti,O,...,O)dti.

THZDT, ThEAWT,

noorlwl
|Dag0(ﬂf)’ < Z/ nnN*(‘a|+1)|$|N*(‘a|+1) dt;.
=170
= N =UeHD | V=D (|2q | 4 - 4 |z])

:SnnN;qM+nLMN;UM+n(nVQ§:iffI;%)

_ nnN—|a\ ’CC|N_‘Q|.

£->T BTz 1.

éT¢€1MW)T¢Em%ElbﬁuﬂanwﬂT¢uzot@5%®%té.%LT,E%@
2
0<7<1ICDWT, ¢ € DR™) Z () :=(%) EEETS. COB, HBc >0 C=C(n,N)

BH>T, FEFEDO<r<elcDWVWT,

lrolln < nCllelln

THBLZTS.
“IEEENS
D% (Yr)(z anﬁ rla | 18] (D Bl/})( ) (Dﬁcp)(x)

B<a

THD. r<eclddE, Supprp C B(0,r) CK THBLISFRT DL

1
max | D (rp) (2)| < € max (|07 7(2)] - [P p(a)] )
1

max |Da751/1(%)\ | DP ()]
)

LTalTAT weB o

< (C; max max <\DO‘ ﬁzp( )| - gl N =lel

z€B(0,r) BLa

<G max (ID* P (2)| -9 ()N 191

<nC DBy
nwlg%%g\ Byp(2)]

o7

(2.4.2)

eq2-thm-H-2




UE&b EEGH R —F ABorder N ZHODT, $% O B'BH>T, FED ¢ € Dy
ICDWT
IA(p)] < C'lollv

TH?3. 2T EBDe< 1Y ¢ €Dy lCDVWT|A(Y)] < ¢ ||v. THS.
UEDEREFZLHBZERNDODB: FED > 012DV, e € Ry BB DT,
max{|D%(x)| : |a] = N,z € K} <.

£%%. CTT K :=B(0,e) THBELT, nICEBBWVWC,C'HH>T

[A(@)] = [A(hro)] < Iyl < nCClglly-

THB. CC||n. 10 IC&BBEVDT, [A(p)| =0 THSB. £oTA(p) =0. £1H3. O

2.5 Distributions as Derivatives

thm-H-2.3

Theorem 2.5.1. u‘bd, Thm3.2) X RARZ MLZERE, M C X BHZEEL L TRZRE
95.

e % mapp: X - R Tp(z+y) <p(z)+ply) &p(te) =tp(x). (¥t >0) ERXBHD
PEETS. (CHU plx) =0 =0 DMHB L semi-norm)
o HBIWMEEB/Rf: M >R T, 2D 2 e MICEALT f(z) < p(z).

CORBHBZA: X >R CVWSIBRERT Ay = f D OEED 2 € X ITDOVWTUT R
THONEET S

—p(—x) < A(x) < p().

CDERICEWVWT pld seminorm THS THRLV. L2 Tp(r) <0 BRBZ3FNH->THRL.

Proof.
X' CX; X' OM ERZDEHLER.
S = {(X',A') | N X' - R EBIPEERTN |y = f DD }
—p(—') < N (/) <p(a/) (V' € X') £BBHDNDH 3.
S IClERF <" %=

(X1,A1) < (X2,A9) <= X| C X} DD Aglx, = A4,
YLTANB Y, S IIRNNESICHD, Zorn DREL D, #8ATT (X,A) H'H 3.
Lo TRDEREZTEIZRL.

o8



Claim 2.5.2. X = X.

X#£X. 2L,yeX\X%2r3. COBEED 2,4/ € X. ICBWVT,
A(z) +A@) = Az +2) < pla +2') < ple —y) +p(@’ +y)

TH3. 2T, Aa) —plz—y) <pa’ +y)—A). THBDT, o/ ZEETNUL, £D sup H'F
ET5. )
a:=sup{A(z) —p(z —y) | x € X}

rEL EED 2,2 € X IZDWT,

Az) —px —y) <a < pa +y) — A

SX =X+Ry B2, N: X - R; N(a+ty):=Ax)+te. £T3. COBF A : X' — R 138
BERTN|y=fTHD. IHI, FEDz+tge X' IZDWVWT,

o t=0H5E AN (z) =Ax) < plz+ ty).

o t>0%BlFa<plx+y) —Alx)IZFBELT
N(z+ty) = Mz) + ta = t(A(2z) + ) < tp(La +y) = p(z + ty).
e t<0BRSIE t=—|t|, ’DA®)—px—y) <at3EELT,
N(@ = [tly) = [11(A(f2) — ) < [tp(hz — ) = plz +ty).

UELD ERBD 2 +ty € X' IZDWT, Nz +tg) < p(x +1g) TBBDT, (X', L) € S HD
(X, A) = (X,A) THZ. LDL, X' # X BOT, Thid X, A) PMBRTICFET S, &oT

X =X. U

thm-H-2.4

Rud
Theorem 2.5.3. [Rud, Thm6.26] A € D'(Q) D K c QAVINI LT 3. COBHS

f:Q— CERERY acZ BH>T, FED ¢ € Dk ICDWT,

Alp) = (~1)l /Q f- (Do) dx

BEED o IZDOWVWTIE, Hﬁ-ﬁ%d, Thm6.8] ICk2TdH2 C > 0, N € Z>o T A(p) < Cllplly (Vo €
Dg) C83bDHFET DD, EONZE>TETCa=(N+2,...,.N+2) LEDHS.

Proof. Q :={(z1,...,7,) ER" |0 < x; <1forVi}, £&%. 0€ QE LTRLW. FLRT—ILE
BUTK C (-1, £ LTBL.
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KZFETHHLT K C
T:

Qr93 ZLTK ¢ (—3,3)"D2K #(0,...,0) 2IRET 3.
N

S0 0  LEBD y = (1., un) € Q, IKDVT,

— Owy Oxa

Qy) == [0,11] x [0,y2] x -+ x [0, yn]

£9%. FED ¢ € Dg C DR & 2 = (21,...,7,) € Q, ICDVWTFHEOEELDH S

a€ (0,1)PH>T

EhBd. £o7T

THIC

O(T1y ey Ty ooy ) — (21, ..., 0,00 2y)

fola)] = )
< o(x1, .y Ty ey y) — (1, ..., 0,000 Tp)
- z; — 0
0
= 8xig0(x1,...,axi,...,xn)
< 2 ' 5.
max [p(z)| < max|zre(@)]| (V) (2.5.1)
oly) = / Todr = T(/ godx) (2.5.2)
Q) Qy)

Md, Thm 6.8] D B3 C >0 & N € Zop D> T

M)l < Cllellv - (V¢ € Di).

eql-thm-H+4@q2-thm-H-2.4

TH3. £>T (L5

Ap)| < C e TN =C- / TN*1p)d
A(p)| < IIsOHN(%ﬁl;:_xmgg;\( @) ()] I;leag( Q(y)( ¢)dx

&oT

eq2-thm-H-2.4

THh3. 05

<C- max/ |TN | dz < C/ TN | d.
veQ JQw) Q

Al <C [ [TVl do (2.5.3)
Q

N+1 : DK — DK L;ﬁ%ﬁ &2 T Im(TNH) C DK _tL:EF)\b\T, ,%EEE

B AL = Ao (TVTH)™L i Im(TV ) - REZEEITZEHTEFS. Im(TVTY) € D £T

Ao TNH = A. TH 3.

60

eql-thm-H-2.4

eq2-thm-H-2.4

eq3-thm-H-2.4




o € Tm(TN ) joon T, B3 % D
M) < () < C /K pldz (Vo € D).

hm-H-2.
& 5T Hahn-Banach OEEIS3 A (Im(TVH) ¢ LY(K), A, C [ |- |de) KBS LT, $3 G -
Ll(K) — R T G|Im(TN+1) = A1 HD

Glp) < C /K plde (Vg € LV(K)).

ERB3HDNHB. o THhd K LD bounded Borel Bl g TH > T, G(p) = [ gpdx E78 3.
LT, A= AloTNJrl—Ca?_)%@—C,TEELU)gOE'DK lcDWT,

A(w):/ g (TNtp) dw
K
THB. TOT, g &R LOBBICOMIETS (DFED ga) —0Ve ¢ K) £F3.) [ R =R

=
fl(zg,...,x / / x)dry - day,.

ELTEERTS. ik Lesbegueﬁﬂﬁﬂiﬂf]‘bﬁthti%Ku%ﬁﬂlﬁﬂﬁ'ﬁ’(“ﬁ)%. ATy
VAN SERD i ISOWT 2 (f - (TN ) = ( f) (TN+1¢)+f-(8%TN+1<p).r“z%. ko
THREED p € D IZDWVT,

Jor Grrrie)an== [ (es) - e

B UELD
Mo = [ g @ pyde= [ (G2 T g) (1Y) da
:_/<ai2"'aif> (ailTN“ ) ds

' N+1
/ I 3x1 83:2 anT pde

— (_1)N+2/ (_1)n+N+2f . TN+2g0d:E.
K

EKoTZD (-1 V2FRFLVWBDTHS. O

thm-H-2.5

d
Theorem 2.5.4. uud, Theorem 6.27 ] A € D'(Q), V.C Q CR" open. K C QZI>/N

JhEEETS. SyppACKD DK CVHDADorder NEHFDODERET S.
CORHD {fz} C inC'(Q) T, B=(B1,...,00) W& Bi < N +2 %43 multi-index T,
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Suppf C V HD
A=Y DAL
B

ERBHDHEFET S

Proof. W CQopen TKCWCWCV HhDWIAVNY M EDHDEES
BESEN ¥ WICHR T3, A Dorder N THBDT, H3a = (N+2,...,N+2) &
f:Q— CEHNH>T

M) = (-1 [ f-(D9)da (v € DOW)) (2.5.4)

E7%3%. ECTgeCr(Q) Tyljp=1D2 SuppgCV ERBHDZEXBZETSuppfCV

CIRELTRLW. (f % fglCBDEX3.)
b e Co(Q) T, Y|k =1 5D Suppts C W DHOEEET 3. BAA NS A = A TH 3.

HBED ¢ c D(Q) IioVT B HB
A9) = 5(6) = Mwe) = (1) [ F(D"(w)da
= (=1)l /Q f)  CapD* Py DP¢da

BLa

_ Z/Q((_1)lalca5fpa—%)pﬁ¢dm

B<a
& 2T f5:=(-1)l=BlC, s DBy £ B &

M) = Y (1) /Q fsDPddz = 3 (DPAp)(6).

BLa B<a

eq-thm-H-2.4

thm-H-2.6

Theorem 2.5.5. u%;d, Theorem 6.28] A € D'(Q) £9%. CORHERD a; multi-index
ICDWT, 3 go € Co(Q) DB > TRZFHLTHDONFET 3.

e FEDIVNIMEEK CQICDWVWT, {a € Z7 | Suppga N K # o} IIBERES

e A=) D%Ag,.
TSI ADEBRD order 215272 51X, BRED g, ZBFWT g, =0 ERBD LS ICENS.

2FD, BEAIE D> & Ag, THEHXMIIHNTS.
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Proof. JR® claim Z5EICRY.

Claim 2.5.6. FEDi=1,2,...,IC20WT, 2 Q; CV,CQ RBIAVNILEEQ; &
open V; &> T, FREOOAVNIMEE K CQIZDWT, {i €Zy | V;NK # o} ITBIR
E/rRBLIICTES.

lem-M-7.
Proof. l(.emi.Z %'2)

KicKyc---CK;,C---CQ
EBBZAVNI FERIIK, TK; Cint(Kip1) D2 Q=2 int(K;) EB2HDHEET 3.
K() = @, Ql = Kl, ‘/1 = int(Kg) 2:_5_5 LX—FUFEE'%EI‘J‘:

Qi = KZ \int(Ki_l), V; = il’lt(KH_l) \ KZ'_Q (’L > 2)
EERTD. (BIRVIF=DRIELICTS.) 5L

e Q; CV; BHIFK,; Cint(K; 1, DD K; o Cint(K;_1) BDT.)
e Q;; AN+ (EBAIFK; >IN DD Q; C K,closed 72D T)
e V; open.

o 0=, Q EARRBREWAENS, UL, Qi= K, N'EZXEH'5)

BOKIDOWT, B m BH>T, K c UY, int(K;) = int(K) C K. 2 TEKNV,y =0
Nm/ >m+2THDILG, {icZ, |[ViNK#2}C{l,....m+ 1} IFBRTH 3. O

BEEERCERELD (Q) T 1T support BV, ICAS C B EER T3 2L T), %3 v > 0
b ANZS) {¢z}zeZ+ C D(Q) THHO>TREBRETHDONEFETS.

o FEDicZ, IZDWT Suppy; C V;

« EBD2€QUIDNT, T, i) = 1. 1 LEERMITSHS.
« EBDI €7, IZOWT, $3 Wi D Quopen HB5T, {j € Zy | ylw, # 0} WHIRES

FHLA=Y2, Yy A THB. DBAED, EBED i € Z, 122WT, 53 V; LOBHEROBERE
r=)ii3 {fiata hH-oT,
dih =" DA fi

EMMNTB. £ET, ga = oy fia- £HEL.

EBDz € QICDVT, V; OBEAS, [i € Zy |z € Vi) I3BREETH3. 2T galz) =
$° fialz) IBERMT®HS. DED, go € Co(9).

IO Y L TR TS 5 DEP TS0 D8£ ES
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Claim 2.5.7. FEDIAVNT FEE K C QICDWT{a € Z" | Suppga N K # o} IFHR
£85.

Proof. {V;} DIMH5, {i € Z, |ViNK +# o} IFBREETHS. £-T,

Suppga NK C | J SuppfiaNK

VinK#£@
L.
{fiato SBRET, ZX2 i bEREBDT, 2 M € Zso DH>T, FED |o/| > M LHB o
ICDWT, Suppgy NK =2 £7%8%. {a € ZT | Suppga N K # o} ITERESR. O

FED ¢ € D(O) ICDWVT
A i) =D _(¥id)(@)
—Z ZDaAle )(6)
- ;(D“Agaw) = (;D“Aga)w)

&oT A=Y, D*Ag, £ 5. O

2.6 Convolutions
oE

e D:=D(R"™), D' :=D'(R"),
e u:R" - C,z e R"ICDWT

u:R" = C, u(x) = u(—x),
U : R" — C, mpu(y) = u(y — ).
FEED u,v: R* = CIZDWT, convolution u*v ZXTEDHS:

uxv:R" - C, (uxv)(z):= /n u(y)v(x —y)dy
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BB uxvld, [FEALEDIEIBD x € R" T Lebesgue 5 [, u(y)v(z —y)dy BEZS
NBKFICOAERIND. COLE, EEDLD

[ ute -y = [ o))y = Au(r.o).

defn-H-2.7

Definition 2.6.1. FED uc D', ¢ €D, x € R*"IZDWVT,

(ux*@)(x) = u(120).

CEDD. ux¢p:R* - CTHB.

defn-H-2.8

Definition 2.6.2. FED ue D', ¢ €D, x € R*"IZDWVT,

(Tzu)(9) = u(T—20)
EERTS.

Remark 2.6.3. RO D IID.
/n Tmu(y)v(y)dy = /n U(y) ' T—mv(y)dy = Au<7——$v)-

d
ifc%gﬁld, Theorem 6.8] 15, 7,u e D' THHB.

thm-H-2.10

d PR
Theorem 2.6.4. uud, Theorem 6.30] u € D', ¢,vp € D &F BEERMDILD.

(a) 2 € R"ICDWT, 7p(ux @) = (1ou) x ¢ = ux* (1,0)
(b)) uxpeC® FEBEDaecZ ICDVWT D¥ux¢) = (D) *x ¢ =ux (D)
(€) ux(Ppx9) = (ux¢)xt

Proof. [(a)] 7u(ux )(y) = (ux §)(y — x) = u(ry—e6)-

(Tzu) * ¢(y) = (Tru)(7y¢) = U(T—w(Tyd))) = U(Ty—m¢)'
BEED, ux (1:0)(y) = u(ry(120)) = u(ry,m20) = u(ry_»0) ELRBDTERB.
[(b)] D¥(¢) = (—1)ll7,(DYg) THBDT,

(D%u) * (x) = (DO“U)LT_%%) = (—1)*lu(D*(7,9))
= u(1e(D¢)) = (ux (D"¢))(z),
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&oT (b) DFDERDIFFL LY
% e € R™; unit vector £ L, r € R\ {0} ICDWVWT g, = L(19 — 7e) £ T 3.

()@ — P =0l =re) _ (e —re) —olx)

r T

THB. (a) &D ne(u*d) =ux* (n(¢)) THZDT, AEMPZEZXS_LT,

() = Dep (r — 0)

NDETERD. o THEED 2 cR*"ICDWVWT, D LT

—~—

72(1r(9)) = T2(Dedp)  (r — 0)
8%, UE&EDr=—-tICLT
ux @)(x+te) — (ux*ep)(x)

lim (

lim t = lim (1, (v * §)) (@)
= lim u * (1,(9)) (x) = lim u(7s(n:(9)))

P

= u(Tz(De)) = (u* (Deop)) ().

CNEDBREBDEL T usdc 0F ¥ (b) ORDEEDIFZELV EADAB.
[(c)] EE®D 2 € R* ICDWT, KA D LD

To((ux (% 9)))(0) = (ux (T-2(¢ % 1)))(0) = (u* (¢ * 7-21))(0)
Ta(((ux @) % 1))(0) = (((u * @) * 7-2))(0).

o (ux(px1h))(x)
o ((ux¢)*)(x)

MEED (ux(¢px))0) = ((uxg)*1)(0). ZREIFRL.

G0t = [ ot —ydy= [ o(s — typ(-s)ds = / o5 — typ(—s)ds
Rn Rn Supp ¥

THB3DT,

ewer)© =u( [ ga-tusd) = [ @Edwiss 261)

Supp ¢
&T, fSupp¢¢(S — )Y(—s)ds DERDZ) -V LTEIRT 3. S r € Ry T Suppy C
—rr]" EBBHDE—DERETZ. EED L Zog &k = (k1,.... k) €{0,.... (-1} I2DWT

Ay ::H[—r+2r%, —r+2r
i=1

k‘i‘i‘l}
7

66

eg-1-thm-H-2.10




EERTD. Fi(t) := fAk P(s—t)ds. £TB. TDERNEZRD

e Supp Fy, C [—7,7]" \ Supp ¢, €L T, Supp Fj (EAYNT bHD L & kICE B0,
o [, cC® BERSIX, SuppF, AVNI LT pc O THADT, MDD LEOHIBETE
BH5. BT DF(t) = (~1) [ Do‘gzb(s—t)ds).

&oT F, € DTH3. C#’Lotb, q:'FEﬁﬂE@fEfE% n@@'B _ETHD T € Ag _C‘-‘%’)_C,

(2.6.2)

n eg-4-thm-H-2.10
)

Fy(t) = dlan — ) (¥

ERBODHEETS. £oT

L ettwsis=lim 3 gt (3) = fm Y wm B

) —
ke{o,....£—1}m ke{o,.....—1}m ( ) eq-3-thm-H-2.10
2.6.3

&o7T, Supp F, 1& 0,k IS WAV NI FERLEICEEFNTVWT, AVNI FEELETODER
IR IF—RINEHDFE LCHRDT, D LOWNKEFLTHB. DD

eg-2-thm-H-2.10

{—o0

lim zk:¢(—xk)Fk(t) = /S upwgb(s —t)i(—s)ds inD (2.6.4)

THhd. UELD

(1 (64 9))0) gepeuledn s00(s — p(—)ds)

T2 Jimp 1/1(—Xk)Fk(t)>

—00
k

(e_—%s-@%oﬂ% 20(—xk)u(Fr(t))

— AT = UBEDDEERDS,

((ux @) *1)(0) (dafngéii)gw(uvsqﬁ)) P(—s)ds
(ef%z—di%oﬂgk 20( T, O) V(=) (%)

~ tim Y u(é(on — 00— (%)

{—00
k

(e%zx—dimgzo}l% 20(—wk)u(Fr(t))

K2 T (ux(d*))(0) = ((uxp)*1)(0) BWVWET (c) DEFRDWVR . O
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Remark 2.6.5. E%E%Gst ) = ¢(s — t)(—s )K?z(_KZﬁéKCR” NH->T, FED
s €R™ IZDWT Supp (£ = G(s,1)) C K THB. o T3P B5H5 f € C0, a & multi-index
ahH->T

u N G(s. 1)ds) :/n(—1)|“f-DO‘< 5 G(s. 1)ds )t

w(G(s,1)) = / (1)l f . DG(s, 1) dt.
ERBLONEETS. COYE— MRV /NS FEDT, M LA 5OV 1.

, - -
defria Definition 2.6.6. )'Fl%ld Definition 6.31] h; € D @F {h;};>1 DV approximate identity”
on R" ZHDEIE, HBheDTh>0 73") Jgn h(z)de =1 223 DHH>T, EFED

] € Z+ ‘;OL\_C
hj(z) = j"h(jz) (j=1,2,3,...)

MEDIIDZrrd3.

lem-H-2.12

Lemma 2.6.7. {h;};>1 “approzimate identity” on R" Z:{D2L93. f e COIZDWVT,

FEDteR" ICDWVWT
lim (f * hj)(t) = f(2)

Jj—00

Proof. EE® j € Z4 ICDWT K := %Supph bk

(F 3} (8) = (hy * £)(1) = / n(j“h(jsc)) St~ a)do
%7 approximate identity” &0 [o, j"h(jz)dr = [p, h(y)dy =1. £2T

mj =inf{f(t —z) |z € K;} < (f*h;)(t) <sup{f(t—2) |z e K;} =M

&oT
my = [ GhGGe)) mds < (Fs)(6) < [ (GhG) - M do = 0
[IXERBRD T, Iimjyoo Mj —mj =0 &> T limjo0(f x hy)(t) = f(2). O
i d
fem-t213 Lemma 2.6.8. [Fud, Theorem 6.32] {h;}j>1 “approzimate identity” on R" Z¥FD &Y

3. %D, ucD.

RO D ILD

(a) limj_yoo ®*hj =P in D
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(b) limj oo u*hj =u in D’

Proof. [(a)] Cone(Supph) := {sz|z € Supp(h),s € [0,1]} £ TD. CNFheDLDODIVNT K
T&HB. Supph; = %Supph C Cone(Supph) THD. 2> TERD j € Z, ICDWVWT

Supp(® * h;) C Supp® + Supph; C Supp®P + Cone(Supph).

T#H3.(x € Supp® DDt —x € Supph; B5IE, ®(2)h;(t —x) A0 THBLITER) > THE
B j € Z,, multi-indexa, ® € D DHR— AV /INT FRD T,

Supp(D*(® * h;)) = Supp(D*® * hj) C Supp®P + Cone(Supph)

%%, ERED t € Supp® + Cone(Supph) ICDWT, bl(.eﬁm}H%"l)zlimj_,oo(cI) *hj)(t) = ®(t) 723
DT D DPRNNZ B.

[(b)] {h;};>1 "approximate identity” on R" Z3DDT, {h;};j>1 BELEEERFD. £oT

u(®) [Lem-Hkgn1 (}}Vj * D) tlémz(lz)-zlhn (u *ﬁj x* ) (0)

2.6.7 j—o0 J—00

= lim (u * (h; * $))(0) t%zi(lgzlim ((w* hyj) * $)(0)

Jj—00 J—00

= lim [ (uxhj)(s)®(—s)ds= lim [ (uxh;)(s)P(—s)ds
J—00 Rn J—00 Rn

J—00

BRDIODT, Wl (D OEHEIRE SR TS 3)

defn-H-2.14

d
Definition 2.6.9. %d, Definition 1.44] Q C R™ open, C°(Q) Q L OEFREAKDES &
5.

CO(Q) DEAEE R TEET 3:
KicKyc ---CK,C---CQ
Y WS OAVNG FERDBE—DY D [H P eE o Ton=1,2,- oDV,

Vo :={f € C%Q) | sup |f(2)| < +}
zeKy,

B, Vy(n=1,2,---) B0 D local base &% 3 CO(Q) ODNEHNTEET 3.
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thm-H-2.15

d
Theorem 2.6.10. uud, Theorem 6.33]

(a) ueD IZDWT, L:D—C>® %

L(p) = ux

LT3, (urp e C®ET0,ED) COB L ISERARAEKRTERD pc D &
z € R"ICDWT

72 (L(p)) = L(T2¢) (2.6.5)

(b) WICEERSRERL : D — CORY) 05 s B s 55, u e D' T L(p) = uxyp
ERBDDONIE—DHFEETS. H5IC Im(L) C C.

q-thm-H-2.15

Proof. | bgﬁﬁ%_ﬂ'(% D. FEHEAESH. &>TLHAEREZTREIFRL. C™ (& locally
convex 730)'( s )II % %E'%(D:I YN MEB K CR"IZDWT Llp, : Dk — C° W& ZE

ZIXRLN.

defn- thm-H-closedgraph
Dk & C™ |& F-space (Ie X0 é?:ﬁ {) 78D T closed graph theorem (b CID Do

{(z,Lx) € Dx} C Dg x C*
H closed ZRBIFRL. &2 T

e v, = pin Dg MD
o L(p))=uxp; = fin C®

DD ILDEFIC, usx o = f BEDILDZZREIFRL.
chUdz e R*ICDWVWT

F(z) = Tim (u * ;) () geta- ~<rx@>=u(hmw) = ump) = (uro)@)

i—00 .6.1 t—00 i— Tep; — T in D
MEDIIDDTWVRT:.
[(b)] u:D — C% u(p) := (L(p))(0) TEDD.
FTueD ZRY. u BEEDNDu(p) =evopo Lop THD. UAELD

T:D =D and evy:C'R") = C

HEFREZTREIERL. “THEGIZEAS D, evg DESFIHED 0 € COR?) TEFZTEIL L < (F1T8
BTARERENS), CHUF0 €U C CopenIiZDWT, 2B N € Zsg &> T, evo(V,) CU &%

BCEEDERD. FoTulFEHRTLRT.
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-thm-H-2.15
RIC 0 € DICDWT L(p) = u* g BT, Boapn

0i:62,49))(0) = (7 3p) = u(reP) atanfica p)(v).

(L(p))(@) = (T—=(L(¢)))(0)

e
def 2.6

FoTLVRIL.
CDEDIBuDE—DTHBEIZRT. u,u' €D TL(p)=uxp=up THDLTBHL

(L(£))(0) = (ux)(0) = u(ep).
5%, &> TEBEIZLT L(p)(0) = u'(¢). THBDTERT-. O

closed Graph Theorem IFATDHDTHS.

thm-H-
closedgraph

Theorem 2.6.11. uditd, Theorem 2.15] T : X — Y B F space LDIREBRE T3,
G:={(z,Tz) e X} C X xY D EAKEGSIL, [ IEHE.
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