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0 Notation & Einstein 337

0.1 Notation

RAFIETATOED.
o i, jk, ..., 2 DIRZAF.

e o, f3,7. local frame e, DRI F.

e U V,W RHKBDRAF

e gKihler 312 9i5- WITHIE ¢t

o h Hermite 5+& h 5. WfTFid hoe

° TUV E@Fﬁﬁ& TUV :UNV — GL(T‘, (C)

o D ##%t. D Chern ###t, A: connection form. BfRE L TlE

D(eyuy) = ey (duy + Ayuy)
o F IEE D OMIE. ), Chern B, R curvature form. BfRE LTI

FE’h(eUuU) = eU(RuU)
7272 L local ICELBE

Fpp=R= Rﬁaﬂ dz' Ndzi @ eq @ P = Z Z REZ-; dz' Nd2T ® eq ® P
1<a,B<r 1<i,5<n
CRE—81%T 5.
o E*. E @ dual(3x)

0.2 Einstein 7Y

Notation 0.1. AEZE T, BEIZI L T Einstein DRMBRHWEHAWNS. §R805, GILARXFED
—DDEDHTLEAEIRAFELTIEIRAFULLT—ETORENDGEE, TDRIAFICDVTHM
HE3bDNERTS. ! HlxIZ,

r

I
a“eq def Z a“eq aﬁvﬁ def Z Aaﬂvﬂ
a=1 p=1

ZRY. COETEZAVD L, BIFRTRP frame ICRT3HZBHRICES LN TES.

OB TRTEZRINORE 2B FETH B, BHTIIRBED R TH0ICCORNERLBFET
5. BHEESHTEELEOT, —BOADOYES TEELD 3.



EFERZFDOH

o EEAZ (21,...,2")
o WA d2t,. .., d2"

THERZFOH

o« RUMIE .

» Ozn

e local frame eq,..., e,

73

o IR RO
Bij

Example 0.2. 1 <i,j <n,1<a,f<ricDVWTRE-€C HEZS5NTWBE,

R;Edzi/\dgcg)ea@e*ﬁ = > > Rgﬁdzmdgeaea@e*ﬁ (0.1)
1<a,B<r 1<4,5<n

1750 (RSBt E) g,; DiEITSZ ¢t £ 8. ([BGL3, 3E] ICEDH, COEEHIIVBZW3H3))
CDEE _ _
995 =05 gzg" =7
THB. 0 I3 dirac delta(i = j DEF 1, i # j DK 0) £ T3
Example 0.3. n RIEATTH A = (d}), B = () ICHWT, tr(AB) = tr(BA) % Einstein R T
Y.
(AB)? = a?bl  (BA), = tla?

NONE

tr(AB) = S (AB) = GU(AB)? = §8aPy = a2y, tr(BA) = 3 (BA) = 69(BA)! = 6%l = braP
p:l r=1

&KoTFHLL.

Example 0.4. Einstein 32§D A.

1 1 1 1 1

si Tyvy Tuvy -+ Tyv, Sy

2 2 2 2 2

g7 Tuvs Tuvsy -+ Tuvy, 5y
= . . ) . (0.2)

Sgr Tuv™y Tuv'y -+ Tuv',) \sy



% Einstein I TE(FHL

s = TUVa,BSf/ YVa=1,...,r
FEfRICLT
Tov', Tuv'y
Tov? Tuv?
(evi,eve,...,evy) = (evi,eu2;---,eur) .
Tov'™y Tuv's
% Einstein 59 TE(F1X

eva =ceugluvy Va=1,...,r

(0.3)
Tuv',
Tuv?,
| (0.4)
Tyv",
(0.5)



1 B/ERZIHKE - RNT MR
1.1 ERBHRECART MR

1.1.1 #BRESRECARNT MLROER

Definition 1.1. X H' n XTERZSHKAETH S LiF, X H'EE 2 AJE Hausdorff ZZETH D,
ROZMZH/ITHEBE U LER op: U —C" ZHDrZWS.

(a) B U c UIZHLT, pp(U) & C" OBEFEETHD, oy 13 U H'5 op(U) AOERE
BTHS.

D) UNV £ D& F, EIZEZHR
pv oy ouUNV) — op(UNV)
IXEAIBE®RTH 3.
(1,....2") % C" QEALBER L T3LE, U LOEK
= logy, .. A= Popy

% U LB 2 BAEZR L. CORBFEZRE (U, 2,...,20) CRY.

BE O BEFED C° ZIEANCLIcDDTHS. UATFHOD DB ITNIE X IFERZSHKREETS.

Definition 1.2. X Z n XRTERZKEL T5. F & C® D 2(n +1r) RITEZHEL
T2 COHMER: F— X D rank r O C° FERENRT FILRTH D LIS, ROFEHG%=Z
mlcg ez,

(a) Empe X ICRLT,
E,:=7n"'(p)
& r RFTED C-RT MLERTHS. S0 E, % p LD fiber LIL.
(b) FEDR pe X ICHLT, p DEERE U & O B EHEER

p:m Y (U) — UxC"




HEEL, ROKAZFAIHRICT 3.

~H(U) a UxCr

CCTpr: UxC = U IBBE—HETHZ. Filpriop=1 BOTE pec U Ixt
LT
p(Ep) C {p} x C"

THO, FIRERICK DB
o E, — {p} xC" 25 ¢

& C-RY MLERDEETHS. TITpry: {ph xC = C EEHE T 3.
Fforank 1 ODRY MLREBEHRERE WV S.

E %270, X #EZM, » £HBCER. 7o, 8 (U, p) % BATEBEL TR,

Definition 1.3. EOE&ET, Bff m: E — X ' rank r OIERIERENT MILRTHB L
&, ROEDIIDI &/

o EN n+r RITEERSIKAT m BERIERTHD,
e (a) BLY (b) ICBVLWT, FEDR pe X IRLT, p DFARE U EWNERIER

p: N (U) — U xC"

PIFEL, & fiber T C-RY M LERIOREEFET S

Remark 1.4. C™® fREZENRY MILETIE, BAAERLS K UETHBERIE O fhTH 3. —4A, EHY
BERYV MLVETIE, 2Zf F bERZIHKATH D, BEFAERLIFERTH 3.

UTF1ETR, BRI C* fzhk>. ERICLIEVGEIE C° RZERICESHRIN
IEE V. FIANT FILRIBEREANT MILRZRET 5.

Example 1.5. E=X xCr L, n: E— X ZHF—HFEINE, EldFrank r DT LRI
%%, ChEBBERZVWWVOY TRY. HICOx = X xC %32

Zsheaf #H 2 TWBAIIEER Ox X x C — X D section” (k) LB T 3D T, A—HB%ZLTUL3.



1.1.2 Z#EEH

ZOOBFBEB (U py) & (V,pv) ZE3. UNV ETERER

—1

puopyt: (UNV)xC 2% a {UnV) 2% UNnV) xC"
ZEZD. COBRIEBERpeUNV I LT fiber FADFFEREZEDS. TRHE,

Tyv(p) = pu o (pv) H(p): C' (=7 (p)) — C'(=7"1(p))

EHL L, B
Tovhy Tov'y -+ Tov',
Tyy: UNV —s GL(r,C) T Tyy = TU:V21 TU:VQZ TU:VQ’“ (1.1)
TU.Vrl Tuv'y -+ TU'VTT
HEsns.

Definition 1.6. C® Tyy %Z, BFFEBRIL (U, pv) & (Vv ) ICBET 2 ZHEIE & IER.

R Tyy [ SROMILFRM ZmIZS .

(G—l) TUV TVW TWU = Idr onUNVnN VV,
(G-2) TUU = Idr on U.

Remark 1.7. 12, X EORHKE U 55N, BETRHRVLRDHD UnV LICEK
Tyv: UNV —s GL(r,C)
MEXSNTVWD LTS, THIC, CNSHEILEMA
Tyv Tyw Twu = 1d,, Tyy = Id,

EmIcTCIRETD. COEE, TNSDOEHEMEH D rank r DEERARNY MLEREZEBR TS
EMTES. BRIIROBED THS. £9, EVICKHS5HEVWME LT

E:HUXCT

10



ZEZ%. LT

vl w!

v2 w?
@)=, pevxe, ww=@|. [evxc

V" w"”

ISR LT3, (z,0) ~ (y,w) THBZEE

1 1 1
w! Tyvy Tuvy - Tyv, vl
w? Tovy Tuvy - Tuv? v?

y=z, H2 w=Tyy(zhve |  |= . . , . . (1.2)
w” Tuv"y Tuv'y -+ Tyv', ) \v"

ICE>TEDS. MIUKMHICED, CNISAMERERICEHRS. FEZERH
E:=E/~

IZB%AIC X £D rank r DERNRT FILERICKS.

Summary 1.8. rank r @ C*° #& (resp. ERI) NT MLRIZ, FHE X = Uy U & C
% (resp. IER) BB Tyyv : UNV — GL(r,C) DB {(U NV, Tyv)} TROMILEMF
ZmTHDEXNT B.

(G—l) TUV TVW TWU = Idr onUNVN VV,
(G-2) TUU = Id,,« on U.

resp. |& respectively(ZNZN) DB, X THRAL L ZAEHE DHEFLDOT, L<EHD
ns.
Remark 1.9. REFICIE—R—RIETHRLY. BGEAGIIERR Ox = X x C IR L THEE X =

Upey U & EHBIEL
TleUﬂV—>(C\{O} r—1

CINE, FWE U CEHE Tyy DEIFVL 5 THENS.
LA L {(UNV, Tyy)} ICLDBREEEZGZ ANTZDH D & —0—IZ5 59 B, Cech cohomology
DEEZFEZIL

E € {rank r C™ #% (or IERA) NI MJLER}/ =2 HY(X, £ )3 [{(UNV, Tyv)}]
GL(r,C) B C> #& (or IERI) BB ®D sheaf

RIS, ELT o' O&SICEICEC LR BHTHS.

11



AN = 1

{rank 1 DIEBIRY MLE }/ 2o H (X, o* )
0 ZMBICES 2 WIEBIRS D sheaf

Y %%, I3 Pic(X) L HEDPNS. COREIIRIE Abel HOERETH B,

1.1.3 Local frame

7

Definition 1.10. 7: £ — X & C™ #& (vesp. 1EBI) BRI MILRETS. E D C™
(resp. IEAI) section (&, C° BR (resp. IEAIER)s: X — E TH> T,

mos=Idy
EwlcTHbDr93.

C®(X,E):={E ® C> & section } H°(X,E):= {E @ IER section }
YEL(HYX,E)IRT(X,E) e CedbHB. )

Definition 1.11. £ — X % rank r ® C* & (resp. [EAI) EENT MILRETS. HE
BUCX £D E @ local frame &i&, U LD C* (resp. 1ER) section DHE

el,...,ep € C°(U,E)
THLOTC, EEDE pc U ICHLT
el(p)a'”ae?”(p)

M fiber £, O C-EEICEZHDZEWVS.
LUTRERE U £ T local frame e q,...,ep, Z2E3. ¢ TNZIRT MLTEL. FES
LT
ey = (ev1,.--,euyr)
CEFHTEL.
“frame |FHEIC, TL T et DESICEICELC CBRLBEHTHS.

Example 1.12. BBAR Oy = X x C" ICDWT, section s : X - O% = X xC" Z2EZX3%. C
ni

s=1(81,82): X > O% =X xC" s(z)=(s1(x),s2(x)) s1: X — X, 55X - C"

12



EDRTB L, shsection THBZEIF, mos=idy THBLBDT
mos=idx &rx=rmos(x)=s1(z) s =idx: X - X
EH3d. £oT
s = (s1,80) 1€ C®(X,0%) < {s0: X 5 C": C° B4R} > 59
E—X—ICXIET B.
UNV £TIX, Z20 frame IEE L fiber DZDODOEER 52 3D T, ZHEAHK

Tyy:UNV — GL(T,(C)

IC&>T
Tovlyy Tuv'y -+ Tuvl,
Tov? Tuv - Tov?
ey = eylyy & (eV,1a€V,27 .- -,6\/,r) = (GU,1,€U,2, - €U . . .
Tyv'y Tuv'y -+ Tyv',
(1.3)
CEITR. DED,

-
ey,g = ZTUVaﬁeU,a (ﬂ =1,..., T‘)

a=1
THd. NiE, V O frame TRIEEERY MLz U @ frame TRLERATH 3.
frame e ZEE F 3. section s € C°(X, E) IZDWT,

T
s=eysy = g S{rev,a; su=1| 1t |onU
a=1 r
s
U

EBBESBU LD C™ BB s}, ..., s), BFETS. BEL section s & V _ED frame ey T

1

r SV
s=eysy = Zs‘ﬁ,evﬂ, sy=|: JonV
=1
8 o
CE<C,UNV £T
eusu =eysy = eylyvsy

13



TH3. £oT,

1 1 1 1 1
5g7 Tovy Tuve -+ Tuv, Sy
2 2 2 2 2
s Tuvs Tuvsy -+ Tyv s
U 1 2 r Vv

sy =Tyysyon UNV & . = . . ) . S lonUNV (1.4)
s Tov'y Tuv's -+ Tuv', ) \sy

MO IID. D TEITIE,

T
si=> Tov%Gsy  (a=1,....1)
B=1

Ths.

WICU £ED C® BB s, ....s);, TUNV £T sy =Tyvsy Zmicd (DFD (14)(=) 2
1c9) &S REEI=B I, global section s € C®(X, F) ZHEK T 3.

Summary 1.13. rank r DX M)LK E O C® % (vesp. 1ER) REHBIK Tyy : UNV —
GL(r,C) £ ¥ 5.
local frame U £ ® local frame ey = (e 1, ..., ep,) ICDWVWT

ey =eylyy & ey,g = ZTUVaﬁeU,a (5 =1,..., T)On unv
a=1
global section s € C®(X, E) (resp. s € H(X, E)) IFXDHD EWIET 3.

(1) U L@ C> MREI¥K (resp. ERIREE) s}, ..., s}, T,
(2) B EhEE ML

,
sU:TUVsVonUHV@S%:ZTUV%S@ (a=1,....,mon UNV
p=1

ZHIETHD.

Example 1.14. BffRDEEIE a=8=1 ER2DT, ZEER Ty : UNV — C IFROMIL
ZXEEB/LITDOCHILT B.

(G—l) TUVTVW TWU =lonUNVAN W,
(G—Q) TUU =1on U

NS OBMITRIZTIOEIBE TR B K ERROENIB RO TRHRARETHS. £1c

e local frame ey OZHEE ey = ey Ty .

14



e global section. U @ C> #KEE sy H
sy =Tyysy onUNV

ZHIET (DFD (1.4)(=) Zmlcd) 25lE, SN 5D global section s € C°(X, E) ZH8R%
ERR

1.2 Hermite A&

Definition 1.15 (Hermite 517&). £ — X ZEEZHKE X LD C° EERT MILRE
9%. E @ Hermite 512 h = {hy}pex CWEREBILTHDOLTS.

o 774 /\N— E, £L® Hermite A& h, THS. DFED {,ne B, ICRLT

B-RBICOVWTCHEIE h(&n) =h(n,€),  h(&E>0 (£#0)

THS.

o h, W2 ICEALT C® IZ&tTB. DFED &, DY E D C® i section THB & F,
hEn) 1E X LD O MEKTSH 3.

CDEZE (E,h) Z Hermite X7 MJLER M3,

FRIBERI MILEREZZTVWTHEAEITCCHKTHS.
BB U ZED, U LD E D local frame &

ey = (ey1,...,euy)

£33 . BEBOUNV £T

ey =epylyy

TU\/: unv — GL(?", C)
& E OEGHEHTHS.
93 ¥ Hermite 52 h I&, & U £ TITHHERIEL

hU,ﬁ hU,1§ T hU,l?
hU 21 hU 92 o hugr - -

hu = (hy; .5) = ] A . : U — GL(r, C), CCT hy g = hleva, eup)
hU,rT hU,r§ e hUﬂ"?

(1.5)

15



ICEDRIND. BRT hy FEESE Hermite T THD, €& 1 15 h5 = hsa, EE 2 D5
C* HTHS.

BDEDOEZERHZRS.
T ' T T
hv oz = hlevarevg) =h [ D TovTwevq, d Tovsevs | = DD Tov W Tuv’s hlevq, eus)
=1 5=1 y=16=1 —
U~
(1.6)
THZDT
hV = tTUV hU TUV = hVoaB = TUV’YahUﬁgTUVéﬁ (17)
MO ILD. 75 TEL &
hyat hyas - hvar
hyot hyaa -+ hver
hV,rT hV,r§ o hyr
Tov'y, Tuv'y - Tovh\ (hpit hpiz - hows\ (Tovy Tovly - Tuv,
. Tovy Tovd - Tuv?, hyot hyss -+ huer Tovy Tuvi - Tov?
Tyv'y Tuv'y -+ Tuv', ) \hy,7 hy,s - hoer) \Tov'y Tov'y - Tov',
(1.8)

Wi, & U LDIEEE Hermite 175E C™ BB hy DEEDEOEEY (1.7) 2@ L, b
IZAIFEBY %A Hermite 512 #EDH 3.

7~

Summary 1.16. rank r DY LR E OZEEM Tyy : UNV — GL(r,C) & § 35,
E @ Hermite 512 h 1&, O KEHR

hU U — GL(T‘, C),

T, BRT h,5 = hge LRBIEESE Hermite T TH D, D GHERM

hy = tTUV hy Tyy < hVaB = TvaahUﬁgTUVégon unv

ZHIETHDENILT B

Example 1.17 (BEfERDIFR). r = 1 DBEIE Tyy = Tpv BT, RAF o, B ZEE TS
EHTEB. £7:
h(ey,ey) >0

EVWSRHELDINEZRS.

16



BMRREICHE N ZE5Z3ICIE, U £ C HKEBH hy - U - Ry THOEHERM

hy (1=7) TovhuTuv = |Tov|*hy

ZmlcTLDDEFDZ2E5EZXBICALTHS.

1.3 IR, BEMR, T2 VILER, #EHER, BEERER

RN BILEDOITRZE FeHTEL. KEADIFIEER, 7> VILRER, BCZEBEER, 175IRET
H3. BMNRIFTChenFEEZEHDEZTICHTL 3. EEHERIIHOPEROERICHERIEITT
BETRL.

Definition 1.18 (WK, BMR, 7> VILER, EXHEREK, BEERERER). X =8RSS
AL, B —» X, By —» X ZFNEFNrank r, s DEERNI MILERETS. BAWRE U k£
T E1, By @ local frame %

ey = (ev1,---,euy), fv = (fui,.--, fus)
CEZ, ERDODUNV LT
ev =eyT/, fi = fy T/
£9%5. CCT
75 UNV — GL(r,C),  T}/2:UNV — GL(s,C)

FENEN B, By OFBEHTHS. CORKNDDET, UTDOARYT bLRISEHREEEIC
Lo TEAICERT 3.

1. WMHE. By ORHER Ef — X & (EY), := Home((E1),, C) 2T 7 A N—IZHDRY
MILETH 3.

o local frame. ef; = (ef;, ..., ep) T2TEL ef(evp) = 65 L LTERT 3.
o TEEERK T = {(TE) L DE DM E & B & BHRERISEITIIDEBICAR D,
ey =ef (TH)

o FTE E ICIX _
W (e, eqy) = (e, egy) = WP

17



EWSEHENAS. h DEFRTZ

ho = (hyrag):  hyep = hleva, evp)
LB i
Hy (et ) = P
EWSEHENAS.
2. B, Ey & B, DEMR EidEy— X & (El & EQ)p = (El)p D (Ez)p 774
N=IZHDIRT NILETH .

e local frame.(ey,fy) = (ev1,...,evr fui,---, fus)
o ZHEEAEK
TE1®E _ Tg\l/ 0 )
=
BMETIX, E1 DY By oD ENEFNILICERETS. DXD

£y
(ev,fv) = (ev,fv) (TUV ; ) :

E
0 Ty

hE1€9E2 o (hEl 0 )
L0 AP
EWSEENAS.

3. TVVYIRER. By & By DTYVYIVER E10F; — X & (E10FEs), == (E1),®c(FE2),
HEIT7AN—ICHDIDRT RNLERTH 3.
e local frame. ey ® fy = (ep,a @ fuq)i<a<r, 1<y<s
o ARG T(%/@EQ = T(%/ ® T(%/ £HiL1F175|D Kronecker B THB. —fRIC T
NZzECDIFHL L.
o 512 E1 ® B> I

o StE F1 @ Ey ICIX

RO (e @ fuq.eus @ fus) = B (eva, ev,g)h™* (fuqy, fus)

EWVWSEHENAS.
4. BIFREDTVVILR. B By = L DERFERTH BB, L D local frame & 1y &
TR, TUVIE B oL IIBREICETS.
e local frame. ey ® 1y = (ey1 @ 1y, ..., ev, ®1y)
o T 1500 = 1L, 1. BT TS, ORHS— Th, 5TH3. I
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77 \j:ﬂqﬁl]‘j:
RIRKR

o E‘l’% E1 ® L lcl&
hWAOL (err 0 @ 1y, e @ 1) = WP (epr 0, e p) W (i, 1)

EWSEENAS.
5. SMER. B1 D k RAER N EL = X IE (A" B, = A¥(E), 27714 N—ICBD
NI BMILRTHS. CCTEIF0<k<r £95%.

e local frame. Afey = (evay A A €Ua)i<ar<-<op<r CHZBNS. $FIC
rank(/\k E\)=(;) TH3.

o ZEE TN, 7 = \'TE, TH%. BLFTH TE, HSHFESNBABET
THB. —MRICCNEE DIZPPEBTHS.
o FTE: BERF I = (a1 < <ag) ICHLT

eyu,1 ‘= €eU,aq N NEeUay
EEL hy = (hyop)s hyog = hleva evp) ETBE, N\*h DITF h)F 1E
k
(ht") 7 = (/\ h)(ev,r,euv,s) = det (hU,aaBb)1ga,bgk
ThHEz5n%.

6. TTHINE. By @ r ZIAFER det By — X 1& (det B1), = N (E1)p, Z7 71 1N—ICH
Drank 1 DRI MILETHB.

e local frame. \"ey = (eg1 A+ Aeyy)
o TS T5 7 = det T

e det By (CI&

R B (e A - Aepeua Ao Aepy) = det (hU,aB)lgaﬁgr

EWSEEDAS

7. BRHERI MLR. B OBRFEERIMLEE - X I, BRpc X ICBVWTE
&Y LT (B), EALT 71 N—%HE, AN5—f5%

Ay, V=A@, v (VEC, ve (Br)y)

TEDIARNI MILRTHS.
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e local frame. ey = (ey1,...,eu,)

o ZREAM T, = TP, T, ZiRAlG

ey = ey Tgxl/
o« B Il B
K (Eua.eup) = hy og = hupa
EWSEENAS.
8. ACEREER. £ OBSEREER% End(E)) .= Hom(E, E) £F5. Shid

End(E1)p := Endc((E1)p) = Home ((E1)p, (E1)p)

T 7AN—IZHDrank r? DERANY MLERTHS. BABERIZED End(E) &
Ef @ By LHHBEBZDT, KHEXS.
e local frame. ef; ®eyg 1 < a, B <1
o TEM T/ 0 TE, = (TE) '  TE,. HBIFFTHIOD Kronecker FTH 3.
—MRICCNZEDIFEL L.
° FTE: End(El) = Eik ® By IZiE

RERED (o, @ el evp® ) = WP ey, ev )WL (efr, ef) = hUythg“’
CVWSEHENAS
9. 3|FRL (Pull-back). f:Y — X &% C® HEHRLT3. Y LORIMILE

(f*El)y = (El)f(y)
ZIT7AN—ICHDIDRNT MNILERTHS.
e local frame. f~1(U) £® local frame f*ey = (freva,....[feuyr)
o FHREREL

T = (FTH) = (T5y 0 ) £71U) N f7H(V) = GL(r, ©).
o [*(Ey) ICid
W (frevas frevs) = (W (evas ev5)) i= W (ev,a, ev) © f

EVWSEENAS.

Example 1.19. Ey, E; @ rank ' 1 DIFE (DX D ERRDIFE) 13- CHHEICKRD.
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o X By ISZHEEEK (1)) DERETHS.

o BHIZR E1 © Fy ISR
TE1€BE2 — T(]][E\l/' 0
A=

D20 2DRTMILRTHS.

o BIRRIBEDT VIV E1 @ By (ST 1L TE, OBERRTHZ. FHIC By = E D
SEIIERBER (1)) DERETHZ. Chk EY? tHhEL.

o EEHQAY VK E) SEHREK TS, B 3BERETHS.

o HOERBE End(Ey) RZEREHK 7)) 0 T0, = (TP 0 TF, = 1 L B3ERETH
%. DEDEPER Ox TH3.

1.4 RTKMILEOH

X % n RITERZEBEC TS, CORF X IZIER 2n RITDRZSHREDEBENAS. THITEE
(U, 2y ooy 2) I LT ' ‘ '
o =l +V/Tg,
C al,yl NEBE B &S ICEEODRE TNIERL .
CDPBDH LT

dzl, = del, + v/ —1dy},,  dz = da), — V= 1dy),
CERTS.

Example 1.20. X % n RITERZEKEETS. (U, 2),...,20) ICHLT, U LOERIRT b
R Qx T Qx|u @ local frame &

ey = (dz}], . dzg)
ERB3HDHHB. N
62‘1, az‘?, 82’1‘}
0z 0z 0z
: 825] 825] 82'%
az{/ 82‘2/ Bzg o Bzg
Tyv:UNV — GL(n,C) p— Tyv(p) := 950 (p) =177 v v (p)
v 1<i,j<n : : ' :
82‘1/ 82‘2, 0=y,
Oz(,  0zpr e 0z7;

(1.9)
TR LT

QX::HUX(Cn/fv (x,v) ~ (y,w) ey=2, DD w=Tyy(x)v
Ueu
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EEETNEEV. ZDODOFRPEZER (U, 24, ..., 28), (Vo 2, ..., 20) #FEZ%. UNV LTI,
chain rule IC&KD

8z‘11/ (9,2? L 82’71‘}
0z 0z 0z
U
Bz‘g Bz‘gj o 82\;} ‘ n 8zj '
ey =eylyy & (dz‘l/, e dz(}) = (dzllj, ... ,dz}}) 8‘fU 8Z'U az_jU & dz, = &zy U
. . ’ . =1 U
Bz‘l, 62‘2, 2%,
Oz(, 0z T 0z(; (1 10)

HEELD I D.

Definition 1.21. TO&SICERINT Qx ZIEAIREANT MLEREWS. (QL,T*X ¢
HEC.) BREK Ty HPEIBOT, CHIRERINY MLERTH 3.
FD C™ (resp. EB)section |, BFABIICIZ C> (resp. EA) 1-Fx

fiudzl + -+ foudl

ELTREINS.
Qx £® € 8 (ER)global section C(X, 0x) 1&, U £ C # (FER) B8l . sf T

1 0z%,  072% d=1 )

s 9o a0 s | (s
82U 05, 0z . oz s;/
su=Tyysyon UNV e | 7| =| %% 9% 927, v
ST 87:1 87:2 Gz‘" gn
U 82?\; azg . 82\7&/ v

ZHlcTbDrLTEROND. UNV £T sy =Tyysy Zillcd (DFD (1.4)(=) Z#i)
& D REEI-5 13, global section s € C*(X, F) ZHKT 5.

[ Definition 1.22. Qx O MLER Tx ZIERBER Y MILERE W, Ty TKRY

9 9
87:[1]’”"628
THEz56N1%.

Tx D Hermite 5F&7H' X @ Hermite 512 (Riemann BEDERIR) THS. ThiF 2.5 BITES.

Tx D local frame &

Example 1.23 (1##3R). X & n XTTERRSKELC T, BFAEER (U, 2}, ...,28) ICXHLT,
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U EDOIERJERRRT, Kx|y @ local frame H
ey =dziy A--- ANdzl

TEZONZBDZEERS. CNIFERIREART LR Ox OREINE

Kx :=detQx :/\QX

CLTEEINS. LT o T Ky Idrank 1 DIEAIRT MLER, §RHBIERBEIFR TH 3.
ZODRMEERR (U, 24, ..., 28), (V21 .., 20) 2B X 3. UNV L£TIZ, chain rule IC&D

0z
dz%/\---/\dz{}zdet((?y> dziy A -~ N dzl
U 1<4,j<n

3. DFD

ey = ey Té(‘;(

HREDIID. ST Kx OTHBERIS TS : UnV — GL(1,C) = C* THD,

8z‘1, 8z§/ o 82’1‘}
0z 0z 0z

Y y g
o _ z z z

Tyy (p) := det | ==~ (p) =det | v U v (p)

u 1<ij<n : ; : :

az‘l, 82%/ 0zy,

0z, 0z, e 0z

THs. LIchoT

Kx:=J[UxC/~
Ueld

LHEE,
([L‘,’U)U ~ (ya w)V —y=2z, o w= Té(‘;( (l‘)U

CEERINILE, Ky FERERRICES.

(1.11)

7~

Definition 1.24. CO &S ICERSNICERIERER

Kx =detQx :/\QX

AIEmMRRTHS.

" X ODIFERCWVD. Ffc Kx & Oy £HEL. BEREHR Tyy NERGOT, THIZIE
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Z®D C™ (resp. 1EA)section (&, BATAYICIE C (resp. IERN) n-F2z
fodzi A+ A dzl

rLTRINB.

Kx £E® C* #&, &% WIF1ER] global section (&, & U £D O #&, &2 WFIERIBEE fir I
&o7T

S|U = fyey = fUdzllj VANEERIAN dZE
EEREINSB. TNH5D global section ZED B T-HDEED §hHhHEE&MIE

fU:Té(‘}‘fV@fU:det<az> fy  onUNV
U 1<4,j<n

THd. LIEN>T, COEHBZEB-ITRHPABEE fu 725 Id global section s € C®(X,Ky) %18
Y 3.
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2 WMo - Eiepx
2.1 ol

(p, q)-form ZEZR T BH1IC, £ I3/HA (1,1)-form EEHRT 3.

Definition 2.1 ((1,1)-form). X %& n XTERZHEC L, BFAEREEREE (U, 21, ...,2%)
£9%. BFTBYIC

n
> fgdeg A dE,
ij=1

CEIIB3MARAE (1,1)-form £WS. TIT f; 13 U LD O~ REKTHS. (1,1)-form

2EQEEE AV(X) XY
RN BMILERODEETES L,

o FRIREAY MILRZ Q) = Q§0 &9 %. local frame |F (dz};,...,d2}) THB.
o ZOWERBAY MLERE QL = 0% £F3. local frame I& (dz},, ..., dzl) £1%.

oY =0 el
LT, Qi’—l D C= #% global section Z (1,1)-form & LI,

ANN(X) = (X, 03

CEETD. 1-1°L, BARER
2
O @Y — ATx = 0)

IC& 2T, dzfy @ dz), % d2f, A dZ, EHTRT.

.

AV(X) ZBFRABICEVWTHES. (1,1)-form & Q3" D O & globalsection D X TH 3. B
FREERZE (U, 2, ..., 2%) £TIE, o € AVY(X) 1F

n
ol = Z Ui dzr A dzy;
ij=1

LEIFB. STy U LD O~ BETHS. EO UNV £TIR

k Zn 0zy ¢ Zn 0z

— 2 4 2

dZV = 82;2 dZU, dZV = a J dZU
i=1 U j=1 9%U
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BOT, WO EHDERMEFIE

8zv 32 o
Pui; = Z SOVM (1 <i,7< n)

! hf=1 8ZU3 {
THd. $hhH5, BFIBVIC

Z ©i dz* Ndzi
i?j

CET, BRI L T EDERIER (2.1) ZHETHDN (1,1)-form TH 3.
FIZIE feCxX) ICRLT,

_ n 82f
J0flu = Z dzU/\dzU

) 0z 8ZU

I& (1,1)-form TdH 3.

(2.1)

£93. A A
defy =dzpp Ao Ndzp,  dEl =dE) A NdE

EEC. ICTI=(1 <+ <ip), J=(1 <--- < Jq) THB. BFARIIC
> fydef ndE,
=p, |J]1=q

EEIFTBMATRE (p,q)-form LW\, API(X) ERT.
R MILEROEETES L

LT, Q%7 D C™ #k globalsection Z (p, ¢)-form & L\,
API(X) = O (X, )
CEERTD.
erZL, BRBER
p+a
/\Q“)@)/\Q01 — N\(Tx ®r C)

&2 T, def, @ dzl % dof, NdZl EHTRT

Definition 2.2 ( (p, ¢)-form). X % n RITERZSHKEL L, BATERIEEZ (U, 2}, ...

o [FAIRERY MILERZ QL = 91,0 &9 %. local frame (F (dz};,...,dz}) THB.
o TOWRLBAY FILERE QL _901 9§ 3. local frame l& (dz};, . .., d7}) L7253,

20

26



Example 2.3 ((1,0)-form DHH). LOFHRT p=1,¢=0&93L,

1 0
0y = Aoy’ e Aoy =ay’ =ak
TH3. LI=H>T (1,0)-form &iF, IERIRENRD MILER QL D C> #k globalsection D Z & T
H3. BEAERZE (U, zf,...,20) £TIE, o € AM(X) 1F

n
olu = vvadz
=1

BB SIT o R U LD O HESTHD. ERD UnV ETR

n
o2k .
dzk = V. dzt
1% 02t U
i=1 U

BOT, O EHDERAIE

THB. $HH5, BFWIC

LBV, BEEZRICH LT EOZIERIE BT H O (1,0)-form THB.
BIZIE feC®(X) IZRLT,

ofly =3 2z,
pt 0z,

& (1,0)-form TH3. HL f HERIB&GZRSIE, Of =df £%5.

2.1.1 REUBEHADT L DXIG

Proposition 2.4. X % n RTERZHKEL T3. AF(X) ZEEZBED k-form DERBE
ERSHRS )R

A = @ ara(x)

pta=k

FERRODEIES. S A CREBAT 2 R o BIRRBEDH D OENBELRD T, H5F LEITEIRNS.
AR(X) OFTid, BPRERIEERE (U, 2}, ..., 20%) ICF LT

o=+ VT,
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rEL L, e ALX) BB

nlo="Y_ forrdal Adyy
11+ =k

CET3. T ‘ A ‘ ‘ A .
dz], = dzj, + V—1dy];, dz}; = da|, — vV —1dyj,

ERATIUL,? local frame IFERBEMO R I dz{] e déé ZRAWTEL LN TES.

Example 2.5. n € AY(X) I$BFRBVIC

n n
o =Y foi(z,y) dey + ) gz, y) dyps
=1 i=1

CEIFB. Thic | | | , , 4
dzf; = daj; + V=1dy};,  dzj; = daj; — V=1dy],
ZRATNUE, . .
o= Fui(2)dzpy+ > Gui(z,7) dz
=1

i=1

(1,0)form (0,1)-form

2.1.2 NHH L 0,0.
£ k=0DFEDONMDICEIL THERS.

O]

Definition 2.6.
0:A%X) - AY(X) 9:A%X) — A%(X)

ZERDEDICEERT .
BFRIERIEERE (21,...,2") Z D B f € C°(U) = A°%(U) IZXFL T

" of . — " of
8f:2$dz, afzzﬁdz
=1 =1

CEFETS. T Of I (1,0)-form THD, df I& (0,1)-form THS.
C DB i d: AY(X) — AL(X) Eid

df =0f +0f

LC DD EEHLTBDICHEREE J DFHN VB, FAIT DD DOZR/NEFLDT, BETITP SR
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[ DESICHIGT B

RBEDI =0f+0f ICBEALTIIZTBA LAY 324 5HERBEDEDDEINELRD THEE
—fRICEAL TIIRD LS ICEERT S.

Definition 2.7. (p, q)-form o H/EFARYIC

o= Z ozljdzl/\dg
l|=p, |J]=q

EEMTWVWBLTS. CCTI=(1 < <ip), J=(1 < <7y &L,

dzl = dz"" A2 A dzr, dzd = dZ" A -+ A dZFe

o 11| zI:Jl z; %d;f Adz N dT € APEH(X)
=p, |J|=q i=

- " do,5 —
da = LIzt A dz! A dzi € APITH (X
’ |1|=p§|:J|=qi§=; A v

TH3. COEARIF global ICEFD
d: API(X) — APTHI(X),  9: APIY(X) — APITH(X)

ZEDB.
X ZERZBRECT B, O BMOTERLEICIIA D

d: AF(X) — AF(X)
NEF 3. BEZSKRELTIRIMATERZ (p,¢)-BUIRRTTZDT,
AHX) = @ AP(X)

pt+q=k
CETS. CODRICEALT, SMED d 1

d=0+0
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0: @ AM(X)—» P AH(X) 0 @ AI(X)—» P APTH(X)

pta=k pta=k pta=k ptq=k

CafREENG. DFD, 0 BEAIARAOXREZ 1 DEIF2WMAEREZETHD, 0 IIREAIA
BOXEZ 1 DLEIF2WBERETHS.

NHDE P =0 %= d. d=0+0 LBOREZARAWVR L,
9% =0, 9 =0, H0+90=0

BRES. 4 D 13 ) ) .
APO(x) & ari(x) S ar2(x) S

EWSEREEDS. £, f € O°(U) HERITHZ Z Lid
of =0

CEMETH . COBKT, 0 FENMZNZEANGHIERETHS.

2.1.3 FE-{EMOFER

Definition 2.8 (E-fEMZHN). X & n RTERZKAELCL, F - X ZERENT MR
£9%. E-E (p,q)-form DZER%Z

APUE) == C®(X, 08" @ E)

CEERTD. BFANICEITIE, E D local frame & (eq,...,e.) €T, ¢ € APYE) |&
p=> " Dea, ™€ AMI)
a=1
EEITB. THICBFREAZ (2,...,2") ZAWV3 &,

Z 075 dz' Nzl @ eq
a=1|l|=p

SO:

T

BT TIT ol 1 O REBTHS.
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7 X LD E IZEZHD k-form OZEE%

= P A(E)
pt+q=k
EERTD.
WA DEFERERRIC ¢ € API(E) IZDWT

Z&p ®ea—Z > anagffdzi/\dzIAdzj ® eq € APTLH(E)

a=1 [I|=p, |J|=q =1

T

=Y 0" @ea =) > Z (P”d*z/\dz Adz | @ eq € APITY(E)
a=1

a=1 \|I|=p. |J|=q i=1

TH3. COEAZHRIL global ICEED
d: APUE) — APYLUE),  9: APY(E) — APITY(E)
ZEDB. £LT
d:=0+0: A¥(E) — AMY(E)

DLEIF3WMAERERETH 3.

EEDHB. 0 BERFAOREZE 1 DEIF2MAERRETHD, 0 IREAEOREZ 1

BIZIEp=q=1DK, ¢ € API(E) |IIBFERZ (U, z},...,2%) » E ®local frame & (eq, ...

LT, ULT

T n
90|U - Z 90 Keq = Z (Z SOU,ijadZ%] A dZ%]) ® €q

a= 1EA1 1(X) a=1 \ij=1

LB/IB. ST g0 U ED O RERTHD, LH BRSO ADEREERLT.

2.2 EHCrHROESE
2.2.1 $EHL

,er)

Definition 2.9 (##t). C™ fOEHENRY LK E LOEF IS, CHAFREER

D: A%(E) — AY(E)
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TH>T, EED fc A%X) & 0 € AE) IZ3 L T Leibniz 8l
D(fo)=df ® o + fDo

2wl THDEWVD.

Example 2.10. £ B'BEER Oy DL &,
d: A°(Ox) = A%(X) — AY(Ox) = AYX), fredf
Rz 52%.

RIC, BT Z local frame E ZHBEIMZAVWTEL. AWE U={U} Zr%. U LT E @ local
frame Z ey = (ep1,...,eu,) EL, BHD UNV £T

ey =epylyy

¥¥3. CCTTyy: UNV — GL(r,C) 1§ E OZHRERTHSZ. T3¢

r
D(GU,Q) = DeU’a = ZAUgeU’ﬁ (2.2)
N B=1
cAl(E)

L7153 1 RESTRTS Ayl D5 5.

Definition 2.11. U £® r x r 175{& 1-form
Aply Aplty - Apl,
g [N A A 29
AgT Aut, o AT
TS D @ ey ICB8T % connection form &L S.
EEDD D(eva) = ) 5y ApBeys THD, 1THITHML &
Avly Av'y - Aul,
Dey =eyAy < (Deyya, ..., Deyy) = (ev, ... euy) AL.ZQI AL_722 AL‘IQT (2.4)
MO ILD.
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& T, section 0 € AY(E|y) &

T

o =epuy = Z u“ey o

a=1

rELL,
Do = ey(duy + Ayuy) = Z (dua + Z uﬁAU%‘> el,a

Leibniz 81 a=1 p=1
TdH3. DFD local frame ey Tl
D=d+ Ay : u— duy + Ayuy

CEITS.
BERD UNV £Tey =eylyy THBZEH5, connection form &

Ay = TJ&AUTUV + TJ&dTUV (2.5)

CEMT B,
HELRALCKANERS.

Summary 2.12. i D 252352 CiE, U £ r x r 175{E 1-form Ay TH->T, 8D
BOHOERMG 25) ZmiITHDOEXNRT 3.

BEZBBRIELT d: A(X) - AYX) B
d=0+0, 0:AX)— AY(X), 9. A%0(X) — A" (X)
ERRTED. ChEARRIC, #ERBEICKE-ST
D=D+D" D:AYE)— AYE), D" A(E)— A"(E)
EPRTES. LA 2T, Leibniz B% bidegree ICRE> THRET D &,

D'(op) = D'oc A+ 0y,

0 0
D" (op)=D"o AN+ 00p o € AUE), € AX)

Z155%. Bokg
Ay = AP + A%

ZRW3 L,

A%/’O = TJ&AIIJ’OTUV + TJ‘l/aTUv, A?/’l = TJ&A%lTUV + T[j‘l/gTUV

33



TH3. LT=H>T, local frame ey ICEHL T
1,0 a 0,1
D'=0+A4;, D'=0+A4;

EETB.

2.2.2 @ik
B5 D & E-EMOER2EICBRICIREND. 0 € A%F), pc AR ICHLT

D(op):= Da N ¢ + o do :(—1)k¢/\DU+dcpa€Ak+1(E)
€AY(E) €Ak (X) €AV (E) GA’“+V1(X)

CESD, FRMEICED
D: A¥(E) — AMYE)

155,

Definition 2.13 (#H15€). End(E)-f& 2-form
F=DoD:AE)— A*E)

D OHERE WL S.

R, FEHiz local frame E BB ZAVWTEL. AHEBE U={U} £9%. ULT E Dlocal
frame % ey = (€U71,. . .,eU,,,) 2_/. L, E@:D unv J:T

ey =epylyy
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¥ ¥3. ZSTTyv:UNV — GL(r,C) 13 E OTHRERTHS. T3

D(Deyo) = D(ZAUE{@Uﬁ)
B=1

(2.2)

F(eva)

i

T T
— Z AUg VAN DeUﬂ + Z dAUgeU,g
B=1 SN——

£ B=1
=311 Aujevy

filt

r r
= - Z AUg A AU%‘BUW + Z dAUgeUﬁ
(2~2) By=1 B=1 (26)

T T
= Z —ZAUZ[ /\AUg-FdAUg eU’g
RAFEER—1 v=1

T

= Z Z AUg N Ayl +dAUg eyg = Z (dAy + Ay A AU)g ey.s
AR p=1| y=1 p=1
=(ANA)L
FEHBEUTOHEZRS.

Lemma 2.14. ey ICB8T % curvature form Ry %=
F(eU@) = Z RUgey,g
B=1

TEDHBEE, Ry & r x r {75/ 2-form THD

Ry =dAy + Ay NAy & RUg = dAUg +ZAU$ /\AUz
=1

Eimlcd.

Lemma 2.15. F € C®°(A?(End(F))) DX DhZE(FI End(E) (S 2R TH S.

\.

Proof. FI&U ETRI &

r
F(GU’Q) = Z RU’geU,B & F = Z RU’gGZQ X ey
p=1 B
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TH?. RyL 13U LD CBETHS. o TRINSIZ LMD EDLEERN

Z Rvge;a Reypg = Z RUgez}’a R eyp
a,f a,B

BT O L, FIBEMIC E OTRERIE TE, £ LT

( Z TUV%RVQ(TUé):) = Ryl & Tyv Ry T}y, = Ry

a,B=1

EWIETETHD. Ry=dAy+Ay NAyg & (2.5) ZAWCEHETS &
Ry = TUvRvTJ&

NEIF3. O

HELRLCRNERS.

Summary 2.16. ¥t D #5 X2 2«3, U LD r x r 175E 1-form Ay TH->T, BLD
BOEERMHE 25) Z/ETHDENGT S.

BERICLT
D=D +D" D':APYE) — APTHE), D": APY(E) — APTTH(E)
ERRTES. LI > T, Leibniz BI%Z bidegree ICE> THRT D &,

D'(cp) = D'a Ao+ o 0,

_ o AYE), p e APY(X
D" (op)=D"o Ao+ 0o0dp (B). ¢ &0
2195,

BIIR->THRETB L,

R = D' oD + (D' oD"4+D"o D/) + D" o D"
— —_—
A00(E)—A2.0(End(E)) A00(E)— ALL(End(E)) A00(E)—A0:2(End(E))
£%%. ZC°T

D' oD € A*°(End(E)), D'oD"+D"oD' ¢ A (End(E)), D”"oD"c A% (End(E))

THhd. £
Ry =R}’ + Ry' + R

36




ERBEND.

2.3 Chern ##t * Chern s

CCHSIEAIMNREICRBZ DT, N MLRIFERIRT MLRET S.

BHRISERRZHEH E local frame ey DEFEEDNTO—DOBHDOEZKGFICHRERLEHLS.

Proposition 2.17 (Chern ##t OFEC—EM). F - X ZIEAIRI MLEREL, h Z E
LD Hermite 5t8 € 9%. COEIRZ/TER D), BNcli—DHFETS.

1. D, =D} + D] LRBRTZLE
D} =9: A%E) — A%Y(E)

TH3. 2D 0c A°E) & L,”IEBI "% local frame ey ZAAWT 0|y = epuy TH
Abhdc &

DZ(eUuU) = ey (EUU)
B,

2. Dy B h BRETBL, THOBERD €, A%E) ISHLT

d(h(&;m)) = h(Dr&,n) + h(&, Dpn)
ZHRlcIEZWVD.
CD¥ESE (E,h) @ Chern T LR,

Proof. TFIEFEEHDBERD AR B. h % Hermite 512 & LT, hy Z U ORRE T 3.

Ay =" 0hy -hg') & Au% Zma Ohgy i

= (2.7)
(1,(37#1;9%;: = m/
CHUSITIMED 1 REATRTH B> 2T
Oy Ohyyz - Ohuar
T e (28)
3@& 3@1@ 3@@

PCNUICEL TREBEZIMZ DS B VWHAERIEICK > TRENMIICE%R S, Demailly DEFE [Deml2] £ FTHT
Wiesihty 3.
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TERI . THEHZE Tyy £935L Ay id
Ay = T(;éAUTUV + TgédTUV
CEMITBZeHhhHhhD. £oTZDEE Dh(eUuU) € Al(E‘U) [CDWT

Dh(eU’LLU) = eU(duU + AUUU) = eU(GuU + AU’LLU) + eU(guU)
——

=:Dj (eyuy) =Dy} (eyuy)

EEFITNLINIIESICAD, ChHABLLWHDTHS. O

' )

Definition 2.18. h @ Chern B Fp ) % D), & Chern it LT
FE,h = Dh o Dh : AO(E) — Az(E)

ELTERTS.

Lemma 2.19. h % E @ Hermite 5t 8¥9%. Fpj € AV (End(E)) THD, local 1213
curvature form &

Ry = gAU =0 (t (8hU . hal))
CET3. T T curvature form &
Fgnev = ey(Ry)

E7RB175)E (1,1)-form TdHB.

Proof. By := 0hy - h' €< (hy') = —hy (0hv)hy 2RV,

OBy = 0 (0hy - hy') = —0hy N O(hy') = —0hy A (—hy' (Ohy)hy ')
= Ohyhy' A Ohyhy' = By A By.

KoT, Ay = tBU THdC (\Z%Fﬁb\nﬂt, t(BU A BU) = —tBU /\tBU &b
0Ay = — Ay N Ayg.
UELD

Ry = dAy+ Ay ANAy = 0Ay + 0Ay + Ay A Ay = 0Ay.
Lem. 2.14

O

Remark 2.20. curvature form Ry |& Fgp, Z local ICRTcH DN, SBA—HWINBZcHbH 3.
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BFFERIEEAZ (21,...,2") £ § 3. E D local frame Z e = (e1,...,e,) £ T DL, E* D frame |&
ef = (em, ... e") tRB

~ = Ohgy ~
Ayt =Y Wt STNdE PO Ry =04y (2.9)
~—— —
(Lo AR v
"5 -
FEvh:Z Rg ®65®e*’a—zz RG> dz' Ndzi @ eg @ e
aB a,B ij \,-z
(1,1) #or HEH
EHWTBF
R = 0A%=- zn: (8AO‘ ) dz' Ndzl = Z Z( <maahﬁ”>> dz' A dzi
Ry=0Ay i,j=1 9z 1,j=1~v=1 823 0z
(2.10)
AN
-7
Rﬁ%] Zhw‘ Bij
CEETS. CCTER H=(h,), H' = (h¥) £T3.
o 0 Ohge\ [ Ohss
R - e [ =5< Sl 2.11
By~ agazz hy Z <8z1><azj> ( )

TH5.
Remark 2.21. HHFPHIELNDODHSBRVEETH, SEOERICELIZIRVL. CE50H

0 9 e [ Ohge\ (Ohsy
Ronis = g o7+ L (5) (5

o, yo _
RBU =h R/BVZ'J'

EEZL, Chern B Fj ), = End(E) & (1, 1)-form T

EFERICLTLEST

Fgp= Z Z Rg,‘ﬁ dz' NdzI @ eg @ e
a,B i,

EMTRBEDEERITNUIIEBL. EEHMIRILKSFESIHERITHATDFENDLZVDT, CNTH
EEDD. (CLWOSHDEECDRERTZ2ETERISHAZTDIERL TEN o). Ad Griffith
positivity B & Ry TEET 5.
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Lemma 2.22.
Fen= Y Rjes 0 = Y ¥ Ry dey o
a76 z?]
IZDWT, (1,1)-form %

r(Fpp) : ZRO‘ iZRgijdzi/\dzj

a=1 i
\W_/
=0aRg

EERTBLEE,

(Fpp) = ( ai% aa log det (h )) Az A dzi

0]

$5ICEHRR L D Hermite 5TED h D Chern BIZE Fy, j, 1, local IC h & R {ED C> #KBIEK
CRnid,

g 0 ;= _
Frp= Z < 8213310gh) dz' Ndzl = —00logh
i,J

Proof. RDRIXHELD ILD.

e

Claim 2.23. ATFHEDIID

;logdet< ) Z Ba —

’/B 1

.

NzAWLWs L

tr(Fgp) = ET:RS‘ = _2”: z’": ((;Z] (h”a(?;’>> dz' Ndzi

a=1 (2.10) i,j=1v,a=1

Claim:.223_ ,;Jzzl <3 (82’ 10gdet<h 5))) dz" NdzI
- -3

) 02302

logdet h3) d=' A d=7.
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Proof of Claim 2.23. 175Xz REFZRAVLWTHS T 3. Cos T h,5 IS 2REAFELTD. T
3L

-
) = hoo = —oF

1

—1 t
C =
( det h

~ deth B
S deth =det(Ry,...,R,) EBEVWTHO TR L

a T
oi(deth) = Zdet<R1, .

det DEERMMa=1

T T ah

8iRa,...,Rr) - YYo,2

9 gtk
0z o ITRATER—1 5-1 0z

UEELD
o 1 9 1 r 8hB LA 8h3
—logdeth= ———(deth) = —— —— pPe — 22
0zt 08 e deth@z’( eth) detha%;l Caﬂ 0% a%; 0z%

2.4 MR, BEMERLR ED Chern #FHfi & Chern HiZR

7~

Definition 2.24 (WK, EMR, 72 VILER, EXHERK, B2ERER). X 28RS
AL, Bl — X, By = X ZFNENrank r, s DIERIRT NILERE TS, B, B, D IE
BJ7%2 local frame %
ey = (evt,..-,euyr), fuv = (fur,.... fus)

L, W hF2 #5HEr $3.

1. WHR. By ONMNER Ef — X ICIF, local frame e}, = (e;,...,ef). T2l

egi(ev,p) = 0f L%RBDT, B ICIE
W (efsep) = h M (eg, ef) = hP°

EWSEENAS. h DRFXRTZ

hu = (hys45); hy o5 = hleva, eu,p)
L9dL B
Hé(e%, eg) - h’ﬁa
EWVWSFHENAS. BEAEIIUTOLSICHS.
e connection form A, = —"Ay.

e curvature form R}, = —9(*Ay) = —'(0Av) = —'Ry.
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2. BAER. E, £ By OBEMEKR E; & By @ local frame & (ey,fy)
(eU,la"'7€U,7‘an,1>-'-7fU,S) ERBDT, By @ By IZi&

hEléBEz ._ hEl 0
L0 AP

EWSHEWAS. BHEALAEIIUTOLSICHES.
AFL

e connection form AF1®F2 .—
0 AF2

DEr 0 X
( 0 DE2> i3,
e curvature form RF1®F2 .— (
FEr 0 X
( 0 FE2> i3,

3. TVVILR. By ¥ Ey DT VVILER E1 ® Es @ local frame & ey @ fy = (eva
fU,W)lﬁaST, 1<~<s L% BDT, B1 ® Fy IZl&

> . 57 &IC Chern 6t |3 DF1OFE2 —

REL 0

0 RE2> . B &IC Chern B (& FEOE2 .

WP ey o @ fuq,evp © fus) = B (eva, evp)h™ (fus, fus)

EWSEHEDNAS. HHRABLIIUTDOLSICES.

e connection form Ap, ® Id + Id ® Ap,. 5% &IC Chern ##t & Dp,gp, =
Dp, ®ldg, + Idg, ® Dg, £ %.

e curvature form Ry, @ Id +1d ® Rg,. 57 Chern 1% (& F,om, = Fi,
Idg, + 1dg, ® FE,.

4. SMER. B, D k RHOFER \* E1 — X & local frame
k
Nev = (eva A A eva)izar<<arsr
ZHD. BERF [=(a1 < - <oy) ICRLT
eu,r ‘= eua; N N eua,

EEL hy = (hyop)s hyog = hleva evp) ETBE, N\"h OITF) HYF 1%

k
(HE®) 17 = (A D) (evrev.s) = det (hyy.0,3,) 1<a <k
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TH5z26NM%. 2D, ABRDFEE, TTDOFEITH hy D k INMTHIRZE DI
H D Hermite 75| TH 2. A CIIEHBDTEHIET 3.
5. 179K, E; @ r XAFER det E; — X D local frame (&

'
/\eU = (6U71 A A €U,r)
LB DT, det By ICI&
R B ey Ao Neuy,epn Ao Aey) = det (hU,aB)1ga,5gr

EWSEHELGAS. EHRREIIUTDOELSICHS.
e connection form

Agerp, =tr A := ZA;:.

e curvature form

RdetE1 :trR:ZRaa.

222 &0

i o 0
Raet 1, = %:Rij A N a7 Ry = 5= log et (hs)
CEITS.
6. BRHEEZART MILER. By DEZRHEEART MILE By 1Z1E local frame

ey = (e, .-, €euyr)

PHZDT, By ICiF o
WP (ev.a,eup) = hy o5 = hupa
EWSEHELGAS. EHRREIIUTDOLSICHS.
e connection form AE—1 = A.

e curvature form RE—1 =R.

7. BCERER. £, OBCEBER End(E)) = F, @ Ef 121 local frame

ev @ ejr = (eva ® € 1<a,s<r
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NH2DT, End(E)) = By ® B} I1Z1&

&
U,aEh K

REMED) (o, @ e, e p @ €)) = WP (epa, e )WL (e, ed) = h
EWSEHENAS. HRABCEIIUATOLSICHRS.
e connection form Agnqp,) = Ap, ®ld+1d® Ay = Ap, ®d-1d® tAp,.
e curvature form Rpnq(p,) = R, ® Id +1d ® Rpy = Rp, ® Id = 1d ® 'R, .
8. 5|FRL (Pull-back). f:Y = X & C>® kBRI 5. B D5|ETRL f*EL =Y
IZi& f~Y(U) £® local frame

ffev = (freva,..., [feuy)

hBHBDT, f*(B1) Iold

W (freva, frevs) = (R (evasevp)) = WP (eva,evp) o f

EWSEHENAS. HRABLIIUTOLSICES.

e connection form Ag.(p) = [*Ap,. B HIC Chern connection Dy gy =
I"DE,
e curvature form Ry«(g,) = f*Rp,. 578 Chern B Fy. () = f*Fg,.

2.5 Hermite 5t= & Kahler :t=

Definition 2.25 (Hermite 5t2 & Kéahler 518). X Z n RERZHKECL, Tx =EL
BRI BMILERETS. X O Hermite 517E g & Tx @ Hermite 518 h EEET B.
DED (U, 2},...,2%) IZDWT local frame %

S S
v @z(lj""’ﬁz{}

(o o
A CEAR )

Lol &,

£9%.
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X £ Hermite 5t= h IR LT, ZHUS(ERET R (1,1)-form %

w=v-1 Z gﬁdzi/\dg

i,j=1

ETEDHD. D w % h @ Hermitian form & L3N,
Hermite 52 h H' Kihler 512 TH 3 &I,
9955 _ 09z
dw = 17— ik
w=0< 0z" 029

ZWlcdE&ZWVWDS. TDEE w Z Kihler form &MY, (X,w) 7l (X, h) Z Kihler

EZ5 3 R AN

Remark 2.26. X OFtEY R ZIE g EF, Ty D Hermite 512 CRZ2 & ZFlF h 2FESZ L
NEZW. HBE3A g=h THS.
,20) ICXF L T local frame

RFRIERIEERE (U, 21, ..., 20), (V, 21, . ..
(o oy (o 2
v oz, o) v 02y, 0z

&3_5 2_’., ey — eUTUV —C‘Et,

Tyv = ;
0z, -
1<i,5<n

THB. LED>T, hy = (hy5), hy = (hy5) &
hy = "Tyv hy Tov

Zmicy.
BFFIERIEAZE (U, 24, ..., 2") £ T3, CDEED (Tx,g) ® Chern i, Chern B (FLATD &L

S5IC1%.
o Chern H8#t. G = (g;), G~ = (¢/) £H<K,
LA = (0G)G
TH3. BHTETIE
" 09

n n
Aj =34 0y = 3T dek where T =3 gt
=1

=1 k=1
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o D), DEE%R Oy, := D0 Dy € AV (End(Tx)) £EL. Tx ® Chern IR OEORTTIE

. n . _ n ort. _ ) BIND
R = R dzF A dt = Z (—kj> dz* A dz! where R :=— _kj
J azl J azl
k=1 k=1
CEL.
[ ]
R yim = ZQWR;M
b,

n
Rjkim = —0;0hgm + Z gba 3k9j5 Garm-
a,b=1

TH30 120 0= 3%, 0; .= 1% LBERET 3.

J

RO Corollary | Z DEDIBED Corollary TH 3.

Corollary 2.27 (Kahler BIZRDOXIFRYE). h DY Kihler 578 THDIE T,

Ri}ki = Rkjﬂ = Rﬂkj

Remark 2.28 (Riemann A/ Riemann R OXE). WD AN RS & Chern BIZE(X Rie-
mann curvature tensor ICIITUL3. EiE Kihler ST=2DH &I

Chern =R = Riemann HiZR

12737

7~

Definition 2.29 (Levi-Civita #&#ft £ Riemann curvature tensor). h Z Tx @ Hermite 5t
B 9% hOESIF X OFEFER Txr LD Riemannian 578

gr ‘= Reh

ZEHS. D Riemannian 518 g ICK LT, Levi-Civita ##t &I, Txr LD V T
H-oT,
VgR =0

SRIFCDESED 80 ERDESE (FIZ IS Siu-Yau[SYS0] B Y) LEAR>TWVWS. REDAIZTDEEREH, 2hicD
WT 10 FEFIIC ZAREEDEREZZITEBICAANE > TV N T 3.
TCODDIIBETHIS 2 VWS KEIFTHSB. BDT chatGPT ICEVWTW R WEXERZDF FICLTHL.
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HD torsion-free, THRHBEEDEANRY LG U,V IZHLT
VoV - VU = [U,V]

EmlcTHDTHD. Levi-Civita #HEH: IT—EMICEETS. D Riemann curvature
tensor %
RY(U V)W :=VyVyW — VyVyW = Vg W
TEEIT . £1-
RY(U,V,W, Z) := gr(RY (U,V)W, Z)

cHEL.

Proposition 2.30 (Kéahler 52ICE 175 Chern BiZE & Riemann B3R). h & X £®D Kdhler
B XT3 ST hhOEED Levi-Civita 35t V #ERILL, Txr@rC =Tx 0Ty
ICHRERT B L, V IE Tx Z1RD.

IHIC, Tx LICEEINZESIE Tx @ Chern $#E#: D), £ —HT 3.

L7 > T, Kdihler ST EDHEICIE, Riemann curvature tensor @ (1,0)3FNRY ~ILAE
DT E Chern BIZER ¥ —E9 5. BEAEMICIE,

g 0 0 0
v } : l_
R (82“ 3zj> 0z l s 02!

LETB.

RDT
Chern 1% = Riemann B3R
Tdh 3. Fhid Riemann BAFZ 2K 5B VD T, Levi-Civita A ClEE2 <5740, (Riemann

BEAFHNICIFC >BOADOHDRTVS LLV) BEARRYIC Kahler ZR1E L HMRHAE VDT, Chern
BEReR—H L TERLTWS.

2.6 HEZEM ¥ Kihler it=

COETIRUATZTRY.

Corollary 2.31. CP" |& Kdihler 21K, FFICHTERZIKIE (CP" DERIBHZHKIE) 1F
Kahler Z¥k{K.
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UFE0EHZEL. 8

7~

Definition 2.32 (f8R&IFZEM). B|RFFZEM CP i, C*H\ {0} ICFEERMKR
(Zo,...,Zn) ~ (AZO,...,)\ZH) ()\E(C*)

EANTE SN 5 HEM
CP" = (C™*'\ {0})/C"

DIELTHD. RUSEREAE [Zo: -+ : Z,) TRT. TTT [Zo:--: Z) W&, (Zoy ..., Zn)
NaED C"M NOERERERLTUS.

RERESZ
Ui={[Zy: - :2,) € CP" | Z; # 0}
TEDHS. BIZIE Uy £TIX Z, '
zj:z) j=1,...,n)
MEPERIERZE5X 3. Lich'>T

(Zo: i Zp)=[Lizr: - 2y

EEITE. COLSBIBRERKSICE>T CP" IF n RITERSKEICHS.

Definition 2.33 (Fubini-Study f23{). CP" £® Fubini-Study fext & 1F, Uy £T
wrs = V—100log(1 + 21> + - - + |2, [?)

CBFMICESESNZE (1, )R THS. KD—MIC U, LTI}, Z,£0 £ LT

_ Tal2 ... 17 12
wFs:\/ZﬁﬁlOgC ol +’Z‘2—H ° >
i

T5ExH5N%.

COERDVBEEFEOMDHICLSTHOES C e zMERd 5. U;NU; £TIZ

log <|ZU|2 +-+ |Z"|2) — log ('ZO|2 ot |Zn|2> = log Zi
| Zi|? 1Z;1? Zi

2

SO IFBETHEIS S WSEITTHD. BDOT chatGPT ICEVWTW R WEXEZZDEFICLTSL.
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TH3. G4l

2 -

Z; Z;

1 J — 1 J 1 J

og —Z og Z, + log Z‘

EWSHEZLTWADT, )
Z;
log | =L =
001log Z, 0

THd. LIch>TEZERESLTERELR (1,1)-FERIFERD T—EL, CP" LOXFNA
(1,1)-FXZzEDS.

BFREEAE 2 = (21,...,2,) ZAAWT

n
p=1+> |l
k=1

B,
WFs = V — Z 9i3 dz' A dzi
7,7=1
C&EIF3. 2T o2 5 B
POij — ZiZj
- = —logp = —"——=
9 021029 &P p?
Thd. 37105
Z1
1 1 )
(9:7) ;In 2| (Zl Zn)
Zn

Z N Fubini-Study StE2TH 3.

Proposition 2.34. Fubini-Study F2=X wrs (& CP* L@ Kihler XX TH 3. LTch>T
CP" |& Kdihler Z%:(ETH 3.

Proof. Kihler FERXTH B C EZRTICIE, wps DEDE (1,1)-FHXTHDO, h OFAFERTH S C
CETEIETDTHS. £9 wrs ISBFTRIIC

wrs = V—1001log p

EENMNMTVBDT, E (1,1)-FXTHS.
RICEEMZHERTSZ. FED €= (&,...,6) € C ICRLT

Zg 66— D ’Z?:lzifi‘Q
75 S

i,7=1 P
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T#%H 3. Cauchy-Schwarz DARFER LD

n

Sz < (Z r) (Z w)

i=1 =1

THB1c,

n 2

pY Gl =D =&l > (P -3 |Zz"2> Yol =>"lal
=1 =1 =1 =1

i=1

Lich > T E#£0 BB .
> 956§ > 0

ij=1
78D, wpg IFIETH B.

ERICAtZRY. BRAAIC
wrs = V—1001og p

TH3D 5,
dwps = (0 + 0)V/—100log p = v/—10%dlog p + /1009 log p = 0

TH3. ST =0,0 =0, HEV 00+00=0 &AL, &£>T wps BEBEDE (1,1)-
R THD, Kihler FEXTH 3. O

2.7 E#RER (rankl) DHE

rankl DIHE, DEDERRDIZEHEICHD. UTREHTEIS.

Ei, B, 2 BRRE T 3. By OFZREK 1), THEIE he, £ L, B, OEHREH TS TiE
& hp, £T3

o X B ISEHEEEK (T7)) ' ODERETHS. 312 (b)) OBERKRTHS. 2FD
xRS C IR L
o TUVIE By @ By 3EMER 1L T T, HE LWL OERETHD. DFD

TUVILRIBENITREREL

BOTEMRROESICIIEBARZ R TEEEENAS. EE

({BREROES 1/ =) = H(X,0)
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EWD Abel BBEDOREN H S.

LEBERRE L, BR@EHE Ty UNV — GL(1,C) =C* £ 3.

e Hermite StE h &, U LD C™° KB hy : U — Ry THDEHhEXRMHF
hyv = |Tov|*hy

EHIETHDODEED.
Chern ##t D;, ® U £ ® connection form

Ay = 0hy - hyt = dlog hys

Chern $##t D), 1&

Dy(eyuy) = ey(duy + Apuy) = ey(duy + (9log h)uy) + ey(duy)
——

::D;L(QUUU) :D;{(eUUU)

Chern BiZ Fy ;, ® U £® curvature form

Ry =9 ((0hy - hy')) = 00log hy

Chern H1Z Fy ;, B local ICRB & (Ry LEILK)

FL,h = 58 log hU

RIFDHOEBEICRS. U LD C° HFE hy : U — Ry ICEALT
hy =e ¥V & oy := —loghy

732 C° BB oy : U > RZELDEUTDLSICHS.

7

LEESFEY L, BHREME Ty UNV - GL(LC) = C* £ 3.
o Hermite 5t& h |&, U LD O BB oy : U — R THDEHOEERMH
e~V — ‘TUV‘Qe_LPU

EHlETDHODDEED.
e Chern ¥t D), @ U D connection form

Ay = —0py

o1



e Chern ¥t Dy, 1&

Dh(eUuU) = eU(auU — Jpyuy) + eU(guU)
——

~~

::D;I(eUuU) :D;{(eUuU)
e Chern B3R Fy 5, curvature form R, EHICEL <

Frp = —00py = 00py = Z (88 (’;Uj> dz' N dz3
20z

ij=1

Definition 2.35 (positive, semipositive). BEHRR L D' positive TH D &1d, HBFTE L =
(ho) = (e=#v) A>T

2
<‘W> DR THIEEE Hermite 17512783
024029

ELTEETS. BERRIC semipositive ZHFIFEMEE L TEET .

Remark 2.36. IR D positive form #5882 L AT OXEN$H S .

o V—1Fp) = <%) V—=1dz" A dz7 1 positive form

¢ aa%b‘ CDETHIEEE Hermite {THIC S

AEHRBFEZAVWTERIANSLED, COERKEIDDBDTEREZHKALL.

SElample ZEZE LAV, LA LAEDSUTOEENH S DT, "ample=positive” 72 B> TRL)

Theorem 2.37 ((NFEOHAAEE). X ZOAV/NT MERZHKEL TS, LH ample TH
% C &I& positive TH B Z & L[EHE. FICCDIHE X IIHLERDHRE ((CP" DEZRED
ZiR1K)) THB.

2.8 REERAZD positivity L4552 Hermite 518 - SEREZRBEREDDEHD

CNIIRBERAICFLVABITTHS. BETHH/OBVTFE. K[UCH S AL [Deml2, Section 5]
RO L.

Definition 2.38. w = \/—1gi3dzi A dzJ % Hermitian form ¥ 3. BEFR L & C>* HE
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h=(hy)=(e?V),ce RICDWT

\/_1FL,h > cw &

2
det < T ng-j) HEDRTHFIEESE Hermite 1751274 5.

021020

ELTERT .

9B EREEBAZD nef [FRDEK S ICXHHT B

Lemma 2.39. X % C _t£® smooth projective variety £ 3. X £ BE#fFER L ICBHL T
R IEEE

o Lidnef DEDEEDEMME Cc X ICHLTL-C>0
e FED >0 ICKLT, L ® C™ Hermite 518 h. B"FELT,

V_lFL,hE > —cw

EiETEY.

RDT

ample = positive = semiample = semipositive = nef
THB. EIFAD LT,
TINIHA Y ZAFAEISAZEER K (ICBA L T nef = semiample ZRBAS5HDTH B

[ Conjecture 2.40 (7N H 2V XFH8). Kx D nef 851, semiample h*?

KRB MAZFICIIMICH big, pseudo-effective EWVWSHDHH 2. CHHERIFFHEZFE> THIGT
3.

7

Definition 2.41. L ZE#RRE L, BHEHK%E Tyy : UNV — GL(1,C) =C* £ 9 3.

o hH'L OFFE Hermite 52X G U LD Ll B8 oy : U - RU{—o0} THDEDE
&

e = [Ty e

ZmEiETHDODEED.
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e Chern =R Fy ), &

~ ([ Doy i
Fr, = — | dz* NdzI
=2 (aw’aw) s

ij=1

YLTEDS. =121 (88%) ISBERTH .

ALY b (BN E OMATR) EBLTS £<
V=1Fpp > cw

*EHTS. (COBERIE Deml2] ICHBHDEDEELBRTHS | )

Lemma 2.42. X % C _E£® smooth projective variety £ §%. X £ BRFER L ICBAL T
LR IS FE

o LI big. 2FD vol(L) := limyyoo fir dime HO(X, L) > 0 TH 3.
o HBRE Hermite5TE2h L c>0DH>T, HL >V FDEKT

V—1Fpp > cw
EiEeY.

Lemma 2.43. X % C _E£® smooth projective variety £ §%. X £ BRFER L ICBAL T
LR IEFE

o L & pseudo-effective.
o HBAWE HermitestE2 h B'H->T, ALY FDEKRT

V—=1Fpp >0
Y.

big = effective = pseudo-effective
TH3. BIERED LT,
nonvanishing F#813 pseudo-effective = effective ZRIS HDTH S.
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Conjecture 2.44 (nonvanishing F18). Ky ' pseudo-effective 78 513 effective(d 2 m €
Z:HhH>THY X, KY™)#0)D?

CDFHEH X H¥smooth projective variety ICR L THEIT S &, [Hasl8] IC& > THERNE T ILEEFRD
FENEZXD. 3RTD Kx D' nef Tdh S5 E D nonvanishing FREICEAL TIX 6 ETHEBEEZE X
3. (CHUE Miyaoka[Miy87] ICED <)

X % C £ ® smooth projective variety & 9 3. FREEVRTFE T TIIRITRVWHEBBITH A FE (5
H Hermite 524 Y) 2> TRITATRIIUTOLDOHEIF SN S.

e Invariance of Plurigenera. f: X — A ¥ 55 smooth BEMICBAL T 10(X;, KY") B FE
THDEE. Siullk > THIR. [Pa07] DFRAP T L. Ky, D' big DEFIF Lazarsfeld DRI E
[Laz04] ISR AREEAD $ 5. D —ARDHZE IFREBVAFEEADFI SN T LAY,

o EZEMMT —NILZERAED litaka 1. Cao-Paun[CP17] IC & o> THIR. Hacon DFEERIC
I& gap B o7k 5T, BICREIATERIZE SN TULRL. [HPSIS] B8R, Z0mNXIE
(Schnell BENEWTc®) ABEABLHOH B LS ICEHINTVS.

o —Kx H'nef DWEEFE. Cao-Horing[CH19] IC& > THR. [MW21] IC&K o T KLT Z#K{K
ICHEER. RBEVAREERRIZ F /2 WVWE B S, o2 ThlE Patakfalvi EL W X 2 TW3S.

e LTFEORBMGERZ S & DL RTHRV. FICEFHTESB3D0HDRUCHEB LT
53TH5.

RZRICC D5 R Hermite 5T E SEBEHRBITOEND Z2ENTE L.

2
DU 15 p T S IEEAE Hormite 1750121 3.

021027

& 73 2B ZELTFEE (plurisubharmonic function, psh) EMEENS. CNIFBOMLREZ
EEITIBICAVLON, HHENGZSERERBIN TH TR THS.

BLLEMARDERIIUATODODOTHS. THEZERL THL.

Definition 2.45 (¥MmEE). fBE Q C C" HMROTH B LI, Q@ LOEHZELFATEELY
p:Q—RTH>T,EFBD ceRICHLT

{zeQ|piz)<c}t e

ZHIETHDNMFET B CZWVS.

Definition 2.46 (IEAIM). Q Cc C" ZHBFHETS. IVNIMEE K e QXL T, Q
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ICHITBEANEZ

jayz{zeg\ﬁungsgyfmmﬁnaufeogn}

TEDHZ. FEOAVNIMEE K e QICHLT Ko e Q BEhIIDEE, Q IFERAT
HdWS.

Definition 2.47 (IERITESE). 8B Q c C" AERIEIRTH D L IF, FREDERR p € 002
Ep DERDEFE U ICXHLT, % feOQ) BEELT, fluna & U EDIERIEEEIZHE
RTCTERVI L.

Theorem 2.48 (EDFEIE, Levi EEDE). 1B Q Cc C" ISR L TUTIXEETH .

o QO IFMMTHS.
e O FERIMNTHS.
o O IFFRIEITH 3.

CNRKRRFERPHFOAFREDERR ISR EH>TVWBZERS. DI DFRZLTE->TWVS
HIFTIRBL. BRENICIEUATOL S IZRT S5 LL.

o BT Y HEM AR TRNEZ S, [Dem] HEELL.

IERI)7E1E & IEAI = #
[Dem,Ch.1Thm6.11] [Dem,Ch.1Thm6.14]

o ¥ = IERIFEIH (F [Dem, Ch.8 Thm 9.11] BH&. Thid Skoda @ L? EIEEIED Corollary
T#H3. T CIF L estimate DRBHRD THND P T L.
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3 ChernfHEOEE

3.1 ERHEZEM CP! ¢ tautological line bundle
EEMNELERCP = {[Z0: 21} #E X 3. 1ZERES
UO = {ZO 75 O}, U1 = {Zl 75 0}

LETIX p p
zzzl)onUo, w:ionUl

NEFERERZ5Z 3.
M, CP! _E® tautological line bundle Ogpi (—1) & X 3. &

O@pl(*l) = {([Zo : Zl],v) S CP! x C? | v E (C(Zo,Zl)}
= {([ZO : Zl],vo,vl) S CP! x C? ‘ vg = Mg, v1 = AZ, N € (C}

TERSNBERERRTHS. 2FD, R [Z): Z1]) DLDT7AN—IF, C2 OHRTRY L
(Zo, 1) DRBEMRTHS. BIRERES LTI, ROBFAERZES.

eol[1:2]) = ([1: ), (1,2)) € Up x C = Ogpr(~Dlu, [1: 2] € U,

e1([w:1]) = (w: 1], (w,1)) € U1 X C= Ocp1 (-1)|py, [w:1] € Uy,
BEGD [1:2]=w:1]elUynlU; Tldw=1/2 DT,

cofll: )= (132, (12) = (], = (fw: 1,1, )
w=1/z
= ()= = alw:1)
w18 =Tu, v,

LTC?’J“’)’C, e = eOTUoUl t%( %E:%’\TCLJ, O(Cpl(—l) @Eﬁ%%ﬂui

1
TU0U1 =w = ;7 TU1U0 =z

Ths.

Lemma 3.1.

ho(eo([1: 2]),e0([1: 2])) = 142 on Uy, hi(er([w:1]),e1(fw:1])) =1+w]* on U,
(3.1)
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[ TEDDE, hy, 1=B1F O(—1) @ Hermite ST E2EZEDH S .

Proof. mINETZIFEED EhE &M
h1 = |Tueu, [*ho
TH3. 5 Tyu, =w=14&D

Togtn[Pho = [wPA+ ) = (wfP+1) = M
(3.1) by w=21 (3.1)

Ths. O

E#RER D Hermite 518 h (ICX L T, Chern BAZRIZF/BPAMIC FL ), = d0logh(e,e) THZHND
»T,
Fo—1)n = 091og (1 + \2\2) on Uy

THs. RRICFHRET B &,

z dz Ndz

8log(1 + 12\2) =1 D dz Foiyn= 5810g(1 + 12\2) = —

3.2 Chern HOE®

KRB M (I3 L T singular cohomology & H(M,R) T&RY. de Rham DEEHI S

. {d-closed i-form}

H'(M,R) =
(M, R) {d-exact i-form}

TH3. CCT

o i-form ¢ ¥ d-closed &ld dp =0 %3 &,
o i-form ¢ H d-exact &l p =dyp ¥7%8B i — 1-form ¢ BDEFEETIL

Ths.

Chern Z RNIENEERTEER T D. €5 < Hirzebruch A (Topological Methods in Algebraic
Geometry) ICHBDERED.

Theorem-Definition 3.2 (Chern 2D RIEBHNEE).

1. Axiom 1 (Existence) EZHKAE M O C™ fERXRV MILKR B, EEHK i > 01Xt

o8



L T i-th Chern &
ci(E) e H¥(M;R)

NE5EX6N, TBIC c(E)=1TH3.
¢(B) =Y c(E)
=0

EHEE, IN% E D 2 Chern 8 IR,
2. Axiom 2 (Naturality) £E Z M LD #&EXI LR L, f: N - M & C®
map £93. CDLE

o(f*E) = f*(c(E)) € H'(N; R),

7=72L f*E |& N £® pull-back bundle T®H 3.

3. Axiom 3 (Whitney sum formula) Fi,...,E, Z M LOERERRETS. F1o
@ B, ZENS5D B (Whitney sum) £ §3%. COEE

(Er @ - @ Ey) = c(Er) - o(Ey).
4. Axiom 4 (Normalization) CP! £® tautological line bundle O(—1) IZ2WT

c1(O(=1)) N [CPY = 1.

de Rham BHH'5 [51 c1(O(-1)) IZHLWL

T3 LOREBEFET Chern BH—RIZEEL, T5IC ¢(E) € H¥(M,Z) THS.

Remark 3.3. RECRAZIZ ¢, TDRICIRAR S Chern-Weil Theory & D+ E D projective bundle
P(E*) ZRAWTERT 2 HDEND LN, (Segre class ZE&ET D', Leray Hirsch Z1FS
) Segre class ZFAWB 51, Ap(X) Z X D k-cycle DEFE LT, 7:P(E*) - X &L T

si(E) s Ap(X) = Ai(X),  a > m(er (O (1) Nrta)
ICBIEGEZZ,i=0,1,....,n IcD2WT
S;i + Sj—1c1+ -+ s1¢i-1 +¢;, =0
MEDIIDEKSIC Chern $H ¢, ZEOHBIFETHD. CNHB p=s0=1,¢1 =—51 £%B3B. C
U X Dl scheme TH>TH E Hllocally free BOERNTET 3. 5L < I [Fuls4, Ch.3 | BR.

fc72 X H¥smooth 225 AN (X) IFERICERN T I 371, singular 72& AY(X) DEERDIEEICH L
<% %. [Ful84, Ch.17] BE.
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Remark 3.4. DEZEEZHAVTHERTES. €D Chern HIIMNEARZETHD. ERFER
L— X DBEOEREEEHLTHIS.

L |2 Hermitian 5t&% AN,
S(L)={velLllv|,=1}
£93. S(L) = XIEESLETHD, S(L) xs1 C =1L EhB.
op
DETEDOEEDS, G = S DHEEH

EG = S® — CP*® = BG where S® := lim S*"t! CP* := lim CP™

m—0o0 m—r 00

L3, HBHEGEHRSf: X - CP*HH->T,

S(L) = fH(EG)

top

E72%. 5 Ocps(—1) — P> % tautological line bundle £ 28 . EG xg1 C t% Ocpe(—1) 78D
<9 "
L = f*(Ocp=(-1))
top

EHRB. fidf*: H>(CP®,Z) - H*(X,Z) #5589 5DT, CNEAWT
c1(L) = f*e1(Ocp(—1)) € H*(X, Z)

EERTB.

—MDPEE r DRY MILROBZE, S OFR%Z U(r) ICLTERZITS. U(r) DREZEB EU(r) —
BU(r) IC2WT BU(r) NI S ARV DWERICHE S (DT &).

Definition 3.5. X ZE&EZKA LTS, ERIERY MLER Ty @ Chern % ¢;(X) &
3. D%D
ci(X) == ci(Tx) € H*(X,R)

£9%.

Remark 3.6. DR EIZUL Ty ® —Kx & X1 VICHV, KBS AZIE QOx » Kx ZX1 VTR
5. fef:
a(X) = a(-Kx) = —a(Kx)

BOT,BELLYTV. IR

Positive Ricci curvature = —Kx ample Negative Ricci curvature = Kx ample
A e=C 0| o ssfa ==

SZZIRFIYILTAVY, BRDERRTOEBICFTVvITNIERETES5THS.
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HEFBND. BOT ¢(X) IEEAHHEZOTHYOT Y FOMATESEDEDAENESIZL
TW3.

3.3 Chern—Weil Theory

BESREE X L, ERIRI MLE%Z F £9§3. TS Chern BIREFES 12O TH 5.

E @ Hermite 5t& h Z £ 2T, Chern #iZE%Z End(F)-fE (1,1)-form Fg) &3 3.

R R} -+ R}
R R? --- R?
FEyh:ZRﬂaea(@e*”B@FE,h: ! .2 .
a,f3 :
R{ Ry Ry
£7%%. RS & (1,1) AR THB. 22T
L+ R IRE - IR)
V-1p2 f 2 V-1p2
=1 Y—R 1+ Ry - Y—R;
det (mT + 2FE,h> =det| ¥ 2 2
T : . :
; 3.3
=R P
=14 c1(E,h) +co(E,h) 4+ + ¢ (E,h)
—_———  — ——
(1,1)-form (2, 2)-form (r, r)-form

EPRTES.

Example 3.7. r = 2 DFEIE

V _1 + Rl R2
det ( Idg + —F = det
e ( 2+ on TEh e /7R1 1 + /7R2

/—1 _
=14 ?(Rf + R3) + H(RSRQQ — RZR))

c1(E,h) ca(E,h)

Theorem 3.8. ¢;(E, h) & d-closed TH S .
F7c de Rham DFEEHS

{d-closed i-form}

H'(M,R) =
(M, R) {d-ezact i-form}
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THZNT,
[ei(E, 1)) € H*(X,R)

REZBLHNTERN, 2O [a(B,h)] 1 h ODERDHICESHW
DED N % EDROHBL TR LE

[ci(E,h)] = [e;(E,h)] € H¥(X,R)

d-closed ICEAL THIEE L TH <. F, Z h DR §5 £ F, A %Z Chern connection form & LT
F,=dA+ANA
E8%. Chic&b
dFp, + ANF, —F,NA=0
7% (Bianchi D1BFIND local version) A EL D

dtrFp, = tI‘(Fh VAN A) — tI‘(A A Fh) = 0
tr(BC)=tr(CB)

E#3. BERICm € Zy IDWT, dtr(F) = 0D'E RSB, (B, h) FeBid tr(F") ZBBWTHNT S
DTERD.

W%EDHNDHBETBEE [¢(E,h)] = [c(E,N)] B3I 2id, h BEDS D% d-exact D
AHWUL TN D, U EICEEL TEFL < IE [Kobl4, Ch.2 (2.2.5)] Z&HR.

Theorem 3.9. 5tE2%Z AL\T,
ci(E) := [ei(E, h)] € H*(X,R)

YLizeE, TEES 5.2 BBT. (120 Aziom2ICHVT f: N - M SERISKRE
%.)

KERICIFCDEEN S ¢;(E) BRI Chern FBZEH TV Z LIFEIFRV. BHERS O fAN
I MILRZEDH>TVWEVWDSTHS. LHLABHSEERIKIZIERLCADT, bh DI TNk
&, C CTIFIERIAR T FILER®D Hermite FFED Chern BIRDIZEZE X 5 (—RDIBEIEHE 3.10

= N

Proof. NIBD 1-4 #EEHOUL L L.
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[Axiom 1] EEHMSHSHTHS.

C(E) = [det <Idr + \/QfFE’h)] = [Ci(E, h)} S @H%(X’ R).
BR  i=0 i=0

[o] I de Rham JHREOY—DREMEEDEK

[Axiom 2] f: N - M ZIERIBERET3. EICGTE h ZAND K, 224 5 f*E I f*h EWD
HENAD
Fpep peon = f"Fgn

TH3. &> det (Idr + %Fﬁwh) EBETNE (1 E) = f*a(E) 5183,
EL ICEH&E hy, B> ICEHE ho BEANB E, 224 D5 E\ B By IC hi @ hy EWVWSEENAD

F _ FEhhl 0
E1®E2,h1®he — 0 F :
Es2,h2

&>T E;® FEy @ Chern I

' s
c(Bh @ Ey) = |det <Id7‘1+7"2 + ?FEl@E%hl@h&
% L

det (Id” + gFEl,hl 0 )]
o | Id,, + gFEm’m

0
= -det <Id7«l + \/leEl,h1>:| - [det <Idr2 + \/leEQ,hz)] = c(Er)c(En).

FARonE 2m 2m e

filt

(3.4)
[Axiom 4] 3.1 BiTIT o7/ ZRBHB &, O(—1) ICZIFFHE h TEIZER (Uy,2) £T

. __dna
O(—1),hrs 52 (1+22)2
ERBDHDHDHB. et
/1 -1

det <1 -+ 27TFO(1),hFS> =1+ ?FO(fl),hFS

N—

:Cl(Evh)
RDT
v—1

A(O(-1)) = |5 o]
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%%, 2T

B V-1 V-1 dzNdz
Joper @0 = [ 2 Focar = * [~ =

O]

Remark 3.10. "B ZRKE LD C° FERNRT MLERICODVWTHER D Z O HERIp LT

1+ IRl LIpl ... p)
F F V-1 p2
=1 R2 1+ R2 ... =R
det (Idr + FD> — det ! 2 2m
2 :
F RT r RI 1+ IRy
:zl—i—cl(E,D)—i-CQ(E,D) -+ ¢ (E,D)
2-f 4-f 2r-f

CEHETD. FLT
ci(E) :=[¢;(E,D)] € H*(X,R)

CTNE, CDEEE D ODED AICE 5T, EE 32 ZMmlcd CEHLEEAKICRES. £o>TC
DAHET Chern ENEE 3.

LOFEENSX%ZES. [Kobl4, Ch.2] TIRINTHEL TWLWED, CThIFHAEDEVDISVEE
hns.

Corollary 3.11.
(V _1)k «
ck(E,h) = @n)FH SRR RGY A+ ARG
3. S
VI, VT -
c1 (E, h) - Za: Ry, = o tI‘FE’h, c1 (E) = cl(det E) = |9, tI‘FEJL
1 o 8 o 8
a(Bh) =~ (Ra AR} — R A Ra) . ca(E) = [ea(E, h)).
a75

Proof. RENREZLIX c1(E) =ci(det E) DA THB. CCCTE DFFEZ h £ T3BK, 224 D5
det E |ZI& deth EWSFTEDNAD T,

FaetB.deth = t1Fgp =Y R
[0
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THd. £oT Cl(E) = cl(detE) THhb.

3.4 Chern EOEE

HUT X % n RITZEKIK, E % rank r O [FRIEREANY MLERETS.
EEND

T

C(E) = [det (Idr + \/QTFE’}L>] = Z[Ci(E, h)] € @H%(X7 R)

i I i=0

[e] I& de Rham 'REOY—DRMEED R

THB. (35) LDRBDOHB.

(3.5)

Proposition 3.12 (vanishing).

ci(E)=0 (¢ > min{r,n})

Proposition 3.13 (JXE®D Chern %8).
ci(E) = (=1)'ci(E)

BEEDIID. KFIC
cl(E*) = —e1(E), co(E") = ca(E)

THb.

Proof. % 2.24 & E* [ZIEXWXIEHE h* BAD

Fgeps = —'Fgp
&3, £oT
v—1
c(E*) = [det <Idr + ———Fp- h*>]
—— 2w ’
= 7L C; E* ~~
=0 ilP") [o] I& de Rham JREOT—ORIEED B
v—1 v—1
= [det (Idr - tFEﬁ)] = [det{}! <1d7, - FE7h>]
KA 2w 2

2T

det OHE BFR =0 i=0
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o Tl %z REEANIZ KLY,

Whitney OFIRK K D XA HHS.

~

Proposition 3.14 (ERADD#R). E=L1®-- - ® L, CEFRROEMICHBRLTWVS
=

o(B) =[] e(La) = [] 1+ e1(La))

a=1 a=1

THD. 2o =c1(Ly) &FTBE, FHIC

ca(B)=z1+ -4z, c2(F)= Z oy, cp(E)= Z Loy - Loy,

1<a<p<r 1<ar < <ag<r

(3 Chern BOLHIIINZR VW THER TE S (splitting Theorem ZFH W3 ).
RICTELFTOIRZFEVZETRT. EORICTERIIDERZ T 3.

~

Definition 3.15. X Z n XERZKME L, B, By — X Zrank r,s DIERIRT ML
RE93.

o IFAIEYR f: By — F> DERER (bundle map) THD &IF, FED 2 € X ICDWVWT
f((El)m) C (E2)x and fz : (El)m — (EQ)x D rank 73\‘ ok BT—;'-E

ERBIE=ZWVS.
EoRRRT

Ker(f) := U Ker(f,) C E1 Im(f):= U Im(f,) C E9
zeX zeX
EEL. fHABEFTHZILE Ker(f) = 0 THBDK, f "efTHI %
Im(f)=FE, THBD_ELELLTERT S.
e SCENEDEARCIZAZTENER i: S — E NEHFREHEAEZ ez,
7 E = QWEREE 7 F— Q HNEFEARBEREAGZZEZ LS.
FRINY ML S, E,Q LIERBIRER i, 7 DR

0—S-“E"5Q—0
NEETH LI

i BB & Ker(n) =Im(i) & = HeH
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ERBI=Z=WD.

Lemma 3.16 (5E£7ICxF % Chern HORI). EHIRY MLRDETLS
0—S—F—Q—0

ICDWT £ Chern 88 OER
c(E) = c(5)c(Q)
DD ILD. FITERD Chern FBICDWT
c1(E) = c1(S) +c1(Q), ca(E) = c2(5) + c1(9)e1(Q) + c2(Q)

HEELDIID.

Proof. STEHIHM C* HOEEZHAWT E C’%O S®Q CEMPETES. CNzRtElE Whitney 2

KEDASHTHS.1Y ChiEm: E - QIZDWVWT,p:Q - E LWS C* REE T rop =1dg
EBRDHDODDEFEREZEXIELL.

FITRFAES U LIdFEET 3. R, BHICIERZA local frame Z &3 Z & T

Elpy=2UxC B UxCI=Qly, (x,&...,&)— (x,&"...,89)

KL\'B%‘ ?3 C'Ci'fé ck’D_C IEEU@;EE{% PU Q|U — E’U < 7T‘U o py = IdQ|U (\:.7‘3:5%@7)\%
3. HEIF 1 DREZEVWT, py ZREICEIETEHATES. (1 ORENIERTIEHENRTICE
NEVDT, C° JOPBLHIEZEL) 0

Remark 3.17. CONfR E c%o SeQ & C° MTHALICEETD. 290 — 5 —
E—Q— 0NEATH->TH, Ex2SpQ CWSIERIFERIFESNGL. CDXLH second
fundamental form ¥ L THT<K %. 5.7 8.

3.5 Chern character

Chern HOERIIFHAETHEVLWISL. FCTRETEERT S.

Definition 3.18. E Z1EBINY FILER, h Z Hermite 5tE §3. D, %& Chern ¥t

VEZNIE RIE, E1, By 3R MILREDT, FIE 3.9 O Axiom 3 D& SBIAAHPNRE. 124 C° R TIRERRDE
MICHETETEZDTRL.
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Fpp = D2 % Chern HE £ 9 3.

=1 .
ch(E) = tr(exp(?FEﬁ)) = 1+ chy(E) + chy(E) + - - - chy (E) € @7 H*(X,R)
BB OO R

ELTERTS. BICRHERS.

chy(E) = [tr(é?FEﬁ)] € HX(X,R) chy(E) = % [tr(—;FEﬁ/\FE,h)] € HY(X,R

Chern-Weil Theory £ LK h DEXD FICK 5%, £ Chern FHEB L chy(E) &

— k
1 —1 o o o
k'(277> > ROLARRZA-- ARG

TREINS (B, TRRBELSSW). RADH > TS,

7

Proposition 3.19. ch;(E) € H¥(X,Q) THD, c1(E),...,ci(E) L BEBEHZzHAVWTERE
S5NB. BRBICEWVWTIZ

chi(E) = e1(E), cho(E) = %(c%(E) 9ey(E)).

Chern 38X B L < XD DILD.

~

Proposition 3.20.

chi(E)=0 (i >min{r,n}), chi(E*) = (-1)"chi(E)

MO IID. %Ki

Chl(E*) = —Chl(E), ChQ(E*) = ChQ(E)

RHDEDENP Y LN,

Proposition 3.21.

Ch(El D Eg) = Ch(El) + Ch(EQ), Ch(E1 X Eg) = Ch(El)Ch(EQ)
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I IERIR T M ILERDRET LS
0—SS—F—Q—0

DWW T
ch(E) = ch(S) + ch(Q)

\.

P?“OOf. Ch(E1 & Eg) = Ch(El) + Ch(EQ) %T_I_Tﬁt;ct LY. E1 ‘:E‘I’% h1, E2 ‘:E‘I’% hg %‘:)\h% 2:,
2.24 5 By & Ey IZ by @ hy EVWSEHENAD

Ja _ FElJll 0
E1®FE2,h1®he — 0 Fp 1
2,h2

THd. CCTHREREICE-T

V=1
exp(\/leE Es,h1®h ) = exp(\/_i1 Fenn | ) . eXP(?FEth) ;
o = P@FR G 2m 0 Fran )/ e 0 eXp<§F EW)

THD. UEKD Ey @ Ey @ Chern character I&

I v—1
ch(E1 ® Ey) = tr<eXP(?FE1@Ez,h1@hz>)

E

. exp(gFEhhl) 0
= r
ok i 0 eXp(gFEsz)

[ v—1 v—1
= trexp(zFEhhl)] + [trexp(2FE27h2>] = ch(Ey) + ch(Es).
trace DMEE- 0 T E&

h

E1 ® By ICDWTIE, 2.24 H'5ETE hy ® hos B'AD
FE1®E2,h1®h2 = FE17h1 ® IdEQ + IdEl ® FEz,hz

Li2b. Fg,p, ®@1dg, & Idg, ® Fg, p, & A LTHABADT, Lol

/1 v—1
eXp(?FEu@EzJH@h?) - eXp(?(FEl’hl ® IdE2 + IdE1 ® FEQ’M))
B V=1 V-1
= eXp(TFEl,hl) eXP<TFE2,h2>'
kg 27 m

" AB = BA %251F exp(A + B) = exp(A) exp(B) #AW3.
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BOFBRIIFALTHS.

Corollary 3.22.

c1(End(E)) = 0, co(End(E)) = chy(E)? — 2rchy(E) = 2rca(E) — (r — 1)e1(E)2.

Proof.

ch(End(E)) = <ch(E® E*) = ch(E)ch(E")
& Prop. 3.21

= (r+chi(F)+cho(E)+---)(r —chi(E) + chy(E) —--)
Prop. 3.20

= 24 0 +2r-ch2(E): (chi(E))?+---.
=ch; (End(E)) =chz (End(E))

&3 Prop. 3.19 ZTAWTEEINIT KL

Definition 3.23 (Bogomolov discriminant). End(E) @ co Z Bogomolov discriminant

LY A(E) TEY. DD

A(E) := co(End(E)) = chy(E)? - 2rchy(E) = 2rco(E) — (r — 1)ei(EB)? € HY(X,R).
Cor. 3.22

Proposition 3.24. E % rankr O C® REENT MLRETS. Fr D trace free part
ZRTEERT .

1
Fpp=Fpp— ~trg(Fg,)1dg End(E) 18 (1,1)-form.
’ r

———
(1,1) MamER

“DrE .
A(E) = [WuE(F,gﬁ NFg)| € HA(X,R)
Proof.
A(B) = c(B)?=2rchy(B) = 5 [trp(Fpa) Atre(Fea) = tee(Fpa A Fop)).
T 3.23 FE 318 N
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trace free part DEERNS trp(Fp,) =0 THB. o= Ltrp(Fep) Z (1,1) MOERET 5.

tI‘E(FEJl) VAN trE(FE,h) —-Tr- trE(FE,h VAN FE,h)

= tre(Fg, —aldg) ANtrg(Fg ), — aldg) —r-trp((Fg, — aldg) A (Fg ), — aldg))

E&E

= trg(—aldg) Atrp(—aldg) —r - trg(Fg, A Fg, +aAaldg)
B +trg(Fg ,)=0

-Tr- tI'E(FEv’h VAN F§v7h).
fI5HL

ROBREHEDELTIRBVWHERTHS. SRR IZOHAELRDOTLR— MEREICT 3.

Proposition 3.25 (cf. [Lan04], [Nak04]). XT ~ILRD filtration
OZEogElggEl =F

TE Gi:=E;/E;_1 D rank r; DR FILRICBZHDNEETIERETS.
CDEERODFXHNHEDILD.

A(E) _ i AG) 1o (Cl(Gi) - cl(Gj)>2 € H'(X,R).
i=1 L "

" " 1<i<j<l " "
T LY)
0—S—F—Q—0
zEZ,
s := rank(S), q = rank(Q), r:=rank(FE) =s+g¢q
E93LE

A(E)  AS) M@_w<M®_M@f.

r S q r S q

(3.7)

3.6 Riemann—Roch

CHICEL TSR ICBD 3. (HEDELASHELDT.)
E=L& &L YESROEMICHBLTVT 10 =c(Ll.) €T3, T3L

T r s r

() = [[(1+er(la)) = [[(1+2a) ch(B) = ch(La) =D em

a=1 a=1 a=1 a=1
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AROILD. LDTT, Todd 4 td(E) %

T

Lo
td(F) := H Tpp—
a=1

CEDHD. EVKEBIERDBED SRS, (¢; = ci(E) LBTLTNS.)

1 1 1
ch(E) =r+c1+ 5(0% —2¢9) + E(Cz{) —3cie2 +3c3) + ﬂ(c% —dcfer +derey + 265 — dea) + -

1 1 1 1
td(E) =1+ 561 + E(C% +c2) + ﬂ(clcg) + ﬁ(—c‘f +4ciea +eres + 3¢5 —ca) + e

Theorem 3.26. E = QYN k 8RZHE X LD FAIRT MR £§%. H(X,E)
T, E @ IEA section DE O(E) ZREUICHD X D i-th cohomology 3RS . Euler

characteristic

ETBEE, RD Riemann—Roch DD IID:

(X, E) = /X td(Tx )ch(E).

Remark 3.27. [Kob14] ICC 5BV T L. X DMABBHRIE D L E Hirzebruch ICK DEEFAS N,
ZD%&, X B AN b EFRZIHRE DIFEA Atiyah & Singer IC&K > T—#{b E N7z, Chern
#8585 & U Chern character |& coherent analytic sheaves IC¥ L THEFE TEF . Riemann—Roch
DRIVUFERD coherent analytic sheaf F THHE D ILD.(O'Brian-Toledo-Tong.) TS5 FTART
ICDWTI& Hirzebruch R &.

C D272 518 Hirzebruch-Riemann—Roch H L < {& Atiyah-Singer DIEMEED AL VA H L
nzu.

BOWAEERZZ5%3%. ZHidk ChatGPT ICEBBELTH 5 o7z (¥HZDER ChatGPT H
HMEDhEVNTWVS.)

1. n=1 OFE.
X(X, E) = /X <61(E) + gcl(TX)> .

IC X D8 g DBESHBREHIRES, [y a(Tx) =2—-29 BDT,
X(X,E)=degE+1r(1—g).
CNIFHEEDIHE D Riemann-Roch & WL S.

2. n=2 DIHE.
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X(X,E) = /X {;(cl(E)2 —2¢(E)) + %Cl(Tx)cl(E) + %(cl(TX)2 + CQ(TX))} .

#‘:{H: E=1L b‘lE%:?EE@B, r = 1, CQ(L) =0 iat@'C, *%ZEEE KX %ﬁﬁb\é 2: Cl(Tx) = —Cl(K)()
TH3D 5,

V(X L) = %L (L= Kx)+x(X,0x) 77 Ly(X,0x) = % /X(cl(TX)Q 1 e(T))

Z & Noether formula T 312
3. n=3 DIFE.

x(X,E) = /X {é(cl(E)3 —3c1(E)c2(E) + 3c3(E)) + icl(TX)(cl(E)Q — 2¢5(E))

+ T12(01(TX)2 + CQ(TX))Cl(E) + ;cl(TX)CQ(TX)}.

ch(L) =1+ (L) + %q(L)2 + %61(L)3
ANONGH
1, 1. o, 1, ., 1
X(X, L) = /X {GL - KX L+ E(KX +cao(Tx)) L - MKXCQ(TX)} :
B

1
X(X>OX) - _ﬂ X

CNIFRBRTESOTEETEVTEL.

Cl(K)()CQ(T)() = 214/)(61(7—’)()62(7’)().

Theorem 3.28. n=3 Q&=

(X, 0x) :—i [ eitxen(ry) = 214/XC1(—KX)02(TX).

4. n =4 DIFE.

122 M Noether I& Max Noether T, Noetherian ring ¥ Noether’s theorem @ Emmy Noether DRXETH 3.
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x(X,E) = /X {214 (c1(B)* — de1(E)?co(E) + 2¢2(E)? + 4ey (B)es(B) — 4ea(E))

+ %Cl(TX)(Cl(E)g — 361(E)62(E) + 363(E))

(Cl(Tx)2 + CQ(T_}()) (Cl(E)2 — 2CQ(E))

+ 2401 (Tx)CQ(Tx)Cl (E)

r

+ %(—Cl(Tx)4 + 4C1(Tx)202(Tx) + 362(Tx)2 +c (TX)C3(T_)() — C4(Tx)) }

¥ICE =L hERRES,

1 1 1
ch(L) =14 ¢y (L) + §c1(L)2 + 6c1(L)3 + ﬂcl(L)4

BT,

1 1 1 1
X, L)= LY~ —KyL?+ —(K? Tx VL% — — KxcoTx)L
Xx(X, L) /)({24 55X +24( % +e2(Tx)) 51 xc2(Tx)

1
+ %(—Ké{ + 4K % 05(Tx) + 3e2(Tx)? — Kxes(Tx) — ca(Tx)) }
7

X(X,O0x) = % /X(—Cl(TX)4 +der (Tx ) ea(Tx) + 3ea(Tx ) + e1(Tx)e3(Tx) — ea(Tx)).

3.7 RRBCBEREIINI—MTE

Definition 3.29. X # OV /\7J NERZHEKL 3. Lq,...,.L, ZIEAIEFEEREL T, &
=t

Li-Ly:=ci(L1) e (Ly,) € H(X,R) =R
ELTEERTS. CNUd h; & L; ® Hermite st= & 1L

v—1 v—1
Ll .. .Ln = / (TFLIJH) A A < FLn,hn>
X s 27

AR
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BKICLTEZERARY MR, w% X @ Kihler X LT
e(B) - [ = / es(E,B) Aw'

CEDD. hid ED Hermite STETH BD. FFIC

ci(E) - [w]" = /tr(\gleEﬁ) Aw'l

™

\. J

(w] & EFENZ DIF TWAERICOVWTECFHAT 3. BEDH X 222 /\T b Kihler £ 9 3.
Bott-Chern cohomology group

d-closed (1,1)-form  d-closed (1,1)-form

80 exact (1,1) form y 1., @ exact (1,1) form

HY(X,R) :=

ELTEETS. 5L X Kihler &D
HY(X,R) Cc H*(X,R) ¢i(E) € HY(X,R)

TdH3. LIch>TKihler X% w ICDWT, [w] € HYY(X,R) ZZDEMEE L T1Ud ¢(F) &
RRBHEZONS.
420 TRESHEZ R L TES

Lemma 3.30. X ZY/\7 b Kihler Z#EC L, L 7 X EDIFRERERE T, w &
Kahler f2zt & L,
c1(L) = [w] € HYY(X,R)

DEDILDEIRETSD. CDEEF L IF positive T#H 3. 5, Kodaira DIEHIAHTEIEIC
&D, L& ample THB.

Proof. ERIC L £ Hermite & hy Z—2E%. Chern—Weil IE5gk D
v—=1

[ 2
THB. RELD c1(L) = [w] BDT,

Frp) = c1(L) € HY (X, R)

N
- 27

FL7h0] - 0

RO IID.
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X 1FA>Y /X7 k Kihler THZH5, 00-lemma (F) IC&D, HEIRBEDBESHBREK ¢ <
C®(X,R) BFEELT
v—1 v—1

VN, NV
W o~ Dho 2

CEITS. #FZTL EOF LW Hermite5t= h %

00

h:= h()e_‘p
ICE>TEDBL
v—1 v—1 v-=1_—=
FL,h = 7FL,ho + 00p = w
2 2T 27
& 78D positive 52 TH 3. O

Lemma 3.31. X B Kdihler Ta b d-ezact R5IE, a = 00y £1H53 ¢ BFETS.

CNDFERIFECHMCEH > TVB EBONBZDTHIRTS.
REPBOEENODOHB L ERLTEL.

[ Lemma 3.32. Ly,..., L, B positive(ample) 785, Ly--- L, > 0.

Proof. w % Kahler BN &9 3. THUF h; & L; @D positive BREFBE UL, AN MEXDH
3c>0hHoT

_1FLi h, > CW

2 o
3. £»oT

o v—1 v—1 n n
Ly---L, .—/X<%FL1JL1>A-“/\( o FL'ruhn) >c /Xw > 0.
O

CDIERRIE L; D' nef DIZETHENTHS. DD
[ Lemma 3.33. Lq,...,L, D’ nef%& 53X, Ly--- L, > 0. ]

L% H4%FE Hermite STEZ ULV TEZE M3 big X pseudo-effective THEDIIDEBHNZH,
ZFNUIRHEWTH 3. BIE_ED Exceptional divisor E & pseudo-effective 72 E?2 = —1 TH B 7=
HTHB. i

v—1

ALY b OBKTHABE (L Frn ) A A (

v-=1
2T

F%m)ﬁiﬁﬁﬁéﬁu
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ICEDK<.

CHUCBEL TUEWA AREENENH . [BEGZ10] Tl non-pluripolar product (Ty ---Tp) €W D
AL bOFHTcBBEZERLE. BDE3AERROIZRH IS LBVD, RSN TWVWS.

7~

Theorem 3.34 (Fujita JEfSEE [BEGZ10, section 2]). L & big REMRERE L h & L OFF
& Hermite 5tE T, minimal singularity Z3F D93, COE

A " !
<<1FL,h> > = vol(L) := lim ]% dime HO(X, L&)

2T k—o0

.

minimal singularity IZB8 L Tl [Dem12, Section 6] B8
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4 Hermite—Einstein 3t=
4.1 Notation

BUF, X 1& n R7ea /N7 b Kihler 8k £ §3.13 g% Kihler 512, w & ¢ IC{3HE9 % Kihler
form &9 %.

E % rank r OERIRT MLRETS. FT-RBANAEZ TS, (U,2Y,...,2") & X OFEIEA
Bel,eq (a=1,...,7) Z local frame £§3. §5L E* @ local frame & e (a« =1,...,7)
78D, End(F) = E*® E @ local frame |&

Qe a,f=1,...,r

AR

h % E @ Hermite stE ¢ 9%. Chern BiR% Fp), £93%. Fgry & End(E) fE (1,1)-form T
D, BFABICE & B
Fpp=R) e @eg@dst Adzi
’ ijo ——

End(E) f& (1,1)-form

YEIFBZOTHoI.
hog = h(eaeg) E L, HiTHE hPe LT3 L

7 __9 _ v 9.7 _ _
Rijos = hogRs.) = ~0i0ihog + ) h" 9ih505h 5
v,6
TH3. __T 5 5
O = 0z’ %= 92
THhB.

4.2 A -operator

Definition 4.1. ¢ Z X @ Kihler 5t2 ¥ ¥ 3. Kihler form %Z local I

w:=+v-1 Z gﬁdzi Adzi

1,j=1

13[Kob14]  Kihler T® > TWBDTZNUCEHE . Hermitian TENL SVWTEZNIENIRICHRDZ LA T
3H3. 5 KEXNEEDIFRBEERV. [22225]) 7 R7L, Orbifold Gauduchon T Donaldson-Uhlenbeck-Yau
[ETETWVWS. 772 Bogomolov-Gieseker % & 5 DI astheno-Kahler(90w™ 2 = 0) BABRES L), /X7 MMIED
ZIBDICHNE. BEREBHRFIAI OITATRELDOTHERTETS.
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EMC EE, real (1,1)-form a ICDWT,

Ay(a Z Vv —1la; dz A dzd) —gﬂaﬁ where o = Z V—lao, dz AdzI

i,5=1 local 4,j=1

LEBETD. ¢/ 13 g; DT T B,

\.

ah‘realttiaf—oz RBEZCTHS.
Remark 4.2. Mﬁ&ﬁ‘c tr, EWSHDHHB. ZhiF

(Z Vv —1la; dz /\dzﬂ) :gﬁaﬁ

4,j=1
TH3. LIehtoT trw—A THD. BRAHDBADAXICE>TIE 5= EMFTUVEDTS
@T, /EEE'\?J\M‘ET%%
Remark 4.3. AMBERHwREZFM > TWLWBAIE A, & wA D formal adjoint Tdh 3.

7~

Proposition 4.4. real (1,1)-form o, BIZDWTRHL D ILD.

naAw" = Aya- W

n(n—1aAB A2 = (Ayah,f — (a, B).) w"

CCT(L,D)FR o, DRBEZUTTED S

(ar, B) := gﬂgeka @Pr; where a=+v—1 aﬁdzi ANdzT, B =+/—1 Bz dz* AN dzI

.

Proof. SEEADEIREZIRND. COFRIFRI LD ABDOFATHS. Rpe X ZEELTK
W SECERERZTEHILT, Rp T

w—erz Adzt a—Zallrdz A dz 8= Zﬁllrdz A dz

=1
EHNKZENTER. 5 22T

AV = v/—=1dz" Adz' A - AV=1d2" A dZ"™

MRS DR LT XUCJ: SDTEBBEDEBENBRBRIDOTHAD A ML AT ofc. REEABHNST R L
BAXICE > TRRBHDERED o~ BB Ceh'HBDIIBANENRDH Z. (TFERIED > TVWARLDIZTR
BTH3)
5 Hermitian 175A% unitary {79 THAILTEZ e EHWVWS. cELE p THRDIIDRT, p DIEETIEM D 7=
N u_/j':n ! (IEE'J’E??‘?@?‘%?%TC&J)
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LB EABEITNE

Wr=nldV anw™ = (Za) n—1dV aABAWTE= (Za“ﬁﬂ> 2)lav

i#]

Aya= Zai{’ CK /8 w — Zazzlgu A QAWB "J - (Za ) (Zﬂﬂ) Z uﬁﬁ Z ”BJE.
i=1 =1

i=1

ERBOT, BEERARITNIXAL VWD ESNS. O

H5 5 A Lld End(E)-E (1,1)-form I LTHED 2. UFOHTES DTEEHTHL.

Corollary 4.5.
n trg (\/ _1FE,h) AWt = trg (Aw\/ —lFE,h) w

nin—1)trg ((\/leEh) A (\/leEh)) A w2
— {tl“E ((Aw\/leE,h 2) —trg (<\/?1FE,h7 \/leE7h>w)}w

4.3 Hermite—Einstein st 2D EHRCHE

Definition 4.6. h H' E @ Hermite Einstein T2 TH D &I, HBAIEHR cHH > T

e

Aw( 2T

Fgp) =cldg End(E) & (4.1)

E%BZE. CTTFErpldh® Chern IRET 3.
local BEEARETEIFE (4.1) ERDFERRLALTHS.

v—1 jipB _*a B _x,« 7i B B
“or Y Rijae ®eg=coe"" Reg &g Rga:Céa Va,B8=1,...,r

.

[Kob14, Chapter 4] L EHUE (27 f8) TN TVWB ZLIZER! F7: [Kobl4, Chapter 4] IFFIFEICR
D25LDT, EDLSICEELT.

7

Proposition 4.7. Hermite-Einstein sTEDR (4.1) ICHTB cICDWVT

o an trgFEﬁ A w1 _ ncl(E) . [w]"_l
B [y w™ rlw]®
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[ 1F5IC c IR EETHS.

Proof. (4.1) B 5B L TOFN

cr =tr(cldg) = tr <Aw(FE7h)>
(4.1)

Z18%. FoTA"LTX £ETHRALT

(o) ot g, forrFinn)

= [t (G e ) A = nea(B) - ol

Cor. 4.5
BEROFRIIUTOERENS.
-1
c(E) = |[trg (gFE,h) € H*(X,R)

Cor. 3.11

Remark 4.8. [Kobl4] TIFXRDEEH H B:

Einstein T®» % & &
v—1

CRBIL.

Definition 4.9. ¢ |& M L TERINT-EREK L LT, h D factor ¢ ZH D weak Hermite-

THBH5ENTWS.

&3 conformal change
h — h' = ah

change |& homothety ZFRVWT—ETH 3.

Proposition 4.10 ([Kob14, Prop 4.2.4]). Q> /\NT & Kihler 28k (M, g) £D Hermite
N BILER (E,h) B factor ¢ ZH D weak Hermite-Einstein Zi#ilc$ T35, CDOLE,

PEELT, (EN) ITEK ¢ ZHD Hermite—Einstein Ziilcd. TDK DR conformal

D% D weak Hermite Einstein % 1F Tld Hermite-Einstein T# 3.
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LTOERZAVWBEANEZS.
Proposition 4.11. (1) B#®R (L,h) & weak Hermite-FEinstein. 4$§IC Hermite—

Finstein T#H 3.

(2) (E,h) DNE c Z¥FD Hermite-Einstein 751X, WX (E*, h*) IEH —c Z5HFD
Hermite-Einstein T® 3.

(3) (E1,h1) & (Ea, hy) BDENENER c1 & co ZHD Hermite—Einstein 851F, (B, ®
Es,hy @ hy) HEE c1 + co ZHD Hermite—Einstein THB.

(4) (E1 & Eo,hy @ hy) D'EE ¢ ZHD Hermite-Einstein THDZ &I, (E1,h) &
(Eq, he) DNEBICEILER ¢ ZHD Hermite-Einstein THD L LFMETH 3.

Proof. (1). End(L) IZEBRED T, B ¢ := Aw(gFLh) EEZRITNL,

Frp) = ¢ = ¢ldg
© DEHE L IFEFR

& o T weak Hermite-Einstein T# 3.
(2). 224 D5 (R})o® = —(R\)s® THB. 2FD

(Rh*)%a = —(Rn)3s
DEDIDDT, B B
gﬂ(Rh*)ga = \ _gﬂ(Rh)%ﬁ = —C(Sg
ok (4.1)

CNUIER —c ##F D Hermite Einstein THBAZEXEKT S.
(3) 2.24 HH FE1®E2,h1®h2 = FEl,hl ® IdE2 + IdE1 & FE2,h2 THBDT

v—1 v—1 v—1
AW(iFE1®E2,h1®h2) = AW(iFEth ®IdE2) +AUJ(7IdE1 ®FE2,h2)
2 2 2
Def. 2.24
= Cl(IdEl X IdEQ) + CQ(IdEl X IdEz) = (Cl + CQ)IdE1®E2
(4.1)

(4). 224 55

V=1 Aw(ELEg, 1) 0 ddg, 0
Ay (——F, =cld & 2m =L = !

W( 2m El@EQ,hl@hz) ek 0 Aw(gFEz,hz) Def. 2.24 0 cldg,
]
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4.4 Hermite—Einstein 572 £ Bogomolov-Gieseker R

RDFEEIE [Kobl4] IZ& B &, Libke MR LT=HDTH S5 L LY.

Theorem 4.12 (Bogomolov-Gieseker R"ER). E H Hermite-Einstein5t2ZHFH2 8 &, X
DAFEADHEDILD.

A(E)[w]n—Q — (QT‘CQ(E) — (7‘ — 1)61 (E)Q) [w]n—Q >0
Def. 3.23

CDAREFER%Z Bogomolov-Gieseker FERE W S.
ETHICEDAREXDEFIENRILTDES

1
Fpp=~trg(Fgy)Idg End(E) & (1,1)-form.
N
(1,1) #HarX

£72%. (CDEF E W& projectively Hermitian flat £\W\D )

Remark 4.13. #12%° % Kobayashi-Hitchin {5 % 53O NIL, XE1FS.

Theorem 4.14. E 1’ stable(® o L58< semistable) % 51E Bogomolov-Gieseker AFDER
D>

5[E%° 2 AR BRI, X DY projective 78 SISRBERAIZEMN A (LHBHHAED elemen-
tary!) ZEEEBAAY Miyaoka [Miy87] THISMNTWB. IEZ TR 3R 5Z R >BRLEES.
SEICOIRZ LD >7DIFERICP S Higgs RICEA L TIIRBWLRIEBIRLZWVWHI S TH S.
Miyaoka-Yau 7% & Chern BICEAT 2 ARFEXICE L T, KBERMAFEL T OIERIE 2R V. (DFD
AN L S DMAREAFZDFEZETHVWTWS.)

Proof of Theorem 4.12. (1,1) W5 o == 2trg(Fg ) € L, trace free part Fiy = Fpp—aldg
£9%. 5 (E,h) IEEH c ZHD HermiteEinstein 524D T

v-=1 v—1 1 V-1 1
ANy—Fgp =cldp = —A,a= *trE(AwiFE h) = *tI‘E(CIdE) =c (4.3)
27 ’ 27 r 27 ’ r
&b
V) s Vas)
o — _ w . e 44
=cldg =c by (4.3)
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3.24 D5

— T o (o] — r o o —
AE)w]"? = / ——tre(Fg, A Fgy) Aw" 2:—72 tre((V=1Fg,) A (V=1Fg,)) Aw"?
X47T ) ) 47-[- X ) )
T T
= —— t ANV—1FS V)" + — t —1F% —1F% n
T TG T VTR o o e (VAR VIR
o =0 by (4.4) >0 by Prop. 4.4
> 0
Cor. 4.5

ZENRILT B L EE (VIFE,, V- 1Fg ). =0 L5371, REOHEN 5,

o 1
0= FE,h = FE,h — Q- IdE = FE,h - ;trE(FE,h)

Corollary 4.15. ¢i(F) = 0 "D E D' Hermite-Einstein stE2ZF D EF, ROARFXNK
DID.
c2(B) - [w]" 2 2 0

LDORERADEFSHNHILTHEE, BIDFHE N = he ¥ LRIDEBZIBZ

Fgn =0

L%, CDOEE E X Hermitian flat £\ D.

\. J

Proof. g1#IIBESHTHS. FEHILICEAL TOHART.
h D EE ¢ D Hermite-Einstein T2 T3 EE, ¢1(E) =0 BDTMBELTHSc=0THD. &o
Ta:=Lttrg(Fpy) £33 ESHIEHEDLS

v—1 1 v—1 1

K> T T DA (00 #7B)4.16 & D
a=—00p

8% C° BN HS. €ECTH =evh &TNUE

Fg :85(pIdE—|-FE7h =—a-ldg+a-Idg=0
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[ Lemma 4.16. X D' Kihler Ta D d-ezvact 72 51E, o = 00y £ B o HWEFEET S.

CNOFERIFE CHMCE > TVBR EBONBZDTHIETS.

4.5 Miyaoka—Yau AFT ¥ Chen-Ogiue DFIE - Kahler-Einstein 512 * Yau DEE

C D Miyaoka—Yau AEFERNDERRIEH £ DIFE TIERWV. FhlF Higgs RZ A UVV/EEEA (6 &) DA

FEREH, BERTTES LIDMBD/HICEVTEL.

4.5.1 Chen-Ogiue DFEIE

QEONE (o) EELHTHIS

~

0; = 4%, 05 = {% CBEEET B. w = v/—lg;;d2' A d2i % Kihler 5B 93 LT

e Christoffel 525. F;k = giiajgki. F;k = Fi;j
e wIl&>T Ty IC Hermite 52 h Z ANBEs (h = g T#HB), Chern it

Dh : AO(T)() — Al(Tx)

=g log TEZBND. ThiEDED

Dy(s'e;) = (0 +0)s' @ e; + sj0§ ® € 9; = giiﬁjgkidzk = F;kdzk

EWRB.
e curvature tensor ‘ ‘
R = =0y,
CEDSB.

e D), % Chern #&#t & L T, Chern HiZR(X
Fryn:=Di=09(h"'0h) End(Tx) f& (1,1)-form
<.

. H , R
Fryp= Rfaﬁ ®dz' @ dz" A dZ!

THB.

ICDWT, ¢ = azi’ st & C° B¢ % L, connection form 6 (& (1,0)-form T
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e Riemann curvature tensor (77) %&

e - p -
Rigug = 9,50

E9BERDEDILD
R = —0i059,5 + 9™ (9igrq) (959,7)

Kihler condition & D

Rﬁki = Rkﬁi = Riik;j
i,k 5 HEANBZTH L. 7 Griffith positivity ¥ Nakano positivity & Z T
HhB.

e Ricci curvature tensor %
Rz’j = QZkRﬁkZ

E9BERDEDILD

R = —0;0;log det(g)

Ricci AIRISULTD LS ICESD .
V-1

™

Ric(w) := Rzdz' A d2i

SHUSE 2 TRE (1,1)-form 127D, [Ric(w)] = e1(X) € H(X,R) TH3.
e scalar HiZR%

. 1 = 5
9" Rz = *gﬂglkRﬁki

R(w) := A, Ric(w) = L 5

2
CLTEETS.

Ric(w) DEHIF £ AL BT ENBHBIDTER.
UTDERKIE Chen-Ogiue [COT5] IC& 3. SAld [His24] ZBR L 1.

Proposition 4.17. [CO75][His2/] (X,w) %& n Ryt AV INT & Kihler 28K £ 93.

R(w)  — 1 R(w)
w Rmggw) = oo Rga(@) = 707 <9i59kz + gﬂgk3>

/R\lg(w) := Ric(w) — -
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CEHRTD. COLE

{2 n+1)ea(X) — nc%(X)} [w]"_2
= {c}(X) —2(n+ 1) chy(X)} [w]"?
1 ‘2

:nm_ILL{UH]”RmWﬂim+2”ﬁaww}W?

Proof. BIFDEFS S Prop. 3.19 h'5

chi(X) = er(X) = 1, cha(X) = %(cf()()-— 26(X)).

FOFHBEITNIEELV. BF¥OFSICEAL THEDD

e
H<.318&D )
a(X,w)=[tr0] chy(X,w)= [5 tr(© A O)]
<HBBIDT
(A(X —2n+1ymﬂxnkwl2—[;ﬂu@wwuey-m+4n4@A@nAwn? (4.5)

Claim 4.18. RO D ILD

e tr© = Ric(w)

o AtrO = R(w)
(tro, tro),, = | Ric(w )|2
tr ((Aw©)?) = | Ric(w
tr ((6,0),) = () !Rm( )2 ST [Rm(w)|? = g7 g7Pg™ g Rz Rygrs
.Ruwizmum@_%i.

n

Rin(w)| = ()’ Rm(w)2
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C D claim ZF28H 3 &

e 1
(trO) A (tr@) Aw™ 2 = o Py

Prop. 4.4

{(Autr©®)* — (tr0,trO), } w

_ g@(nl_ 3 {R()? - [Ric(w)]*} "
Claim. 4.1

tr(OAO)AW2 = 1) {tr (A.©)?) —tr ((©,0)y,) }w

2
_ gz(nl_ 5 {|Ric(w)|2 - <217T> |Rm(w)]2} a
Claim. 4.1

UELD
{A(X) = 2(n+1) cha(X)} ]2
/ {(tr®O) A (tr®) — (n+ 1) tr(@ AO)} Aw™ 2
X
2
- n(nl—l) /X {(” +1) (21 ) [Rm(w)[? — (n +2) [Ric(w)[* + R@,f} o (46)

2

—(n+2) ]iiié(w)f } ",

w

1 —_
clai:4'lg1(n—1)/x{(n+1)’Rm(w)

w

Proof of Claim 4.18. —2 3 DB L TWL<L. § & Kronecker delta &9 3.

0 0
Fryp= R~ ®dl®drAdd=¢"R ® dz' @ dzF A dzl

ikl Oz Pkl 95
THDEITERTNL
V=1 . - _ V=1 _. _
tr® = 6 gPR_d*Ndl = “——g¢P"R_dz" Adz! = Ric(w)
2r 7 P 2 P
EE et

BFIC Autr® = A, Ric(w) = R(w) 8D, (tr0, tr0), = (Ric(w), Ric(w)), = | Ric(w)2 HE X 3.
RICAOZFHHETBHL

T Kahler £ {4—2 E&E
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MELD

1\%2 . _ _ 1\2 _. _ .
w((0.07) = () St R R = (5 ) PRy = Ricto)l
oz
C T Ric(w) = YL Rizd2' A dzi BRIV
1 ? le _dk DJj qb 0 i 0 a
(©,0) = (5-) 9% 9"Rpag"Rgay;@d (55 @dz
e o, 0), DIE ~
(o, 0)0 DR End(E) &
RDT
12ijicak@' 7b 12@1’@'&;% 1)’ 2
tr<<®a@>w): % 5b6ag 99 Riﬁkfg Raﬁc?i: % 99799 RiﬁkZRjécE: o ‘Rm(w”
(Ric(w),w)y = R(w), |w|2, =n THBDT
2 2 2
Ric(w)‘ — |Ric(w) — Rf;”)w = [Ric(w)|? — QRSJ)(Ric(w),w}w + Rf;;) w[2
2
— [Ric(w)|? - &
n

RIS B = 959 + 9795 €HK. Z AT unitary frame ZENIE,

B> = 2n(n+1), <Rr;17§”),3> = 2R(w)
MDD £oT
— 2 |Rm(w) Rw) _|*° [Rmw)| R(w) ,Rm(w) R(w)
’Rm(w)‘ T 2r a4+l B ’ 27 _2n(n+1)< 2 >+n2(n—|—1)2’B|2
m(w) |? w w)?

= R27(T )| 2n(]fl(+)1) 2R(w) + nzj(jl(jl)Q -2n(n+1)

_ |Rm(w) 7 4R(w)? 2R(w)?  |Rm(w) 2 2R(w)?

IR T nn+1)  nn+1) ’ 27 n(n+1)
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4.5.2 Kahler-Einstein 512 *+ Miyaoka-Yau £

Definition 4.19 (K&hler-Einstein 5T2). X @ Kéhler 5F&2 g ICDWT, HBIEH )N € R
MHH->T

v—1
Ric(w) = \w < —?&-%log det(g) = vV—1Ag;5 3 R* A5

V=lp_

2 (%]

72 %K g % Kihler-Einstein 5t 22 L\ 5.

Proposition 4.20. g ZE \ 3D Kihler-Einstein 5129 3.

A >0 DB, ¢1(X) = c1(—Kx) I positive. $FIC Fano Z1RAETH 3.
A =0 DK, ¢1(X) =0. FIZ (BEBVEKTOD)Calabi-Yau ZHkETH 3.
A< 0DE, —c1(X) = a1(Kx) I positive. $FIC canonically polarized Z¥ETH 3.

glC& > T Tx I Hermite 5T E h Z ANB &, h ST\ ZH5D Hermite-Einstein &t
ETCHB.

e v~

Proof. (1). A>0&D

c1(X) = [Ric(w)] = Ajw] >0
ERBT-OE3.30 LDHES. (2), (3) DEKRTHS.
(4) 1E End(Tx) BOEXEFZ T3 &

V-1 V=1 5 d
Aw(?FTXﬁ) = A, ?gm i g, ®dz' @ dz* A dzl
E&
L ki 9 L 5k 9
= 5.9 9 Rz Kl ®dZ = gmg Rklz &® dZ
Aw (DIHE%27T P 8 J Kahler %f’-“f? ‘H/—ga 2
=Ry
0 . . B
= P Ry dd = Ay @ ds = Aldr,
027 KE gt —— 07
=\gip =5}
&2 T (4.1) DRZHT=F DT HermiteEinstein 5TETH 3. O

T T X ' Kihler-Einstein 5t2%#F TIE, Tx D' Hermite Einstein St 2% F DD TEE 4.12 & D

(2nca(X) — (n— 1)01(X)2) W™ >0

90



MDD, AIZISHEDISZSIE
462 Z C1 (X)2

CRMETH B. RD Miyaoka—Yau RERIFCNELDHRBVRETHZ e EZE>TW5.

Theorem 4.21 (Miyaoka—Yau FEFR [COT75, Yau77]). X D' Kdihler-Einstein 52 w &
DB, KD Miyaoka—Yau REXHLDILD.

{2(n +Dea(X) = nef (X)) [w]"7? > 0

THICESHHILT BT X OZBHEN CP?, C*, C" D unit ball D=DICR5NS.

BBl 2 (X E D HZE D Miyaoka—Yau &

302 Z Cl(X)2
LEMETSHS. SN 4o > o1(X)? $DBRVFERXTHS.
FESERIICIZATO®ED .

o FDFEIIL ChenOgiue [COT5] TRENT=D T, BERICIF Chen-Ogiue DEETH 3.
o Miy77] MEIEIDHZEIC 32 > c1(X)? ZRLTc. CDHEIF Kxbig TH&L.
e [Yau77] T Yau A’ Kahler-Einstein 52 DEFEZ R L T, Kxample DIFEDRER

(2(n + 1)e2(X) — ner(X)?) er(Kx)"2 >0

ZzmlLT:.

DT Chen-Ogiue Z5|AIRITBRR[H TN, #hiFENS5NT5 L <, Miyaoka Yau RER &
EEND.

Proof. Ric(w) = w B 5IE R(w) = nA @D T,

Ric(w) = Ricw)— ——w=Aw—Aw=0

il
i

&K>TProp 417 KD
{2(n+ D)ea(X) — nei (X) } [w]™ 2
et ot

Prop 4.17n(n o ©

_ n(nl—l)/x {(n—i—l) ‘f{?n(w)‘i}wn >0
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EERTTBEEFIERm(w) =0TH3. £oT
1 R(w)

D, ETH holomorphic sectional curvature ZH 2. HEMNAFERSICL > T X OZBHED
CP", C", C" @ unit ball D=DIZES5N 3. 0

4.5.3 Yau DEIE

Yau DFEE [Yau77) ZIBRTEL.

Theorem 4.22. X Z /N7 bk Kihler 28K d35. Kx ' ample £7cld c1(Kx) =0
BB, Kihler-Einstein sTEDEET 5.

INZEZIFRDDODB.

Theorem 4.23. [Yau77] K x ample 785 1&
{2(n + 1)ea(X) — nc%(X)} ca(Kx)"2>0

THH, FEDMILTDEEIE X OEEHBEN C" D unit ball IZ735.

Proof. Yau DFEIEL D Kihler-Einstein 5tENEFEET 578, TIE4.21 LDRES. O

Theorem 4.24. [Yau77] c1(Kx) = 0 %513, EE®D Kihler FZ3 w ICDWT
{e2(X)} W] >0

THO, FSHWILTBLE, X ODBRADIKFEBENER N —FXUITHEB.

Proof. Yau DFEE &L D Kéhler-Einstein sTE2MFET 578, FE 421 KDRES. ESHHILT
BT X DEBWEED C" ICKR DD, Bieberbach OHHEMERICELD, EREF—FXICKL>TH
Bins. O

— K xample OEFIE Kihler-Einstein 5tE2Z D CIERE S BVD TROF T LHEIT R,

BHhDERLRMDEADZA “Kobayashi-Nomizu” 1K B ¥ Hawley ¥ Igusa BRITISTRLIZE DI ETHB.
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Theorem 4.25 (=FI 4.21). —Kyample h*D Kihler-Einstein sT2Z ¥ TIE
{2(n+1)ea(X) —nef(X)}er(X)"2 >0

THD, EEPHIULTHIEZIEIX=CP &R D,

EFE Miyaoka—Yau B3 D 1L 7278 L) Fano DFIA [GKP22] ICK DHISNTWLWS. [GKP22, DGP24]
LM bh>TWVS. 17

Theorem 4.26 ([GKP22, DGP24]). —Kxample B2, K-semistable 78 51&
{2(n + 1)eo(X) — nc%(X)} cl(X)"_2 >0

THOH, FSHHILTBEIIE X =CP" & B.

THLHMTB L X B smooth BIBEIFTDRERLDBENCHSNTWAD LA, 4E [GKP22, DGP24] I&
KLT Z#RFTRLTLS.
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5 Slope-stability *Kobayashi—Hitchin XJJt# & 1f Donaldson—Uhlenbeck—
Yau DEIE

4BERALL (X,w,9) Za>/N7 b Kihler ZR{ELC T 3.

UFRDOE—8%Z29 5.

locally free sheaf = A~ MJLR

B—R

& /- torsion free sheaf Z D HY, HLHS AR IF MU torsion free sheaf Z locally free sheaf( N2 ~JL
R) LBULIAATH KLY, ER torsion free sheaf IFFRARTT 2 A EZFRULT locally free(RZ LK)
BOTABNRERICIIROELIZI DR

LUF sheaf |& coherent sheaf &K% S. £/ sheaf ZESEIHFEDEDF* > TWLWR VDT, SERRISHEL
BROAZITS.

5.1 Slope-stability

Definition 5.1. F % torsion-free sheaf £ 9 3.

o E MDslope Z R TEDHB.

HE) = rank(F)
93 EHDQRT MILERESIX
(E) := c1(E) - [w]*! B fX tr (gFEO Awn L
8 T rank(E) rank(FE)

e EH (Mumford-Takemoto DEEKT)stable Td 2 LI, EE D torsion free subsheaf
0# F C E Trank(F) # rank(E) RBHDICDWVT,

u(F) < u(E)

Zwmicd L.
e £ H (Mumford-Takemoto D EIK T )semistable T D &Ik, ERED torsion free sub-
sheaf 0 # FF C EICDWT
W(F) < u(E)

EE-I L.

Remark 5.2. Mumford-Takemoto |FHHEEDRT MLRDED 251 ZES =9I slope stability
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ZE-To (B LWV). ¥5H GIT @ stability EXFIET 2 (1&7) THS.(AFIFE 5740, HE ED
BERDED 2710 ZEDT=®HICIE Gieseker stability NHRETH 3. 5L <& [HL10] BE (F¥L
WAIREZ T 2TV

Remark 5.3. l& X H¥smooth projective 72 513, locally free sheaf @ finite projective resolution
HEIN D D THEED coherent sheaf ICDWT Chern A EDHS5ND. 723> /¥7 k Kihler 72 &
Z @ resolution HEXN S LIRS 7L, LA L7ADS coherent sheaf |IZDUWWT Chern EHED 5
Nn%. TN Grothendieck-Riemann-Roch ZfE> TEDH B. [Gril0] B8R, 77 first Chern 3872
17 TdHhNIF [Kobl4, Chapter 5] TESHSND (B, FHFHEHLL.)

[ Lemma 5.4. E D stable 72 51X, semistable TH 3.

Proof. F C E h D rank(F) = rank(E) 2 5IE u(F) < u(E) ZmEIFRL.

FL<IE [Laz, 2F)| BR. GEICWD E F C E DD rank(F) = rank(E) 518, $ 3 effective
divisor D '@ > T
det F = det E @ O(—D)

ERBLICEDL. O

HARICEDRD OB, LR—MREEICTS.

Lemma 5.5.
0—S5S—F—Q—0

% torsion free sheaf DTTERIITH DR 5IL,

rank S(u(E) — p(S)) + rank Q(u(E) — u(Q)) = 0

Corollary 5.6. E D' (Mumford—Takemoto DMK T )stable(resp. semistable) TdH2 &
|&, EE D torsion free quotient E — Q # 0D D E # QICDWT

Q) > u(E)  (resp. (Q) > u(E) )

ZWHIcT CEEEETHB.

Rl 4.11 EDOMIGE L TRDHHS.

Proposition 5.7. (1) E#fR L & stable TH 3.

(2) R KILER E D stable(resp. semistable) 851X, (E*, h*) B stable(resp. semistable)
THh3.
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(3) E1,Ey 1 semistable 785 F1 @ Ey B semistable. $FICERRR L ICDWVWT L™ (&
semistable TH B .

(4) E1 ® Ey H semistable Th D Z &I&, E1, By B semistable DD u(E1) = u(Ey) B
DIIDZCLFETHS.

. J

stable DEFI& stable ICHR SRV CICER !

Proof. SEBADMIRETZ RN SB (SERICFAZIED B ICIEE £ > C#LWVWKERBITH D, KEREZ
fES 7).

(1).

(2). EZRY MLRERELTRT. ¥ Cor. 5.6 & DEED torsion free quotient E* — Q IZD
W

Q) > w(E") & w@Q") = —p(Q) < —p(E") = p(E™) = u(E)
FE locally free

THB DSBS, (3). BTHARBZARA (Prop 5.9) ZAHWB &
P By © Ea) = p ™ (Ey) + p" (E2)  p(Ey @ Ey) = p(Ey) + p(Es)
Mobhd. 1cELEOFERDIRIFT T<H#L W [Laz, 2 8] B,
(4). [Kob14, Proposition 5.7.9] 2. elementary A EEIRDTEIZ T 3. O
5.2 Harder—Narasimhan filtration

EED torsion-free sheaf |& semistable sheaf @ filtration TH'F D Harder—Narasimhan filtration
ICDWTBN T 3. TOHICROARBEEREL THL.

Definition 5.8. [Laz, 2 E] torsion-free sheafF {Z2 L\ T maximum slope, minimal slope

ZRTEET .
p(E) :=sup{u(F)|0+# F C E, F torsion-free} .

(B = inf {u(Q) | E — Q, Q torsion-free} .
CCTF=E,Q=Eb805LITFRTS.

RO LHBA>TWNS. SIS [Laz, 2 ] B8R

18F ¥ torsion free sheaf MEFIE p(E*) = u(E) EAWS.
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Proposition 5.9. [Laz, 2&] torsion-free sheaf E A\ DWTRMNEEDILD.

1. "™ (E) < 400

2. W X(E) = pu(BEmax) &85 subsheaf Epax DEEL, Enax & p™(E) = u(F) &%
% subsheaf D THZIBERICEAL T—FKRKE . T O sheaf & mazimal destabilizing
sheaf ELVD.

3. E-semistable |& ™ (E) = w(E) L [EME. F7z p™(E) = u(E) L RME.
4. Mmax(E) — Mmax(E**) — _Mmin(E)
5. W ((B © F)) = j(E) + u(F)

E D reflexive 7 51E Epax & reflexive (272519
Theorem 5.10 ([Kobl4, Proposition 5.7.15], [Laz, 2 &]). £EE®D torsion-free coherent
sheaf E (X LT, torsion free sheaf \IC& B filtration

O=FEyCFEiCE,C---CE_1CE=F
PEEL, RE®LT.

e 1 <i<IIIXFLT G, := E;/E;_1 \& rank r; semistable sheaf T#H3. H > LFE<
G; \& E/E;—1 @ mazximal destabilizing sheaf £78%.

o ROAFEXEEANEDILD.
IumaX(E) = H(Gl) > /J(Gz) > e > /’L(Gl) — 'umin(E)

Z D filtration & Harder—Narasimhan filtration & \L\D.

Proof. 1D Prop 5.9 L EHOET-FEBHDBIES. 7-72 LEED /=% X & smooth projective & 9 3.
(3> /N7 b Kéhler DIFE I [Kobl4, 5 | B8, normal variety DIHE & [GKP16b] B8.)

F9ECL Y73 ample BIfRZ D &

pt(E) < pt (L) = (L") =rp(l) < 4oo

L" semistable

P (E) = p(F) 7% subsheaf DFEIRIEEAICELS. BLEELBVWETB L F, C EHD
w(F;) = p(E) £%B23HDT rank r "RABHDHEND. CChH5>5FLK H; TH, C EHD
p(H;) = w(E) £3HDTrank > r EBBZ3DDHMENT r DD FICFESIES. maximal
destabilizing sheaf Fyay t& p™™*(E) = u(F) DR TRABHDZ LUK L.

Y 5 ¥ 58 < Fmax 1& E ICEWT saturated THB.
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Harder—Narasimhan filtration D#RHIFIFNETHS. F) = Enax C E LT3, Go C E/E; @D
maximal destabilizing sheaf ¥ L T E, CE%Z G, DF|TRLETD. CNZ#EDIRT L filtration
Eonsd. (Z7I3EBREDT, BREIORX7TvY 7 TINIFET 9%, ) Harder-Narasimhan
filtration M4 E IE maximal destabilizing sheaf DB SHRES. O

H 5 —D Jordan-Holder filtration E WS HDHEH B. T 1l semistable sheaf | stable sheaf |
PDETITREVSHDTHS.

Theorem 5.11. [Kob1/] EE®D torsion-free coherent sheaf E \Z¥F LT, torsion free sheaf
IC KB filtration
O=FEyCEiCFEyC---CE_1CFE=F

NFEEL, RZ\tY.

¢ 1 <i<IIIXFLT G;:= E;/E;_1 \& rank r; stable sheaf TH3.
e MDERXNEDIID.

w(E) = u(Gr) = p(G2) = -+ = p(Gy)

C D filtration & Jordan—Holder filtration £ \ND.

5.3 Kobayashi-Hitchin %t$ & U Donaldson—Uhlenbeck—Yau O EIE

slope stability & Hermite-Einstein 52 IZRD K S ICHIET B.

Theorem 5.12 (Kobayashi-Hitchin XJ « Donaldson-Uhlenbeck—Yau DFEIE). NI kL
R EICDVWTRISRIE

1. E B Hermite-Einstein st 2% 1.
2. EDEIL slope Z$FD stable 78 RT RVR Ey, ..., E, OBEMICHRSD (Th%z polystable
EW5).

Remark 5.13. BEICBIL TEXDBD e BhHonsd. 5L <IFEA ($RER) FtED https: //www.

nara-wu.ac.jp/omi/oka_symposium/16/mochizuki.pdf Z=&HR&.

e Kobayashi-Liibke IZ& D Hermite Einstein % 5 (& polystable BRI 7.

e Donaldson IC & D polystable 7% 53 Hermite-Einstein A smooth projective DIZFHICR S
e, CNISHEICEZR LA, R4 RXTZHREDERZHWIZTT THS.
e Uhlenbeck-Yau IC& D /N7 b+ Kéhler DEFCER. T LT subsystem Z B WS HE
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https://www.nara-wu.ac.jp/omi/oka_symposium/16/mochizuki.pdf

e Simpson IC& D > /N7 bk Kihler M Higgs 3R (E,0) IZIL5R. i Simpson ® i, non-
abelian Hodge ¥t & MFIEN 3.

o EARERFEIC KL DEFEHD Higes RICHR. (HE 5 < —EDOM % )Simpson—Mochizuki
SR EER (EBD)

B Hitchin” M T 2DIE L K OS5 BVD THEIH R TS EEL. @ E"Kobayashi-Hitchin
XI5 & D 67 Donaldson-Uhlenbeck—Yau DEIE" DAMNA D ¥ —TH 3. Thid (BERICET
3)BUeNBRETHD.

Simpson—Mochizuki X 5% W TEHENZHREZRANDZ CCICBEL TENRDRITo>TWVWT
Cadorel, Deng, Yamanoi (83T Tl Cao, Deng, Paun, Hacon) 7D AEBHWERZH L TW3.

5.4 Semistable N7 ~ILED BG FZFR

Kobayashi—Hitchin XJJ& * Donaldson—Uhlenbeck—Yau D EIEIC K D XA HHB.

Corollary 5.14 (stable X% kJLER®D Bogomolov-Gieseker A ER). E ' stable 78 5 &
Bogomolov-Gieseker FEXNHRE D ILD.

A(E)[w]n*Q = (27’CQ(E) - (r — 1)61(E)2) [w]nfz >0
Def. 3.23

EHOICLDAREFERDFSHHILTEEE, HBFFTERDH-T
Fgpp = 1tlrE(FEﬁ) 1dg End(E) f& (1,1)-form.
N
(1,1) #ark

£72%. (CDEF E W& projectively Hermitian flat £\W\D )

Proof. E h'stable %2513, Kobayashi-Hitchin XJJi&* Donaldson—Uhlenbeck—Yau DEE L D Hermite—
Einstein st810'%%. L>TEEL12HNE5FX 3. O

Remark 5.15. RlE E DBRT MLERTH K TH reflexive sheaf THEX 2. €L TESTHRILT S
B, (BIRSZLICHE DRI FILRICHES! Thid Bando-Siu [BSY4] DIERTHB. HHBBA
C @”Bando” [FREHKE (RILKF) THS.

|3 semistable DIZFETHERXD. CHNUIVWAABRFENH B H, SEIFHELITTEX 3EHEL
FEZBNTS. 2° Thid Nakayama [Nak04] % Langer[Lan04] IC& 2 HDTH B .

R®D Hodge index Theorem ZBWH 7.

208D A ElF semistable 7 513 approximate Hermite Einstein SHEHAFET 3 2BV LD TH 3. SHER
BEFEAZCES.
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Theorem 5.16 (Hodge index theorem). E, Ey, Ey % torsion free sheaf £ 9 3.

1.

(c1(B)2[w]"2) ([w]™) < (ea (B[] )

EEMIUTEIEE, D ce R DBEEL T ei1(F) = clw]
2. Cl(El)Q[w]n_z > 075 E

(e1(B1)?[w]™2) (e1(B2)?w]™2) < (er(Br)er(Be)[w]™2)?

EBSRILTRES, BB ccRHEFEELT c1(Eq) = cc1(Er)
3. Cl(El) 7& 0, cl(El)cl(Eg)[w]”*Q = cl(E1)2[w]”*2 =0 73:5‘3:,

C1 (E2)2 [w]n—2 S 0

%%Eﬁﬁ?é e 3, 37)5 ceR b‘@& L/—t Cl(EQ) = Ccl(El)

Theorem 5.17. E D semistable 7851 BG RERD D IID.

Proof. fi8 5.11 & D Jordan-Hélder filtration Z & 3.
O=FEyCFEiCE,C---CE_1CE=F

C TG, := FE;/E;—1 & rank r; stable sheaf T,

w(E) = pu(G1) = p(G2) = - = p(Gy)
THhd.
Hodge index Theorem & D
a(Gi)  e(G)\° | s 1 a(G) alG)) 1)’
B ’ [w] = n - : [w]
( i rj > i 5164 << i rj > > -
= (uG) - (@) = 0
& [w] JH filtration
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BE3 2 EHR514&D

(5.1) =1 Cor. 5.14

Remark 5.18. [LOY24] IC& > TRAB DO > TW3.

Theorem 5.19. semzstable sheaf E h' Bogomolov-Gieseker FEXDFESHHILT DK, Q-
twisted sheaf E <det > M neflCRB.
CDKDIBERYT MILEK E % numerically projectively flat & 3R,

Proof. EEHWRRILT DL IRHMDIID.

o A(G))[w]" 2 = 0. I G; |F Projectively Hermitian flat Td 2. (FIE 4.12 BER)
c(Gi) _ a(E)

T4 T

% Q-twisted sheaf G; <det7 i& Hermitian flat DT, nef(& D3R Griffith semipositive) T
H3. FE <det(E > &G <det(G ) > @ filtration TR ENDD T nef TH 3. O

[LOY24] IZ & D numerically projectively flat %% 5 1& projectively projectively flat(FtE & (3R 5
MBS D B\ >T Rp = oldg B3 L) Hbho>TW3, 2L

5.5 Hermite—Einstein 75 (3 polystable

Kobayashi-Liibke DEEZRT .

Theorem 5.20. [Kob1j, 58] N2 ML E H' Hermite—Einstein Z3F 2% 518 polystable
THD. 2FD EDREIL slope 23D stable BRI RILR E,..., E, DEMICKES.

Proof. SEBHDIEE. stability & X 2 BFD torsion free sheaf S ¢ EICEAL T, SH E OEHND
MLRTHZE L TRELTRT. 22

21¥'5% Ya Deng @ [Den21b] DFAEREAWS. Deng TAIC 2023 FIZR > 7B MDen21b] IEHX THTFEHL A
Mo7eh, [LOY24] DEBEBICCOFEZHWVWEINSEVWTKhEEEN ] LE>TWEH T 3.

2Z2EBALTRIES F I torsion free sheaf #E 2BV E WITAL. TODIRE blowup BEETNIETES. iAHAE
DEAELRZERTHD. CORETHIAADOEBEIIRDEDLSHL.
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ROEEZRWND.

7

Theorem 5.21. (E,h) Z HermitesTEZ HDIEBINRI MLRETS. SC E %Z rankp @
ERIERDREL, Q:=FE/S ZBRETD. COLZE Q (& rankr —p DIERINY FLERT

Ho,
0—S5S—F—Q—0

IFERIRT MILRDOFTELINTH S.
C DEF second fundamental form A € AY°(Hom(S,Q)) TROMEZH/ILTHDNHS.

[

Fghyls = Fspg — A* AN A End(S) f& (1,1)-form (5.2)
£7%%. TZT Fgpg Z SICh OFIRICK BFHE hg ICK DKL L, Hermite
A* %=

h(Ag,n) = h(E, A™n)
TEDHD. A* € A% (Hom(Q, S)) TH3
e A=0BBIXE2SeQ EWHIEHIFERENEFETS.

CNUED REEAAERIARD T 5.7 &ICE Y.
h D' E @ Hermite Einstein T E THD T D. DEFDHBI3EH cHH->T

— . n—1
Aw(\/jFE,h) =cldp End(E) fE wherec = M = LWM(E) (5.3)
2m Prop. 4.7 T[w] THE wa
THBLRET .
1 1 —1
W) = ca@akrt = (VF&;ZS) A
en P Cor. 3.11P /X 2m
1 VI | VI (5.4)
— / tr <FE,hE|S) /\w”_1+/ tr (A*/\A) Aw™ 1
(52) PJx 2 PJx 27
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_hzRDd L
w(s) = 1/ tr <_1FE,hE!s> /\wnl—i-l/ tr (;A*AA) Aw' ! < uwE)
X X

2w T
~ p -~ Claim. 5.22
—u(E) <0

1= 1(S) = WEB) THBEE, A=0TH3. &oT
ExS&E/S

CEMDETS. (CORBEIIEARETHS.) FISERH c #1FD HermiteEinstein 5TEZFHF DD
T, 411 D5 S, E/S B FI-EE ¢ Z$F D Hermite-Einstein 5t2%Z 2.

CCETEOIBIEIRZ THS. E hHistable THIULEZED'S polystable THD. €5 THL
BEE u(E) = wE) %3 B, C ENEETS. LOREBNO E=EFE 090G, &E0f#L, mE4d.11
&b F1,G; H Hermite-Einstein 5T2%Z#D. 2T E,G1 ICAILC CZEDIREIL (> 715E
FRZDT, CDREIFBEREITENDS), EHREL slope ZHFD stable BT MLR Fy, ..., E D
BRICHS. O

Proof of Claim 5.22. —DB®DIIF

1 v—1 1 v —1
/ tr (FE,hE|S> At = tr | A, (FE,hE|S> W™
X

p 2m Cor. 4.5 pnJx 2

=cldg|s=cldg

- C/tr(ldS)w" = - M(E)'p/wn:N(E)
(5.3) PPIXS——" (53 e pnJx

BEICEAL T, BRREEE (24, ..., 2"), w = v/—1 gﬁdzi ANdzl £§%. S D local frame e, (o =
1,...,p) &L, C”ﬁ&@ﬁﬁgEc%oS@Q%(‘:OTQd)localframe%uA A=1,....,r—p) &7

3. S ¥ Q D Hermitian 5tE2% FNEN
hiﬁ = hs(ea,ep), h% = hg(ux, uy)

cLTsL.
second fundamental form A Z K% T

A=A} dZ @ uy ® e
EECE, A" 13 A O Hermitian BERDT, & i ICLT

Af () = (4))yep where (A7)°, = hg” K& AY,
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=g, Lehto T - -
A" = WL A d2T @ eg @ ut.
CCTANA BB ERONBBEREBEROERZREEICITS. LA > T
I 7Y

A NA= (WPRG AT AL) 2T N d2 @ e @ e = — (WPRD AN AL ) d2' nd2d @ e @ e,

End(S) £® trace ZEl3 &,

tr@4*A14)::—55<h7ﬁhQi4AfVL>dziAcﬁﬁ (hVQhQ_AA,4“) dz' A dz.

JVT Jv7°
WE&D
A (V=1tr(A* A A)) = g7 (REREAY ALY = — | RIS A AL,
E
::lA‘w,h
WME&D

1 v—1 1 1

/ tr <A* A A> At = — | —tr (A, (V-TIAT A A)) " = / Al pw™ < 0.
pJx o2 Cor. 4.5 PV Jx 2T |:1|2 27rpn

= w,h

5.6 stable 72 5|E Hermite—Einstein 5t2% D

COFERRIFE L LW LA DI ZF SRV, DO TEA (REB) &£ D pdf https://www.nara-wu.
ac.jp/omi/oka_symposium/16/mochizuki.pdf ZEHHRL TIEFL ). Simpson DFEEA [Sim8y] A’
—BEDODIDOPTVLEES.

RETIXEREE AWEHZED [IMS22] IZHB. 7= ChIdEBEEAEICEC & TBBGZ13| D &S
ICERICERETRLTWSDITTIEA <, Donaldson X Uhlenbeck-Yau DS IER DZEARE —
BAWTWS] 5LV, ZNTHEFHLVWREEZEEZ T NBIHBXICH S Z CIERELAEL.

5.7 Subbundles, Quotient bundles, 2nd fundamental form

MFI& [Kobl4, 1 &][Dem12, 11 &E] ICED<. CORBIFAERTHELLLFES.
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Setup 5.23. X & n RTERZHKMAELCL, E - X Zrank r QIERIRT MILERE T 3.
S C E % rank p DIEAIESPEREL, Q := E/S #F@RETD. COCEF Q ldrankr—p D
ERIRT MILERTHD,

0—S—F—Q—0

IFIEBIR Y MILRDRELY| TH .
E IC Hermite 512 h Z AN, S ICIEHIBRETE hs := h|s ZAND. Tz h ICEATZERME
ZTHE%z

StcE

Y& DED
h(&,n) =0 VEe AYS), ne A%(SH) (5.5)

ERBHDETD. —HRIC ST IFERERDR IR S BV, O TIEERT MILERELT
E=Sast

CERDRINDG. T5IC 0 KERRT MILERELTQ 3 S+ WS C*® JKEENH
B0DT, Q ICIF h h5FETENS Hermite 512 hg NAS.

Lemma 5.24. Dy, % (E,h) @ Chern &t £ 95%. £ € A%(9) ICRLT Dy € AYE) =
[ER%p): 2
Dyé = Dgé + A¢ e AYE) = AY(S) @ AY(SH) (5.6)
~— =~
AL(S)  Al(SH)
THL

e Dg: A%S) — AL(S) I& (S, hs) ® Chern &t THS.
e Ac AY°(Hom(S,St)) TH3.

Proof. £ Leibniz AIH'5, FE®D f c A%(X) & €€ A%S) ICRLT

Dyp(f&) =df -§+f Dp§ =df -+ fDsE+ fAS
~~ —_— <~
=Dgé+A¢ €AL(S) cAl(SL)

RO D. LEh->TEENS Ds 1 S LOBRETHS. A : AUS) — ANSL) HOT
Hom(S, S*)-f# 1-form &7%3.

72 S C E IZERIEBBRREDT, 05,05 & S,E D 0 LTBLE, i NEAIBDT

io0g=0goi
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THB. &oT Ip(A%S)) C A%L(S) £%BB. &b

(D)™ = dpg € A¥(S5) = (De§)™ = 96§ + 0 = (Ag)™ =0 = A€ A" (Hom(S, $*))
' cAvl(s) €AV(sh)

8%, BEBIC, £, c ANS) ICRHLT D, B h ZRETZL L AL A € AY(SH) THBZL
"o

d(h(&.€)) = h( Dn§ &) +h(E, Qhﬁj )
Dy D h %1%7¥:D55+A5 Dot +AE!

= h(DSEa 5/) + h(ga DSEI) + h(A§7 6,) + h(ga AEI)
—_—
=0 by (5.5) =0 by (5.5)
= N(Ds&, &) + (&, DsE')

THD. LIch>T Dg & hg ZFRFTD. /- DY =05 THB1=8, Dg IF (S,hg) D Chern
B THB. O

FIT QST LEA—ELT,

Dypé = Dgé + A¢ € AYE) = AY(S) @ AL(Q) (5.7)
~— =~
AL(S)  ALQ)

cL,

e Dg: AY%S) — AY(S) I (S, hs) @ Chern 3%t TH 3.
o Ac AY(Hom(S,Q)) TH5.

EDHHET.

Definition 5.25 (2nd fundamental form). A € AL(Hom(S,Q)) %& (E,h) ICHIT3 S D

second fundamental form & ME3R.

B#RIC, n € A%(SH) ICRLT

Dy = Bn + Dgin € AYE) = AY(S) @ AY(S1)
AL(S)  AL(SL)

ENERTB. O HKER Q Z St OE—EDOHET Dy & Dy £EL. i 5.24 &b, DL
& Do & (Q,hg) D Chern ¥t THB.
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Lemma 5.26.
B e A% (Hom(S*,8)) h(A&n)+h(&,Bn) =0  (£€A%S), ne A°(Sh))
BT, LIcAoT, A* % h(AL,n) = h(€, A*n) TEDIUL,

B=-A"

Proof. F1: € € A%(S), € A%(SL) ISR LT Dgé € AN(S), e A%(SL) ISEELT
0 = dh(&n) = h( Dl .n)+h( Dny )
(5.5) Dy & h 7&1%’3:[:5;‘5 :B?:D’Qn

= h(Ds&, )+ h(& Don) +h(A&,n) + h(§, Bn) = h(AE, n) + h(¢, Bn)
=0 by (5.5) =0 by (5.5)

%, £oT B =—A* BMEW, FIZ A D' (1,0)-form THBZEH5 B I1F (0,1)-form TH
3. O

BFRMIC, E @D O™ #&®d local frame

e=( e,...,ep , €ptls---r€r )
S—— ———
S @ local frame S+ c:oc Q D local frame

£9%. 45 Ag Z (E,h) @ Chern connection form &9 3. EENDS Ag & rxr @ (1,0) H5D
EXzEE 3 3175T

1 1 1
AE 1 AE 9 - AE ,
Ap% AE22 e AE27»
Dype =eAg < Dyler,....ep,epit, ... ) = (€1,...,€p,€pi1,...,€r) ] ] ]
AErl AET2 . AE'TT

LB, A% & (1,0) MO TH 3.
UTFHRZFOEBEY

1<\ v <p, p+1<p,o71<0, 1<aB,yv<r
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£33 . A=1,...,pIc2VWT,

p T p
Dhe)\:ZEMAEH)\-{- Z epAEpAéDseA:ZEuAE‘L;\EAl(S) Aey = Z epAEp)\EAl(Q)
n=1 p=p+1 pn=1 p=p+1

cAL(S) €AL(Q)

TH3. p=p+1,...,rICDVWT

p r

p r
Dhep:Ze)\AE);)—f— Z eaAE‘;:>Bep:Ze,\AE>;)€A1(S) Dge, = Z eUAEC;)EAl(Q).
é:l o=p+1 A=1 o=p+1

A1(8) A1Q)

FDOPERIZ &K 5T connection form (&7 0w 7175 T

Agly Ag'y - Ag As B
Ap% A% - A 2 B
An — E1 E 2 E r _ End(S) f& 1-form  Hom(Q, S) {& 1-form
S L Aq
~—
Ag"; AETQ e AETT Hom(S, Q) f& 1-form End(Q) f& 1-form
£ElF3. T

As=(Ag"), Aq=(4p%), A=(4p"), B=(4g))

Ths.

e

Lemma 5.27. £ OHIRZ OV IRRT DL

Ry — Rg—A*NA D/Hom(Q,S)B
F A\ D toms.)A Rg — AN A*

3. 85IC Eczoo SeQICL->THIEET 3 &

RE,hE‘S =Rg—A"NA RE,hE’Q :RQ —ANA*

\.

Proof. HAZEFI(
Rg =dAg+ Ap N Ag
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BRLABRI>TIOYvIRREIND. COD (1,1)-HAZzED &

1,1 1,1
dAs dB As B As B
Rl’l = (dAE—‘rAE/\AE)Ll = + A
o dA dAg A Ag A Ag

1,1 1,1
dAS dB AsNAs+BANA AsNB+ BANAg
dA dAQ A/\A5+AQAA A/\B+AQAAQ

(dAs + As A Ag)+BAA dB+AsAB+BAAg\

_ =Rs =DB #RE 5.28 B8R
8A+A/\A5'+AQ/\A A/\B+dAQ+AQ/\AQ
=D"A =Ro
1,1
Rs—l-B/\A DB B Rs+BAA D'B
A/\B+RQ ACALO Be A0 D"A RQ+A/\B

Rs—A*NA D'B
. D'A Rg-AAA*
EBDERT. ST R, Rg BENETN S, Q D Chern 1R ¥ 9 3. O

Remark 5.28. (F,hp) &7 MJLERY Hermite STEDHEE L, (F*, hp+) & hp DNOERK 2.24 IC
cl:o—tn%g hén‘l’i(\:jé 2.24 %ﬂab\é(\:

dN(€) = (DTN (&) + A(DFE) A e A (F*), € € A%F)
MO ILD.
EHICLT, T=A@s5€ A%Q*® S), ¢ € A%(Q) IC2WVWT

Ds(Tq) = Ds(A\(q@)s) = d\(q) - s + Dss ANg) = ((Dg+N)(q) + M(Dqq))s + Dss A Mq)
= (D)) @ s+ A® D%s)(q) + (A ® s)(D%)
= (DHom(Q,S)T)(Q) + T(DQQ)

LB,
5 B=BRTcANQ*®S5) DrEFF T AQ*® S), B AHX) £ LT

Ds(B(q)) = Ds(8® Tq) = Ds(T(q)8) = (—1)*8 A Ds(T(q)) + dBT(q)
= (=1)*B A (Drom(@.9)T)(q) + (=1)*8 A T(Dgqq) + dBT(q)
= (DHom(Q,S)/B ® T)(q) + (_1)k5 A T<DQq) = (DHonl(Q,S)B)<q) + (_l)kB(DQQ)

109



TH3. 5
d(Bq) =dB-q— BAdq, B(D%)=BAdg+ BAAgg.

BEDT
(Doom(Q,5)B)(q) = D*(Bq) + B(D%q) = (dB - q — B Adq+ As A Bq)

+ (B ANdg+ BN Agq)
=dB-q+ As N Bq+ B N Agq.

&b DHom(Q,S)B =dB+ AsANB+ BA AQ NEZXS.

Theorem 5.29. Hermite IERINY ML (E,h) OIERBIFBANY MILER S @ 2nd funda-
mental form A DMEFEMIC 0 & 5(1E, BRMR S+ HIEAERNRY ILERT, BEXDHE

E=S&st

ISERTHD. FICE2SoQ EWHIERFEEZF3.

Proof. s % E DIERN local section ¥ L, BRSO £ = S St IZIGLT s = & + 5" LEL.
A=0%5IEd B=0&D, 0
Dys = Dhsl + Dhs”

ICEWT, Dps' 1 S I, Dps” & ST ICA2TWB I ehbhd. Dyps OREN (1,0) 725,
Dps' & Dps’ OREH (1,0) THB. Lich'>T s B o DETHS.

ShilEd C* BEXDHEZ E =505t & (CORRTIE ST IE 0™ SO MLERT
HoT, EREBAREIFIES V) COERDREICHIET D C° Rtz

mg: E—SCE, atE—StCE
CEL. FEDIER local section u € HY(U, E) IZ3 LT
!/

u =mg(u), u” = 7t (u)

IEWFhH E DR local section THB. &2 T, 7 BIEAEHRD, S+ HIEFR RS, O

Theorem 5.30. (E,h) & Hermite IEBINY ML, (S, hg) Z ERIERAR, Q = (E/S, hq)
ZEBREIBDL

(i) BHE S ORIEIE E OBIRIDAZ EBBHL. ThDS

hs(Rs(v,0)¢,€) < h(R(v,D)E,€), vel,X, £€5;.
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LHH, CCTESHEDIIDODIF
[A(v)¢lng =0
DEE, EDLEICRS.
(i) BR Q DEIEIZ E OBMELDNSIZARSAEWL. $ADSE
ho (Ro(v,0)¢0,£g) > h(R(v,0)E,§), veT,X, ¢ €E,.

1c72L, CCTép e Q= E,/S; &€ Ey THREREINDZTERT. ETEHEEHK
DIIDODIE
|A*()Eqlns =0

DEE, TDEEICRS.

Proof. RO BT
Rg = RE,hE|S +A*NA

ZRAW3 L,
hs (RS(Uv U)ga g) =hg (RE,hE (’Uaﬁ)fa 5) + hS((A* A A) (Ua f)f, 5)
= hp(Rep, (v,0)8,8) — hq(A(v)E, A(v)E).
ERAY 2B
hs(Rs(0,9)6,€) = hi (R (0,96, €) — [AW)EL, -
551,

hS (RS(Uv 5)57 g) <hg (RE,hE (’U, @)57 ‘5)
EENMILTIEEIF (RrT)A=0DFTH 5.

5.8 Griffith semipositivity ¥ {BETEE

S THRAIC B
R =R dz' Nzl @ eq @ P
CEITIE,

.0
v=0v'— €T, X, E=E(%q €85,
07"

DWW T
R(v,v) = Raﬁﬁviﬂjea ® "
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THsd. LIH>T,
R(UaU) (5) = Raﬁijviﬁjgﬂea

THD,

R
ﬁv’?ﬂfﬁf .

h(R(v,E)g,ﬁ):h(ﬂRaﬁgvi@jfﬁ? ; Ry
E

Definition 5.31. X7 ;LK E D Griffith semipositive & |&HBFH=E h H'dH > T
h(R(v,0)£,€) >0  veT,X, € E,.
BB, Cnld

ZZRWE”W&B? >0 VY., o) eCmVv(E, . e
By i

THBCLFETHB.

.

FI#RIC Griffith positive IFAFEB DR %Z > 0ICLTESDHS. Griffith seminegative, Griffith
negative HEIFKICED B.

Remark 5.32. X2 ILERD positivity IZ ample X nef D H 3. UTHHHN>TUWS.

e Griffith positive % 513 ample. W IERAFRREIRE (Griffith F18)
e Griffith semipositive 7 5 (& nef. WIFAE D IL 7%,

& 7c Griffith semipositive (FAFRFAEBICH L THERNTET 3. [PT18, HPSI8] HER.

5.30 @ corollary & L TRHDHOHB.

Corollary 5.33. (E,h) & Hermite IERINY ML, (S, hg) Z ERIEBAR, Q = (E/S, hg)
ZERCTBH L

(i) E B Griffith seminegative 51X, S B Griffith seminegative TH B .

(i) E B Griffith semipositive 78 51E, Q B Griffith semipositive TH B .

.

EFEMIUFHDBRLCEISDBIEHEDNIIDIFT THD. FERAZEDHFEHFTH T)[HIM22] BEROD
k.

ITCf: X =Y EWSEAFBRICEST f*Qy C Qx EVWSEDERZRFD. £l ZCcX WS
EBRZBIRIEICDOWVWT, Ty C Tx Z1953. £®D Corollary B SXRHDERTE 3.
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Observation 5.34.
o T'x H'semipositive 72 51, Qx D' seminegative DT, IEAIBIR f : X — YV ICDW
T, [*Qy C Qx b seminegative. FIZ Ty 1& semipositive TH 3.

e Qx D' semipositive & 51X, T, H' seminegative BD T, TRZHKE Z c X ICDWVWT,
Tyseminegative Td» 3. $FIC Q4 & semipositive TdHB.

EEXDZ EHhbHOh>TW3B.

Theorem 5.35. [FG12] f: X — Y %& smooth morphism £9 3.

o —Kx h ample(X B Fano) %8513, —Ky DY ample. (Y ¥ Fano)
o —Kx D nef and big (X DY weak Fano) %8 51F, —Ky D' nef and big.(Y B weak Fano)

Fujino—Gongyo DFFERISEEITHR D EE L LV, #8IC Ya Deng[Den21a] I & 2T Ohsawa—Takegoshi
L2 REIEZ VWV THAA - RS, COFERRIE (Demailly DA Z A TUOMIL) DR D BE
THHWIRHATH 3.

BIeL 5B/ VTRETES. CNHWVWBABERALH B [Den2la] A—FEHHDPFTVERS.

Theorem 5.36. —Kx 1" nef and big (X H¥ weak Fano) %8513, X I[SBEERE. R X I
BaiE.

Proof. SEBHDEEDAHWDS. f: X --» Y Z MRC fibration £ 9 3. dimY > 0 CIRET D L Ky
¥ pseudo effective TH 2D Z EHHH>TWB. —FH —Kx D nef and big @D T, (ELFELC /U
T positivity B> T)—Ky (& bigiC%%. CHIEFETHS. &> TdimY =0T X IIHIEEE
TH5. O

Tx ' nef X° Griffith semipositive, —K x 1 nef X Gsemipositive DIFEDIBIEEEH LD KD IC
MRC fibration X Albanese map & & 2 C_EDE L D Ty ¥ — Ky HV7flat(=semipositive + sem-
inegative)” T3 Z L ETYT S e hBHaES. 8L <I& [CPIL, DPS94, CH19, MW21, MWWZ25]
BREZBBOI L. EMNEEDHDFL VWO TRREEICEHWVTIEL L.
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6 Miyaoka—Yau AFEXDHIFER L Miyaoka DAFI

[Miy87, Caol3, Ou23, IM22, IMM24] DRBZHKS. UTF (X,w,g) Z A2 /N7 b Kihler ZHk{K
£ 9%. £7 ample ¥ nef IZBH L Tl 2.8 HIBER?3

6.1 Miyaoka—Yau RZFI{DRIEERA

Definition 6.1 (Higgs X7 MJLER). X £ Higgs R&IF, NI MLER E &I RMLERD
#REE
0: F — FEF® QX

DR (E,0) TH2T, 0 IC&>TEHEEINZ

orno:E-SEe0xy S Py 9 Ee 0%

Mo rHEd2BHDEWVNS. TD I %Z Higgs field &R,

1. DR SCENOI-FETHD I, 0(S) C S0y LHRBIL.
2. Higgs R (E,0) H stable TH 3 &IF, FED -FAEBMAR0OC S C EICRLT,
rank(S) # rank(E) & 5F

c1(S) - [w]™ ! - c1(E) - [w" !
rankS rank
—u(S) —u(E)

MO IIDZ k.

© = 0 DEFD stablity HEED slope stability Td 3. semistable  sheaf @ slope stability & [E]
RICED 3.

Remark 6.2. BRESDTRD slope HBEELTHL. L%Z X £ nef divisor £ 3. ¢;(L) w2
ICB9 % (E,0) D slope &

ci(E) - ci(L) - [w]" 2
rankF/

ey (L) [w]n—2 (E) =
TEEID.

Simpson ¥}t (Kobayashi-Hitchin ¥ * Donaldson—Uhlenbeck—Yau DEIE®D Higgs RAR) IC &
DRHBHOHS.

BhHH 5 R IFNIL” ample=positive”, "nef = semipositive” ICEWEZ THRV. FHEBERICEZIXEBEIIRENT
HB.
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Theorem 6.3. [Sim88] Higgs R (E,0) h stable 72513 Bogomolov-Gieseker REXH K
DiID.
AE)w]"2 = (2res(E) — (r — Dey(B)?) [w]™ 2 >0
Def. 3.23

Remark 6.4. COFFFEORBMBERIZHSNTVWAL. LEBRAKAEDORS VRS DT LDOHEE
https://www.nara-wu.ac.jp/omi/oka_symposium/13/miyaoka.pdf IC&KBD LW DMEITE
TWBEL5THS.

Proposition 6.5. [GKPT19a][IMM24] 835K E C Qx XL T,
H:=Fa¢Ox
EHE, Higgs field
0: H=FE®pOx — HQx =(E®0x)®Q2x (a,b) — (0,a)

TEETD. E D semistable THHD, u(E) > 0 Zilwlc 97851, Higgs R (H,0) I& stable
Ths.

gl S Py (L) Jw]n—2 IC& B slope THRKTHS.
Proof. (H,0) D' stable THRWEIRET 3. CDE F, IEBFA% 0-FZF subsheaf SC H T
p(S) = u(H)

EIcTHONEET S, r:=rankF, [ :=rankS &£ HEL. E&EICELD,

THD. BETHTICE>TEEINDS
v:SCH=E®Ox 2% 0y

ZEZD. SIFO-RETHDIN5,v: 5 — Ox EEBERTIFRVWC EITIFRET S.
7, Ker(y) B H OF T4\ subsheaf THZ & ZMHERT 5. R, HL v HEFESIT,

S ~TIm(y) C Ox
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I& Ox D ideal sheaf £7%3. ZHE
0> p(m(y)) = p(S)

ZBE FETHB.
RiZseLd
0 — Ker(y) — S — Im(y) — 0
ZEZ%. Ker(y) c S 2 Im(y) C Ox THBH5, mHD sheaf |F torsion-free TH3. LTc
MNo<T
c1(S)-a=c(Ker(y)) - a+ca(Im(y)) a<c(Ker(y)) - (2.3)

PMES. rank(Ker(y)) =1 — 1 ISFREL, (2.3) ZEHW3 L,

p(Ker()) = per(Kex() - > () > g

z13%.

rl

Ccrni—1 "

MDD LITERT B L,
p(Ker(y)) > p(E)

Z18§3. TNE E @ semistability ICF/ET S. O

e a

Theorem 6.6. Kx H' ample %2 51X, Miyaoka—Yau FFER
(2(n + 1)62(Qx) — ncl(Qx)2)Cl(Kx)ni2 >0

DD IID.

Proof. Kx h'ample DT Yau DEEH S
Ric(w) = —w

& 7% Kihler-Einstein 5TEHFE T 5. & o TEvE 4.20 & D TS Tx D Hermite Einstein 5t
ETHS. THE5.20 &D Tx IE polystable TH 3. (FFIZ semistable THB) 5 [Ric(w)] = c1(X) =
—c1(Kx) BT, [w] = c1i(Kx) &80,

1 1
p(lx) = ﬁcl(QX) Wt = Ecl(KX)n >0

M DIIDDT, aRE 6.5 & D Higgs R (Qx ®Ox, 0) I& stable THSD. & > T Bogomolov—Gieseker
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AERZHEGINIE, (Qx D Ox,DF>VIEn+ 1ITERLTQ)

0 < AQxaO0x)w"? = (2(n+1)e(Qx @ Ox) —nei(Qx & Ox,)?) e (Kx)" >
Def. 3.23

= (2(n + 1)02(9){) — ncl(Qx)Q)Cl(Kx)nfz

Remark 6.7. [1JZ25] T, Kx H'big TH B3%E Mlyaoka-Yau FEZ
(2(n + 1)e2(Qx) = ner(Qx)?) (e (Kx)" %) > 0

MDD eHERLTE. TIT (ei(Kx)"?) I& [BEGZ10] T® nonpluripolar-product T#H 3.
CDFEAHIFIFLEICEALCTH 3.

(K% 1)-stability ZE&T 3.
Kx H big 51 Qx B (K% )-semistable TH3 Z L &ERT.
Qx @ Ox H* Higgs R FLERE LT (K !)-stable TH3Z L ERT.

Bogomolov-Gieseker FERXAREILL T, Qx @ Oy ICAWS. Thid (K% 1) Hblow up &
Kéhler form TELITET S ZzAWLS.

7272 singular DHFEIE (K 1)-stability PRAMETEET 2O L < %45, REEsmooth IFE
I& 4-5 R=T T > TWVWIZEERAD, singular IZ LTe@RICEKICEN LD D, R—JHH 60 R—
JICbEof.

6.2 Generic nefness Theorem

Theorem 6.8. [Miy87, Eno88, Caol3, Guel6, Ou23, Ou25, CP25, MWWZ25, 1JZ25]
RO IID.

1. Kx D' nef THBEHBIE, EED Kihler form wy, ... ,w,—1 CERD quotient torsion-
free sheaf Qx — Q ICDWT

c(@)wr] - [wn1] =0

2. —Kx D nef THDR5IE, FED Kihler form wi,...,w,_1 CEED quotient
torsion-free sheaf Tx — Q I DWT

c1(Q)[w] -+ [wp—1] 20

Remark 6.9. FESEBICIZATOED.
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Kx ¥ nef T X $¥smooth projective DIFFIE [Miy87] Ik D. T foliation Z {8 S FEEA
THB.

Kx h'nef TX JV/\7 bk Kéhler DIFRIFREDKMBRERE (DR) THo7? ThigmA
Wenhao Ou[Ou25](+Cao-Paun[CP25]) IC& > TRENTz. O2/\7 b Kéhler TH foliation
DFZRNMNEDLEVWSTLAIXIL—THB.

—Kx D' nef T X H¥smooth projective DIFEIF [Ou23] IZ& B.

Ky Anef T X HI>/%% k Kihler DA 13 Wenhao Ou[Ou25] DIEREE > T, [MWWZ25,
1J725] IC&k > TRE N2

X A7 b Kéhler T, wy = -+ = w1 DFEIF, BREICEK BEEIZG (£ L TR
Z5HD LIcEBW) SEBAD 3 3. [Enoss, Caol3, Guel6] BE.

6.3 Miyaoka RZER 1

Miyaoka [Miy87] I & B2KFHIT elementary ZREEBAZIBN T 3.

Theorem 6.10. —Kx ' nef 251, EED Kdihler form w IZDWT

co(Tx)[w]"2 >0

FTUTOHRELEEZTRY. CHUSLR—FEECT 3.

~

Lemma 6.11. 1A EDE ry,... .1, 2AEDEE n, B 11, ..., u,d (fcf2Ld > 0)H

ZmlcLTW3 T3, CORPRMEDIID.

l l
g > > =0 Y mpi=d Y ri=n
=1 =1

1. d— 52221 rip? > 0.
2. 1>2h D LEDFEBHHILTBE, =2, 01 =d,uo=0,r1 = 1,79 =n—1HDEODIID

Proof of Theorem 6.10. (1). c1(—Kx)?[w]" ™2 > 0 DIFE. REER Tx D (c1(—Ky) - [w]"2) I
B9 % Harder—Narasimhan filtration

O0=FEgyCFE,C---CE;:=Tx

24TQ> /X% bk Kahler TH Kx pseudo-effective I& X #¥ non-uniruled ¥ EHiE] & 5 5 REEARE. Wenhao Ou[Ou25)

Ik > TRdINfe. CHICKDZL ORBREBENRRINZOT, RBIXBRAC Ao, FhDHNEDEST, [1JZ25)]
H—KHR < RB3DTIF B o7,

Bhm < HFIE TOu23] OFE%E [CP25] ORTMABRFAICER T BOT, TETETIIVER>TLWAL
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#EZX3. CZTEBEG;, = E;/E;_1 |lFrank r; D (c1(—Ky) - [w]"2)-semistable torsion-free
sheaf T,

Moy (=K )-lw)n—2(G1) > Hey (=K ) wn-2(G2) > -+ >ty (“ i) fwjn—2(GL) = ug;i(n_KX).[w}n,g(TX) > 0

Thm. 6.8
LUTTI, B8 i, 1, d &
Wi = pey(—kx) fwn2(Gi),  di=e(Tx)? - [w]" 2
TERDDE g > > >0HD
l l
Zri,u,i = ch(Gi)Cl(—Kx)[w]n_Q = 01(—Kx)61(—Kx)[w]n_2 =d>0
i=1 i=1
C70%. FHCHREG6.11 DIREZ BT, & T Hodge index theorem 5.16 & D
GG < L (@Ga- Ko = T ()
1 KA = Cl(—KX)2[(/J]n72 1 A 1 X d .
Thm. 5.16
THd. £>TEHIZ,
l
QCQ(Tx)[w]n_2 = 22C2(Gi) + Qch(Gi)Cl(Gj)
Lem. 3.16 i=1 i#j
l l
= (2 CQ(Gz) — Z Cl(Gi)2> [w]”‘z + cl(TX)2[w]”_2
e i=1 i—1 —
: (6.2)

(6.1) i=1 Lem. 6.11

2).cr (K x)?[w]"2 = 0,c1(—Kx)[w]"! = 0 DIFE. COBEE

l l

Zn’ui = Zm(Gi)q(fKX)[w]"_z = 1 (—Kx)er(—Kx) w2 = 0
=1 i=1

Sui >0ERELTVWBDT, u; = c1(Gi)er(—Kx)[w]" 2 =0 B'WR S. &> T Hodge index E
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516 &bD

THhd. UELD

l
2T > =3 (FaGPEr?) 2 o
i=1 o=

(3).01(—KX)[w]"_1 = 0 DIFE. 0BG 61(—Kx) =0TH3. &£oTYau OFEKX D, Tx

IC Hermite-Einstein 5T2h'A % D T, Bogomolov-Gieseker RERH S 2¢2(Tx)[w]" 2 > 0 TH
% O

6.4 Miyaoka & 2

Theorem 6.12 ([Miy87, Chapter 7]). Kx h' nef @ 5(1&
(302(Qx) — Cl(X)2)Hn_2 >0

MEEDIID.

FITUTOHRLHEZTY. CHUSLR— MEEET 3.

Lemma 6.13. 1A EDE ry,... .1, SAEDEK n, B w1, ..., u,d (fc72Ld >0)H

! !
p1 > > >0 Zriﬂi:d Zn‘:n
i1 i1
EELTWB T 5.
CDERAREDILD.

LI1>2%RETHEE, LS rp? < - %

2
™

l
1 1 T
2 2 1 2
M2 SN2 ds - (2 d
(i + )M d;;”“+ —d<r1+1“1 m>+

1 1 2
>(————— = +1)d>Zd
o <7“1(7'1 + 1) r1 ) -3

EVWSAREXD D ILD
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3. 1,r >2h D 2DFEEHLTHIULTEHR, | =2, 11 =%, up=0,11 =2,70 =n—27H
LD ILD.

4. 1>2hDr =1 %RET 3

l

S o N S m. 3
EWVWSARFERDEDILD.
5. 1>200r =1 2RETEHE, d— 13, > 3dTHB.(DEDEHSIERIL
ANAY;

LUF ORI [MiyS7] IC& 25 D. fofs L—EBEEIE [IMM24] TRB&E L 7.

Proof. ¢1(Kx)?*w]"™? > 0DHEZTY. (TS TRWFRIFRINEIRFRL (c2(Qx))H" 2 >0
CEMET, EIE6.10 DFEEALFEIL TH B .)

RIER Qx D (a1(Kx) - [w]"?) ICBF % Harder-Narasimhan filtration
O0=FEyCEyC---CE; :=Qx

"EZD. _TEMG, = E/Ei_1 l&rank r; D (c1(Kx) - [w]" %)-semistable torsion-free
sheaf T,

s (Kx ) ln=2(G1) > ey (k)= (G2) >+ > frey (k) =2 (G1) = 18 (ke =2 (Qx) = 0

Thm. 6.8
LX—F_C“;, Ei& Mgy [y d %
Hi 2= Hey (K x)-[w]n—2 (Gl), d:=c (QX)Z . [w]'ﬂ—Q
TEREHBDE puy > >m>0hD
! !

D orii =Y a(Gier(Kx)w]" ™ = ei(Kx)e (Kx)w]" 7 =d >0

i=1 i=1
723, FFICHR-E 6.13 DIREZMWT-F. & T Hodge index theorem 5.16 & D

Q@Y < @a KoY = (63)
Z T, 5.6C X272 d

THb.
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CCETIEBLED, CIHBESZEETS. Gy C Qx ICBALT, Prop. 6.5 D& S5IC, Higgs
field 6 %E@é:t‘:&b,
(G1 & Ox,0)

I& c1(Kx) - [w]" 2-stable Higgs X% MLERIZH 3. & 2T Bogomolov-Gieseker A& & D

e (Gr)lw]" % > 2(“’1 (Gl (6.4)

8B,
HridHmERITELTWL.
1. 1 =1 0K COBEIE Qx ® Ox Histable Higgs XT MLROEEZFOD T, mLIEVLWAREHE

Nk DHEBULARER
(2(7}, + 1)62(Qx) — ncl(Qx)Z) [w]an >0

MR D ILD.
2. 1,71 > 2 DBF]

2c2(Qx ) [w]" 2

! l
= (QCQ(Gl) — 01(G1)2) [w]n72 + (2 Z CQ(Gi) — Z C1(GZ‘)2) [w]niz + c1(QX)2[w]"*2

(6.2) =2 =2 1
1 l 1 r? ! r-uz
= c1(Gh)?*[w]" 2 - Z —a(Gi)’Ww]"*+d > — L2~ Z 4 d
Thin5.17 &(6.4) L T 1 = | (6.3) d(ri +1) i

> sd= a0
Lem. (6.13)
2. 1>2HDr =1DK (64) £D,

1 _
0 = 02(G1)[w]n—2 > ch (Gl)Q[w]”_Q =0> Cl(Gl)Q[w]n 2 (6.5)

rank(G1) =1 (6.4)
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MELD EEFUFET

202(QX)[w]”_2

(6.2) i=2 i=2 _;’d'_/
! 1 l ” 'uz
27, 1n—2 il
> _Zrﬁ-cl(G’) Wt +d > =) St
Thm.5.17 &(6.5)§=2 (6.3) i=2
3 3
> Zd = ZCl(QX)Q[W]n72
Lem. (6.13)
CNIFRLIEVWARERELDHEVWAEXTHS. O

6.5 Miyaoka DAFERXDISHA -nonvanishing 18-

Theorem 6.14. [Miy87][Miy88b] X h* 3 RITTZHRIAET Kx nef B 51 HO(X, mKx) # 0

Proof. AR

, log dime HO(X, K™
A(X) = K(Kx) := limsup & 10g751 x)

€{-00,0,1,...,dim X}

T X DINVERTTETD. (logh= -0 &TB.)
Kx nef 72513 Miyaoka DARZFRDNS co(X)e1(Kx) > 0 TdhB. &> T Riemann—Roch H5

1
0> _24/ a(Kx)ea(Tx) = x(X,0x) > 1-h'(X,0x)-h*X,0x)
X Thm. 3.28

LoTh(X,0x) #0 FF h3(X,0x) #0THB. h¥(X,0x) # 072 5IF Serre duality & D
H?(X,0x) = H°(X,Kx) #0

& D nonvanishing "5 X 3.

RN (X,0x) # 072 5IXIEEBAA Albanese map o : X — ADEIND. a(X) C ABRDT [Uen7s,
Theorem 10.9] h*5 x(a (X)) > 0%6 & o T Stein Factorization & & 2T

a:X—>Z7Z NP2 dmZ>0 HD k(Z)>0

BE0IR W C ABISDZREICOVWT, W — W/B X% % h—5 X fibration T W/B B'—f&BIZ% 3. &N
LRTHAWVI LI, H'Y(A4,04) DFIFRLN H' (X, 0x) ICBEID5.
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EBRBHDONHS.

HLlFdimZ ICLBIHFERT. dimZ =dim X BS5IFHEASD. 0 <dimZ < dim X = 3 DIFE, o
D7 7AN—IEFICBELT, Kp nef Tdh 3. &> THIED nonvanishing theorem & D k(F) > 0
litaka C5,,, THH (Viehweg, Ueno, Kawamata & D) R L TWLWE DT

K(X)>k(Z)+k(F)>0

litaka C3,, F18

O]

CDFERRIFNBDRUCA>TVT, D7 & litaka FREA MMP TRATATLBELAL
THEITHD. litaka TRICEIL TIIETFFEDY — XA https://www.math.kyoto-u.ac.jp/
~fujino/Nagoya-Titaka.pdf BROD &

[Miy88b] HEE 5 < terminal variety T DRwH DL DD ZFANTWBIF T THS. CDAHMA
4z 88 =D Lazic-Peternell [LP18] T# 3. Lazic ®./ — bk https://www.uni-saarland.de/
fileadmin/upload/lehrstuhl/lazic/Skripten/foliation.pdf BAHERDHHDRF L.

Remark 6.15. LDFEIEZFAUVLT, Miyaoka & 3 Rt ZHED v(Kx) =1 DTNV RV XAFE%Z
FRR L Tc [Miy88a). 1&IC Kawamata[Kaw92] IC&k > T3 RITZRRAD v(Kx) =2DTNYR VR
FREBRLT.

BOT 3R AV /N bk Kihler BKAED TNV A > 2R $ICIE, RO /XY b+ KLT Kéhler
D Chern HOREXNBETH . &7

Theorem 6.16. X >INV & KLT Kihler Z8k& ¥ LT, E % reflezive sheaf £ $%. E
H stable 72 51 Bogomolov-Glieseker RERDE D ILD.

(2r62(E) = (r — Der(E)?) [w]" 2 > 0
CHOICLEDFRFERDEFESHHILTBEE, Xy LICHBHAELDH ST
Fp = 1tr,n;(F,u;,h) Idg End(E) & (1,1)-form on Xyeg.
<
(1,1) HawR

%%, CZTc% Orbifold Chern3BL 9 5.

HEECNIFERENT.. Z<OADEDL>TVEDT, UTFICFEHTEHL.

e Bogomolov-Gieseker AFILH Ou [Ou24] ICK DERLT-. BEABNICE 5 & KLT ZEAED

2"[CHP16] T2 /XY b Kihler @ 3 RITD TNV Y RFEHERE NN, #IC Chern BOREREET gap M
H3ZCHHBBLIZ. ThidfgIZ [GP24] @ Appendix THRLTWS
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Orbifold modification Z3F 2> Z & &R L 7.2

o FZFAWT 32Xt /XZ b Kihler log canonical pair D 7 /N4 > XA F18% Das-Ou
[D023] AHER.

o 3 RITDIHE D Bogomolov-Gieseker FFEIIE Guenancia-Paun[GP24] H'RIFERRZ 5 X 7-.

o BRI TEHESHILDHZEDHZHH D (Donaldson-Uhlenbeck—Yau FEIE) I& Fu-Ou[FO25] ¥
Guenancia-Paun[GP26] B E W L THER. &RITTOD Simpson Xffih%Z Zhang-Zhang-
Zhang|Z7.726) hfR L =, 2°

CC3ETOY/NY b KLT Kihler TOEBI—KICEATTRERL THS. FIZ Wenhao Ou &4
NAEEZBEBEHL TVWR O THS. 3 FERIIKRBRERELE 272D, SPOERICAD, 7
DEEBHIHEVWCE T,

28 Orbifold _£® Kobayashi-Hitchin ¥}t « Donaldson—Uhlenbeck—Yau DEEIZZ DHIICHEIIEINATWS.
?9Chuanjing Zhang and Xi Zhang and Shiyu Zhang T#%. Shiyu Zhang & A X & [1JZ25] TR S A L —#8IC
HEAZE L 7.
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7 Outlook

7.1 80 H'5 90 FD Chern FHDHAZE

FNFZFDERLICEZTTULRVDTHhH 52V, Chern FDIRZEIE 80 D S 90 ERFIRICTRIT o
TWES. Chen-Ogiue DFEIE [COT5], Miyaoka-Yau AFZ [Miy77][Yau77] ICERE D, open
variety X BHEID Miyaoka-Yau REZ L $ 3. BARTHEEE, IWWME—EIC K B open variety
X \ D @ Miyaoka—Yau X°. REFE & Siu 4D Bando-Siu [BS94] BB EIFHNS.

CDIBYFERITEDOEE TFEEZEZE Chern FHICE T 23F7FRNZH < T https://www.
jstage.jst.go.jp/article/sugaku1947/41/3/41_3_193/_article/-char/ja/ ICE¥L < &H
NTL3. CNIFAHVWDTHATIELL.

7.2 Projective KLT variety @ Chern 38DH7T

MEICH>TEEEINT (7) DIF, KLT ZHRIEDIRZE L orbifold chern £ ¢, H' Greb-Kebekus-
Peternell H7=DIC& > T INIHNS5THS. 30 Miyaoka-Yau FHERP Yau DEE®D KLT
i h

e Kx ample DHZFE [GKPT20, GKPT19a, GKPT19b]
o Kx =0 D55 [GKP16a, LT18]
e —Kx ample DIFH [GKP22, DGP24]

ETEDHTHB. [IM22, IMM24] IFEDLERT Kx D' nef DIHEZW/STcHDTHB. £0%
Niklas Miiller & AH% [Miil26] T [IMM24] A Z < L3R L 7=,

Projective KLT variety (Z# UL\ T® Kobayashi-Hitchin XJf& -+ Simpson X [GKPT20, GKPT19a,
GKPT19b] TR SNz,

7.3 > I/NZ b KLT Kahler Z#{E®D Chern DT
COIONRZD3IET—RICERELT:.

e Bogomolov-Gieseker AFILH Ou [Ou24] ICKDRERLT-. BEMICE S ¢ KLT Z#%E
7 Orbifold modification Z#2 Z ¥ ZR L7z, &7z Orbifold modification DFFTEIC L 2T
Orbifold chern AN G DBHHEICEETES LS ICH T

o =RTTTD Kobayashi-Hitchin Xft + Donaldson—Uhlenbeck—Yau FEIE & Fu-Ou[FO25] %
Guenancia-Paun[GP26] AN E WMZIRIL L THER.

o SRITTO Simpson X% Zhang-Zhang-Zhang[Z7726] h'\fER L 7.

Porbifold chern FE{AIE Mumford HE&EL TWe. JIRFED [Kawd2] T7NYH Y X FROBROTHIC KLT
SHAIC 0 ZEB L. BREKRD LT ETHS,
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7.4 32R5t Fano @ Chern $&

3 JRIT canonical weak Fano 7
302 (X)Cl (X) Z C1 (X)3

Emlceh? LESFRICE B3 TDIADIF Haidong Liu SATBEHP > TWS. [1JL23, LL23,

LL24] BB, OO L Fano” 2 TRLAD T, REBEMAZE 51X < GEFEDOAEICIFFAED
WTLIFTULAL.

7.5 L»HAHFZR-LTWVWBIDOH?
ENHEBEBEICIZE>DZTI5VDOTHFAOHLOSL. RAFFEEESTFE L TUTOLOLRH S

e Projective/J>/\% b Kahler kit variety @ orbifold Chern 38IZ3Xf 9 % Miyaoka—Yau & &
DR, ThIEZDHSHEL R > TLWERVEES.

e orbifold pair(X, D) @ orbifold Chern $8ICXf 9 % Miyaoka—Yau & £ DE. [CGG24] ICFF
L L.

e 3 KJT Fano @ Chern 8. T3 H g D KR MAFENHAEHONS.

e Kobayashi-Hitchin ¥ * Simpson XIGEZE. TNH Projective/ D> /X7 b Kihler kit 72
CIIEELWAB L2 EALEDHDAS XEBALDRZDD LGV (RS ADIREZ
RT32E5) COBADIE Higgs RBHFHTRITo>TVWBDT, A2 W2V dH 3
EBS. (B Chern BORBEL »BULRHTB).

e SR Chern R Y Z X 3. &KX Chern 83 Ping Li EDANRC > TVWBR K S57EDB Lok
DUV TULMF TR,

o HHAEHEFIIIAZE. https://arxiv.org/abs/2411.09573 HRUCE > TWS. BFHEA
B & Chern EHHMEAEH T35 L L. A THEHZITIELLL.

HLHLIESSHD P o TVE ZERRSRILNZDDH LNBVDT, wXZHLTHSEMSEL
9.

31Z & 3 XRIT canonical weak Fano ' (—Kx)? < 72 &I ? LWSFRICET . HTNILEE Chen
Jiang SATBICL > TEREI NI
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