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Local-to-global Ext spectral sequence |edit]

There is a spectral sequence relating the global Ext and the sheaf Ext: let F, G be sheaves of modules over a ringed space (X, 0);
e.g., a scheme. Then .

and complete discussions, see the sections below\l-or the examples In this section, it suttices to use this definition: one says a
spectral sequence converges to H with an increasiny filtration Fif B3 = F,Hy.q/F,-1Hy,q. The examples below illustrate how
one relates such filtrations with the E2-term in the forlns of exact sequences; many exact sequences in applications (e.g., Gysin
sequence) arise in this fashion.

2 columns and 2 rows | edit]

Let E’M be a spectral sequence such that Equ = 0 forall p other than 0, 1. The differentials on the second page have degree (-2, 1)
and therefore they are all zero; i.e., the spectral sequende degenerates: E* = E. Say, it converges to H with a filtration

0=F,H,C FH,C---C F,H, = H,
suchthat Ep% = F,Hy.q/F, 1Hp.q. Then FoH, =
etc. Thus, there is the exact sequence:m

0—E, - H,—>E},_ | —0.

B, FH,/RyH, = B2, |, FyH,/FH, =0, F;H,/FH, =0,

n-1'

Next, let E,’W be a spectral sequence whose second
page but it still degenerates at the third page as the

ge consists only of two lines g = 0, 1. This need not degenerate at the second
rentials there have degree (-3, 2). Note Eg‘o =ker(d : Efw — Ezf?,l)'

as the denominator is zero. Similarly, B3| = coker(d :\E2,, , — E2 ). Thus,

Pl T
d
~
0= ExXy = B} —E: , = EX, —0.

Now, say, the spectral sequence converges to H with a filtration F as in the previous example. Since
F, ,H,/F, 3sH, = E;“_u =0, F =0, etc, wehave: 0 = EX, | — H, — E}{ — 0. Putting everything
(2

together, one gets:

wo = Hpn

- spectral sequenge
0 — H'(Ox) = Ext}(Q,0x) =

P-"0
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