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Introduction

Introduction

Theorem (Kodaira 53)

Let X be a compact Kahler manifold and L be a holomorphic
line bundle. Assume L has a smooth metric with positive
curvature. Then for any g > 1

HI(X,Kx® L) = 0.

Masataka Iwai (The Univ. of Tokyo) Vanishing theorems of VB with sHm



Introduction

Introduction

Theorem (Kodaira 53)

Let X be a compact Kahler manifold and L be a holomorphic
line bundle. Assume L has a smooth metric with positive
curvature. Then for any g > 1

HI(X,Kx® L) = 0.

By Kodaira’s vanishing theorem, L is ample if and only if L
has a smooth metric with positive curvature.
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Introduction

Theorem (Kawamata 82 ,Viehweg 82)

Let X be smooth projective variety and L be a nef and big
line bundle. Then for any q > 1

HI(X,Kx® L) = 0.
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Introduction

Theorem (Kawamata 82 ,Viehweg 82)

Let X be smooth projective variety and L be a nef and big
line bundle. Then for any q > 1

HI(X,Kx® L) = 0.

@ By Kawamata-Viehweg vanishing theorem (and so on),
we have Kawamata-Shokurov base point free theorem,
Mori’s cone theorem and so on.

Masataka Iwai (The Univ. of Tokyo) Vanishing theorems of VB with sHm



Introduction

Theorem (Kawamata 82 ,Viehweg 82)

Let X be smooth projective variety and L be a nef and big
line bundle. Then for any q > 1

HI(X,Kx® L) = 0.

@ By Kawamata-Viehweg vanishing theorem (and so on),
we have Kawamata-Shokurov base point free theorem,
Mori’s cone theorem and so on.

@ L is nef déf YC c X:curve,L.C >0

dim HO(X,L®&) >0

.. def
@ L isbig & limsup,_, P
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Introduction

Before the next results...
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Introduction

Before the next results...
@ his a singular Hermitian metric (sHm) on L

def
S 3 a smooth metric hy and ¢ € LL.(X)st h=hye*

o V=10, := V=10, 4, + V-13d¢ for any sHm h.
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Introduction

Before the next results...
@ his a singular Hermitian metric (sHm) on L
& 3 a smooth metric hy and ¢ € LL.(X) st h=hye
o V=10, = V=10, ,, + V=183 for any sHm h.
@ The multiplier ideal sheaf J(h) of h

J(h)x = {f € Ox; U > x, f IfPe dA < oo},
U

where dA is the standard Lesbegue measure.
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Introduction

Before the next results...
@ his a singular Hermitian metric (sHm) on L

def
S 3 a smooth metric hy and ¢ € LL.(X)st h=hye*

o V=10, := V=10, 4, + V-13d¢ for any sHm h.
@ The multiplier ideal sheaf J(h) of h

J(h)x = {f € Ox; U > x, f IfPe dA < oo},
U

where dA is the standard Lesbegue measure.

@ The multiplier ideal sheaf J(h) is coherent sheaf if
V=10, 4 > 0 (this is NOT trivial).
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Introduction

Theorem (Nadel 89. (cf. Demailly 82) )

Let (X, w) be a compact Kdhler manifold and L be a
holomorphic line bundle. Assume h has a sHm on L such

that V=10, 5 > ew in the sense of current for some € € R..
Then for any g > 1

HI(X,Kx® L ® J(h)) = 0.
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Introduction

Theorem (Nadel 89. (cf. Demailly 82) )

Let (X, w) be a compact Kdhler manifold and L be a
holomorphic line bundle. Assume h has a sHm on L such
that V-10, , > ew in the sense of current for some € € R..
Then for any g > 1

HY(X,Kx® L ® J(h)) = 0.

By Nadel vanishing theorem, we have Angehrn-Siu’s

theorem (if L is ample line bundle then Kx ® Lo75H ig
globally generated) and so on.
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Introduction

Remarks

o LisnefSVC c X: curve,L.C > 0
& Ve > 0,3h, smooth metric, s.t. V-1, + ew > 0.
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Introduction

Remarks

o Lisnef&vCc X:curve,L.C >0
& Ve > 0,3h, smooth metric, s.t. V-1, + ew > 0.

def im ®
o L isbig S limsup,_,.., SmHEXET) 5 g
© de > 0,dh sHm, s.t. V=10, — ew > 0 in the sense
of current.
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Introduction

Remarks

o Lisnef&vCc X:curve,L.C >0
& Ve > 0,3h, smooth metric, s.t. V-1, + ew > 0.

. def . dim HO(X,L®*
o L isbig & limsup,_ ., 2EELT) 5 o

& de > 0,3h sHm, s.t. V=10, 4 — ew > 0 in the sense
of current.

@ Nadel vanishing = Kawamata-Viehweg vanishing =
Kodaira vanishing
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Introduction

We have many applications by using vanishing theorems.
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Introduction

We have many applications by using vanishing theorems.

Prove that vanishing theorems in more general setting.

In this talk, we show that vanishing theorems of vector
bundles with sHm.
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Introduction

More explicitly...

Prove that for any g > 1 and any vector bundle E,

HI(X, Kx ® E(h)) = 0

with some assumption (positivity of metric).
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Introduction

More explicitly...

Prove that for any g > 1 and any vector bundle E,

HI(X, Kx ® E(h)) = 0

with some assumption (positivity of metric).

@ his a sHm of a vector bundle E.
@ E(h) is a higher rank analogy of multiplier ideal sheaf.
@ h has "some positivity”.
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sHm on vector bundles

Positivity of metric -smooth case-

(X, w) : a compact K&hler manifold with a K&hler form.

(E, h) :a holomorphic vector bundle of rank r with a smooth
metric

(V;z,...,2z,) : asystem of local coordinate near x € X.
(e1,...,e) : alocal orthogonal holomorphic frame of E.
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sHm on vector bundles

Positivity of metric -smooth case-

(X, w) : a compact K&hler manifold with a K&hler form.

(E, h) :a holomorphic vector bundle of rank r with a smooth
metric

(V;z,...,2z,) : asystem of local coordinate near x € X.
(e1,...,e) : alocal orthogonal holomorphic frame of E. The
Chern curvature tensor of h:

V_16E,h = V-1 Z Cikau de/\de®e:®e#

1<j,k<n, 1<A,u<r

Kahler form : w = V-1 X1 jx<p w0z A dZk
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sHm on vector bundles

Definition and Notation

V=10eh Znak (Snak)Cw Q ide &

Z c,-k,quDkﬂ -C Z cu,-kuMDM > (S)O

1<j,k<n, 1<A,u<r 1<j,k<n,1<a<r

forany u= .1 jcn 1<1<r Updz; ® €1 € X ® Ey and any x € X.
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sHm on vector bundles

Definition and Notation

V=10eh Znak (Snak)Cw Q ide &

Z CikauUjali, — C Z Wik Ujalk, = (£)0
1<j,k<n, 1<A,u<r 1<j,k<n,1<A<r
forany u= .1 jcn 1<1<r Updz; ® €1 € X ® Ey and any x € X.
V=10eh 2grir (Sarir) Cw ® ide &
7 = y 2
D, Gadadd-C ) wibidal 2 (<)o

1<j.k<n, 1<A,u<r 1<j,k<n, 1<a<r

forany u= 1 1<1<r§i@10Z® € € ThX®Eyand any x € X
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sHm on vector bundles

@ V-10¢eh =nak (Snak)0 pd h is Nakano semipositive
(seminegative).

o V-1 @E,h > Grif (SGr;f)O g h is Griffiths Semipositive
(seminegative).
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sHm on vector bundles

def
@ V=10 >nak (Snak)0 S h is Nakano semipositive
(seminegative).
def
o V-1 @E,h > Grif (SGr;f)O <§> h is Griffiths Semipositive
(seminegative).
@ Nakano semipositive = Griffiths semipositive
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sHm on vector bundles

def
@ V=10 >nak (Snak)0 S h is Nakano semipositive
(seminegative).
def
o V-1 @E,h > Grif (SGr;f)O <§> h is Griffiths SGmipOSitive
(seminegative).
@ Nakano semipositive = Griffiths semipositive

Theorem (Nakano 55)

Let X be a compact Kdhler manifold and E be a holomorphic
vector bundle. Assume E has a smooth metric h such that
‘/j@E,h >nak Cw ® ide for some C € R.y.

Then for any g > 1

HI(X, Kx ® E) = 0.
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sHm on vector bundles

def
@ V=10 >nak (Snak)0 S h is Nakano semipositive
(seminegative).

def

o V-1 @E,h > Grif (SGr;f)O é h is Griffiths SGmipOSitive
(seminegative).

@ Nakano semipositive = Griffiths semipositive

Theorem (Nakano 55)

Let X be a compact Kdhler manifold and E be a holomorphic
vector bundle. Assume E has a smooth metric h such that
‘/j@E,h >nak Cw ® ide for some C € R.y.

Then for any g > 1

HI(X, Kx ® E) = 0.

Nakano positivity is useful of vanishing theorems.
(Griffiths positivity is too weak not to vanish the cohomology.)
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sHm on vector bundles

Definition of sHm on vector bundle

We adopt the definition by Hacon,Popa, and Schnell. (This
definition is easy to understand)
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sHm on vector bundles

Definition of sHm on vector bundle

We adopt the definition by Hacon,Popa, and Schnell. (This
definition is easy to understand)

Definition (Hacon-Popa-Schnell 17)
A singular Hermitian inner product on a finite dimensional
complex vector space V is a function | - |,: V — [0, +o0] with
the following properties:

Q o Vv|p=|av],: YaeC\0,Vv eV

Q@ 0,=0

Q v+ wh<|Vp+IW:Vv,weV

Q v+ wh+Ilv-wi =Vl +|wZ:Yv,weV
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sHm on vector bundles

Definition (Hacon-Popa-Schnell 17)
Let X be a complex manifold E be a holomorphic vector

bundle.

A singular Hermitian metric (sHm) on E is a function h that
associates to any x € X a singular Hermitian inner product
| = lnx: Ex — [0, +o0] with the following properties:

@ |vlhx = 0 & v = 0 for alImost everywhere x
Q |V|hx < +o0: Vv € E, for almost everywhere x
@ For any open U and any s € H°(U, E),

ISlp: U — [0,+0c0] ; x = |S(X)|nx

is measurable function.
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sHm on vector bundles

Definition (Paun-Takayama 14, Hacon-Popa-Schnell 17)
@ A sHm h on E is Griffiths seminegative if the function
log |ul? is plurisubharmonic for any local section u of E.
© A sHm h on E is Griffiths semipositive if the dual metric
h* = 'h~" on the dual vector bundle E* is Griffiths
seminegative.
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sHm on vector bundles

Definition (Paun-Takayama 14, Hacon-Popa-Schnell 17)

@ A sHm h on E is Griffiths seminegative if the function
log |ul? is plurisubharmonic for any local section u of E.

© A sHm h on E is Griffiths semipositive if the dual metric
h* = 'h~" on the dual vector bundle E* is Griffiths
seminegative.

<

@ pe L is plurisubharmonic iff V—19d¢ > 0 in the sense

loc
of current.
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sHm on vector bundles

Definition (Paun-Takayama 14, Hacon-Popa-Schnell 17)

@ A sHm h on E is Griffiths seminegative if the function
log |ul? is plurisubharmonic for any local section u of E.

© A sHm h on E is Griffiths semipositive if the dual metric
h* = th~" on the dual vector bundle E* is Griffiths
seminegative.

<

@ ¢ e L} is plurisubharmonic iff V=18d¢ > 0 in the sense

of current.
@ If Eis a line bundle, h is Griffiths semipositive sHm iff
V=10, > 0 in the sense of current.
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sHm on vector bundles

Remarks

@ Whenever h is smooth, h is Griffiths seminegative (in
the usual sense) iff log |u|ﬁ is plurisubharmonic for any
local section u of E.
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sHm on vector bundles

Remarks

@ Whenever h is smooth, h is Griffiths seminegative (in
the usual sense) iff log |u|ﬁ is plurisubharmonic for any
local section u of E.

o (Raufi 15) A Griffiths semipositive sHm DOES NOT
always have a curvature current.
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sHm on vector bundles

Remarks

@ Whenever h is smooth, h is Griffiths seminegative (in
the usual sense) iff log |u|ﬁ is plurisubharmonic for any
local section u of E.

o (Raufi 15) A Griffiths semipositive sHm DOES NOT
always have a curvature current.

@ Nowadays, Nakano positive sHm is NOT defined. (We
don’t have a "good” definition of Nakano positive sHm.)
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sHm on vector bundles

History

@ (deCataldo 98) deCataldo defined sHm on vector
bundles by using approximation of smooth Hermitian
metrics.

@ (Berndtsson-Paun 08) Berndtsson and Paun defined
sHm on vector bundles in another way.

Masataka Iwai (The Univ. of Tokyo) Vanishing theorems of VB with sHm



sHm on vector bundles

History

@ (deCataldo 98) deCataldo defined sHm on vector
bundles by using approximation of smooth Hermitian
metrics.

@ (Berndtsson-Paun 08) Berndtsson and Paun defined
sHm on vector bundles in another way.

@ (Paun-Takayama 14)
f.(mKx,v) has a Griffith semipositive sHm called
"Narasimhan-Simha” metric,
for any surjective projective morphism f: X —» Y
between smooth complex manifold with connected
fibers such that f.(mKy,y) # 0.
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sHm on vector bundles

History

Theorem (Cao-Paun 17)

litaka’s C, n conjecture holds if the base space is an Abelian
variety,

i.e. for any surjective morphism f: X — Y with connected
fiber between smooth projective variety such that Y is an
Abelian variety,

k(X) > «(F)

holds where F is a generic fiber of f.
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sHm on vector bundles

History

Theorem (Cao-Paun 17)

litaka’s C, n conjecture holds if the base space is an Abelian
variety,

i.e. for any surjective morphism f: X — Y with connected
fiber between smooth projective variety such that Y is an
Abelian variety,

k(X) > «(F)

holds where F is a generic fiber of f.

If HO(X, KZ*) = 0 for all k, k(X) := —co. Otherwise,
dim HO(X,KE¥)
ka

k(X) =max{a € {0,1,---n}: limsup,_,, > 0}.
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sHm on vector bundles

History

@ (Hacon-Popa-Schnell 17) Hacon Popa and Schnell took
a survey of sHm of vector bundles and
Paun-Takayama’s result.

They gave a simplified proof of Cao and Paun’s result by
using GV sheaf and sHm of vector bundles.
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sHm on vector bundles

Higher rank analogy of multiplier ideal sheaf

Definition

Let (E, h) be a vector bundle with sHm.

The sheaf of locally square integrable holomorphic sections
of E with respect to h is defined by

E(h)x = {fx € Ex): Iz € LY} x € X,

where Ex) the stalk of E at x, defined by lim H°(U, E).

xeU

@ E(h) is a higher rank analogy of a multiplier ideal sheaf.
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sHm on vector bundles

Higher rank analogy of multiplier ideal sheaf

Definition

Let (E, h) be a vector bundle with sHm.

The sheaf of locally square integrable holomorphic sections
of E with respect to h is defined by

E(h)x = {fx € Ex): Iz € LY} x € X,

where Ex) the stalk of E at x, defined by lim H°(U, E).

xeU

@ E(h) is a higher rank analogy of a multiplier ideal sheaf.
@ We don’t know whether this sheaf is coherent.
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Vanishing theorems of VB with sHm

Toward vanishing theorems

Let (E, h) be a vector bundle with sHm.
@ Is E(h) a coherent sheaf ?
@ Prove that for any g > 1 and any vector bundle E,

HI(X, Kx ® E(h)) = 0

if h has some positivity.
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Vanishing theorems of VB with sHm

Previous research

Theorem (deCataldo 98)

Let (X, w) be a compact Kdhler manifold with a Kéhler form
and (E, h) be a vector bundle with a sHm. We assume the
following conditions:
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Vanishing theorems of VB with sHm

Previous research

Theorem (deCataldo 98)

Let (X, w) be a compact Kdhler manifold with a Kéhler form

and (E, h) be a vector bundle with a sHm. We assume the
following conditions:

@ There exists a proper analytic subset Z such that h is
smooth on X \ Z.

@ There exists an approximate sequence of smooth
Hermitian metrics {hﬂ}f:1. such that h, T h pointwise.

Q V-10g), — ew® Ide >nak O for some positive constant e.
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Vanishing theorems of VB with sHm

Previous research

Theorem (deCataldo 98)

Let (X, w) be a compact Kdhler manifold with a Kéhler form
and (E, h) be a vector bundle with a sHm. We assume the
following conditions:

@ There exists a proper analytic subset Z such that h is
smooth on X \ Z.

@ There exists an approximate sequence of smooth
Hermitian metrics {hﬂ}f:1. such that h, T h pointwise.
Q V-1 OFh, — ew® lde 2nak O for some positive constant e.
Then
@ E(h) is a coherent sheaf.
@ Forg=>1, HY(X,Kx ® E(h)) = 0 holds.
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Vanishing theorems of VB with sHm

@ (Hosono 17) A Giriffiths semipositive sHm h DOES NOT
always have an approximation {hﬂ}j:1 such that
@ h,issmoothand h, T h
@ V-10¢, >nak Cw ® Idg for some constant C.
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Vanishing theorems of VB with sHm

@ (Hosono 17) A Giriffiths semipositive sHm h DOES NOT
always have an approximation {hﬂ}j:1 such that
@ h,issmoothand h, T h
Q \/—_1(951,# >nak Cw ® Ide for some constant C.
@ About vanishing theorems of vector bundles, there
exists few results.
(Recently Inayama proved some vanishing theorems of
H"(X,Kx ® E) and H(X, Kx ® E ® det E))
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Vanishing theorems of VB with sHm

Main results

Theorem (I. 18)

Let (X, w) be a Kdhler manifold and (E, h) be a holomorphic

vector bundle on X with a sHm. We assume the following
conditions.
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Vanishing theorems of VB with sHm

Main results

Theorem (I. 18)

Let (X, w) be a Kdhler manifold and (E, h) be a holomorphic

vector bundle on X with a sHm. We assume the following
conditions.

@ There exists a proper analytic subset Z such that h is
smoothon X \ Z.

@ he¢ is a Griffiths semipositive sHm on E for some
continuous function { on X.

© There exists C € R such that
V_1eE,h —Cw®Ilde >nak 00N X\ Z.
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Vanishing theorems of VB with sHm

Main results

Theorem (. 18)

Let (X, w) be a Kdhler manifold and (E, h) be a holomorphic
vector bundle on X with a sHm. We assume the following
conditions.

@ There exists a proper analytic subset Z such that h is
smoothon X \ Z.

@ he¢ is a Griffiths semipositive sHm on E for some
continuous function { on X.

© There exists C € R such that
V_1eE,h —Cw®Ilde >nak 00N X\ Z.
Then the sheaf E(h) is coherent.
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Vanishing theorems of VB with sHm

Nadel-Nakano type vanishing theorems

Theorem (. 18)

Let (X, w) be a compact Kdhler manifold and (E, h) be a
holomorphic vector bundle on X with a sHm. We assume the
following conditions.
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Vanishing theorems of VB with sHm

Nadel-Nakano type vanishing theorems

Theorem (. 18)

Let (X, w) be a compact Kdhler manifold and (E, h) be a
holomorphic vector bundle on X with a sHm. We assume the
following conditions.

@ There exists a proper analytic subset Z such that h is
smoothon X \ Z.

@ he ¢ is a Griffiths semipositive sHm on E for some
continuous function ¢ on X.

@ There exists € € R,y such that
\/jeE,h —ew® ldg >N 0 0n X\ Z.
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Vanishing theorems of VB with sHm

Nadel-Nakano type vanishing theorems

Theorem (. 18)

Let (X, w) be a compact Kdhler manifold and (E, h) be a
holomorphic vector bundle on X with a sHm. We assume the
following conditions.

@ There exists a proper analytic subset Z such that h is
smoothon X \ Z.

@ he ¢ is a Griffiths semipositive sHm on E for some
continuous function ¢ on X.

@ There exists € € R,y such that
V_1eE,h —ew® lde >nak 00N X\ Z.

Then HI(X, Kx ® E(h)) = 0 holds for any q > 1.
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Vanishing theorems of VB with sHm

Kollar type injectivity theorems

Theorem
Let (X, w) be a compact Kdhler manifold, (E, h) be a
holomorphic vector bundle on X with a sHm and (L, h.) be a
holomorphic line bundle with a smooth metric. We assume
the following conditions.
@ There exists a proper analytic subset Z such that h is
smoothon X \ Z.
© he¢ is a Griffiths semipositive sHm on E for some
continuous function ¢ on X.
Q V_16E,h >nak 0 on X\ Z.
© There exists € € Ry such that
V_1eE,h —€ V_16L,hL ® lde >nak 0 0N X\ Z.
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Vanishing theorems of VB with sHm

Theorem (continue...)

Let s be a non zero section of L. Then for any q > 0, the
multiplication homomorphism

xs : HI(X, Kx ® E(h)) = HY(X,Kx® L ® E(h))

is injective.
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Vanishing theorems of VB with sHm

Kollar-Ohsawa type vanishing theorems

Theorem (I. 18)

Let (X, w) be a compact Kdhler manifold and (E, h) be a
holomorphic vector bundle on X with a sHm. Letn: X - W
be a proper surjective holomorphic map to an analytic space
with a Kéhler form . We assume the following conditions.
@ There exists a proper analytic subset Z such that h is
smoothon X \ Z.
©Q he ¢ is a Griffiths semipositive sHm on E for some
continuous function  on X.

Q@ V-10, -0 ®Ide 2y 0 0n X\ Z.
Then HI(W., r.(Kx ® E(h))) = 0 holds for any q > 1.
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Vanishing theorems of VB with sHm

Ildea of proof -general-
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Ildea of proof -general-

@ We DO NOT use approximation methods.
@ We solve d-equation by ignoring analytic set Z.
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Vanishing theorems of VB with sHm

Ildea of proof -general-

@ We DO NOT use approximation methods.
@ We solve d-equation by ignoring analytic set Z.

After all, we solve d-equation
ag=f

with some weight (sHm) on X for d-closed (n, q) form f.
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Ildea of proof -general-

@ We DO NOT use approximation methods.
@ We solve d-equation by ignoring analytic set Z.

After all, we solve d-equation
ag=f

with some weight (sHm) on X for d-closed (n, q) form f.
However we do not treat this equation on X.
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Vanishing theorems of VB with sHm

Ildea of proof -general-

@ We DO NOT use approximation methods.
@ We solve d-equation by ignoring analytic set Z.

After all, we solve d-equation
ag=f

with some weight (sHm) on X for d-closed (n, q) form f.
However we do not treat this equation on X.
— We consider this equation on X'\ Z.
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|dea of proof -vanishing of cohomology-

Y := X\ Z. Y has a complete metric «’'.
LZ (Y, E)w p is defined by

{f: E-valued (n, q) form with measurable coefficients on Y

s.t. f|f|i,,hde, < +oo},
Y
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|dea of proof -vanishing of cohomology-

Y := X\ Z. Y has a complete metric «’'.
LZ (Y, E)w p is defined by

{f: E-valued (n, q) form with measurable coefficients on Y

s.t. f|f|i,,hde, < +oo},
Y

Lﬁ’q(Y, E)a)/,h N Keré

HI(X, Kx ® E(h)) = =

for any q > 0.
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Sketch of proof -vanishing of cohomology-

We consider Céch cohomology (Kx ® E(h) is coherent.)
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Sketch of proof -vanishing of cohomology-

We consider Céch cohomology (Kx ® E(h) is coherent.)
(=)

We consider restriction to Y and only path together by using
partition of unity.
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Sketch of proof -vanishing of cohomology-

We consider Céch cohomology (Kx ® E(h) is coherent.)
(=)

We consider restriction to Y and only path together by using
partition of unity.

(<)

By metric condition (1) and (3), we can restore to g-cochain
outside Z.

By metric condition (2), it extend to X.
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Applications

How many sHm h on vector bundles satisfying the following
conditions (x):
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Vanishing theorems of VB with sHm

Applications

How many sHm h on vector bundles satisfying the following
conditions (x):
@ There exists a proper analytic subset Z such that h is
smooth on X \ Z.
©Q he ¢ is a Griffiths semipositive sHm on E for some
continuous function £ on X.

© There exists € € R such that V-10¢ ) — ew ® Idg >na O
on X\ Z.
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Vanishing theorems of VB with sHm

line bundle case

.. def | o H0( x| ®K
e Lis blg©|lmsupkﬁ+w%>o

If L is big, then L has a sHm h satisfying condition (x)
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line bundle case

.. def | im HO (X, L&k
o Lisbig & limsup,_, ., $mCET) 5 o

If L is big, then L has a sHm h satisfying condition (x)

@ L is pseudo-effective g For any ample line bundle A
and any m € N.o, L®*™ ® A is big.
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line bundle case

.. def | o H0( x| ®K
e Lis blg©|lmsupkﬁ+w%>0

If L is big, then L has a sHm h satisfying condition (x)

@ L is pseudo-effective g For any ample line bundle A

and any m € N.o, L®*™ ® A is big.
If L is pseudo-effective, then L*™ ® A has a sHm h

satisfying condition (x) for any m € N.,.

Even if E is a vector bundle, do the same things hold?
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vector bundle case -Viehweg’s weakly positivity-

Definition (Viehweg 83, Nakayama 04)

@ E is dd-ample at x € X ( "ample modulo double-duals”)
if there exist b € N.q and an ample line bundle A on X
such that SymP(E) ® A" is globally generated at x.
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vector bundle case -Viehweg’s weakly positivity-

Definition (Viehweg 83, Nakayama 04)

@ E is dd-ample at x € X ( "ample modulo double-duals”)
if there exist b € N.q and an ample line bundle A on X
such that SymP(E) ® A" is globally generated at x.

@ E is weakly positive at x € X if for any a € N, and for
any ample line bundle A, there exists b € N, such that
Sym@(E) ® A® is globally generated at x.
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vector bundle case -Viehweg’s weakly positivity-

Definition (Viehweg 83, Nakayama 04)

@ E is dd-ample at x € X ( "ample modulo double-duals”)
if there exist b € N.q and an ample line bundle A on X
such that SymP(E) ® A" is globally generated at x.

@ E is weakly positive at x € X if for any a € N, and for
any ample line bundle A, there exists b € N, such that
Sym@(E) ® A® is globally generated at x.

© E is weakly positive in the sense of Nakayama if there
exists a point x € X such that E is weakly positive at x.
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Vanishing theorems of VB with sHm

If E is line bundle,
@ E is dd ample at some point & E is big

@ E is weakly positive in the sense of Nakayama < E is
pseudo-effective
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If E is line bundle,
@ E is dd ample at some point & E is big

@ E is weakly positive in the sense of Nakayama < E is
pseudo-effective

dd ample at some point = weakly positive in the sense of
Nakayama.
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If E is line bundle,
@ E is dd ample at some point & E is big

@ E is weakly positive in the sense of Nakayama < E is
pseudo-effective

dd ample at some point = weakly positive in the sense of
Nakayama.

Theorem (Paun-Takayama 14)

If E has a Griffith semipositive sHm, then E is weakly
positive in the sense of Nakayama.
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Theorem (. 18)
The following are equivalent.

(A) E is weakly positive in the sense of Nakayama.
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Theorem (. 18)
The following are equivalent.

(A) E is weakly positive in the sense of Nakayama.

(B) There exists an ample line bundle A such that
Sym*(E)® A has a Griffiths semipositive sHm hy for any
k € N.o. Moreover, for any k € N.q, there exists a
proper Zariski closed set Z, ¢ X such that hy is smooth
and Nakano semipositive outside Z.
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Theorem (. 18)
The following are equivalent.

(A) E is weakly positive in the sense of Nakayama.

(B) There exists an ample line bundle A such that
Sym*(E)® A has a Griffiths semipositive sHm hy for any
k € N.o. Moreover, for any k € N.q, there exists a
proper Zariski closed set Z, ¢ X such that hy is smooth
and Nakano semipositive outside Z.

(C) There exists an ample line bundle A such that
Sym*(E)® A has a Griffiths semipositive sHm hy for any
k € N.g.
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Theorem (. 18)
The following are equivalent.

(A) E is weakly positive in the sense of Nakayama.

(B) There exists an ample line bundle A such that
Sym*(E)® A has a Griffiths semipositive sHm hy for any
k € N.o. Moreover, for any k € N.q, there exists a
proper Zariski closed set Z, ¢ X such that hy is smooth
and Nakano semipositive outside Z.

(C) There exists an ample line bundle A such that
Sym*(E)® A has a Griffiths semipositive sHm hy for any
k € N.g.

The similar things hold if E is dd ample at some point.
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Vanishing theorems of VB with sHm

Outlook

@ We concrete the basic theory of vector bundles with
sHm without using curvature current of sHm (c.f.
chapter 5,6 in Demailly’s book)
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Outlook

@ We concrete the basic theory of vector bundles with
sHm without using curvature current of sHm (c.f.
chapter 5,6 in Demailly’s book)

@ On the other hand, Raufi et al. defined the Chern class
of sHm by using curvature current.
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Outlook

@ We concrete the basic theory of vector bundles with
sHm without using curvature current of sHm (c.f.
chapter 5,6 in Demailly’s book)

@ On the other hand, Raufi et al. defined the Chern class
of sHm by using curvature current.

@ Cao and Héring proved the structure theorem with nef
anticanonical divisor by using Paun-Takayama’s result:
f.(mKx,vy) has a Griffiths semipositive sHm.
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Outlook

@ We concrete the basic theory of vector bundles with
sHm without using curvature current of sHm (c.f.
chapter 5,6 in Demailly’s book)

@ On the other hand, Raufi et al. defined the Chern class
of sHm by using curvature current.

@ Cao and Héring proved the structure theorem with nef
anticanonical divisor by using Paun-Takayama’s result:
f.(mKx,vy) has a Griffiths semipositive sHm.

Find other applications of vector bundles with sHm.
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